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Abstract: We call a ring R generalized right w-Baer, if for any projection invariant left ideal Y of R, the right
annihilator of Y™ is generated, as a right ideal, by an idempotent, for some positive integer n, depending on Y. In
this paper, we investigate connections between the generalized mw-Baer rings and related classes of rings (e.g., m-Baer,
generalized Baer, generalized quasi-Baer, etc.) In fact, generalized right m-Baer rings are special cases of generalized
right quasi-Baer rings and also are a generalization of w-Baer and generalized right Baer rings. The behavior of the
generalized right m-Baer condition is investigated with respect to various constructions and extensions. For example,
the trivial extension of a generalized right w-Baer ring and the full matrix ring over a generalized right 7w-Baer ring are
characterized. Also, we show that this notion is well-behaved with respect to certain triangular matrix extensions. In
contrast to generalized right Baer rings, it is shown that the generalized right 7-Baer condition is preserved by various

polynomial extensions without any additional requirements. Examples are provided to illustrate and delimit our results.

Key words: Generalized w-Baer ring, m-Baer ring, generalized quasi-Baer ring, generalized Baer ring, generalized

p-p- ring, skew polynomial ring

1. Introduction

The study of Baer rings has its roots in operator theory in the sense of Kaplansky [17]. Kaplansky introduced
Baer rings to abstract various properties of von Neumann algebras. Recall that a ring is Baer if the right
annihilator of any nonempty subset is generated by an idempotent. The class of Baer rings includes the von
Neumann algebras (e.g., the algebra of all bounded operators on a Hilbert space), the commutative C*-algebra
C(T) of continuous complex valued functions on a Stonian space T, and the regular rings whose lattice of
principal right ideals is complete.

Various weaker versions of Baer rings have been studied. In [13], Clark defined a ring to be a quasi-Baer
ring if the left annihilator of every ideal is generated by an idempotent. He has proved that the quasi-Baer ring
property is left-right symmetric. He then uses the quasi-Baer concept to characterize when a finite-dimensional
algebra with identity over an algebraically closed field is isomorphic to a twisted matrix units semigroup algebra.
The theory of quasi-Baer rings is studied in [5-8].

Another generalization of Baer rings are p.p. rings. A ring R is called right (left) p.p. if the right (left)
annihilator of any element of R is generated, as a right (left) ideal, by an idempotent of R. The p.p. property

is not left-right symmetric.

*Correspondence: h.s.javadi@shahed.ac.ir
2010 AMS Mathematics Subject Classification: 16D15, 16D40, 16D70

2021

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0003-0251-9781
https://orcid.org/0000-0003-0082-036X
https://orcid.org/0000-0002-7775-9782

SHAHIDIKIA et al./Turk J Math

In [4], Birkenmeier et al. introduced another interesting generalization of Baer rings. Recall that a ring
R is said to be a w-Baer ring if the right annihilator of every projection invariant left ideal Y (i.e. Ye CY
for all e = €2 € R) is generated by an idempotent. The 7-Baer condition is strictly between the Baer and
quasi-Baer conditions. Like the Baer and quasi-Baer properties, the m-Baer property is left-right symmetric.
The class of such rings have been studied in [4]. In this trend we take attention of the readers to look at the
related papers [10, 11].

From [20], a ring R is called generalized right Baer if for any nonempty subset S of R, the right
annihilator of S™ is generated by an idempotent for some positive integer n, where S™ contains elements
aias...ay, such that a; € S for 1 <i < n.

In [19], a ring was called a generalized right (principally) quasi-Baer ring if for any (principal) right ideal
I of R, the right annihilator of I™ is generated by an idempotent for some positive integer n, depending on 1.

To transfer the generalized quasi-Baer condition from a base ring R to various extensions (e.g., full
matrix rings over R or R[z] or R[[z]]) one needs no additional conditions which is certainly not the case for
the generalized Baer condition (see [1, Theorem 3.12]). Thus, it is natural to ask: is there a condition strictly
between the generalized Baer and generalized quasi-Baer conditions, which is able to combine some of the
notable features of the generalized Baer and generalized quasi-Baer conditions?

In this paper, we say that a ring R is a generalized right (left) 7-Baer ring if for any projection invariant
left (right) ideal Y, the right (left) annihilator of Y™ is generated, as a right (left) ideal, by an idempotent
for some positive integer n, depending on Y. We have some motivations to study such rings. These rings are
generalizations of m-Baer and generalized right Baer rings, and there are examples distinguishing these classes.
From another point of view, there are subclasses of triangular matrix rings which are generalized right w-Baer

rings but are not w-Baer rings. As an example, consider the subring S3(Z) = { <g Z) ’a7 be Z} of Ma(Z).

Then S3(Z) is a generalized right w-Baer ring but is not a w-Baer ring (see Theorem 3.8).

The structure of the paper is as follows. In Section 2, we introduce generalized right m-Baer rings and
we study their properties, and relations with other Baer-type rings. We provide many examples to distinguish
these classes. We also study the singular ideal of such rings. We show that the notion of a generalized right
m-Baer ring passes to the corners, the center and certain overrings.

In Section 3, we characterize the trivial extension of generalized right m-Baer rings (Theorem 3.3). We
investigate the triangular matrix rings T, (R), Sn(R), A,(R), Bn(R), U,(R), and V,,(R). We prove that if
S¢(R) = B(R), then R is a generalized right m-Baer ring if and only if so are these matrix rings, for n > 2
(Theorem 3.8). We also show that the class of generalized right 7-Baer rings is closed with respect to full
matrix rings (Proposition 3.1).

In Section 4, we show that being a generalized right m-Baer ring and being a generalized left 7m-Baer ring
is preserved by various polynomial extensions (Theorems 4.2 and 4.4).

Throughout this paper all rings are associative with unity and R denotes such a ring. Subrings and
overrings preserve the unity of the base ring. An idempotent e € R is called right (resp., left) semicentral if
exr = exe (resp., re = exe), for all z € R [3]. We denote by S, (R) (resp., S¢(R)) the set of all right (resp.,
left) semicentral idempotents of R. For any nonempty subset X of R, rr(X) (resp. £r(X)) is used for the
right (resp., left) annihilator of X over R. We use B(R), I(R), C(R), M,(R), Tn(R), 1., R[z], R[],
R[z; o], R[z; a,d], R[[z; a]], Rlx;z~Y; ], and R[[z;271; «]] for the set of all central idempotents of R, the
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subring of R generated by idempotents, the center of R, the n X n matrix ring over R, the n x n triangular
matrix ring over R, the n x n identity matrix, the ring of polynomials, the ring of formal power series, the skew
polynomial ring, the ore extension of R, the skew power series ring, the skew Laurent polynomial ring, and the
skew Laurent series ring over R of endomorphism type, respectively. Also, Z and Z,, denote the integers and

the integers modulo n, respectively.

2. Basic results

In this section, we introduce a generalization of m-baer and generalized Baer rings. We discuss the notion
of generalized right m-Baer rings. Examples and basic results for these rings are provided in this section.
Moreover, the connections between the generalized m-Baer concept and related notions such as the w-Baer,
generalized Baer, generalized quasi-Baer and generalized p.p. conditions are discussed. We begin with the

following definition.

Definition 2.1 We say a ring R (with unity) is generalized right projection invariant Baer (denoted generalized
right m-Baer) if for each projection invariant left ideal Y (i.e. Y f CY for all idempotent f € R), there exist a
positive integer n. and an idempotent e € R such that rr(Y™) = eR. Generalized left w-Baer rings are defined

similarly. A ring R is called generalized w-Baer if it is both generalized right and left m-Baer.

The following result will be used many times in the sequel.

Proposition 2.2 Let R be a ring. Then the following are equivalent.
(i) R is a generalized right (left) m-Baer ring;

(ii) For each projection invariant left (right) ideal Y, there are an integer n > 1 and an idempotent e € Sy(R)
(e € S.(R)) such that Tr(Y"™) =eR ({r(Y™) = Re).

Proof (i)=(ii) Let Y be a projection invariant left ideal of R. Then there is an idempotent e € R such
that rg(Y™) = eR, for some positive integer n. We show that e € S;(R). By [15, Proposition 1], it is
enough to show that fe = efe, for each idempotent f € R. Let f € R be an idempotent. Since Y"f C Y™,
eR=rr(Y™) Crr(Y"f). Thus Y"fe=0 and so fe € rg(Y™). Hence fe =efe, and the result follows.
(ii)= (i) It is obvious. O

Proposition 2.3

(i) A ring R is a generalized right 7 -Baer ring if and only if whenever Y is a projection invariant left ideal of R
there exist an integer n > 1 and an idempotent e € S,(R) such that Y™ C Re and rr(Y™)NRe = (1—e)Re.

(i) A ring R is a generalized left m-Baer ring if and only if whenever Y is a projection invariant right
ideal of R there exist an integer m > 1 and an idempotent f € Sy(R) such that Y™ C fR and
(RY™)NfR=fR(1—f).

Proof We prove only part (i), part (ii) can be shown similarly. Suppose that R is a generalized right 7-Baer
ring. Let Y be a projection invariant left ideal of R. Then there exist an idempotent f € S;(R) and a positive
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integer n such that rg(Y"™) = fR. So Y™ C lr(rr(Y")) = R(1 — f). Set e =1— f. Then e € S,(R) and
rr(Y")NRe=(1—e)RNRe = (1—e)Re.

Conversely, let Y be a projection invariant left ideal of R. Choose an idempotent e € S,(R) and an
integer n > 1 such that Y C Re and rg(Y")NeR = (1 —e)Re. Let a € rr(Y™). Then a = ea + (1 — e)a,
and that ae = eae + (1 — e)ae. Since ae € rr(Y™) N Re, ae = (1 — e)ae. Thus eae = 0. Since e € S,.(R),
ea =eae =0 and so a = (1 —e)a € (1 —e)R. Hence, rr(Y™) C (1 — e)R. Therefore, R is generalized right
m-baer. O

Observe that every m-Baer ring is generalized right and left w-Baer. We give an example to show that

the converse does not hold true.

R V
0 R

invariant left ideals of R are

Example 2.4 Let R = ( ) , where V' is a vector space over R with dimension 1. Then all the projection

(U R V (U
oo 1) (5 o)t (p w)-

Since TR((g ‘g)) is not generated by an idempotent of R, R is not a m-Baer ring. But, it is a generalized

0 v\
right m-Baer ring, since TR((O O) )=rg(0) =R.

Proposition 2.5 Let R be a ring. Consider the following conditions.
(i) R is generalized right (left) Baer.

(i) R is generalized right (left) m-Baer.

(iii) R is generalized right (left) quasi-Baer.

Then (i)= (ii)= (ifi).

Proof (i)=-(ii) Let Y be a projection invariant left ideal of R. Then there are an integer n > 1 and an
idempotent e € R such that rr(Y™) = eR. Thus, R is generalized right w-Baer.
(ii)=>(iii) Let I be an ideal of R. Then it is also a projection invariant left ideal of R. Thus, there

exist a positive integer n and an element e = €2 € R such that rz(I") = eR. Hence, R is a generalized right

quasi-Baer ring. O

The following example shows that the converse of each of the implications in Proposition 2.5 does not
hold true.

Example 2.6 (i) Let R be the ring as in Example 2.4. Take v € V\ {0}. Since <(1) 8) = (1 8) for each

1
positive integer n, and rR((O 8)) cannot be generated by an idempotent, R is not a generalized right Baer

Ting.
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(i) Let R be the ring as in (i). Then by Corollary 3.4 below, To(R) is a generalized right 7-Baer ring.
We show that To(R) is not a generalized right Baer ring. Consider

101 0
01 01
A= 000 0 € TQ(R)
0 0 0O
Then A™ = A, for each positive integer n. Let
ay V1 Gz Vg
0 b 0 be
0 0 as wvs € 'y (R) (A)
0 0 0 b3

By direct computation, we see that a; =v1 =b; =0, and (QQ v2> = — <a3 03) . Thus

0 b 0 b3
0 0 a v
0 0 O b

@) =41 0 g —o| ERMR)|abERVEV
00 0 -—b

Now, we claim that rTz(R)(A) does not contain nonzero idempotents. For this, suppose that

0 0 a v
0 0 O b
00 —a —ovf€ rry(r) (4)
00 0 -b
be a nonzero idempotent. By direct computation, a = —a?® and b = —b*, a contradiction. Hence Ty(R) is not

generalized right Baer.

(iti) Let R be a prime ring with trivial idempotents which is not domain. For example, let R = KG,
where K is a field of characteristic p > 0, and G = Cp U A be the restricted wreath product of C,, the cyclic
group of order p, and an infinite elementary abelian p-group (see [12, Example 3.4]). Then R is a quasi-Baer
ring which is not w-Baer. By Theorem 3.8 below, the ring S, (R) is not generalized right w-Baer ring, for each
integer n > 2 (See Definition 3.5 below for the definition of S, (R) ). But [19, Theorem 3.2] implies that S, (R)

is a generalized right quasi-Baer ring.

(iv) Let R = {( Z g ) EMy(Z)|ja—d=b=c=0 (mod 2)} . Since R is prime, it is quasi-Baer and

hence generalized right quasi-Baer. Also, the idempotents of R are (8 8) and ((1) (1)) Then R <§ 8) ,

the left ideal generated by ((2) 8) , s a projection invariant left ideal of R. Now, for each integer n > 1,

<8 g) err((R ((2) 8) )™). Therefore, R is not generalized right 7 -Baer.
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Let Mg be a right R-module. A submodule Ny of My is called essential in Mg if for any @ € M \ {0}, there
exists r € R such that 0 # xzr € N. Also recall a right essential overring T of R is an overring of R such that
Rp is essential in Tg.

Proposition 2.7 FEvery prime ideal of a generalized right (left) m-Baer ring is either generated by an idempotent

or it is a right (left) essential ideal.

Proof Let P be a prime ideal of R not essential as a right ideal. Then there is a nonzero right ideal ¥ of R
such that PNY = 0. Since R is generalized right quasi-Baer by Proposition 2.5, there are a positive integer n
and an idempotent e € R such that rz(Y™) = eR. It is obvious that P C rgr(Y™) =eR. Let r € rg(Y™). So
Y™(rR) =0. Since P is a prime ideal, Y*" C P or rRCP. f Y" C P then Y CP. Thus YNP=Y =0, a
contradiction. Therefore, r € P and that P = eR. O

Proposition 2.8 Let R be a generalized right (left) w-Baer ring and let Y be a projection invariant left (right)
ideal of R such that rr(Y) is essential in R. Then Y is nilpotent.

Proof Since R is a generalized right 7-Baer ring, there is an idempotent e € R such that rg(Y") = eR
for some integer n > 1. We claim that Y™ = 0. Assume to the contrary that Y™ # 0, so e # 1. Then
rrR(Y)N(1—e)RCrr(Y")N(1—e)R =eRN(1—¢e)R =0, a contradiction since rr(Y’) is essential in R.
Hence, Y™ =0. O

Definition 2.9 Let R be a ring and T be an overring of R. R is said to satisfy the power intersection of
projection invariant right (left) ideals property (right (left) PII for short) related to T, if for every projection
invariant right (left) ideal Y of T and every positive integer n, there exists m > n such that (YNR)™ = Y™NR.

Theorem 2.10 Let R be a generalized right (left) ©-Baer ring, and T be a right and left essential overring of
R. If R has the left (right) PII property related to T, then T is a generalized right (left) m-Baer ring.

Proof Let Y be a projection invariant left ideal of 7' and X = YN R. It is easy to see that X is a projection
invariant left ideal of R. So there are n € N and e = €2 € R such that rgr(X") = eT". We claim that
rp(Y") = eT'. Let a € rp(Y™) and assume that 0 # (1 —e)a. Since Rp <°° Tg, there exists r € R such
that 0 # (1 —e)ar € R. Then 0 # (1 — e)ar € rr(Y™) C rr(X™), a contradiction. Thus, rr(Y™) C eT'. Now,
suppose €T’ Z rp(Y™). Then there is a y € Y™ such that 0 # ye. Since gpR < gT, there is s € R such
that 0 # sye € R. Hence sye e Y"N R = (Y NR)” = X™. Then sye = (sye)e € X™e = 0, a contradiction.
Therefore, rp(Y™) = €T, and so T is a generalized right w-Baer ring. O

Recall from [2] that, a ring R is said to satisfy the IFP (insertion of factors property) if rr(x) is an
ideal of R for all x € R. A ring R is called abelian if every idempotent in it is central. It is evident that any
reduced ring satisfies IF'P and any ring with IF P is abelian.

We include the following results to demonstrate the conditions in which the generalized right w-Baer,

m-Baer ring, and generalized right quasi-Baer ring are coincide.
Proposition 2.11 Let R be a ring, then:

(i) A reduced ring R is generalized right (left) mw-Baer if and only if R is m-Baer.
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(ii) A semiprime ring R is generalized right (left) w-Baer if and only if it is w-Baer.

(iii) A ring R satisfying IFP is generalized right (left) w-Baer if and only if it is generalized right (left)

quasi-Baer.

(iv) A ring R that is generated by its idempotents is generalized right (left) m-Baer if and only if it is generalized
right (left) quasi-Baer.

(v) A semiprime generalized right (left) m-Baer ring R is quasi-Baer.

Proof (i) Let R be a reduced generalized right w-Baer ring and Y a projection invariant left ideal of
R. Then rr(¥Y™) = eR, for some positive integer n and some idempotent e € R. Since R is reduced,
rr(Y) =rgr(Y"™) = eR, which implies that R is a m-Baer ring. The converse is trivial.

(ii) Let R be a generalized right m-Baer ring and Y a projection invariant left ideal of R. Then
rr(Y™) = eR, for some positive integer n, and some idempotent e € R. By Proposition 2.2(ii) e € Sy(R). So
Y"e = (Ye)" =0. Since R is semiprime, Ye = 0. Thus eR C rr(Y) Crg(Y™) = eR. Hence rg(Y) = eR and
that R is w-Baer. The converse is trivial.

(iii) Let Y be a projection invariant left ideal of R. Since R satisfying IFP, rg((YR)") = rr(Y™) for
each positive integer n. Thus if R is generalized right quasi-Baer, then it is a generalized right 7w-Baer ring.
The converse follows from Proposition 2.5.

(iv) Note that every projection invariant one-sided ideal of R is an ideal of R by [4, Corollary 2.2(iii)].
Now, Proposition 2.5 yields the result.

(v) The result follows from Proposition 2.5 and [19, Proposition 2.2]. O

Proposition 2.12 Let R be a right (left) Noetherian ring with IFP. Then the following conditions are
equivalents.

(i) R is a generalized right (left) Baer ring;

(i) R is a generalized right (left) m-Baer ring;

(iii) R is a generalized right (left) quasi-Baer ring;

(iv) R is a generalized right (left) p.q.-Baer ring;

(v) R is a generalized right (left) p.p. ring.

Proof (i)=-(ii)=(iii)=(iv) These implications are clear.
(iv) < (v) Follows from [19, Proposition 2.2(ii)].
(v)=(i) Follows from [20, Proposition 2.5].

O
The next example shows the existence of a generalized p.p. ring, which is not generalized right 7-Baer.

Example 2.13 For a field F', take F,, = F forn=1,2,.... Let
Lo B @i Fa

@i Fn (Dol Fur 1)

R =

)
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which is considered as a subring of Mao([[, F,). By [6, Ezample 1.6] R is a semiprime p.p. ring (and
hence generalized p.p. ring) which is not p.q.-Baer. Thus by [19, Proposition 2.2(i)] R is not generalized right

p.q.-Baer (and hence not generalized right 7-Baer).

Subrings of generalized right w-Baer rings need not be generalized right w-Baer as shown in the next

example.

Example 2.14 Let p be a prime number and R = {(a,b) € Z®Z | a = b (mod p)}, which is a subring of
ZOZ. Obviously, Z® Z is generalized right w-Baer. We notice that the only idempotents of R are (0,0) and
(1,1). One can show that rr((R(p,0))") = rr(R(p,0)) = (0,p)R, for each positive integer n.. Thus rr(R(p,0))

does not contain a nonzero idempotent of R. Hence R is not generalized right m-Baer.

Proposition 2.15 Let R be a ring with IFP. Then the following conditions are equivalent.
(i) R is generalized right -Baer.

(ii) For each nonempty set S such that Se C S, for all e = e? € R, there exist c = ¢* € R and integer n > 1
such that rr(S™) = cR.

Proof (i)=-(ii) Let R be a generalized right 7m-Baer ring and S be a nonempty set such that Se C S, for all
idempotent e € R. Then RS is a left ideal of R and RSe = R(Se) C RS. Thus RS is a projection invariant
left ideal of R. Hence rr(S™) = rr(R(S)") = rr((RS)") = eR for some idempotent e € R and some positive
integer n, and the result follows.

(ii) = (i) It is straightforward. O

Proposition 2.16 Let R be a generalized right w-Baer ring. If every essential right ideal of R is an essential
extension of an ideal of R (e.g., this is the case if R has essential right socle or if R is left perfect), then the
right singular ideal Z,.(R) is nil.

Proof Let x € Z,.(R). Then rr(z) is right essential in R. So there exists an ideal I of R such that I C rg(x)
and that is right essential in R. Since R is generalized right quasi-Baer by Proposition 2.5, there exists an
idempotent e € R such that rr((xR)™) = eR for some positive integer n. Since 0 = «I = xRI, (xR)"I =0
and that I C rr((zR)") = eR. We show that 2™ = 0. Assume to the contrary that 2™ # 0. So e # 1 and
IN1—e)RCeRN(1—e)R=0. Thus IN(1—e)R =0, a contradiction, since I is right essential. Therefore

" = 0, and the result follows. O

Theorem 2.17 Let R be a generalized right (left) w-Baer ring and e € Sy(R) (e € Sy(R)). Then eRe is
generalized right (left) w-Baer.

Proof Assume Y is a projection invariant left ideal of eRe. Consider X = R(1 —e) ® Y. We show that X
is a projection invariant left ideal of R. It is easy to see that Y is a left ideal of R. Let a(l —e)+y € X
and f = f2€ R. Then (a(l1—¢e)+y)f =a(l—e)f +yf =a(l —e)f +yfe+yf(l—e). Now a(l —e)f =
a(l —e)f(1—e) € R(1 —e) since 1 —e € S, (R). Also fe = efe = (ef)? € eRe, so yfe € Y. Thus
(a(l1—e)+y)f € X, and that X is a projection invariant left ideal of R. Since R is generalized right 7-Baer,
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there are an integer n > 1 and an idempotent ¢ € Sy(R) such that rg(X™) = cR. Then err(X™)e = ecRe.
We have ece = cece = ecece = (ece)? € eRe. Then ecRe = (ece)(cRe) = (ece)(ecRe) C (ece)(eRe). We claim
that (ece)(eRe) C ecRe. Let (ece)(ere) € (ece)(eRe). Then

(ece)(ere) = (ec)(ere) = (cec)(ere) = (ecec)(ere) = (ece)(c(er)e)
= (ece)(e(c(er)e) € (ece)(ecRe) = ecRe.
Hence ecRe = (ece)(eRe) is a direct summand of eRe. We claim that r.g.(Y™) = ecRe. Since Y C X",

(ecRe)Y™ =0, so ecRe C rege(Y™). Next, assume that a € rege(Y™). Let z =) ", x; € X™, where for each

1=1,2,...,m, x; is a product of n elements of X . Then we have the following two cases.
(i) @; is a product of n elements of Y. Then z; € Y™, and that z;a = 0.

(ii) x; has at least one element of R(1 — e). Suppose that x; = y1- -y (1l — €)ysr1 - Ym—1. Since
1—e€S,(R), zi=y1 - yr(l —€)ys+1 - Ym—1(1 —e). Thus x;a =0, since a € eRe.

Hence za =0 and so X"a=0. So a € eReNrr(X™) = ecRe. Thus 1ere(Y™) = ecRe = (ece)(eRe), and that

eRe is generalized right 7-Baer. O

Lemma 2.18 Let R be a ring, Y be a projection invariant left ideal of R, and rgr(Y™) = eR for some positive

integer n and some idempotent e € B(R). Then rr(Y"™) = rr(Y™) for each integer m > n.

Proof We show that rg(Y") = rgr(Y" ). Let r € rr(Y"1). Then Yr C rg(Y") = eR. Hence Yr = Yre
and so Y"r = Y"re = Y"r = 0. Thus r € rg(Y"™). This shows that rg(Y"*!) C rg(Y"™). The reverse
inclusion is trivial. O

As a consequence of Lemma 2.18, we have the following.

Proposition 2.19 FEvery generalized right 7-Baer ring satisfies the ACC on the right annihilators of projection

invariant left ideals.

Corollary 2.20 Let R be a right perfect generalized right w-Baer ring. Then Jacobson radical of R is nilpotent,
and hence R is a semiprimary ring.

Proof This follows from Proposition 2.19 and [18, Exercise 24.8]. O

Proposition 2.21 Let A be a nonempty set and let Ry be a ring for each \ € A.

(i) If R =[],ca Bx is a generalized right 7-Baer ring, then Ry is a generalized right 7-Baer ring for each
A€eA.

(i) If |A| < oo and for each A € A, Ry is a generalized right m-Baer ring with Si(Ry) = B(R)), then
R = []\ca Ry is a generalized right m-Baer ring.

Proof (i) The proof follows immediately from Theorem 2.17.

(ii) It is enough to take A = {1,2,...,k} for some k € N. Put R = Hle R;. Assume that R; be a
generalized right w-Baer ring with S,(R;) = B(R;), for each i =1,...,k. Let Y be a projection invariant left
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ideal of R. It is easy to see that Y = Hle Y; for some projection invariant left ideal Y; of R;. Since R; is
generalized right w-Baer, rg,(Y;") = e;R;, for some idempotents e; € B(R;) and some positive integers n;.
Put n = max{ni,ng,...,nx}. By Lemma 2.18, rg, (Y") = e;R; for each i. Then rr(Y") = Hle e;R;. Put
e=(e1,...,ex) € R, it is clear that e is an idempotent of R. So rr(Y"™) = eR. Therefore, R is a generalized
right m-Baer ring. O

Proposition 2.22 Let R be a generalized 7 -Baer ring, then C(R) is generalized Baer (and hence generalized
m-Baer).

Proof

Let S be a nonempty subset of C(R). Since R is a generalized m-Baer ring, Proposition 2.5 implies
that rr(S™) = rr((RSR)™) = eR and (r(S™) = ¢r((RSR)") = Rf for some idempotents e,f € R
and some positive integers n,m. We may assume that m,n are the smallest such ones. We claim that
m = n. First assume m < n, then f & (r(S™). Since S C C(R) and m < n, e € ¢r(S™) = Rf
and fS™ ™ C rr(S™) = eR. Thus ef = e and that fS" ™ = efS"™ = eS" ™. Now if n > 2m
then n —m > m so 0 # fS"™™ = eS"™™ = §MeS"~2m = (), a contradiction. Thus m < n < 2m so
0 # fS™ = fon—mg2n—m — ggn-—mg2n—m _ oGm — GMe — (), a contradiction. It follows that m > n. Next
suppose m > n. Then by similar arguments as in the preceding case we also get a contradiction. Hence m = n,,
and eR = rp(S™) = (r(S™) = Rf. Thus e = ef = f € B(R). Now, we have r¢(p)(S™) = rr(S") N C(R) =
eRNC(R) = eC(R). Hence C(R) is generalized Baer. O

There exists a ring R with generalized m-Baer center which is not generalized right 7-Baer.

Example 2.23 Let K be a field and R = Klx,y,z], where z,y and z are indeterminants satisfying the
relations xy = xz = za = yr = 0 and yz # zy . Then R is reduced and C(R) = K|z| is Baer and so
generalized right w-Baer. But for each integer n > 1, rr((yR)") = rr(yR) = xR does not have any nonzero

idempotents. Thus R is not generalized right p.q.-Baer, and hence it is not generalized right m-Baer.

3. Matrix extensions
In this section, we study the trivial extension, the full matrix extension, and certain triangular matrix extensions

of generalized right 7-Baer rings.

Proposition 3.1 Let R be a generalized right (left) w-Baer ring. Then M, (R) is a generalized right (left)

w-Baer ring for each positive integer n .

Proof Let R be a generalized right w-Baer ring. Then by Proposition 2.5, R is generalized right quasi-Baer.
Now [19, Theorem 4.7] implies that M, (R) is generalized right quasi-Baer. Since M, (R) is generated by its
idempotents, Proposition 2.11(iv) yields the result. O

We continue by describing a very useful ring-theoretic construction called the “trivial extension”. Let R be a
ring and M be a (R, R)-bimodule. We form T := T'(R, M), and define a multiplication on T' by the rule

(ri,m1)(re, ma) = (1172, 11m9 + Mm1ra).

2030



SHAHIDIKIA et al./Turk J Math

The ring T' constructed in this way is called the “trivial extension” of M by R. It is sometimes useful to view

T as the set of all matrices (a

0 TZ) , where ¢ € R and m € M, using matrix multiplication.

The next Lemma follows from [4, Lemma 3.1].

Lemma 3.2 Let T be the trivial extension of M by R. Let X,Y be additive subgroups of R and N be an
additive subgroup of M. Then ()0( ])\,7) is a projection invariant left ideal of T if and only if the following
conditions hold.

(i) X and Y are projection invariant left ideals of R.

(i) RN+ MY C N.

(iii) N is a (R, I(R))-bisubmodule of M .

(iv) XM C N.
Theorem 3.3 Let T be the trivial extension of M by R. Then the following are equivalent.

(i) T is a generalized right m-Baer ring;

(i) (a) R is a generalized right m-Baer ring;

(b) If ()O( ]5\,7) is a projection invariant left ideal of T, then there exist an integer n > 1 and an

idempotent e € R such that ry(X™) = (re(X™)M, and rr(Y™) Nrp(X" IN)Nrr(X"2NY) N
c.Nrp(NY™ 1) =¢R.

Proof (i)=-(ii) (a) Since (10% 8) = <(1) 8> T <(1) 8), and <(1) 8) € Sy(T), Theorem 2.17 implies that

(](-)2 8) is generalized right m-Baer. Thus R is generalized right m-Baer.

X

(b) Assume that (0 v

) is a projection invariant left ideal of T". Then there exist an idempotent

> ) =e€T. By [9, Lemma 2.3], e = (601 eo> where
2

e € Sy(T) and a positive integer n such that rT(()O( J)\[

e1,e2 € Sy(R). So

v X" ox ) = rr(X™) rar(X™) _ (aaR eiM
T 0 Yyn» 0 T‘R(Yn> N ’I“R(%é) 0 esR )’
where % = X" !N 4+ X" 2NY + .- + NY" 1. Thus ry(X") = eeM = (rr(X"™))M, and rg(¥Y™) N
rr(X" IN)Nrp(X"2NY)N...Nrr(NY" 1) = rpr(Y?) Nrr(x) = eaR.
(ii)=- (i) Suppose that (X N) be a projection invariant left ideal of 7. Then by Lemma 3.2, X,Y

0 Y

are projection invariant left ideals of R. So there are idempotents e;,es € R and a positive integer n such
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that rp(X") = e1R, ry(X™) = exM, and rr(Y") Nrr(X" "IN + X" 2NY + ... + NY" 1) = eaR. Thus

rT(<)O( }Af]> ) = (601 SQ) T, and so T' is generalized right m-Baer. O

Corollary 3.4 Let R be a ring with S¢(R) = B(R). Then R is generalized right m-Baer if and only if for

each positive integer k, Tor(R) is generalized right m-Baer.

Proof We proceed by induction on k. Note that Tor+1(R) is the trivial extension of Mg (R) by Tox(R). Let

0 Y

idempotents e1, ez € Tox (R) and positive integers n,m such that rr,, (g)(X") = e1Tor (R) and rr, (r)(Y™) =
eoTor(R). Put t = maxz{n,m}. Since Sy(R) = B(R), [9, Lemma 2.3] implies that e;,es € B(T5+(R)). Now,
by Lemma 2.18 7, (r)(X?) = erTox(R) and r, () (Y?) = eaTox(R). Also ry, (r)(Y?) = eaMar(R).
Take % = X*'"!N + X*72NY +--- + NY*~!1. We show that rq,, (r)(Y>") N7, (r) (%) = e1e2Tor(R). Let
A€ rp, r)(Y?") Nrp, (r)(%). Then A € exTyr(R). Since X*'Mor(R) 4+ Mo (R)Y? C 3, (X*"Mar(R) +
Mok (R)Y?) A = X#Myr(R)A = 0. Thus A € e1Tox(R) NeaThr (R) = ereaTyr(R). Hence the condition (b) of
Theorem 3.3 holds. Thus, Tor+1(R) is generalized 7-Baer from Theorem 3.3. The converse is a consequence of
Theorem 3.3.

(X N) be a projection invariant left ideal of Thr+1(R). Since Thx(R) is generalized right 7-Baer, there exist

O
In the following, we investigate the matrix algebras S, (R), A,(R), Bn(R), U,(R) and V,,(R), which

also give a good supply of examples of rings which are generalized w-Baer rings.

Definition 3.5 ([1], Definition 3.1) Let R be a ring with unity. Let V,, = S\"" Ei41, where E

i=1 0,7 s

1< 4,5 < n, are the matriz units. For any integer n > 2, define

[2] [
2
AR) =Bl + 3 RV 43 3 REw,
=1 j=[%]4+i
and
(3] (=211
B,(R) = RI, + RV‘Z 24 Z Z RE; ;.
=[§]+i-1
Then we have
ai az -+ ag  bigs1 bik+2 0 big
0 a1 -+ ap-1 ag b2,k+2 b2,n k= [%]
| = 25
: bij €ER
PO | IR S A
n 0 0 0 ai ag—1 Ak 1<i</? 7
: k+1<j<n
0 0 0 0 ay as
0 0 0 0 0 @
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and

ar az - ag—1 big big+1 - bin
0 a1 -+ ag—2 ag—1 bags1 - ba k= [%l
: . . ' . = %}
: ’ at,b;; € R
B (R) = 0 0 ay as ar—1 bepin 1 <t<k_1
0 O e O a1 Ap—2 ap—1 1<l<€+1
: : E<j<n
0 0 0 0 aiy as
0 0 0 0 0 a
Furthermore, for an integer n > 2, define
[ I n
UdR)=RL,+ » > RE;+ Y  REnay,;
=1 j=[3]+1 J=["51]+2
So for odd integers n, we have
a 0 0 0 bigs1 bigy2 - bin
0 a 0 0 bopyr bakt2 - ban
0 0 a 0 b1 g+1 be—igky2 - be—im ::[E]
Un(R) = 0 0 0 a  brrs beg+2 0 bem a b - éR ;
0 0 0 0 a 0 0 1’ <”2 <0
0 0 0 0 0 a s 0 -
k+1<j<n
0 0 0 0 0 0 a
and for even integers, we have
a O 0 0 birtr bigy2 0 bign
0 a 0 0 bops1 borya - bagn
: : : : : PR
0 0 a 0 bprtr begte 0 ben _ [g]
Un(R) = 0 0 0 a berik+1 beyiks2 -0 begin ab 62 R
00 00 a 0 o 0 1 <’ iw< {+1
0 0 0 0 0 a S 0 - =
k+1<j53<n
0 0 0 0 0 0 a

The ring Sp(R) is defined as a subring of T,,(R) as follows:

Sa(R) = RL, + Y RE, ;.

1<J
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a bz biz - bip-1 bin
0 a b273 et b27n—1 b2,n
0 0 a o ban1 ban a,b;; € R
Sn(R) = . . ) . 1<i<n—-1
Do : " : : 2<j<n
0 O o - a bn_1,n
0 0 0o - 0 a
Also, the ring V,,(R) is defined as a subring of S, (R) as follows:
Vo(R) = RI, + > RV
=2
Then we have
ay az agz -+ Ap-1 79
0 a1 ax -+ ap_2 Gp_1
0 0 a1 -+ Gn-3 ap_2 a; € R
Yalht) = S A | R
0 0 O ax az
0 0 O 0 ai

Lemma 3.6 Let R be a ring and n > 2 be an integer. Then the following conditions are equivalent.
(i) Se(R) = B(R) (resp., S,(R) = B(R));
(ii) S¢(Su(R)) = B(Sn(R)) (resp., S,(Sn(R)) = B(Sn(R)));
(iii) S¢(An(R)) = B(An(R)) (resp., Sy(An(R)) = B(An(R)));
(iv) Se(Bn(R)) = B(Bn(R)) (resp., Sr(Bn(R)) = B(By(R)));
(v) Se(Un(R)) = B(Un(R)) (resp., S, (Un(R)) = B(Un(R)));
(vi) Se(Va(R)) = B(Va(R)) (resp., Sp(Va(R)) = B(Va(R))).

In particular every central idempotent in the ring Sp(R) (resp., An(R), Bn(R), Un(R) or Vi,(R)), is of the

form el,,, where e € R is an idempotent.

Proof Note that the ring S, (R) (resp., An(R), Bn(R), U,(R) or V,(R)) consisting of the elements such

that all entries on their main diagonal are the same. Thus the proof follows by using a similar argument as in

the proof of [16, Lemma 2]. O

Lemma 3.7 Let n > 2, and I be a projection invariant left (right) ideal of the ring S,(R) (resp., An(R),
B, (R), U,(R) or V,(R)). Then we have the following.

(i) If I} denotes the set of matrices A in S,_1(R) (resp., An_1(R), Bn_1(R), Un_1(R) or V,,_1(R)) such
that A is obtained by deleting the first row and the first column of a matriz in I, then I} is a projection

invariant left (right) ideal.
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(i) If I denotes the set of matrices A in Sp_1(R) (resp., An—1(R), Bn-1(R), Up—1(R) or V,_1(R))
such that A is obtained by deleting the n-th row and the n-th column of a matriz in I, then I is a

projection invariant left (right) ideal.

(iii) If J is the set of entries of the main diagonal of the elements of I, then J is a projection invariant left
(right) ideal of R.

Proof We prove the case of S,,(R). The other cases can be shown similarly.

(i) Let A € I{ be obtained by deleting the first row and the first column of B = b1n+21§i<j§n bijE; ;€
I. Then A=0bl,_; + 22§i<j§n b ;Ei—1;-1. Now, let E =el,_1 + Zl§i<j§n—1 ei ;i E; j be an idempotent of
Sp—1(R). Tt is not hard to see that E' = el,, + Zl§i<j§n—1 eijFit1,j+1 is an idempotent of S,(R). Since I

is a projection invariant left ideal of S, (R), BE’ € I. By computation we have

BE' =bel, + ) (bioerj-1 +bigenjo1+ - +bijo1ejo2-1+bie) B
j=2

D (beimgor Fbigreigo1 o bz i€z o1 + bie) By, and
2<i<j<n

AFE = bel,,_1 + Z (bei,17j71 +bij—1€ij—1+ -+ bj_2j_16j_2,;_1+ bi,je)Eifl,jfr
2<i<j<n
Thus AE is the matrix obtained by deleting the first row and the first column of BE’, and so AE € I{.
Therefore, I} is a projection invariant left ideal of S,,_1(R).

(ii) follows from a similar argument as in the proof of (i).

(iii) Since J = ((I})1)---)1, the proof follows by repeated use of (i). O
—_———
n—1

Theorem 3.8 Let R be a ring with S¢(R) = B(R) (resp., S,(R) = B(R)), and n > 2. Then the following

are equivalent.
(i) R is a generalized right (resp., left ) m-Baer ring;
(i) Sn(R) is a generalized right (resp., left ) m-Baer ring;
(iii) An(R) is a generalized right (resp., left ) m-Baer ring;
(iv) Bn(R) is a generalized right (resp., left ) m-Baer ring;
(v) Un(R) is a generalized right (resp., left ) mw-Baer ring;
(vi) V,(R) is a generalized right (resp., left ) m-Baer ring.

Proof We prove only the equivalence (i) <> (ii), the other cases are similar.
(i)=(ii) We proceed by induction on n. Assume that R is a generalized right 7-Baer ring. First,
we claim that So(R) is a generalized right w-Baer ring. Let I be a projection invariant left ideal of S(R)

and J be the set of entries of the main diagonal of the elements of I. Then by Lemma 3.7(iii) J is a
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projection invariant left ideal of R. Since R is generalized right 7-Baer, rg(J™) = eR for some idempotent
e € R and some integer m > 1. By Proposition 2.2 and assumption, we may assume that e € B(R). Thus
rr(J™) = rp(J™) = ... = rg(J*™) = eR, by Lemma 2.18. For each k € N and each a;ls +b;F12 € I,
1 <i <k, we have
(a1la +01E12) -+ (apla + bpE12) = a1 ... apla + bE; 2,

where b is the sum of &k terms in which each term is a product of k— 1 elements of the set {aj,as,...,ar} and
one element of the set {b1,ba,...,bx}. Put f = ely, then f € B(S2(R)). We claim that rg,g)(I*™) = fS2(R).
Since rr(J™) = eR, (a1l2+b1F12) - - - (a2mla+b2m E12)(el2) = 0, for each a;Ia+b;E12 € I, 1 <i < 2m. Thus
fS2(R) C rsz(R)(IQm). Now, if Iy +yE1 2 € Tsz(R)(I2m), then (ai ...agmI2+bE1 2) (2l +yE12) = 0, for each
ai...agpmls +bE1 2 € I?™ . Then it follows that ai---asmz = 0 and a1 ---asmy + bz = 0. Consequently,
x € eR, and so x = ex. Therefore, bx = bex = 0, and that aj---ag,y = 0. Thus y = ey. So
wly +yEy o = (elz2) (22 + yE12). Hence rg,(g) (I*™) C fS2(R), and so Sa(R) is generalized right 7-Baer.

Now, let n > 3 and I be a projection invariant left ideal of S, (R). Consider the sets I{, I, and J
as in Lemma 3.7. By Lemma 3.7(i) and (ii), I and I" are projection invariant left ideal of S, _1(R). Also,
Lemma 3.7(iii) implies that J is a projection invariant left ideal of R. Then by the hypothesis of induction,
Proposition 2.2, and Lemma 3.6, there exist central idempotents ej,es € R, f1, fo € S,—1(R), and positive

integers ki, ko such that
s (r) (DR = £18, 1 (R), fi =eilny, rr(J¥) = eR,
s (r) (I TIR) = £28, 1(R), f2=esln_1, Tr(J*?) = eaR.

Put k& = max{ky,ko}. Then rg(J*¥) = rg(J*) = rgr(J*2), by Lemma 2.18. Hence e; = e and f; = fo. Again

by using Lemma 2.18, we have
s () (I %) =rs, () (IR =g (my (I 92) = rg () (1) D5).

Now, assume that
oLy + Y @i B € s, (my(I™), a1 anly + Yy By € I
i<y i<y

Since rg, ,(r) (1) VF) =rg (g ((IM)"~Vk) = £1S,_1(R),  and z; ;s are in e1 R for each i and j except
possibly x1 . Wehave a; - - anip®1,n+y1,222.n+ - -+y1,ne = 0. Thus a; - - - apr1,, = 0. Since TR(J”’“) =eR,
and ai,...,anx € I are arbitrary, it follows that x1, € e;R. Hence rg, (g (I"") C fS,(R) where f = eil,.
Note that f is a central idempotent of S,(R). Since I"*f = (I*f)" = 0, fSn.(R) C rg,(r)(I™). Thus
rs, (r)(I™) = fSn(R) and hence S, (R) is generalized right m-Baer.

(i)=(ii) Suppose that S, (R) is a generalized right 7-Baer ring. We prove that R is generalized right

m-Baer. Let J be a projection invariant left ideal of R. Put

I = {aIn + Zai,jEiJ S Sn(R) | ac J}

1<j

It is easy to see that I is a projection invariant left ideal of S, (R). Since S, (R) is generalized right 7-Baer,

rs,(r)(I™) = fSn(R) for some idempotent f € S, (R) and some positive integer m. By Proposition 2.2 and

2036



SHAHIDIKIA et al./Turk J Math

assumption, we may assume that e € B(R). Then Lemma 3.6 implies that f = el,, where e € B(R). Hence
for each a; € J with 0 <i <m, we have ay ---a,el, =0, since I"™e = 0. It follows that ay - --a,,e = 0. Thus
eR C rr(I™). For the reverse inclusion, let b € rg(J™). Then for any a; € J we have a; -- - a,,b = 0. Thus
bl, € rg, (ry(I™) = fSn(R). It follows that b € eR. Therefore, rg(J™) = eR, and so R is generalized right

m-Baer. O

Corollary 3.9 Let R be a reduced m-Baer ring. Then For every n > 2 the rings Sp(R), An.(R), B,(R),
U.(R), and V,(R) are generalized right (left) m-Baer rings which are not w-Baer rings.

Proof Note that R is an abelian 7-Baer ring by [4, Proposition 2.5]. Thus Theorem 3.8 implies that the rings
Sn(R), An(R), Bn(R), Uy(R), and V,,(R) are generalized right (left) m-Baer rings. By [4, Proposition 2.5]
every abelian w-Baer ring is an abelian Baer ring and by [7, Proposition 1.5] every abelian Baer ring is reduced.

So these rings are not m-Baer since these rings are not reduced. O

4. Polynomial extensions

In this section, we investigate the behavior of the generalized m-Baer condition with respect to polynomial
extensions. The generalized Baer ring property may not transfer to polynomial rings or formal power series
rings in general (e.g., see [20, Example 3.24]). However, the generalized m-Baer property transfers from a base

ring to many of its polynomial extensions without additional requirements.

Lemma 4.1 ([14], Exercise 2R) Let R be a ring and let R°P denote the opposite ring of R. Let o be
an automorphism of R and § be an o« -derivation of R. Consider the map & : R°? — R°P defined by
8 (a) := —d(a~Y(a)) for a € R. Then

(i) &' is an a~!-derivation on RP;

(ii) (R[z; a,0])°P = RP[z; a1, ).

Theorem 4.2 Let R be a generalized left (right) w-Baer ring. Then the following polynomial extensions are
generalized left (right) m-Baer rings, where X is an arbitrary nonempty set of not necessarily commuting

indeterminates, « is a ring automorphism of R and § is an « -derivation of R.
(i) R[X];
(i) R[[X]];
(iii) R[z; «,d];
(iv) Rl[z; a]];
(v) Rlz;z7Yal;
(vi) R[[z;a™" o]
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Proof We will prove Part (iii), the other parts can be shown similarly. First, we prove the case when R is
a generalized left 7-Baer ring. Let Y be a nonzero projection invariant right ideal of T := R[z; «,¢]. Let Yj
be the set of nonzero coefficients of the highest degree term of nonzero elements in Y together with 0. Then
Yy is a nonzero projection invariant right ideal of R. Since R is generalized left m-Baer, there are an integer
n > 1 and an idempotent e € S,.(R) such that ¢r(Y]) = Re. We prove that ¢7(Y"™) = Te. First, to see that
Te Clp(Y™), take h(z) =ap+ a1z + -+ + apmz™ € Y\ {0}. If ay,, # 0 then a,, € Y. Thus ea,, =0. Now
eh(z) = eap + ea1z + -+ + eap_12™m L € Y. If ea,,—1 # 0 then ea,,_1 € YJ'. But ean,_1 = e(ean,—1) =0,
a contradiction. Hence ea,,—; = 0. Similarly, we get ea;,—2 = -+ = eag = 0. So eh(z) = 0 and hence
e € bp(Y™). Therefore, Te C £r(Y™).

Next, we show that ¢r(Y™) C Te. We shall show that g(x) = g(z)e, for each g(z) € ¢r(Y™). The
proof proceeds by induction on k = deg(g(x)), the degree of g(x). Assume that k¥ = 0. Take y € Y, then
there exists f(z) = yo +y1z+ - +ya™ € Y™. Since g(z)f(x) =0, g(x)y =0 and so g(z) € Lr(Y]) = Re.
Hence g(z) = g(x)e. Assume inductively that the assertion is true for all g(x) € ¢r(Y™) with deg(g(z)) < k.
Let g(z) = by + b1 + - + bpw® € £p(Y™). Since « is an automorphism, b, = a®(r) for some r € R. Take
y € YJ'. Thereis f(z) =yo +vy1z+ - +yz™ € Y™ and g(x)f(x) = 0. Thus, bya’(y) = a*(r)a*(y) =0 and
that ry = 0. It follows that r € fr(YJ') = Re, so r = re. We see that by = a(r) = aF(re) = aF(r)a(e) =

bra*(e). Consequently,
g(x) =bg +brx+ -+ bp_12" P+ bpa®(e)at =by + bz + -+ bp_12" T + bra"e + h(z),
for some h(z) € T such that deg(h(z)) <n—1 or h(x) =0. Thus,

0=g@)Y" = (bo+ b1z 4+ +bp_12" f bpa"e + h(x))Y™ = (bo + b1z + - - - + bp_12" 1 + h(z))Y™,

because eY" = 0. Put p(z) = bg+byz+---+br_12* "1 +h(x). Note that g(z) = p(x)+brz"e. If p(z) = 0, then
g(x) = bra"e and so g(x) = g(x)e. Next, assume that p(x) # 0. By the induction hypothesis, p(x) = p(z)e as
p(z) € br(Y™). So g(z) = p(z)+bra"e = p(x)e+brz™e = g(x)e, hence £p(Y™) C Te. Therefore, lp(Y™) =Te.

For the case when R is a generalized right w-Baer ring, we notice that R is a generalized right w-Baer
ring if and only if R°P is a generalized left m-Baer ring. Thus R°P is a generalized left m-Baer ring. By the case
above, R°P[z; a~!,d'] is a generalized left 7-Baer ring. Since (R[z; a,d])°? = RP[z; a1, 6] by Lemma 4.1,

(R[z; v, 0])°P is a generalized left w-Baer ring. Therefore, R[x; «,d] is a generalized right 7-Baer ring. O

Corollary 4.3 Let R be a generalized right (left) m-Baer ring. Then the group ring R7Z is a generalized right
(left) m-Baer ring.

Proof It is well known that RZ = R[z,x~']. Now the statement follows from Theorem 4.2. O

Theorem 4.4 Let R be a ring. Then the following statements are equivalent.
(i) R is a generalized right (left) -Baer ring;
(i) R[z] is a generalized right (left) m-Baer ring;

(iii) R[[x]] is a generalized right (left) m-Baer ring.
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Proof The implications (i)=-(ii) and (i)=>(iii) follow immediately from Theorem 4.2. For (ii)=(i), let ¥
be a projection invariant left ideal of R. Then by [4, Lemma 4.1(iii)], Y[x] is a projection invariant left ideal
of R[z]. Since Rx] is a generalized right m-Baer ring, there exists an idempotent e(x) € R[z] such that
TRz (Y[2])") = e(x)R[z] for some positive integer n. Assume that ey be the coefficient of zero degree term
of e(z). We show that rg(Y™) = eoR. Since e(z)(Y[z])" = e(z)Y"[x] =0, egY™ = 0. Thus, egR C rr(¥Y™).
Conversely, let a € rr(Y™), then a € rgy)(Y"[z]) = rriy((Y(z])") = e(z)R[z]. Hence, a = e(x)f(x). So
e(r)a = a and that a = epa. Hence a € egR. Therefore, rr(Y™) = egR, and that R is a generalized right
m-Baer ring. Similarly, it can be shown that (iii) = (i). O
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