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Abstract: The theory of §-invariants, initiated by the author in the early 1990s, is a challenging topic in modern
differential geometry, having a lot of applications. In the spirit of §-invariants, Decu et al. (2007) initiated the study of
d-Casorati curvatures. Since then there are many interesting results on J-Casorati curvatures obtained by many authors.
In this article we provide a comprehensive survey on recent developments in d-Casorati curvatures done during the last

decade.
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1. Introduction
One of the most fundamental problems in submanifold theory is the immersibility of a Riemannian manifold in

a Euclidean space. In 1956, Nash proved the following well-known theorem.

Theorem 1.1 [92] FEvery n-dimensional Riemannian manifold can be isometrically embedded in a Euclidean
m-space with m = 5 (n+1)(3n +11).

Nash’s embedding theorem was aimed for in the hope that if a Riemannian manifold could be regarded as
isometrically embedded submanifold, this would then yield the opportunity to use help from extrinsic geometry.
But this hope was not materialized according to Gromov’s article [69] published in 1985.

There were several reasons why it is so difficult to apply Nash’s theorem. One reason is that it requires in
general very large codimension for a Riemannian manifold to admit an isometric embedding in Euclidean spaces.
On the other hand, submanifolds of higher codimension are very difficult to be understood. Another reason
is that at that time there do not exist general optimal relationships between the known intrinsic invariants
and the main extrinsic invariants for arbitrary submanifolds of Euclidean spaces except the three fundamental

equations (cf. [33]). This leads to another fundamental problem in submanifold theory (cf. [24]).

Problem 1.2 Find simple relationship between the main extrinsic invariants and the main intrinsic invariants

of a submanifold.

In order to provide some answers to this fundamental problem, the author introduced in the early 1990’s

new types of Riemannian invariants [23, 26, 27], known as d-invariants or Chen invariants, which are very
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different in nature from the ”classical” Ricci and scalar curvatures. In contrast to Ricci and scalar curvatures,
the main feature of J-invariants is to remove portion of sectional curvatures from the scalar curvature [see (3.1)
and (3.2)]. Via d-invariants, the author was able to provide solutions to Problem 1.2 by establishing optimal
relationships between §-invariants and the main extrinsic invariant; namely, the squared mean curvature H?2.
Applying these results, the author was also able to introduce and to study the notion of ideal immersions. The -
invariants and the related inequalities have many applications (see, e.g., [32]). Since then these results have been
extended to many geometrical inequalities of similar nature in other ambient spaces such as complex, Sasakian,
cosymplectic, Kenmotsu or quaternionic space forms as well as in locally product Riemannian manifolds and
statistical manifolds.

For surfaces in a Euclidean 3-space E3, Casorati [19] introduced in 1890 what is today called the Casorati
curvature. This curvature was preferred by Casorati over Gauss curvature because Gauss curvature may vanish
for surfaces that look intuitively curved, while the Casorati curvature only vanishes at planar points. Note that
in computer vision Casorati curvature represents the bending energy of surfaces in E? (cf. [73]). The Casorati
curvature have been extended to arbitrary submanifolds in Riemannian geometry (cf. e.g., [32, 54]). In general,
the Casorati curvature C of a submanifold in a Riemannian manifold is defined to be the normalized squared
norm of the second fundamental form. In particular, for hypersurfaces of a Riemannian manifold M ntl | the
Casorati curvature is given by

1 2

C:— 2 CEEEEY 5
n(ﬁl+ +Hn)

where ki,...,k, denote the principal curvatures of the hypersurfaces. For the importance of the Casorati
curvature for submanifolds in the view of geometry as the science of human vision, we refer to [114].

In the spirit of d-invariants, Decu et al. introduced the normalized Casorati curvatures dc(n — 1) and
dc(n—1) in 2007 (see [54]). In 2008, they extended normalized Casorati curvatures to generalized normalized
§-Casorati curvatures 8¢ (r;n—1) and d¢(r;n—1) in [55]. At the same time, they were able to establish optimal
inequalities involving the (intrinsic) scalar curvature and the (extrinsic) d-Casorati curvatures. Consequently,
they were able to provide further solutions to Problem 1.2. Since then the study of §-Casorati curvatures
becomes a very active research topic in modern differential geometry. Many interesting results on ¢-Casorati
curvatures were obtained during the last decade.

The main purpose of this article is to present a comprehensive survey on recent developments in -

Casorati curvatures. It is the author’s intention that this survey article will provide a useful reference for

graduate students and researchers working on this interesting subject.

2. Preliminaries

For the basic knowledge on Riemannian manifolds and submanifolds, we refer to [36, 94, 101].

2.1. Sectional, scalar and normalized scalar curvature

Let M™ be an n-dimensional submanifold of a Riemannian m-manifold M™. We choose a local field of
orthonormal frame eq,...,en,&41,...,&n In M™ such that, restricted to M™, the vectors eq,...,e, are
tangent to M"™ and hence &,1,...,&y, are normal to M"™. Let K(e; Ae;) and IN((ei Aej) denote respectively

the sectional curvatures of M™ and M™ of the plane section spanned by e; and e;.
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The scalar curvature 7 of M™ at p is defined by

)= >, Kleiney). (2.1)

1<i<j<n
Similarly, if L is ¢-dimensional linear subspace of T, M", then scalar curvature 7(L) of L is defined by

T(L)= Y KleiNey), (2.2)

1<i< <t

where eq,...,ep is an orthonormal basis of L. The normalized scalar curvature p of M™ is given by

2

2.2. Basic formulas and fundamental equations
Let M™ be an n-dimensional submanifold in a Riemannian m-manifold M™. We denote by V and V the
Levi-Civita connections of M™ and M ™ respectively. The Gauss and Weingarten formulas are then given
respectively by
VxY =VxY +h(X,Y), (2.4)
Vxé=—AeX + Dx¢ (2.5)

for vector fields X,Y tangent to M™ and & normal to M™, where h denotes the second fundamental form, D

the normal connection, and A the shape operator of the submanifold.
Let {hfj}, ,j=1,...,n;7r=mn-+1,...,m, be the coefficients of the second fundamental form h with

respect to e1,...,€n,&nt1, -, §m . Then hf = (h(eire;), &) = (Arei,ej), where A, = Ae and ( , ) denotes
the inner product. The mean curvature vector ﬁ is defined by

1 1<
H= Etraceh = EZh(ei,ei).

i=1
The squared mean curvature is given by H? = (ﬁ, ﬁ) . A submanifold M™ is said to be minimal (resp., totally

geodesic) if its mean curvature vector (resp., its second fundamental form) vanishes identically.

Let R and R be the Riemann curvature tensors of M™ and M ™ respectively. If M™ is of constant

curvature c, then the three fundamental equations of Gauss, Codazzi and Ricci are given respectively by

(R(X,Y)Z,W) = (Any, 0y X, W) = (Apx, )Y, W) + c (X, W) (Y, Z) = (X, Z) (Y, W)), (2.6)
(Vxh)(Y,Z) = (Vyh)(X, Z), (2.7)
<RL(X7 Y)f»ﬂ> = <[A57A77]X’ Y> (2.8)

for X,Y, Z, W tangent to M™ and &, n normal to M™, where R denotes the normal curvature tensor associated

with D and Vh is given by

(Vxh)(Y,Z) = Dxh(Y,Z) — W(VxY,Z) - h(Y,VxZ). (2.9)
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2.3. Casorati curvature and principal Casorati directions

For a submanifold M™ in a real space form R™(c) of constant sectional curvature ¢, the Casorati curvature C
of M™ is defined by

c= % 3 ( 3 (h;;)?). (2.10)

r=n+1 i,j=1
The Casorati curvature of an ¢-dimensional linear subspace L C T, M™, spanned by {e1,...,es}, is given by
1 m 0
c(L) = / > (Z(h;"j)Q). (2.11)
r=n-+1 2,j=1
By contraction, it follows from Equation (2.6) of Gauss that
Ric(Y,Z) = (n—1)cg(Y, Z) + ng(Ag(Y), Z) — g(A°(Y), Z), (2.12)
where A9 =31 41 AZ is the Casorati operator. In terms of Casorati operator, (2.12) can be expressed as
S(X)=c(n—1)X +ndAgX — A°(X), (2.13)

where S is the Ricci operator defined by (S(X),Y) = Ric(X,Y).

The eigenvectors and eigenvalues of A® are called the principal Casorati directions and principal Casorati

curvatures, respectively, so that the principal Casorati curvatures Cy,...,C, satisfy C=Cy +---+C,.

Remark 2.1 Let M"™ be a hypersurface of a Euclidean (n + 1)-space E"! with n > 3 and let ky,..., K, be
the principal curvatures at a point p € M™ with principal directions ey, ..., e, . Assume LZ“l is the hyperplane

of T,M"™ spanned by e1,...,€i—1, €i41,...,€n. It was shown by Brubaker and Suceavd [15] that if Casorati

curvature satisfies (n — 1)1/Cp_1(L}™Y) < nH(p) with H = L(k14 ...+ Ky) for every p € M™ and for each

i€ {l,...,n}, then M™ is a convex hypersurface.

3. The Chen §-invariants
Curvature invariants are known to be the N°1 Riemannian invariants and the most natural ones. Since
Casorati’s d-curvatures were motivated after d-invariants d(n — 1) and b (n — 1) on Riemannian n-manifolds,

we recall in this section basic definitions and fundamental results on Chen’s d-curvature invariants.

3.1. Definition of d-invariants

n

2
(n1,...,ng) of integers > 2 such that n; <n and ny +---+np <n. Put S(n) = Up>18(n, k).

Let n be a positive integer > 3. For a positive integer k < 2, let S(n, k) denote the set consisting of k-tuples

For a given point p in a Riemannian n-manifold M™ and each (n1,...,nx) € S(n), the author introduced

in [23, 26, 27] the following § -invariants:

(n1, ..., ng)(p) = 7(p) — f{7(La) + -+ 7(Lx)}, (3.1)

o(n1, ..., nk)(p) = 7(p) —sup{7(L1) +--- + 7(Lx)}, (3-2)



CHEN/Turk J Math

where Lq,..., L, run over all £ mutually orthogonal subspaces of T, M™ such that dimL; =n;, j =1,...,k.

In particular, wee see from (3.1) and (3.2) that
(a) 6(0) =7 (k =0, the trivial d-invariant),
(b) 6(2) = 7 —inf K and §(2) = 7 —sup K, where K is the sectional curvature,
(¢) 6(n —1)(p) = max Ric(p) and &(n — 1)(p) = min Ric(p).

3.2. Universal inequalities involving ¢-invariants

For each (nq,...,n;) € S(n, k), we put (cf. [23, 26, 27])

n*(n+k—1-3n;)
2(n+kfzjnj)

1 1<
a(ny,...,ng) = §n(n— 1) — §an(nj —-1), b(ny,...,ng) = (3.3)

For §-invariants we have the following optimal universal inequalities.

Theorem 3.1 [30] Let f : M"™ — M™ be an isometric immersion of a Riemannian n-manifold into a

Riemannian m-manifold. Then, for each p € M™ and each k-tuple (ni,...,ng) € S(n), we have

S(ny,....ng)(p) < b(ny,...,ng)H(p) + a(ny, ..., ng) max K(p), (3.4)

where max I?(p) denotes the maximum of the sectional curvature function of M™ restricted to 2 -plane sections
of the tangent space T,M"™ of M"™ at p.

The equality case of inequality (3.4) holds at p € M if and only if the following conditions hold:

a) There is an orthonormal basis eq,...,e at p such that the shape operators of M™ in
( ) 1 » EnySn+1 s Sm p P 4

M™ at p take the following form:

A =10 .. AT , r=n-+1,...,m, (3.5)
0 oy
where 1 is an identity matriz and A; is a symmetric n; X n; submatriz such that

trace (A7) = - -+ = trace (A4}) = pr. (3.6)

(b) For mutual orthogonal subspaces Lq,..., Ly, C T,M"™ satisfying §(n1,...,ng) =7 — 2?21 7(L;) at

p, we have K’(eai,ea].) = maxK(p) for a; €ly,05 €y, 0< i # 5 <k, where

Foz{l,...,n1}7 ey Fk,l:{n1—|—~-~+nk,1+17...,n1+~-~+nk},

Fp={nm+-+n+1,...,n}

An important case of Theorem 3.1 is the following.
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Theorem 3.2 [26, 27] For an isometric immersion f : M™ — R™(c) from a Riemannian n-manifold M™ into

a real space form R™(c) of constant curvature ¢ and for an k-tuple (ny,...,n;) € S(n), we have

S(na,...,nk) <b(ng,...,n)H?* +a(ng,...,ng)c, (3.7)

where H? is the squared mean curvature of M™ in R™(c).
The equality case of inequality (3.7) holds at a point p € M™ if and only if there is an orthonormal basis
€1y y€ns&ntty .-, Em at p such that the shape operators at p take the forms (3.5) and (3.6).

Definition 3.3 A submanifold M™ of a real space form R™(c) is called (ni,...,nx)-ideal if it satisfies the
equality sign of (3.7) identically.

Roughly speaking, an ideal submanifold in R™(c) is a submanifold which receives the least amount of
tension from its ambient space at each point (cf. [26, 32, 33]). Ideal submanifolds associated with Chen’s

d-invariants are also known in some literatures as Chen ideal submanifolds.

Remark 3.4 Inequalities analogous to (3.7) for submanifolds in various space forms (in particular, for the

special case with k = 1,ny = 2) have been studied by many authors (cf. [32]).

The §-invariants and their associated inequalities have many applications to several areas in mathematics
(cf. e.g., [26, 27, 32, 33]). For instance, it have been applied in [35] to show that if 7 : M — N is a covering
map between two compact irreducible homogeneous spaces and if the first eigenvalues of the Laplacian of M
and N satisfy Aj(M) # A (N), then N doesn’t admit an ideal embedding into any Euclidean space regardless

of codimension, although M may could.

3.3. Algebraic Chen J-invariants and inequalities

A (0,4)-tensor field T on a Riemannian manifold is said to be curvature-like if it has all the formal properties

of the Riemannian curvature tensor so that it satisfies the following properties:

T(X7Y’27W):7T(Y7X727W)7 (38)
T(X,Y,2,W) = T(Z,W,X,Y), (3.9)
T(X,Y,Z,W)+T(Y,Z,X,W)+ T(Z,X,Y,W) =0, (3.10)

In [41], Chen et al. introduced the notion of J-invariant for curvature-like tensor fields and they
established optimal general inequalities in case the curvature-like tensor field satisfies algebraic Gauss equation
as follows. Let (M™,g) be a Riemannian n-manifold and let T be a curvature-like (0, 4)-tensor field on M™.
Then one may define the T -sectional curvature Kp(m) associated with a 2-plane 7 C T,M™, p € M™ as usual.
For an ¢-dimensional linear subspace L C T, M™ with ¢ > 2 and with an orthonormal basis {e1,...,e;} of L,
the T'-scalar curvature 77 (L) of L is defined by 7r(L) =>_
r(p) = m0(T,M").

For any (n1,...,nk) € S(n), we define the algebraic dp-invariant ér(n1,...,n) as we did in (3.1) by

i< Kr(eiNej), 1 <i,5 < L. In particular, we have

dr(ni,...,ng)(p) = mr(p) — inf{rr(L1) + - + 770 (Lk)}, (3.11)
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where Ly,..., Ly run over all £ mutually orthogonal subspaces of T,M such that dimL; =n;, j =1,...,k.
Let (M™,g) be a Riemannian n-manifold and (B, g) a Riemannian vector bundle over M™. Let o be
a B-valued symmetric (1,2)-tensor field. If T is a (0, 4)-tensor field on M™ such that

T(X,Y,2,W) =g(o(Y,2),0(X,W)) = g(a(X, Z),0(Y,W)) (3.12)

for vector vector fields X,Y,Z, W tangent to M™, then T is curvature-like. Equation (3.12) is called an
algebraic Gauss equation.

Typical examples of settings in which (3.12) occurs is for a submanifold of Euclidean space, B being the
normal bundle, o the second fundamental form, T' the curvature tensor. For such submanifolds in [23, 27, 30]
optimal inequalities involving the J-invariant have been established. The proofs can be immediately generalized

to prove the following general inequality.

Theorem 3.5 [}1] Let (M™,g) be a Riemannian n-manifold and let T be a curvature-like (0,4)-tensor field

on M™. If (B,g) is a Riemannian vector bundle over M™ and o is a B -valued symmetric (1,2)-tensor field

which satisfy the algebraic Gauss equation, then for each k-tuple (nq,...,n) € S(n) we have
nQ(n—l—k—l—Z?:lnj) n
o(ny, ..., ng) < g(traceo,traceo), traceo = Z o(ei, e;). (3.13)
k
2(n+k—zj=1 nj) i=1

The equality case of inequality (3.13) holds at a point p € M if and only if there exists an orthonormal
basis {e1,...,e,} at p such that with respect this basis every linear map o¢, & € By, of the tangent space T,M™,
defined by g(0eX,Y) = g(o(X,Y),&) forall X, Y € T,M" takes the following form:

AS 0
O¢ = - s
3
Aj,
O 7}§I
where {Ag}?zl are symmetric nj X n; submatrices satisfying trace(A}) = --- = trace (Ai) = A¢ for some A¢.

Remark 3.6 Let M™ be a convex hypersurface in E"1. For natural numbers ny,ny with n = ni+no. Suceavd
and Vagiac [108] proved that the mean curvature H, the Casorati curvature C, and Chen’s 8(“1777/2) -invariant
satisfy the inequality H > %\1/’22), with the equality holding if and only if p is an umbilical point. For further

results in this respect, see [108].

4. )-invariants for Lagrangian submanifolds in complex space forms

The next result follows immediately from the fact that the Gauss equation of a Lagrangian submanifold in a

complex space form has the same expression as the one for a submanifold in a real space form (see [42]).

Theorem 4.1 Let M"™ be a Lagrangian submanifold in a complex space form M (4¢) with constant holomorphic

sectional curvature 4c. Then inequality (3.6) holds for each k-tuple (ny,...,ny) which satisfies 2 < ny,...,ng <

k
ny, DM <M.
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The next theorem extends a result on §(2) from [42].

Theorem 4.2 [28] A Lagrangian submanifold of a complex space form M"(Zlc) is minimal at a point p if it
satisfies the equality case of inequality (3.7) at p.

The reason behind the above theorem is that (3.7) is not an optimal equality in the Lagrangian setting.

4.1. Optimal inequalities for §(nq,...,n;) with Zle n; <n
The following optimal inequalities for Lagrangian submanifold in the case Zle n; < n was proved by Chen et

al. in [38, 39).

Theorem 4.3 Let M™ be a Lagrangian submanifold of M"(Zlc). Then, for any k-tuple (ny,...,ng) satisfying

k
Y i1 i < n, we have

n?(n—r ni+3k—1) —63F (2+n)" 1
d(ni,...,nk) < {( - ) - }Hz—i—{n(n—l)—zl,C ni(ni—l)}c.
2{<n72f:1n,‘+3k+2) 762f21(2+m)—1} 2 i=1

(4.1)
The equality sign holds at a point p € M™ if and only if there is an orthonormal basis {e1,...,en} at p

such that the second fundamental form h satisfies

eaqveﬁz E : hozz,BZ i jn‘)‘JerLla E a,.zlhg‘lio‘i = 07
7 1

h(eameaj) =0, i #J; h(eaiaeNJrl) = 'JeOéi7 h(eameu) =0, (42)

h(en+1,en+1) = 3AJent1, henti,eu) = AJew, N =ni + - +ng,

h(ew,ey) = Nyvdent1, 4,7 =1,...,k;u,v=N+2,....n

Note that inequalities (3.7) and (4.1) coincide for minimal immersions.

4.2. Optimal inequalities for (nq,...,n;) with Zle n;=n

For the case Zle n; = n, we also have the following theorem from [39].

Theorem 4.4 Let M™ be a Lagrangian submanifold of a complex space form ]\7”(40). Then for each
(n1,...,ng) € )wzthz _, i =n we have

n2{k—1-2F 2+n)'} , 1 N
d(ni,...,nk) < 2{16—22?:2(24—7%)_1} H+2{n(n 1) ;nz(m 1)}07 (4.3)

where we assume that ny = min}_,{n;}. If the equality sign of (4.3) holds at p € M™, then the components of
the second fundamental form with respect to some suitable orthonormal basis {e1, ..., ey} for T,M™ satisfy the

following conditions:
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(a) ht, =0 fori#j and A+# a;,a;;

Qi g
(b) if nj # min{ni,...,ng}, h’g’a =0ifi#j and ZajeAj hgi.aj =0,

(¢) if nj =min{ni,...,ng}, ZajeAJ hgj.aj = (n; + 2)h§’a1 for any i # j, and any o; € A;.

J

The next result from [39] shows that inequality (4.3) is sharp.

Theorem 4.5 For each (ny....,n;) € S(n) with Zle n; = n, there ezists a Lagrangian submanifold in

M (4c) which satisfies the equality of the improved inequality (4.3) identically.
Remark 4.6 Theorem 4.5 implies that inequality (4.3) cannot be improved further.

Remark 4.7 Lagrangian submanifolds of complex space forms which satisfy some special cases of inequalities
(4.1) and (4.3) have been classified in [14, 32, 3840, 43, 45, 46].

5. The First two articles on §j-Casorati curvatures
5.1. §-Casorati curvatures d¢(n — 1) and d¢(n — 1)

In the spirit of J-invariants, Decu et al. introduced in [54] the notion of normalized Casorati §-curvatures

Sc(n—1) and bc(n — 1) as follows:

1 (n+1) .
[6c(n— 1)]p = §Cp + mmf{C(L) | L a hyperplane of T,M}, (5.1)
[Sc(n — 1)]p =2C, — %sup{C(L) | L a hyperplane of T,M}. (5.2)

Note that in contrast to author’s §-invariants which are intrinsic, the §-Casorati curvatures are extrinsic.

Decu et al. proved the following result for normalized Casorati J-curvatures.

Theorem 5.1 [5/] Let M™ be a Riemannian submanifold of a real space form R™(c). Then we have:
p<dc(n—1)+¢c, (resp., pgéc(n—l)—kc), (5.3)

where p is the normalized scalar curvature defined by (2.3).

In addition, the equality sign of (5.3) holds identically if and only if there exists an orthonormal frame

€1y ylnyEnt1, .-, Em such that with respect to this frame the shape operator satisfies
M,_1 0 M,_1 O
Apt1 = ( n ) (resp., Apt1 = ( 1 )) and Apio=...= A, =0, (5.4)
0 2\ 0 5A

for some function A\, where I,,_1 denotes the (n — 1) x (n — 1) -identity submatriz.

Remark 5.2 An alternate proof of Theorem 5.1 for Sc(n — 1) was given by Zhang and Zhang [121].
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5.2. Generalized §-Casorati curvatures d¢(r,n — 1) and d¢(r,n — 1)
For any positive real number r # n(n — 1), put

(n—1)(r +n)(n? —n—r).

a(r) =

(5.5)

Let M™ be an n-dimensional submanifold of a real space form R™(c). The generalized §-Casorati curvatures
c(r;n —1) and be(r;n — 1) were defined by Decu et al. in [55] as
de(r;n—1) |,= rClp +a(r) -inf{C(L) | L a hyperplane of T,M} if 0<r <n(n—1), (5.6)

oc(rin—1) |p= rC|, +a(r) -sup{C(L) | L a hyperplane of T, M} if r >n(n—1). (5.7)
Decu et al. proved the following theorem for generalized §-Casorati curvatures.
Theorem 5.3 [55] Let M™ be n-dimensional submanifold of a real space form R™(c). For a real number r
such that 0 < r < n(n —1) we have
27 <éde(rin—1)+n(n—1)¢ (5.8)
and for a real number r > n(n — 1) we have
21 < be(r;n—1) +n(n —1)e. (5.9)
Equality holds in the inequalities (5.8) and (5.9) if and only if
hi; =0 fori#je{l,...,n}, and (5.10)

.
r '
r=...=h

n—ln—1= mhzn for re{n+1,...,m} (5.11)

holds, respectively.

Condition (5.10) means that the normal connectionV+ is flat. And, condition (5.11) means that there
exist m mutually orthogonal unit normal vector fields &1, ..., &,, such that the shape operators with respect to
all directions &, have an eigenvalue of multiplicity n—1 and that for each &, the distinguished eigendirection is

the same (namely e, ), that is, that the submanifold is invariantly quasi-umbilical. Thus, we have the following.

Corollary 5.4 [55] Let M™ be a Riemannian submanifold of a real space form R™(c). Equality holds in (5.8)

and (5.9) if and only if M™ is invariantly quasi-umbilical with trivial normal connection in M™ (¢) and with

respect to suitable tangent and normal orthonormal frames, the shape operators are given by

A1 0

Apiq = ( 8 n(n_l))\> . Appo=...= A, =0. (5.12)
T

Remark 5.5 The techniques used for proving Theorem 5.1 and Theorem 5.3 were based on the Oprea’s

optimization procedure given in [93] by showing that a quadratic polynomial in the components of the second

fundamental form is parabolic, different from the proofs of Chen type inequalities between 0 -invariants and the

squared mean curvature of submanifolds.

Remark 5.6 These two papers [54, 55] by Decu et al. were the starting point of the investigations of the

6 -Casorati curvatures.

10
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5.3. Casorati ideal submanifolds
Analogous to Chen ideal submanifolds, a submanifold which realizes the equality case of an inequality involving

a §-Casorati curvature is called a Casorati ideal submanifold.
Now, I would like to present the following new result which provides a simple link between Casorati and

Chen ideal submanifolds.

Proposition 5.7 Let M™ be a Casorati ¢ (r;n—1)-ideal submanifold of a real space form R™(c) with n > 3.

Then M™ is a Chen 0(k)-ideal submanifold with & < k < n —1 if and only if either r = ;,C(Z% or M™ is
totally geodesic. In particular, a Casorati ¢ (r;n — 1) -ideal submanifold M™ in R™(c) is Chen §(n — 1) -ideal
if and only if either r =n or M™ is totally geodesic.

n(n—1)

Proof Since d¢(r;n — 1) is defined only for r satisfying 0 < r < n(n — 1), we have > 1. Now, let us
assume that M™ is a Casorati dc(r;n — 1)-ideal submanifold of a real space form R™(c) with n > 3. Then,
according to Corollary 5.4, there exists suitable tangent and normal orthonormal frames such that with respect

these frames the shape operator of M" satisfy

M1 0
Apyr = ( 8 ”("rl)k> . Appo=...=A, =0. (5.13)
If A =0, then (5.13) implies that M™ is totally geodesic in R™(c).

Now, we assume A # 0. If M™ is a Chen §(k)-ideal submanifold with n —1 >k > %. Then it follows

from Theorem 3.1 and (5.13) that the shape operator 4,1 must satisfies kA = @A—&- (n—k—1)\. Because

. -1
) is assumed to be nonzero, we must have r = ;C(ZTL

Conversely, if r = 27;9(11_7121 holds, then it follows from (5.13) and Theorem 3.1 that M™ is 6(k)-ideal. O

Remark 5.8 Proposition 5.7 holds true for Casorati ¢ (r;n—1) -ideal submanifolds in many other space forms.

The next result on Casorati ideal submanifolds follows from (5.4) and [36, Proposition 1.1, p. 88].

Corollary 5.9 [54] The Casorati ideal submanifolds of dimension > 4 for (5.3) are conformally flat submani-

folds with flat normal connection.

An obstruction for a manifold to be conformally flat in terms of Chen’s d-curvatures was given in [31].
A rotation hypersurface of a real space form M "+1(c) of constant curvature c is generated by moving
an (n —1)-dimensional totally umbilical submanifold along a curve in M ntl(e) [61]. If M™ is a Casorati ideal

hypersurface in M "+1(c), then it follows from [60, 61] that M™ is a rotation hypersurface whose profile curve

is the graph of a function f of one real variable which satisfies the differential equation

(e—CcfP—fH=0. (5.14)

s ven+ M

where ¢ = 1 if ¢ > 0; and if ¢ < 0, then ¢ = 0, 1 or —1 depends on the rotation hypersurface M™ is

parabolical, spherical or hyperbolical, respectively.

11
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Corollary 5.10 [55] The Casorati ideal hypersurfaces of real space forms are rotation hypersurfaces whose

profile curves are given by the solutions of (5.14).

6. Modified §-Casorati curvature dc(n — 1)

Lee and Vilcu [82] pointed out that it is better to replace the coefficient ” zn’é:il) ”in (5.1) by " %EL” since the
normalized §-Casorati curvature dc(n—1) should able be recovered from the generalized normalized 0-Casorati
curvature d¢(r;n—1) with r = 1. For this reason, the modified §-Casorati curvature dc(n—1) was defined in

[82] as

de(n—1) = C|p 2 mf{C( ) | L a hyperplane of T,M"}, (6.1)
It is direct to verify the following two relations:
nin—1) ~ A A
do T;n—l =n(n—1)0c(n—1), dc(2n(n—1);n—1)=n(n—1)dc(n—1). (6.2)

6.1. Inequality involving the modified §-Casorati curvature

Zhang and Zhang proved in [121] that Theorem 5.1 remains true if the Casorati J-curvature dc(n — 1) were
replaced by the modified Casorati §-curvature 5c(n —1). More precisely, Zhang and Zhang proved the next

result for the modified Casorati d-curvature d¢(n — 1).

Theorem 6.1 [121] Let M™ be a Riemannian submanifold of a real space form R™(c). Then

p<deln—1)+c. (6.3)
The equality sign holds identically if and only if there is an orthonormal frame ey, ..., en, &Ent1y.-.,Em Such
that with respect to this frame the shape operator satisfies Apy1 = <)\181 20)\> and Apyo=...= A4, =0.

6.2. Algebraic j-Casorati curvatures

Let (M",g) be a Riemannian n-manifold, (B,gp) a Riemannian vector bundle over M™, o a B-valued
symmetric (1,2)-tensor field on M™, and T a curvature-like tensor field which satisfies the algebraic Gauss
equation. Tripathi [111] extended d-Casorati curvatures d¢(n — 1), d¢(n — 1), de(r;n—1) and de(r;n — 1) to
algebraic §-Casorati curvatures dgr.o(n — 1), dgro(n — 1), doro(r;n — 1) and der.o (r;n — 1) as follows:

[0cT.o (n—1)], = CTU + T inf {C"7(L) | L is a hyperplane of T,M"} ;

2n—1
2n

[0cr.o (r;n —1)]p —rCT"—i—a )inf {CT7(L) | L is a hyperplane of T,M"} if 0 <r <mn(n—1);

[bero (n—1)], = 2C17 — sup{CT-?(L) | L is a hyperplane of T, M"};

(b0 (11 — ], = rCT" +a(r)sup {C"7(L) | L is a hyperplane of T,M"} if n(n—1) <r,

12
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where a(r) is given by (5.5), CT7(p) = CT-7(T,M") and CT-7(L,) = $ >.0" ., Zf,j:l (Uf‘j)z, where L, is an
¢-dimensional subspace of T, M", with ¢ > 2, spanned by an orthonormal basis {ei,...,e;} of L,.

In [111], Tripathi also established the corresponding inequalities for algebraic d-Casorati curvatures.

6.3. Casorati ideal submanifolds

Now, we present some results on Casorati ideal submanifolds.

Proposition 6.2 [121] The Casorati ideal submanifolds for (5.3) and (6.3) are Einstein if and only if they are

totally geodesic submanifolds.

An isometric immersion of a Riemannian manifold M™ into a Euclidean m-space E™is called rigid if
the isometric immersion of M™ is unique up to isometries of E™.

Similar to [34, Theorem 4.2], Zhang and Zhang proved the following.

Theorem 6.3 [121] The Casorati ideal hypersurface M3 for (6.3) in E* is rigid.

Casorati ideal hypersurfaces M? for (6.3) in E* were also classified in [121].

Theorem 6.4 The Casorati ideal hypersurface M?® for (6.3) in E* is congruent to

1 1 1 1 1 1 I 1
—sd | at, — | sinu, —sd | at, — | cosusinv, —sd | at, — | cosu cosv, = sd? (at,— | dt 6.4

for some positive real number a, where sd is a Jacobi’s elliptic function.

Remark 6.5 It was proved by the author in [34] that the hypersurface defined by (6.4) is one of the 3 types of
5(2) Chen ideal hypersurfaces in E*.

7. Submanifolds in a Riemannian manifold of quasi-constant curvature

In this section we present results on §-Casorati curvatures for submanifolds in spaces of quasi-constant curvature.

7.1. Riemannian manifolds of quasi-constant curvature

A Riemannian manifold (M™,g) is said to be of quasi-constant curvature [47] if there exist a unit vector field

&, called the generator, and two smooth functions x,u on M™ such that
R(X,Y)Z = r{g(Y, 2)X — g(X, 2)Y} + p{g(Y, Z)n(X) — g(X, Z)n(Y) }§ + pn(2){n(Y) X = n(X)Y},
where 7 is the 1-form dual to £&. We denote such a Riemannian manifold of quasi-constant curvature simply
by M}, (&) as did in [66, p. 325].
For a Riemannian m-manifold M;", (&) of quasi-constant curvature, we have
RX,Y)E = (r+ ) {n(V)X —n(X)Y},  R(X,6)Z = (x+p){n(2)X - g(X, 2)¢},
while the Ricci curvature Ric satisfies

Ric(X,Y) = {r(n—1) + p}g(X,Y) + p(n — 2)n(X)n(Y).

Thus, M? ,(€) is an n-Einstein manifold. In case k,u are constants, M  (£) is a quasi-Einstein manifold (cf.

K,p Kyl
[68]).

13
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7.2. §-Casorati curvatures in spaces of quasi-constant curvature

In [95], Pan et al. extended Theorem 5.3 to submanifolds in a Riemannian manifold of quasi-constant curvature

as follows.

Theorem 7.1 Let M" be n-dimensional submanifold of a Riemannian manifold M. (§) of quasi-constant

curvature with generator £. Then for any real number r € (0,n(n — 1)), we have

27 < Se(rn —1) +n(n — 1)k + 2(n — 1)ul|€7)?%; (7.1)
and, for any real number r > n(n — 1), we have

2r <be(rsn—1) +n(n — 1)k +2(n — Dp||E7]?, (7.2)

where ||£T]]? denotes the squared norm of the tangential component £ of the generator £€. The equality sign
of (7.1) or (7.2) holds identically if and only if there exists an orthonormal frame ey, ... en,Ent1, ..., Em such

that with respect to this frame the shape operator satisfies (5.12).

8. §-Casorati curvatures of Lagrangian submanifolds in complex space forms

An almost Hermitian manifold (M ,§,J) is an almost complex manifold (M,J) endowed with a Riemannian

metric ¢ which is compatible with the almost complex structure J. A submanifold M of (]T] ,§,J) is called a
complex submanifold (resp., totally real submanifold) if it satisfies J(T,M) C T,M (resp., J(T,M) C T;-M)
for any p € M. A totally real submanifold M in M is called Lagrangian if dimg M = dimg M (cf. [29]).

8.1. §-Casorati curvatures for Lagrangian submanifolds

For Lagrangian submanifolds in complex space forms, Zhang et al. proved the following.

Theorem 8.1 [119] Let M™ be a Lagrangian submanifold of a complex space form M”(élc) with constant

holomorphic sectional curvature 4c and of complex dimension n. We have

s 2n(2n — 3) 9

50(”*1)ZP*C+(71_1)(—271+3) ; (8.1)

where p is the normalized scalar curvature and H? is the squared mean curvature of the submanifold. Moreover,
the equality of (8.1) holds if and only if M™ is a Lagrangian totally geodesic submanifold.

This theorem implies the following.

Corollary 8.2 [119] Let M™ be a Riemannian n-manifold. If there exists a point p € M™ such that

p(p) > [0c(n = 1),
then M™ does not admit any minimal Lagrangian isometric immersion into C™.

For Lagrangian submanifolds in complex space forms, we also have the following results obtained by
Aquib et al.
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Theorem 8.3 [3] Let M™ be a Lagrangian submanifold of a complex space form M”(Zlc). Then we have:

(i) For a real number r € (0,(n — 1)), the generalized normalized 0 -Casorati curvature do(r;n — 1) satisfies

do(r;m —1) 92
’= n(n—1) e (n—l)(n2+n(r—1)+r)H2' (82)

(ii) For a real number r > n(n — 1), the generalized normalized &-Casorati curvature dc(r;n — 1) satisfies

dc(rsm — 1) B 2n(n? +n(r—1)—2r)
n(n —1) e (nfl)(anrn(rfl)Jrr)H ’ (8.3)

Moreover, the equality sign of (8.3) holds identically if and only if M™ is a Lagrangian totally geodesic

submanifold.

Remark 8.4 By taking r = 2n(n — 1) in (8.3) and using (6.2), we see that Theorem 8.3 implies Theorem 8.1.

The following results are due to Vilcu.

Theorem 8.5 [117] Let M™ be a Lagrangian submanifold of a complex space form M (4c). Then we have

n
Son—1)>p— - _H>.
cln—=1)>p et 3

Corollary 8.6 [117] If there exists a point p in a Riemannian n-manifold M™ such that p(p) > [6c(n—1)],,

then M™ does not admit any minimal Lagrangian isometric immersion into C™.

8.2. H-umbilical submanifolds

The following notion of H -umbilical submanifolds was introduced by Chen in [25].

Definition 8.7 A nontotally geodesic Lagrangian submanifold M™ of a Kaehler manifold M™ s called H -

umbilical if its second fundamental form satisfies

h(ei,e;) = pdey, hle,en) =pude;, i=1,...,n—1,
(8.4)
h(en,en) = pJey, hle;,e;) =0, 1<i#j<n-—1,

for some functions p, e with respect to an orthonormal frame {ey,...,e,}, where J is the complex structure

of M If the ratio of ¢ : 1 is a constant r, then the H -umbilical submanifold is said to be of ratio r: 1.

Lagrangian H -umbilical submanifolds are the simplest Lagrangian submanifolds next to the totally

geodesic ones. The next theorem was proved by Chen et al.

Theorem 8.8 [/5] For any real number r, there exist H -umbilical Lagrangian submanifolds of ratio r: 1 in
CP"(4) and in CH"(—4).
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8.3. Lagrangian Casorati ideal submanifolds

The following two results were proved by Aquib et al. [3].

Theorem 8.9 Let M™ be a Lagrangian Casorati ideal submanifold for (8.2). Then it is either a totally geodesic
Lagrangian submanifold or an H -umbilical Lagrangian submanifold satisfying (8.4) with ¢ = (n? —n +2t)u/t.

Corollary 8.10 Let M™ be a Casorati ideal Lagrangian submanifold for (8.2) in a complex space form M”(élc)
without totally geodesic points. Then M™ is an H -umbilical Lagrangian submanifold of ratio n?> —n + 2t : ¢.

The following results are due to Vilcu.

Theorem 8.11 [117] If M™ is a Casorati éc(n — 1)-ideal Lagrangian submanifold of a complex space form

M"(ZLC) , then it is either a totally geodesic Lagrangian submanifold or an H -umbilical Lagrangian submanifold

satisfying (8.4) with ¢ = 4.

Corollary 8.12 [117] Let M™ be a Casorati §c(n — 1)-ideal Lagrangian submanifold without totally geodesic

points in a complex space form M"(Zlc). Then M is an H -umbilical Lagrangian submanifold of ratio 4 : 1.

Corollary 8.13 [117] Let M™ be a Casorati dc(n — 1)-ideal Lagrangian submanifold without totally geodesic
points in the complexr projective n-space CP™(4). Then M is congruent to an open portion of m o, where
7§27t (1) — CP™(4) is the Hopf fibration, ¢ : M — S*"+1(1) c C"*L is given by

Pty yn) = (21(), 22(0)y), {y € R": (y, 9) = 1},

and z : I — S3(1) C C? is a unit speed Legendre curve satisfying 2" = 4iuz’' — z, where p is a nonzero solution

of 2up’ — p'* +4p?(3u? +1) = 0.

Corollary 8.14 [117] Let M™ be a Casorati 6c(n — 1)-ideal Lagrangian submanifold without totally geodesic
points in the complex hyperbolic n-space CH™(—4). Then M is congruent to an open portion of m o), where

7 H"H(—1) — CH™(—4) is the Hopf fibration and  : M — H?" (1) C C}* is either one of

Pty un) = (21(1), 22(0)y), {y € R" = (y, 9) = 1},

Pt y1s- ) = (21(D)y, 22(1), {y € RY : (y,9) = —1},

where z : I — H}(—1) C C? is a unit speed Legendre curve satisfying 2" = 4ipz’ + z, and p is a nontrivial

solution of 2up” — w'? +4u2(3u? — 1) =0; or 1 is

u u — @eiﬁ ey 1 lniluz _j 1(0)
w(t, Tyeony n—l) = \/m 5 + 3 ]; i tﬂ(()) + 2’u(t>’
(iu0) -

HOAARS ‘ p(0) 1
2U(O)> <2 ;uf — Zt/l(O) + m - 2),’&1, e 7un1>,

where z : I — H3(—1) C C? is a unit speed Legendre curve and p is a nontrivial solution of p/?> = 4p?(1 — p?).

16



CHEN/Turk J Math

9. §-Casorati curvatures of slant submanifolds

Let M be a submanifold of an almost Hermitian manifold (M ,§,J). For a nonzero vector X € T,M , we put

JX = PX + FX, (9.1)

where PX and FX are the tangential and normal components of JX , respectively. The angle 6(X) between
PX and T,M is called the Wirtinger angle of X. The squared norm of the endomorphism P is defined by

I[PI[> =327 =1 (Pei, e;)?, where {e1,...,e,} is an orthonormal frame of the tangent bundle TM™.

9.1. Slant submanifolds in almost Hermitian manifolds

In 1990, Chen [22] introduced the notion of slant submanifolds as follows:

Definition 9.1 A submanifold M of an almost Hermitian manifold (M,g, J) is called slant if the Wirtinger
angle 8(X) is independent of the choice of X € T,M and of p € M. The Wirtinger angle of a slant submanifold

is called the slant angle. A slant submanifold with slant angle 6 is simply called 6-slant.

s

Obviously, complex and totally real submanifolds are exactly #-slant submanifolds with =0 and 6 = 7,

respectively. From J-action points of view, complex, totally real and slant submanifolds are the most natural

submanifolds of almost Hermitian manifolds.

9.2. §-Casorati curvatures of slant submanifolds in complex space forms

Ghisoiu [67] considered §-Casorati curvatures of slant submanifolds in complex space forms and obtained the

following.

Theorem 9.2 Let M™ (n > 3) be a 0-slant submanifold of a complex space form Mm(élc). We have

pgéc(n1)+{l+ 31(;0329}0 <resp.,p§(§c(n1)+{1+ 31c0829}c>, (9.2)
n—

n —

where p is the normalized scalar curvature.

In addition, if the equality of (9.2) holds identically, then there exists an orthonormal frame eq,..., ey,
Ent1s - - -5 Eam such that with respect to this frame the shape operator satisfies
AL, 0 A, 0
Api1 = ( 0 ! 2)\> (resp., Apir = < 0 1 ;)\>> and Apyio=...= Ag, =0, (9.3)

for some function \.

9.3. §-Casorati curvatures of bi-slant submanifolds in generalized complex space forms

Bi-slant immersions was introduced by Carriazo [17] as follows:

Definition 9.3 A submanifold M of an almost Hermitian manifold (M, g, J) is called bi-slant if there is a pair
of orthogonal distributions ©1 and Do of M such that (a) TN = D1 @ Da; (b) JD; L Dy and JDs L Dy
and (c) the distributions ©1, Do are slant with slant angle 61, 02, respectively.

The pair {61,02} of slant angles of a bi-slant submanifold is called bi-slant angles.
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For a bi-slant submanifold M™, we put rank®; = n; and rank ®s = no. A bi-slant submanifold whose

bi-slant angles satisfy 61 = 7 and 6, € (0,%) (vesp., 6y = 0 and 6, € (0,%)) is called hemislant (resp.,

semislant). Further, a bi-slant submanifold is called proper if its bi-slant angles satisfies 61,6 # 0, 7.
Following Vanhecke [112], an almost Hermitian manifold (M , g, J) is called a RK-manifold if its curvature

tensor R satisfies R(JX, JY, JZ, JW) = ]%(X, Y, Z, W) for any X,Y,Z W tangent to M. On a RK-manifold
M7 we put

AMX,Y)=R(X,Y,JX,JY) - R(X,Y,X,Y).

An almost Hermitian manifold M is said to be of pointwise constant type if at any point p € M and
any vector X € Tpﬂ, we have A\(X,Y) = A(X, Z), where Y and Z are unit tangent vectors in TpM which
are orthogonal to X and JX. The M s said to be of constant type if for unit vectors fields X,Y with
9(X,)Y)=¢(JX,Y) =0, A(X,Y) is a constant function.

By definition, a generalized complex space form is a RK -manifold of constant holomorphic sectional
curvature and it is of constant type (see [112]). Every complex space form is a generalized complex space form,

but the converse is not true. The simplest example is the nearly Kaehler S® which is a generalized complex

space form, but not a complex space form.
Let M ™ (¢, ) denote a generalized complex space form of constant holomorphic sectional curvature ¢

and of constant type a. Then its curvature tensor R satisfies

RXY)Z = gy 2% - g(x, 2)) 4 £

{9(X,JZ)JY —g(Y,JZ)JX +29(X,JY)JZ}.
The next result on bi-slant submanifold was proved by Aquib et al. [7].

Theorem 9.4 Let M™ be a proper bi-slant submanifold of a generalized complex space form ]\;[m(c,a). Then

(i) For any real number r with 0 < r < n(n—1), the generalized normalized 6 -Casorati curvature d¢c(r;n—1)

and the scalar curvature of M™ satisfy

de(rn—1) c+3a  3(c—a)

2 20,) . A
(= 1) 1 Tt = 1) (n1 cos® 01 + ny cos” 6) (9.4)

(ii) For any real number r > n(n—1), the generalized normalized & -Casorati curvature d¢(r;n — 1) satisfies

bo(rin—1) c¢+3a  3(c—a)

< 20 20,) . .
= n(n —1) * 4 * dn(n —1) (m cos Oz cos 2) ©:5)
Moreover, the equality holds in (9.4) and (9.5) if and only if there exists an orthonormal frame eq, ..., epn,
Ent1y- -y E2m such that with respect to this frame the shape operator satisfies
M, 0
An-‘,—l == ( 0 ! n(n—l) )\> 5 An+2 = ... = Agm = O (96)

Theorem 9.4 implies the following result of Lone [86].
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Theorem 9.5 Let M™ be a 0-slant submanifold of a generalized complex space form Mm(c, a). Then

(i) For a real number r € (0,n(n—1)), the generalized normalized ¢ -Casorati curvature dc(r;n—1) satisfies

do(rin—1) c¢+3a 3(c—a) 9
T < Y p— 1 +4(n_1).cos 01, (9.7)

(ii) For a real number r > n(n — 1), the generalized normalized &-Casorati curvature dc(r;n — 1) satisfies

borin—1)  c¢+3a  3(c—a)

2
0. 9.8
nn=1) 4 Tim-pn ™ (98)
Moreover, the equality holds in (9.7) and (9.8) if and only if there exists an orthonormal frame ey, ..., en,
Ent1y- - Eam such that with respect to this frame the shape operator satisfies (9.6) for some function A.

10. §-Casorati curvatures in golden Riemannian manifolds

A tensor field F' of type (1,1) on a Riemannian manifold (M ,§) is called almost product if it satisfies F2 = I.

A Riemannian manifold (]\7 ,g) endowed with an almost product structure F' is called an almost product
Riemannian manifold if it satisfies g(FX,Y) = g(X,FY).

10.1. Golden Riemannian manifolds

Let (1\7, J) be a Riemannian m-manifold and let ¢ be a (1,1)-tensor field on M. If ¢ satisfies

0’ —p—T1=0, (10.1)

then ¢ is called a golden structure. If the metric § and ¢ are compatible, that is, g(¢X,Y) = g(X, ¢Y)

for X,Y € TM, then (M, §, ) is called a golden Riemannian manifold [51]. The real positive root 9 of the
1+V5

2 i

equation 2 —x — 1 =0, that is ¢ = is called the golden proportion.

Let M be a submanifold of a golden Riemannian manifold (M ,G,¢). For any X € TM we put

©X = PX + QX, (10.2)

where PX and QX are the tangent and normal components of X . The submanifold M is called slant if,
for each 0 # X € T,M, the angle 6(X) between X and T,M is constant, that is, 6(X) is independent of
the choice of p € M and X € T,M. If the slant angle 6 of a slant submanifold M satisfies § = 0 (resp.,
6 = %), then M is called gp-invariant (resp., ¢-antiinvariant). A slant submanifold which is neither invariant

nor antiinvariant is called proper slant.
It was proved by Crasmareanu and Hretcanu [51] that an almost product structure F on M induces a

Golden structure ¢ given by ¢ = %(I ++/5F). Conversely, every golden structure ¢ on M induces an almost
1

V5
and M9(cq) of constant curvature ¢, and ¢, is a golden Riemannian manifold, called a locally product golden

product structure F' = —=(2¢ — I). Hence, a locally product M?(c,) x M9(c,) of two real space forms MP(c,)
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space form. The Riemannian curvature tensor R of a locally golden product space form M?P (cp) x M(cq) is

derived by Poyraz and Yasar [98] as follows:

R(X,Y)Z = (W’ - 12)\0/?; ey

_ <(1 —V)ep + g
4

) {9V, 2)X — g(X, 2)Y + g(¢Y, Z)pX — g(¢X, Z)pY'}

1+5
5

) (9@Y. D)X — gl X, 2)Y + g(V. Z)pX — g(X, Z)g¥}, v =

10.2. §-Casorati curvatures of slant submanifolds in golden Riemannian manifolds

The following results on §-Casorati curvatures of slant submanifolds of locally product golden space forms are
obtained by Choudhary and Park.

Theorem 10.1 [50] Let M"™ be a 6-slant proper submanifold of a locally product golden space form M™ =
(MP(cp) x M(cq),G,%). Then we have

(i) For a real number r € (0,n(n—1)), the generalized normalized ¢ -Casorati curvature dc(r;n—1) satisfies

dc(r;n—1) (1 —=)e, — e trace®o 9 1 1
STl e el | B R Pt e | (103)
(1 =), — ey 2 .
— [4’"1] Htracew,

where Y = 1+T\/g is the golden proportion.

(ii) For a real number r > n(n — 1), the generalized normalized &-Casorati curvature dc(r;n — 1) satisfies

bo(r;n—1) 3 [(1 —)ep — wcq] [1 n trace?yp o2l 1 N trace P ”
n(n —1) 25 n(n—1) n—1 n(n-1) (10.4)
— [(1 — ¢)Zp — ¢cq} %trace 1.

Moreover, the equality holds in (10.3) and (10.4) if and only if there exists an orthonormal frame
€1y y€nyEntt, .-, Em such that with respect to this frame the shape operator satisfies (9.6).

Remark 10.2 Choudhary and Park [50] derived similar results for invariant and antiinvariant submanifolds

of locally product golden space forms.

11. §-Casorati curvatures in metallic Riemannian space forms

11.1. Metallic Riemannian space forms

A (1,1)-tensor field ¢ on a Riemannian manifold (M ,g) satisfying

¢° =pp+ql (11.1)
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with p,q € N* is called a metallic structure. A Riemannian manifold (]\7 ,g) endowed with a metallic structure

o is called a metallic Riemannian manifold if the Riemannian metric g is @-compatible, that is,

9(pX,Y) = g(X,¢Y). (11.2)
Since ¢ is a self-adjoint, after interchanging X by ¢X, we obtain from (11.2) that

9(eX,0Y) = g(¢*X,Y) = pg(X, oY) + qg(X,Y).

Note that if p=¢ =1 in (11.1), then a metallic structure becomes a golden structure.

It is known that each metallic structure ¢ gives rise two almost product structures (cf. [49])

2 —9
F = P 1 p= or L

= (p —_ =
20p,q =D 20p,q—p 20pq—p 20p,q— D

where 0, , = $(p + \/p® +4q) is called the metallic proportion. Conversely, each almost product structure F

on M induces two metallic structures

20pq — P
2

P 20p,q — D
F =] - —=% -
rP2T g 2

A metallic Riemannian manifold (M , g, ) is said to be a locally metallic Riemannian manifold if the
Levi-Civita connection V of ¢ is a ¢-connection, that is, Vo = 0.
Note that slant submanifolds of a metallic Riemannian manifold can be defined exactly in the same way

as slant submanifolds of a golden Riemannian manifold given in Section 10 (cf. [49]).

11.2. §-Casorati curvatures of slant submanifolds in metallic Riemannian manifolds
The following results on §-Casorati curvatures of slant submanifolds of locally product metallic Riemannian

manifolds are proved by Choudhary and Blaga.

Theorem 11.1 [/9] Let M™ be an n-dimensional 8 -slant proper submanifold of a metallic product space form

M™ = (M (c1) x Ms(ca),g,¢). Then we have

(i) For a real number r € (0,n(n—1)), the generalized normalized ¢ -Casorati curvature dc(r;n—1) satisfies

(trace?¢ — (ptrace P + nq) cos?6)  2p

do(rin—1) c1 + ca 2
nin—1) n 7

n(n—1) 2(p? + 4q)

— 2
+ i (traceg@—p).

2\/p?+4q \n

where P is defined by (10.2).

) 2
p < p° + 2q +

(11.3)

(ii) For a real number r > n(n — 1), the generalized normalized &-Casorati curvature dc(r;n — 1) satisfies

dc(rsn — 1) €1+ e 2(trace?p — (ptrace P + nq) cos? 6)

n(n —1) 2(p? + 4q)

C1 — Co (2 >
+ ———= | —tracep —p | .
2¢/p* +4q \ 1

2p
— —trace

2
2
[p tegt nin —1) n

(11.4)
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Moreover, the equality holds in (11.3) and (11.4) if and only if there exists an orthonormal frame
€1y lny&nt1s .- Em such that with respect to this frame the shape operator satisfies (5.12).

Remark 11.2 Choudhary and Blaga also derived in [49] the corresponding results for invariant and antiinvari-

ant submanifolds of metallic product space forms and as well as for 6c(n—1) and Sc(n -1).

12. §-Casorati curvatures in Bochner—Kaehler manifolds

Bochner introduced the Bochner curvature tensor on Kaehler manifolds in [13] as an analogue of the Weyl

conformal curvature tensor in Riemannian geometry.

12.1. Bochner tensor and Bochner—Kaehler manifolds
Let (M ™ g,J) be a Kaehler manifold of real dimension m. As before, let R, Ric,S, and 7 be the Riemann

curvature tensor, Ricci tensor, Ricci operator, and scalar curvature of M™ | respectively. Then the Bochner

curvature tensor B is given by

1
B(X,Y)Z = R(X,Y)Z — ——[9(Y.Z)SX — g(SX, 2)Y +g(JY. 2)SIX — g(STX, Z).JY

m +
+9(SY,2)X —g(X,2)SY + g(SJY, Z2)JX — g(JX,Z)STY —29(JX,SY)JZ — 2¢9(JX,Y)SJZ]

2T

m[g(i’, )X —g(X,2)Y +9(JY,Z2)IJX —g(JX,2Z)JY —29(JX,Y)JZ].

+

A Kaehler manifold M is called Bochner-Kaehler if its Bochner tensor vanishes identically (cf. [21]). Bochner—
Kaehler manifolds can be regarded as the Kaehlerian version of conformally flat spaces in Riemannian geometry.

Some simple characterizations of Bochner—Kaehler manifolds can be found in [37, 48, 110].

12.2. Inequalities of §-Casorati curvatures in Bochner—Kaehler manifolds

The following result was obtained by Liu et al.

Theorem 12.1 [83] Let M™ be a submanifold of a Bochner—Kaehler manifold (M™,§,J). Then

(i) For any real number r with 0 < r < n(n—1), the generalized normalized 0 -Casorati curvature dc(r;n—1)

satisfies

ST Ricles, Jep)ilen Je;), (12.1)

(13n2+n43||P||2> S50(70;71*1) 3
1<i#j<n

8(nt )n +2) nn—1)  (n-Dn(nt2)

where p is the normalized scalar curvature, Ric is the Ricci tensor of M™ , and ||[P||? is defined in §9.

(ii) For any real number r > n(n—1), the generalized normalized & -Casorati curvature do(r;n — 1) satisfies

2 A 2 IS e
(13n +n—4 3||P||> géc(r,n 1) 3

8(n + 1)(n+2) n(n—1) + (n—1)n(n+2) > Ric(ei, Jej)g(ei, Jej). (12.2)

1<i#j<n
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Moreover, the equality holds in (12.1) and (12.2) if and only if there exists an orthonormal frame eq,..., ey,

Entls - &am such that with respect to this frame the shape operator satisfies (9.6).

Consequently, we have the following.

Corollary 12.2 [83] Let M™ be a submanifold of a Bochner—Kaehler manifold (Mm,g, J). Then

(i) The ¢-Casorati curvature 6c(n — 1) satisfies

(1 3n? +n—4—3||P|)?

8(n+ 1)(n+2) )pgéc(n_1)+(711 Z RZC 6“J6J) (6“J6J) (12.3)

1<17é]<77,

(ii) The §-Casorati curvature ¢ (n — 1) satisfies

3
(n—1)n(n+2)

> Ric(ei, Jej)glei, Jej).  (12.4)

<1 _3n® +n—4-3||P|P
1<itj<n

<bc(n—1)+
8(n+1)(n+2) >”— co(n—1)
Moreover, the equality holds in (12.3) and (12.4) if and only if there exists an orthonormal frame eq, ..., e,

Ent1y- -, Em such that with respect to this frame the shape operator satisfies (9.3).

Remark 12.3 For §-Casorati curvatures of submanifolds in Bochner—Kaehler manifolds, see also [4, 74, 85].

13. §-Casorati curvatures in quaternionic space forms

A quaternionic Kaehler manifold is a Riemannian 4m-manifold whose Riemannian holonomy group is a subgroup
of Sp(m) - Sp(1).

13.1. Quaternionic Kaehler manifolds and quaternionic space forms

An almost quaternionic Hermitian manifold (M,g,¥) is a Riemannian manifold equipped with a rank 3-

subbundle ¥ of End(TM) with local basis {Ji, J2, J3} satisfying
9(JoX, JoY)=9(X,Y), J2=-I, Jadas1=—Jag1Ja =Jar2, X,Y €TM,

for all o € {1,2,3}, where I is the identity transformation on T'M and the indices are taken from {1,2,3}
modulo 3. Such manifold is of dimension 4m, m > 1. Moreover, if the bundle X is parallel with respect to the
Levi-Civita connection of g, then (M, 0,g) is said to be a quaternionic Kaehler manifold.

For a quaternionic Kaehler manifold (M, 0,g), let X be a nonzero vector in 7M. The 4-plane Q(X)
spanned by {X, J1 X, J>X, J3X}, is called a quaternionic 4-plane. Any 2-plane in Q(X) is called a quaternionic
plane. The sectional curvature of a quaternionic plane is called a quaternionic sectional curvature. A quater-

nionic Kaehler manifold is said to be a quaternionic space form if its quaternionic sectional curvatures are equal
to a constant. A quaternionic space form of constant quaternionic sectional curvature c is denoted by M(c).
The curvature tensor R of M/(c) satisfies

3
RX,Y)Z f{g(Z V)X —g(X,2)Y Z (Z,JoY)JouX —G(Z, JuX)JLY +25(X, JoY)JaZ]}.
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A submanifold M of a quaternionic Kaehler manifold M is called slant [100], if for each nonzero vector
X € T,M, the angle 6(X) between J,(X) and T,M , a € {1,2,3}, is a global constant, so that it is independent
of the choice of p € M and X € T,M . A slant submanifold of a quaternionic Kaehler manifold is called proper
(or proper #-slant) if 6 # 0,7 .

Let M be a submanifold of a quaternionic Kaehler manifold M. For any X € T,M, put

JoX = P.X +F,X, P,X€e€T,M, F,X€eT, M.

The squared norm of P, is ||P,||* = Z?jzl g(Paei,ej)?, where {e1,...,e,} is an orthonormal basis of T, M .

13.2. §-Casorati curvatures for slant submanifolds in quaternionic space forms

For proper #-slant submanifolds of a quaternionic space form M4m(c), we have the following.

Theorem 13.1 [75, 82] Let M™ be a proper 0 -slant submanifold of a quaternionic space form M4m(c). Then

(i) For a real number r € (0,n(n—1)), the generalized normalized & -Casorati curvature dc(r;n—1) satisfies

p= nin—1) 4

-1
Jlolin—1) ¢ (1+n9100s29). (13.1)

(ii) For any real number r > n(n—1), the generalized normalized & -Casorati curvature é¢(r;n — 1) satisfies

bo(rin—1) ¢ 9 9
<=1 24+ |1 0). 13.2
- nn-1) +4 —|—nilcos (13.2)
The equality case of either inequality holds if and only if there exists an orthonormal frame eq,..., en,,
Ently- -y Eum such that with respect to this frame the shape operator takes the form
A, 0
An+1 == ( 0 ! n(nfl) >\> 5 An+2 = ... = A4m = 0 (133)

Theorem 13.1 implies the following result from [107, 120] .

Corollary 13.2 Let M™ be a 0-slant proper submanifold of a quaternionic space form M4m(c). Then the

normalized 0 -Casorati curvature d.(n — 1) (resp., d.(n—1)) satisfies

C A C 9
< — - 2 L p< — - 2 . .
p < 0c(n 1)+4<1+n_lcos 9) <resp,p56(n 1)—|—4(1+n_1cos 9)) (13.4)
The equality holds if and only if there exists an orthonormal frame ey, ... en,&ng1,- .., Eam Such that

with respect to this frame the shape operator satisfies
AM,—1 0 A, 0
Apy1 = ( 0 ! 2)\> (7"65]9.7 Apy1 = ( 8 ! é/\>> and Apyo=...= Agy, = 0. (13.5)
Remark 13.3 Corollary 13.2 improves Theorem 4.1 of [53].
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13.3. §-Casorati curvatures for submanifolds in quaternionic space forms

For submanifolds in a quaternionic space form, Suh and Tripathi proved the following.

Theorem 13.4 [109] Let M™ be a submanifold of a quaternionic space form M4m(c). Then

(i) For any real number r € (0,n(n — 1)), the generalized normalized §-Casorati curvature éc(r;n — 1)

satisfies
3
de(mmn—1) ¢ 3 )
<) Sy 2 P2 . 13.6
~ n(n-1) +4 +n(n71);” ] (13.6)
(ii) For any real number r > n(n—1), the generalized normalized § -Casorati curvature ¢ (r;n —1) satisfies

So(rin—1) ¢ 3 3 )
M+4<1+M;I|Pall ) (13.7)

The equality sign holds in the inequalities (13.6) and (13.7) if and only if there exists an orthonormal

frame ey, ... en,Ent1,s- - Eam such that with respect to this frame the shape operator takes the form (13.3).

Theorem 10.3 implies the following.

Corollary 13.5 [109] Let M™ be a submanifold of a quaternionic space form M4m(0). Then

(i) The normalized § -Casorati curvature dc(n — 1) satisfies

3
p<deln—1)+ <1+71(7,L3_1)Z||Pa|2>. (13.9)
a=1

(ii) The normalized & -Casorati curvature dc(n — 1) satisfies

Cc

3
p<deln—1)+ ¢ (Hn(f_l)DwaP). (13.9)

The equality holds in (13.8) [resp., (13.9)] if and only if there exists an orthonormal frame ey, ..
Ent1y .-y Eam such that with respect to this frame the shape operator satisfies (13.5).

'7en’

14. §-Casorati curvatures in Sasakian space forms

14.1. Almost contact metric manifolds, Kenmotsu space forms and Sasakian space forms

—2n

A Riemannian (2n + 1)-manifold (M +1, g) is called an almost contact metric manifold [12] if there exist a

(1,1)-tensor field ¢, a vector field £ (called the structure vector field), and a 1-form n on M such that

n€) =1, ¢’ (X)=-X+n(X)§, =0, nop=0,
9(pX,9Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,E)
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for XY tangent to M%H. An almost contact metric manifold (Mznﬂ,gp,fm,g) is called a Kenmotsu

manifold if it satisfies (Vx¢)Y = g(pX,Y )¢ —n(Y)pX, where V is the Levi-Civita connection of M?"*1. An
almost contact metric manifold (M%H, ©v,&€,1m,9) is called a Sasakian manifold if it satisfies
(Vxp)Y =g(X,Y)E - n(Y)X.
A Sasakian manifold is called Sasakian space form if it has constant p-sectional curvature. The curvature
tensor of a Sasakian space form M%H(C) of constant @-sectional curvature c¢ is given by

R(x,v)z =<3

{9V, 2)X —g(X,2)Y} + %{Q(X, 0Z)pY — g(Y,0Z)pX +29(X, Y )pZ}

c—1
4

+ {n(Xn(2)Y —n(Y)(Z2)X + g(X, Z)n(Y)E = g(Y, Z)n(X)¢}

—2n+1 —2n+1
for vector fields X,Y, Z tangent to M "*1 Sasakian space forms M mt (¢) can be modeled based on ¢ > —3,
c= -3 or ¢ < —3. It is known that R?>™*! has constant gp-sectional curvature —3, while S?™*! is of constant

p-sectional curvature 1. Denote the above Sasakian space forms by R?™+1(—3) and S?™*1(1), respectively.

A Riemannian submanifold M™ of an almost contact metric manifold (MQmH, »,&,1m,9) is called C-
totally real if the structure vector field ¢ is normal to M. It follows that o(T,M™) C T;-M " for C-totally

real submanifolds.
A C-totally real submanifold is called Legendrian if n = m. Hence, a Legendrian submanifold is a

C-totally real submanifold with the smallest possible codimension.

Remark 14.1 /65, Proposition 3.2] Any Kenmotsu manifold can be obtained locally as follows. Let (Mo, go,J)
be an almost Hermitian manifold. Put M = My xR, g = e**go + dt?, €= % and define p by pX = JX for
X tangent to M and p& = 0. Then we have

(1) The triple (g, v, &) is an almost contact metric structure on M .

(2) (My, go,J) is a Kaehler manifold if and only if (g, v,€) is a Kenmotsu structure on M .

14.2. §-Casorati curvatures for Legendrian submanifolds in Sasakian space forms

For Legendrian submanifolds, Lee et al. proved the following.

Theorem 14.2 [80] Let M™ be a Legendrian submanifold of a Sasakian space form M?"*1(c). Then:

(i) The ¢-Casorati curvature 6c(n — 1) satisfies

c+3_ n 172

< -1
p=daln )+ 4 n+3

(14.1)

Moreover, if the equality sign of (14.1) holds identically, then M™ is either a totally geodesic Legendrian
submanifold or an H -umbilical Legendrian submanifold satisfying (8.4) with p = 4X.

(ii) The §-Casorati curvature ¢ (n — 1) satisfies

c+3  2n(2n-3) 9

p<dcoln—1)+ T (n—l)(2n+3)H' (14.2)
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Further, the equality sign of (14.2) holds identically, then M™ is a totally geodesic Legendrian submanifold.

Note that the unit n-sphere S™(1) is a Legendrian totally geodesic submanifold of S?"+1(1). It is easy
to verify that this submanifold attains equality in the inequalities (13.1) and (13.2) identically. For the equality

case of (13.1) Lee et al. also provided the following example.

Example 14.3 [80] Let I be an open interval in R. Consider the isometric immersion 1 : M2 — S5 of the

Riemannian 12-manifold M'? = I x S into S?°, equipped with standard Sasakian structure, given by

i3 2iv/3 2iv/3 )
)

1
w(x7y17"'7y12):5<4€_ 2 ac73€ 3 xyl,...,?)e 3 xylz

where y3 + ...+ yiy = 1. Then (M'2,9*go) is an H -Legendrian submanifold of S®° satisfying (8.4) with

A= ﬁ and p = 7 The M2 satisfies the equality case of inequality (13.1) identically.

14.3. §-Casorati curvatures for slant submanifolds in Sasakian space forms

A submanifold M™ of an almost contact metric manifold (Mzmﬂ, ©,&,m,9) is a slant submanifold if the angle
0(X) between X and T,M™ is constant for all 0 # X € T,M™\ §, and all p € M™.

For slant submanifolds of a Sasakian space form, Lone [85] obtained the following.

Theorem 14.4 Let M™ be a 6-slant submanifold of a Sasakian space form M%LH(C), Then

(i) For a real number r € (0,n(n—1)), the generalized normalized ¢ -Casorati curvature dc(r;n—1) satisfies

dc(r;m—1) c+3+3(07
n(n —1) 4 dn

1 -1
p< Lo+ <L (143)

where ||T]|? is the squared norm of the tangent component £ of the structure vector field .

(ii) For a real number r > n(n — 1), the generalized normalized &-Casorati curvature dc(r;n — 1) satisfies

dc(rin—1) c+3 3c-1) 5, c=1 7,
0+ —— . 14.4
p 2O SR R o+ ) (14.4)
The equality case of either inequality holds if and only if there exists an orthonormal frame eq,. .., en,,
Ently- -y &amy1 such that with respect to this frame the shape operator takes the form:
Ao 0
Apy1 = ( 6 ' n(nl))\> ;o Anp2=...=Aomp1 =0. (14.5)

15. Slant submanifolds in generalized Sasakian space forms
15.1. Generalized Sasakian space forms
The notion of a generalized Sasakian space form was introduced by Alegre et al. in [§8]. An odd-dimensional

manifold 37" equipped with an almost contact metric structure (p,&,7,¢g) is called generalized Sasakian
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—on+1
space form if there exist three functions fi, fo, f3 on M "*1 Such that

R(X,Y)Z = fi{g(Y,2)X — g(X, 2)Y } + f2{9(X,0Z)Y — g(Y,0Z)pX + 29(X, Y )pZ}

+ [s{n(Xn(Z2)Y = n(Y)n(Z)X + g(X, Z)n(Y)E — g(Y, Z)n(X)E}.

We denote such a manifold by Mznﬂ(fl,fg,fg). A generalized Sasakian space form M2n+1(f1,f2,f3) is a
Sasakian space form if f; = % and fo = f3 = %, where ¢ is a constant. The generalized Sasakian space

forms also generalize the concept of Kenmotsu space forms and cosymplectic space forms as follows:

(i) A Kenmotsu space form is a generalized Sasakian space form with f; = 613 and fo = f3 = %.

(ii) A cosymplectic space form is a generalized Sasakian space form with f; = fo = f3 = §.

15.2. Slant submanifolds in generalized Sasakian space forms

For 6-slant submanifolds of a generalized Sasakian space form Mzmﬂ( f1, f2, f3), we have the following result

of Lone obtained in [87].
Theorem 15.1 Let M™ be a 6-slant submanifold of a generalized Sasakian space form Hzmﬂ(
Then

f15 f2, f3)-

(i) For any real number r € (0,n(n — 1)), the generalized normalized §-Casorati curvature éc(r;n — 1)

satisfies

3f2

n—1 2
<0l | g 3 o Hserye (15.1)

p= n(n—1)

(ii) For any real number r > n(n—1), the generalized normalized & -Casorati curvature do(r;n — 1) satisfies

So(rin—1 3 2
p < M+fl+ﬁcos29+ £\|§T||2. (15.2)
n(n—1) n n
The equality case of either inequality holds if and only if there exists an orthonormal frame eq,... e,

Ent1s- -y Eama1 such that with respect to this frame the shape operator takes the form (13.5).

Remark 15.2 Theorem 15.1 implies Theorem 4.3 of [105].

15.3. J-Casorati curvature of bi-slant submanifolds in generalized Sasakian space forms

+1

A submanifold M of an almost contact metric manifold A7 is called bi-slant [17] if there exists a pair of

orthogonal distributions Dy, and Dy, of M such that (i) TM™ = Dy, @& Dy, ® Span{{}, (ii) ¢Dy, L Dy, and
©Dy, L Dy, , and (iii) each Dy, is slant distribution with the slant angle 6; for ¢ = 1,2.
A bi-slant submanifold with bi-slant angles 61,65 is called a semislant (resp., hemislant) if §; = 0 and

02 #0,% (vesp., 01 = § and 62 # 0, 7). For a bi-slant submanifold, we put n; = %rank D; for i =1,2.
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15.4. Bi-slant submanifolds in generalized Sasakian space forms

For bi-slant submanifolds of a generalized Sasakian space form, Siddiqui and Shahid [104, 105] proved the

following.

Theorem 15.3 Let M"™ be a bi-slant submanifold of a generalized Sasakian space form H%Lﬂ(fl,fg,fg),

Then we have

(i) The normalized § -Casorati curvature dc(n — 1) satisfies

p<dc(n—1)+f1+ n(sfjl) (n1 cos® 61 + na cos® 0) — %J%HETHZ. (15.3)
(ii) The normalized & -Casorati curvature dc(n) satisfies
p<don—1)+fi + n(sf—zl) (n1 cos® 01 + na cos® 0) — 27]%H§T||2. (15.4)
The equality case of either inequality holds if and only if there exists an orthonormal frame eq,..., en,
Ent1s- -y Eamy1 such that with respect to this frame the shape operator takes the form
Apyr = ()\18_1 20)\> (V"ezsp.7 Apg1 = <)\I76_1 éo/\>> and Apta=...= Agpy1 =0. (15.5)

It was shown in [105] that if M™ is a hemislant (resp., semislant) submanifold in a generalized Sasakian

space form M2m+1(f1,f2,f3), then Theorem 15.1 holds after replacing “%(nl cos? 01 + nocos? ) in

(15.3) and (15.4) by “ iffl)nl cos? 6, ” (resp., by “ n(iffl)(nl +ngcos? ) 7).

n

15.5. Slant submanifolds in cosymplectic space forms

In particular, Theorem 15.1 implies the next result for slant submanifolds in cosymplectic space forms.

Theorem 15.4 Let M™ be a 6-slant submanifold of a cosymplectic space form M"Y Then

(i) For a real number r € (0,n(n—1)), the generalized normalized ¢ -Casorati curvature dc(r;n—1) satisfies

do(rim—1) ¢ 3¢ C T
gdolnnz ), ¢ ¢ < 15.
P= =1 it 0+ o lIE I, (15.6)

(ii) For any real number r > n(n—1), the generalized normalized 0 -Casorati curvature ¢ (r;n —1) satisfies

bo(rin—1) ¢ 3¢ C T
—_ Y+ -+ — 0+ — . 15.7
PE o it gl (15.7)
The equality case of either inequality holds if and only if there exists an orthonormal frame eq,... e,
Ent1y- -y Eama1 such that with respect to this frame the shape operator takes the form (13.5).
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16. Slant submanifolds in pointwise Kenmotsu space forms

2m—+1

Let (MZmH,%f,n,g) be a Kenmotsu manifold of dimension > 5. Then M is said to be a pointwise

—2
Kenmotsu space form, denoted by M erl(c), if its p-sectional curvature function ¢(X) of ¢-holomorphic

plane Span{X, X} C TPM depends only on the point p € M, but not on the y-holomorphic plane at p. In
particular, if ¢ is global constant, then MQmH(C) is called a Kenmotsu space form.

Tt is known that a Kenmotsu manifold 371" is a pointwise Kenmotsu space form if and only if there
exists a function ¢ such that the Riemann curvature tensor & of 3 satisfies (cf. [97])

J— C —

R(X.Y)Z =~

—n(X)g(Y, 2)§ — g(¢X, Z)pY + g(¢Y, Z)pX +29(X, oY )pZ}.

2@, 2)X ~g(X, )Y} + S XOn(Z)Y —n(V)(2)X +n(Y)g(X, 2)¢

16.1. §-Casorati curvature of submanifolds in pointwise Kenmotsu space forms

For submanifolds in a pointwise Kenmotsu space form, we have the following result of Lone et al.

Theorem 16.1 [89] Let M™ be a submanifold of a (2m + 1)-dimensional (pointwise) Kenmotsu space form

Mzmﬂ(c). If the structure vector field & is tangent to M™, then

(i) For a real number r € (0,n(n—1)), the generalized normalized & -Casorati curvature dc(r;n—1) satisfies

|| P||?. (16.1)

Se(rin—1) > n(n—1) <p 043> GRS 3(c4+1)

(ii) For any real number r > n(n — 1), the generalized normalized & -Casorati curvature d¢(r;m) satisfies

c3> N (n—1(+1) 3(c+ 1)HP||2- (16.2)

5C(T5n1)2n(n1)<p I ;

In addition, the equality cases of (16.1) and (16.2) hold identically at a point p € M™ if and only if p is

a totally geodesic point.
Theorem 16.1 implies the following corollary.
Corollary 16.2 [76, 89] Let M™ be a submanifold of a pointwise Kenmotsu space form MQmH(c). If the
structure vector field £ is tangent to M , then
(i) The normalized § -Casorati curvature dc(n — 1) satisfies

c+tl ¢—=3 3(c+1)

Sc(n—1)> - P|. 16.

oln=1) 2 p+ G2~ S - P (16.3)
(ii) The normalized §-Casorati curvature dc(m) satisfies

. c+1 c¢c—3 3(c+1

foln—1)> p+ <L Lt pe. (16.4)

2n 4 4an(n—1)
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Moreover, the equality cases of (16.3) and (16.4) hold identically at a point p € M™ if and only if p is a
totally geodesic point.

Remark 16.3 It is important to notice that although both the genmeralized normalized §-Casorati curvatures
Sc(r;n—1) and 6c(r;n—1) in Theorem 16.1 and Corollary 16.2 satisfy the same inequality, they are in general

different, except the case when the submanifold is totally geodesic (see Remark 2 of [76]).

For a 6-slant submanifold M™ of a pointwise Kenmotsu space form MQM—H(C) such that the structure

vector field £ is tangent to M™, we have

||P||? = ncos®6. (16.5)

It follows from Theorem 16.1 and (16.5) that the following result holds.

Corollary 16.4 [76, 89] Let M™ be a 0-slant submanifold of a pointwise Kenmotsu space form M%H_l(c). If
the structure vector field & is tangent to M , then we have
(i) The normalized 0 -Casorati curvature dc(n — 1) satisfies
¢c—=3  3(c+1) , c+1
< —1 — . 16.
p<dc(n—1)+ 1 + 1, o 0 o (16.6)
(ii) The normalized §-Casorati curvature d¢c(n — 1) satisfies
5 c—3 3(c+1) , c+1
< -1 — . 16.
p<dc(n—1)+ 1 + 1, o 0 o (16.7)

Moreover, the equality cases of (16.6) and (16.7) hold identically at a point p € M™ if and only if p is a
totally geodesic point.

16.2. Slant submanifolds in Kenmotsu space forms

For slant submanifolds in Kenmotsu space forms, we have the following result of Lone.

eorem . et e a 0-slant submanifold of a Kenmotsu space form M c). en
Th 16.5 [85] Let M™ be a 0-sl bmanifold of a K form M- e). Th

(i) For a real number r € (0,n(n—1)), the generalized normalized & -Casorati curvature dc(r;n—1) satisfies

doc(rin—1) ¢—3  3(c+1) 0829+c+1

T2
— : 16.
w1 4 " am ¢ on €711 (16:8)

p<

(ii) For any real number r > n(n —1), the generalized normalized & -Casorati curvature o (r;n—1) satisfies

oc(r;n—1) +c—3+3(0+1) 0529+c+1

——1€712. 16.9
PE =D 1 o C 5 €] (16.9)

The equality cases of (16.8) and (16.9) hold if and only if there exists an orthonormal frame eq, ..., en,
Ent1y- -y Eama1 such that with respect to this frame the shape operator takes the form (13.5).

Remark 16.6 Theorem 16.5 was extended to bi-slant submanifolds by Lone in [88].
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17. Submanifolds in generalized (x,u)—space forms

17.1. Generalized (k, u)-space forms

A contact metric manifold (MZmH, p, &, g) is called a generalized (k, p)-space if its curvature tensor satisfies

RX,)Y)E=r{n(Y)X —n(X)Y} +p{n(Y)hX —n(X)hY}

_ —om+1
for some functions k, u on M, where h = %Egcp and £ denotes the Lie derivative. If k, u are constant, M m
(

is called a (k, u)-space. In particular, if a (k, u)-space has constant @-sectional curvature, then it is said to be
a (K, 1) —space form.
n [18], Carriazo et al. defined a generalized (x,p)-space form as an almost contact metric manifold

——2m+1 = ..
(M mr ,©,€,m,g) whose curvature tensor R satisfies

R(Xa Y)Z = flRl(va)Z+ fQRQ(Xa Y)Z+ f3R3(X7Y)Z+ f4R4(X7 Y)Z+ fSRS(X7Y)Z+ fGRG(X7 Y)Za

where f1,..., f¢ are smooth functions and Rj,..., Rg are tensor fields defined by
Z=g(Y,2)X —g(X, 2)Y,
Z=9(X,02)pY — g(Y,pZ)pX + 29(X, Y )¢ Z,

Xn(2)Y —n(Y)n(Z2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)E,

Y, Z)hX — g(X,Z)hY + g(hY, Z)X — g(hX,Z)Y,

KY, Z)hX — g(hX, Z)hY + g(ohX, Z)ohY — g(@hY, Z)ohX,

X)n(Z2)hY —n(Y)n(Z)hX + g(hX, Z)n(Y)E — g(hY, Z)n(X)E.

—~ o~~~ o~~~

17.2. §-Casorati curvatures in generalized (k,u)—space forms

For submanifolds of generalized (k, u)—space forms, Aquib and Shahid proved the following.

—2m—+1

Theorem 17.1 [6] Let M™ be a submanifold of a generalized (k, u)—space form M . Then

(i) For a real number r € (0,n(n—1)), the generalized normalized & -Casorati curvature dc(r;n—1) satisfies

PRECAULEn B Sy 11T RS
s (G0 = T = o)1 = (o (o)) = g foe (7).

(ii) For any real number r > n(n—1), the generalized normalized & -Casorati curvature d¢(r;n — 1) satisfies

Sc(r;n— 1) 3 2 2
p*m+f1+mf2”]3”2—Ef3+ﬁf4tr(hT) -
s P (W) = I = )T = (o (o))} = s it ().
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The equality cases of (17.1) and (17.2) hold if and only if there exists an orthonormal frame eq, ..., en,
Entls - &amy1 such that with respect to this frame the shape operator takes the form (13.5).

As special cases of Theorem 17.1, Aquib and Shahid derived the corresponding results in [6] for (i)
submanifolds of (x,pu)-space forms, (ii) bi-slant submanifolds of generalized (k,u)—space forms, (iii) CR-

submanifolds of generalized (k, u)—space forms, and (iv) slant submanifolds of generalized (k, 1)—space forms.

Remark 17.2 Hui et al. proved independently in [72] the special case of Theorem 17.1 for dc(n — 1) and

Sc(n —1). They also derived the corresponding result for slant submanifolds.

18. §-Casorati curvatures in statistical space forms

The notion of statistical manifolds was introduced by Amari [1] in 1985, which provided a setting for the field
of information geometry and it also associates a dual connection (known as conjugate connection). The nice
applications of statistical manifolds in applied science and engineering have attracted the attention of many
geometers. The theory of statistical model as statistical manifold is a fast growing research subject in differential

geometry. Many articles have been published in the setting of statistical manifold in recent years.

18.1. Statistical manifolds and statistical space forms

Let (M, ) be a Riemannian manifold with Levi-Civita connection V°. For a torsion free affine connection V

on (M ,§), let V* be the torsion free connection defined by

Z§(X,Y) =g(VzX,Y) +§(X,VyY), (18.1)

which is called the dual connection of V with respect to g. It is easily shown that (6*)* = V. The Riemannian
manifold (M ,§) equipped with a such pair of torsion free affine connections 6, V* is called a statistical
manifold. And the pair (V,§) is called a statistical structure on M. If (V,§) is a statistical structure on M,

then (%*, g) is also a statistical structure. For the statistical manifold we have
V+ Vs =2V, (18.2)
A statistical structure (%, g) is said to be of constant curvature ¢ if
RY(X,Y)Z = c{§(Y. 2)X - §(X, Z)Y} (18.3)

holds, where RV denotes the curvature tensor associated with V. A statistical structure (6, g) of constant

curvature 0 is called a Hessian structure (cf. e.g., [44, 63]).

Since the curvature tensor RV and RV of the dual connections V and V* on M satisfy

g(RV'(X,Y)Z,W) = —§(Z, RY (X, Y)W).

it follows that if (V,§) is a statistical structure of constant curvature c, then (V*,§) is also a statistical

structure of constant curvature ¢. In particular, if (V,§) is Hessian, then (V*,§) is also Hessian (cf. [102]).
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18.2. Basics on statistical submanifolds in statistical manifolds

Let M™ be an n-dimensional submanifold of a statistical m-manifold (]Téf ™ g), then (M™, g) is also a statistical
manifold with the induced connection by V and the induced metric g. The fundamental equations for statistical
submanifolds have been derived by Vos [118] in 1989 as follows.

For tangent vector fields X,Y of M™ the corresponding Gauss formulas are
VxY = VxY +((X,Y), VY =VLY +*(X,Y), (18.4)
where (, ¢* are symmetric and bilinear, called the second fundamental forms (cf. [11]) or imbedding curvature

tensors (cf. [57]). Since ¢ and * are bilinear, there exist linear transformations A¢ and A7 on TM™, known

as the shaper operators, defined by
g(AeX)Y) = g(C(X,Y),§), 9g(A:X,)Y)=g(C"(X,Y),§), (18.5)
for any normal vector field £. Further, the corresponding Weingarten formulas are given by
Vx€=—AeX + Vi, Vié=-AX+ Ve (18.6)
Let R and R denote the curvature tensor fields of V and %, respectively. Then the Gauss equation for

V is given by (cf. [118])

JR(X,Y)Z, W) =g(R(X,Y)Z, W)+ g(h(X,Z),h" (Y, W)) — g(h* (X, W), h(Y, Z)). (18.7)
Similarly, the Gauss equation for V* is given by
G(R*(X,Y)Z,W) = g(R*(X,Y)Z,W) + §(h*(X, Z), (Y, W)) = G(h(X, W), h* (Y, Z)), (18.8)

where R* and R* denote the curvature tensor fields of V* and V*, respectively.
Let S denote the statistical curvature tensor field of a statistical manifold (M, g, V), where S is defined
by [64]

1
S(X.Y)Z = S{R(X.Y)Z + R*(X,Y)Z}. (18.9)
If 7 = Spang{ui,us} is a plane section of T,,M, then the sectional curvature of M is defined by [64]:

_ g(S(uy, uz)uz, u)
KS(W) - g(Ul,Ul)g(UQ;UZ) _92(u17u2). (18.10)

Let {e1,...,e,} and {&,41,....,&m ) be orthonormal bases of the tangent space T, M"™ and of the normal
bundle TpJ- M™ | respectively. Then scalar curvature 7 and normalized scalar curvature p of M™ are given by

2T

T(p)= > Ks(eihe), T

1<i<j<n

(18.11)

And the mean curvature vectors H and H* of M"™ with respect to V and V* are given respectively by

i = %Zh(e“ei) = % > (Z “) €y H* = %Zc*(ei,ei) = % > (Z @*ﬁ‘) o, (18.12)

i=1 a=n+1 =1 i=1 a=n+1 =1
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where 1 <i,j<nand n+1<a<m, ()= g(C(ei,ej),€q) and = g(C* (e, €5),&a).
The Casorati curvatures C and C* of the submanifold M" are defined as

n

D YD V< SNSRI DI (s o8
+

a=n+11,j=1 a=n+14,j7=1
The Casorati curvatures of an r-plane field L, spanned by {eg+1,...,€q4r}, ¢ <n—~¢, r > 2, are defined by
1 m k40 1 m k+/4
cLy=5 > ( > (Cf})z), =5 Y ( 3 ;;“)2>. (18.13)
a=n+1 \1i,j=k+1 a=n+1 \1i,j=k+1

18.3. §-Casorati curvatures for submanifolds in statistical space forms

The modified normalized §-Casorati curvature ¢ (n — 1) and the normalized §-Casorati curvature do(n — 1)
of M™ are given as follows (see Section 5):

oln=1)], = 56+ 5=

[be(n—1)] =2C, - %

p

inf{C(L) | L a hyperplane of T,M"}, (18.14)
sup{C(L) | L a hyperplane of T,M"}. (18.15)

The same definitions for [65(n— 1)]p and [65(n—1)] ,- Similarly, the same definitions of dc(r;n—1), Sc(rin—1)

and 05 (r;n—1), 55(7’; n — 1) given in Subsection 5.2 applied to statistical submanifolds as well. For simplicity,
put

1 1 1
d&(rin—1) = 5{5C(r;n—l)+5*c(r;n—1)}, H° = §(H+H*), Cc’ = §(C+C*). (18.16)
For statistical submanifolds of statistical space forms, Bansal et al. obtained the following two results.

Theorem 18.1 [11] Let M™ be a statistical submanifold of a statistical space form Mm(c) of constant curvature

c. Then the generalized normalized ¢ -Casorati curvature 6% (r;n — 1) satisfies

< 262 (r;n —1) ce 2n

- He||? + —§(H, H* ) 18.17
P T T I A ) e (18.17)

n
n—1

Theorem 18.2 [11] Let M™ be a statistical submanifold of a statistical space form M™(c) of constant curvature
c. Then the generalized normalized § -Casorati curvature 6% (r;n — 1) satisfies

2ce

0&(r;m—1) 2n o
¢ ey - 2
n

n(n—1) Jrn—l

p< — +ec (18.18)

Remark 18.3 Theorem 18.1 and Theorem 18.2 imply that the normalized scalar curvature p of M"™ was
bounded above and below by (18.14) and (18.15), respectively.

In particular, for the normalized §-Casorati curvature §%(n — 1), the following two results are obtained
by Lee et al. in [79], and Cai et al. in [16].
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Theorem 18.4 [16, 79] Let M™ be a statistical submanifold of a statistical space form Mm(c) of constant
curvature c. Then the normalized § -Casorati curvature §&(r;n — 1) satisfies
ce 2n

< 20%4(n—1 _
p < 264(n )+n—1 n_1

n -~ *
[|E°| + — §(H, H") + c. (18.19)

Theorem 18.5 [16, 79] Let M™ be a statistical submanifold of a statistical space form Mm(c) of constant

curvature c. Then the normalized § -Casorati curvature 6@ (r;n — 1) satisfies

2 20
”1|\H0||2 - +e. (18.20)

1
< —=0%(n—-1
p =< 20(” H—n— n_1

18.4. §-Casorati curvatures in statistical complex space forms

Let (7\7 ,J) be an almost complex manifold. A quadruplet (1\7 .V, g,J) is called a holomorphic statistical
manifold if

(a) (V,§) is a statistical structure on M, and
(b) w is a V-parallel 2-form on M,
where w is defined by w(X,Y) = g(X,JY) for X,Y tangent to TM.

For a holomorphic statistical manifold, we have
§(S(Z,W)JY,JX) = §(S(J 2, W)Y, X) = §(S(Z, W)Y, X). (18.21)

A holomorphic statistical manifold (M .V, g,J) is said to be of constant holomorphic sectional curvature ¢ if
the following formula holds (cf. [65]):

S(X,Y)Z = E{g(y, 2)X —§(X,2)Y +§(JY, 2)JX — §(JX, Z2)JY +2§(X,JY)JZ}, (18.22)

where S is the statistical curvature tensor field of M.
For statistical submanifolds of holomorphic statistical manifolds of constant holomorphic sectional cur-

vature, Decu et al. proved the following.

Theorem 18.6 [56]. Let M be an n-dimensional statistical submanifold of a 2m-dimensional holomorphic

statistical manifold (M, @,g, J ) of constant holomorphic sectional curvature ¢. Then we have

(i) For any real number r such that 0 <r < n(n—1),

21 < 62(r;n — 1) +nC® — 2n?||HO||? + n?g(H, H*) + %HPHQ + gn(n —1). (18.23)

(i) For any real number r > n(n —1),

21 < 62(r;n — 1) + nC® — 202 || H||? + n2G(H, H*) + %HPHQ + En(n —1). (18.24)

Moreover, the equality cases of (18.23) and (18.24) hold identically if and only if the second fundamental
forms ¢ and C* with respect to the dual connections NV and V* satisfy ¢ +¢* = 0.
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Remark 18.7 Decu et al. also provided in [56] an example which satisfies the equality cases of (18.23) and
(18.24) identically.

Theorem 18.6 implies the following.

Corollary 18.8 Let M be an n-dimensional statistical submanifold of a 2m -dimensional holomorphic statis-
tical manifold (M, @,g, J ) of constant holomorphic sectional curvature ¢. Then, we have
1 3c

2m c

< 8%(m—1 co — HI2 4+ 2 5(H. H)+ —25 P2+ < 18.25
p < de(m )er_1 m—l” | +m_19( ; )+4m(m_1)ll I +t ( )
A 1 2m m 3c c
<6(m-—1 cY— HO?+ ——§(H, H) + ————||P|*> + -=. 18.26
p < de(m )er_1 m—l” | +m_19( ; )+4m(m_1)ll I 3 ( )

Moreover, the equality cases of (18.25) and (18.26) hold identically if and only if ¢ and C* satisfy
¢+ ¢* =0, which implies that M is a totally geodesic submanifold with respect to the Levi-Civita connection.

18.5. §-Casorati curvatures in Kenmotsu statistical space forms
For a statistical structure (V,§) on M, put K =V — V°. Then K satisfies (cf. [57])

KxY =KyX, §(KxY,Z)=g(Y,KxZ).

Let (M, 3,$,€,7) be a Kenmotsu manifold and (V, §) a statistical structure on M . Then the quadruple

(V,3, @, é) is called a Kenmotsu statistical structure on M if

K(X,0Y)+ pK(X,Y)=0 (18.27)

holds for vector fields X, Y tangent to M. A manifold equipped with a Kenmotsu statistical structure is called

a Kenmotsu statistical manifold. A Kenmotsu statistical manifold (M , G, P, é ,7) is called a Kenmotsu statistical
space form if it has constant ¢-sectional curvature.

Decu et al. [57] proved the following result.

Theorem 18.9 Let M™ be a statistical submanifold of a Kenmotsu statistical-space form (JT/[/Q’”H(C), G,0,€, 7)

of constant -sectional curvature c. Then
(i) For 0 <r < n(n—1), the generalized normalized § -Casorati curvature 0¢(r;n — 1) satisfies

n—1

3(c+1)
4

21 <62(r;n — 1) +nC® — 2n?||H°||* + n?g(H, H*) + ||P||* + [(n—2)c—3(n—1)—5].

(18.28)

(i) For r > n(n — 1), the generalized normalized § -Casorati curvature 5%(7’; n —1) satisfies

n—1

3(c+1)

P2
=Py +

27 <62(rin — 1) +nC® — 2n%||H®||* + n§(H, H*) +

[(n—2)c—3(n—1)—5].
(18.29)

In addition, the equality cases of (18.28) and (18.29) hold identically if and only if the second fundamental

forms ¢ and C* associated with the dual connections NV and V* satisfy ¢ = —C*.
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19. Some links between Chen and Casorati ideal submanifolds and principal directions

The Casorati operator A® for a submanifold M” in a Riemannian m-manifold M™ is a extrinsic operator.
The eigenvectors of A are (extrinsic) principal Casorati directions. On the other hand, the eigenvectors of
Ricci operator on a Riemannian manifold define (intrinsic) Ricci principal directions.

A submanifold of a Riemannian manifold is called pseudo-umbilical if the shape operator Aﬁ at mean

curvature vector H is proportional to the identity transformation (cf. [36]).

The following link between Casorati and Ricci principal directions was discovered by Haesen et al. in
[70].

Theorem 19.1 For submanifolds M™ in real space forms M’”(c) , under each of the following three conditions
the Casorati principal directions and Ricci principal directions do coincide: (1) M s minimal in ]\7’”(0) , (2)

M is pseudo-umbilical in Mm(c), and (8) M has flat normal connection in Mm(c).

For Chen ideal submanifolds, Decu et al. proved the following link between Casorati and Ricci principal

directions.

k
—
Theorem 19.2 [58] Let n and k be natural numbers satisfying 2k <mn and n > 3. For any 6(2,...,2)-Chen
ideal submanifold M™ in a Euclidean m-space E™ , the principal Casorati directions and the principal Ricci
directions coincide. In particular, if n > 3, then for any 6(2)-Chen ideal submanifold M™ in E™, the principal

Casorati directions and the principal Ricci directions coincide.

Theorem 19.3 [52] For Casorati ideal submanifold M™ with n > 3 in a real space form R™(c), the principal

Casorati directions and the principal Ricci directions coincide.

For a submanifold M" in a Riemannian m-manifold Mm, there is an operator a : T+*M™ — T+M™
defined by a(&) = £[[¢]] Yon,, . trace (AgAq)éq for € € THM™, where &nq,. .., &m is an orthonormal frame
of the normal bundle. The vector a(§) is called the allied normal vector field of ¢ (see [36, p. 122]). An
eigenvector of a is called a normal principal Casorati vector in [91]. The following two results were proved by

Moruz and Verstraelen in [91].

Theorem 19.4 Let M™ be a Lagrangian submanifold of a Kaehler manifold M™. Then a vector v € TM™
is a principal Casorati vector with Casorati principal curvature ¢’ > 0 if and only if Jv is a normal principal

Casorati vector with corresponding normal Casorati principal curvature ¢+ = ¢ > 0.

Theorem 19.5 Let M"™ be a Lagrangian submanifold of a Kaehler manifold M™ with first normal space of
mazximal dimension. Then M™ admits an adapted orthonormal frame field {F1,..., Fn, &1 = JF1, ... &on =

JFE,} in M™ of which the n normal vector fields are the principal Casorati normal vector fields of M™ in M ,
T

and the corresponding tangential and normal principal curvatures are equal, that is, ¢l = c},i =1 n.

geeey

In [59], Decu et al. proved the following.
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Theorem 19.6 On every Wintgen ideal submanifold in a real space form the Casorati and the Ricci principal

directions do coincide.

20. Further results on §-Casorati curvatures and an open problem

There are further development in the last decade on §-Casorati curvatures for submanifolds in various ambient

manifolds.

(1)

(19)

The notion quaternionic Kaehler-like statistical manifolds was introduced by Vileu and Vilcu [116]. Aquib

and Shahid [5] obtained the lower bounds for generalized normalized §-Casorati curvatures 6%(r;n — 1)

and 5%(7’; n — 1) of statistical submanifolds in quaternion Kaehler-like statistical space forms.

Inequalities for generalized normalized §-Casorati curvatures of statistical submanifolds in cosymplectic
statistical space forms were obtained by Malek and Akbari [90]. Also, Aquib [2] proved inequalities for

generalized normalized §-Casorati curvatures for bi-slant submanifolds in T-space forms.

Shahid and Siddiqui [99] obtained inequalities involving generalized normalized §-Casorati curvatures on
totally real submanifolds in LCS-manifolds. In [85], Lone obtained inequalities for §-Casorati curvature

of submanifolds in locally conformal Kaehler manifolds.

Bansal and Shahid [10] obtained lower bounds of generalized normalized §-Casorati curvatures for real
hypersurfaces in the complex quadric. They also obtained similar results for real hypersurfaces in complex
quadric endowed with semi-symmetric metric connection in [9]. Also, Park [96] proved two inequalities

for the §-Casorati curvatures of real hypersurfaces in some Grassmannians.

Inequalities for generalized §-Casorati curvatures of submanifolds in real space forms were extended by

Lee et al. [78, 81] to submanifolds in real space form endowed with a semisymmetric metric connection.

Inequalities for §-Casorati curvatures of submanifolds in a Riemannian manifold of quasi-constant curva-
ture equipped with a semisymmetric metric connection were obtained in [122] by Zhang and Zhang and
also in [84] by Liu et al.

Optimal inequalities for §-Casorati curvatures of submanifolds in generalized complex space forms and
also in generalized Sasakian space forms endowed with semisymmetric metric connections were given by
Lee et al. [77] and Siddiqui [103]. Further, inequalities for §-Casorati curvatures of submanifolds in

(k, i) -space-forms endowed with semisymmetric metric connections were obtained by Hui et al. in [72].

Optimal inequalities for §-Casorati curvatures of submanifolds in generalized space forms endowed with

semisymmetric nonmetric connections were obtain by He et al. [71].

Siddiqui and Shahid [106] obtained optimal inequalities for generalized normalized 0-Casorati curvatures

of statistical hypersurfaces in statistical complex space forms.

An open problem. The §-Casorati curvatures dc(n — 1), dc(n — 1), 6c(r;n — 1) and d¢(r;n — 1)

introduced in [54, 55] by Decu et al. were in the spirit of &-invariants 6(n — 1) and 6(n — 1) for Riemannian

n-manifolds M™. In author’s opinion it is quite interesting to define and study other Casorati curvatures such
as 6c(k), bc(k), c(r;k) and do(r;k) with 2 < k < n —1 for submanifolds M™ isometrically immersed in

various space forms.
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21. Historical remarks

Casorati’s first article on his curvature was [20]. The term of ”Casorati curvature” was given by Verstraelen in
his article [115] for his study on visual sensation surfaces in human vision using the critical values of k% + k3 to
determine the contours of the images. According to Verstraelen, he learned Casorati’s first article from Bernard
Rouxel (in a personal communication between the author and L. Verstraelen). The notion of Casorati curvature
was extended by Haesen et al. in [70] to the tangential Casorati curvatures; and by Verstraelen in [113] to the

normal Casorati curvatures. Also, §-Casorati curvatures was defined for the first time in [54, 55] by Decu et al.

22. Conclusion

Author’s §-invariants introduced in the early 1990s are intrinsic invariants defined on Riemannian manifolds
of dimension > 3 which are quite different in natural from ”classical” Ricci and scalar curvatures. The main
feature of author’s d-invariants is to remove certain portions of sectional curvatures from the scalar curvature.
Via J-invariants the author was able to introduce the notion of ideal submanifolds in the sense that they receive
the least amount of tension from the surrounding space. During the last three decades, many interesting results
and applications in d-invariants and ideal submanifolds have been achieved by many mathematicians.

On the other hand, in the spirit of §-invariants, Decu et al. initiated the study of "extrinsic” ¢-Casorati
curvatures in 2007. Since then the study of §-Casorati curvatures and related Casorati ideal submanifolds has
attracting more and more researchers and a lot of interesting results have been obtained. It is author’s intention
that this comprehensive survey on §-Casorati curvatures will provide a useful reference for graduate students
and beginning researchers who want to study this subject, as well as for researchers who have already working
in the field.
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