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Abstract: In the present study, we construct a new matrix which we call quasi-Cesaro matrix and is a generalization of
the ordinary Cesaro matrix, and introduce BK -spaces C}! and Cg, as the domain of the quasi-Cesaro matrix C? in the
spaces {; and f., respectively. Furthermore, we exhibit some topological properties and inclusion relations related to
these newly defined spaces. We determine the basis of the space C}! and obtain Kothe duals of the spaces C{ and CZ,.
Based on the newly defined matrix, we present a factorization for the Hilbert matrix and generalize Hardy’s inequality,

as an application. Moreover we find the norm of this new matrix as an operator on several matrix domains.
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1. Introduction
Throughout this paper 1 < k < oo, unless mentioned otherwise, and s denote the set of all real-valued
sequences. By sequence space, we mean any linear subspace of s. The Banach spaces ¢; and ¢, are the sets

of all real sequences = = (z,)22 such that

0o 1/k
1zle, = (Z |3:U|k> < oo and ||z, = su§|zv| < 00, (1.1)
v—0 veE

respectively. A Banach space X is called BK space if it has continuous coordinates. The space { is a BK
space with respect to the ¢;-norm defined in (1.1). By ¢, ¢ and ¢p, we denote the spaces of all bounded,
convergent and null sequences, respectively. Further bs and cs will denote the spaces of all bounded and
convergent series. Throughout this paper, we use the notion Ny = {0,1,2,...}.

Let X and Y be two sequence spaces and ® = (p,,) be an infinite matrix of real entries. We say that @
defines a matrix mapping from X to Y if &z = {(®xz),} = {d oo, YrvTs} € Y for every sequence z = (z,) € X.
We call @z as ®—transform of the sequence z. By (X,Y), we denote the family of all matrices that map from

X to Y. Further the notion
Xo ={zx e€s:PreX} (1.2)

is called the domain of the matrix ® in the space X. Moreover, X¢ itself is a sequence space. Several authors have

introduced new sequence spaces using the domain of some special triangular matrices. For relevant literature,
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one may see the papers [2, 3, 6, 7, 14, 20, 23, 24, 27] and textbooks [4, 18, 19]. For some recent publications,
we refer [16, 17, 25, 26, 30-32].

If for every sequence x € ¢y, the inequality || Pz, < K|z|l¢, is satisfied, then the operator @ is called
bounded in {j, where the constant K is independent of the choice of z. In this case the constant K is called
an upper bound for the operator ® and the smallest choice of K satisfying the relation || @z, < K|z,
is called the norm of ®. Throughout this paper, the notation B(X — Y) shall represent the family of all
bounded operators acting from the space X to the space Y. The upper bound and the norm of an operator
plays important role in obtaining various inequalities in matrix domains. The celebrated Hardy’s inequality
and Hilbert’s inequality

Z( |$v| > (k>k§:z ‘k and
r+1 k—1 =

r=0

oo oo k:

(Sl ) < et St
r=0 \v=0

are consequences of the boundedness of Cesaro and Hilbert operators, respectively.

Cesaro matrix. The infinite Cesaro operator C = (¢;,) is defined by

1
C’I“’U = T+1 (O S v S ,r)’
0 otherwise,

for all r,v € Ny. Explicitly

1 0 0
/2 1/2 0
C=11/3 1/3 1/3

Further ||C|l¢, = k*, where 1 + & = 1.
Generalized Cesaro matrix. Let Q > 1 be a real number. Then, the generalized Cesaro matrix
CQ = (c2) defined by

o _)7g (Osvsr),
Cru 0 otherwise

has the £-norm ||C?|,, = k* ([10, Lemma 2.3]). Note that C' = C, the well-known Cesaro matrix.

Quasi-Cesaro matrix. Let (¢,)52, be a sequence with positive elements satisfying

1
bupL—L<mand bup v
v+1 Qv

=K < o, (1.3)

where supremum runs over the set Ny. Then the quasi-Cesaro operator C? = (c?,), generated by (g,)32,, i
defined by

qg
Cry =

{ql,. (0<v<r),

0 otherwise
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or equivalently

/g0 0 0
. Vg 1/¢n 0
C'=11/¢s /g2 1/

Indeed quasi-Cesaro matrix C? is invertible and its inverse C~9 = (¢;,.9) is defined by

Qv (T = ’U),
Gi=4-q (r=v+1),
0 otherwise.

Define the diagonal matrix D = (d,,,) with entries d,, = -2 for all v € Ny. That is

v+1
@ 0 0
0 %1 0
p—|y § = (1.4)

Since D is diagonal, hence [|Dllg, = sup, |dyy| = sup, ;45 = L. It is easy to see that C'= DC?, where C' is the

Cesaro matrix. Hence we deduce that [|C||,, > $k*. Similarly, C? = D~'C which results in [|CY||,, < Kk*.

Therefore, the quasi-Cesaro matrix is a bounded operator and

1
Tk <O, < Kk (1.5)
Further, we emphasize that in the special cases ¢, = v+ 1 and g, = v+ @, the quasi-Cesaro matrix C? reduces
to the well-known Cesaro and generalized Cesaro matrices C' and C?, respectively.

We are ready to generalize Hardy’s inequality.

Corollary 1.1 Let (q,)52, satisfies the conditions (1.3). Then
o0 r k k oo
> () <li=g) L=l
r=0 (v—O ar k=1) =
In particular, for q, = v+ 1, we get Hardy’s inequality.
Proof Using relation (1.5), we obtain ||Cz||,, < Kk*||x|l¢, which is a generalization of Hardy’s inequality.

O
The Hilbert matrix H = (h,,) is defined by

1
hrvzi 3 Np).
ol (T’UG 0)

It is known that H is a bounded operator on £, with ||H|¢, = wcse(n/k), ([13, Theorem 323]). As a
consequence of Hardy’s and Hilbert’s inequalities, we have

™

[Hzllg, < 7 cse(m/k)[|Cx|lk, (1.6)

~k

which is Hardy’s inequality versus Hilbert’s.
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2. Quasi-Cesaro sequence spaces C{ and CZ

In this section, we introduce the sequence spaces C{ and CZ, study their topological properties and some
inclusion relations, and obtain the basis for the space CY.

Before proceeding further, we define the sequence y = (y,.) as the C?-transform of the sequence = = (z,.),
that is

T
Ly

= (Cz), = g (2.1)

for each r € Ny. Further on using (2.1), we define

Ty = quYv — qu—-1Yv—1 (22)
for each v € Ny. Here, and in what follows, we use the conventions that any term with negative subscript like
Y—1, G—1, etc. shall be considered as naught.

Now we define the sequence spaces C{ and CZ, as follows:
Cl={zecs:Clxcly} and CL ={z €s:Cu € ls}.

One may observe that when ¢, = r + 1, the space C} reduces to Cesaro sequence space X, defined by Ng and

Lee [20]. The above sequence spaces may also be defined in the notation of (1.2) by
C]Z = (ék)Cq and Cgo = (ZOO)C(I. (23)

It is known that if X is BK space and ® is a triangle, then X4 is also a BK space endowed with the norm
|zllx, = I®z]lx . In the light of this and (2.3), we state that the sequence spaces C} and C¢, are BK spaces
under the norms defined by

1/k
oo

zllga = 1C]l,, = Z

v

>

O

v

k!

and ||z[|ge = |C%z]|, = = sup
=0 v

No

respectively.
Theorem 2.1 The spaces C}} and C4, are linearly isomorphic to {), and {w, respectively.

Proof We define the mapping 7 : C} — £ by Tz = C% for all x € C}. It is easy to observe that 7 is
linear and one-one. Let y = (y,) € £, and x = (x,.) be defined as in (2.2). Then, for 1 < k < oo, we have

e\ 1/k e\ 1/k

oo T

(> D i(qyyy — Qu-1Yv—1)

r=0 |v=0 Y

oo

lzllca = | D

r=0

T

NPEL

weo qr

- 1/k
k
(Zlyvl ) = llyll,, < oo.
v=0

Again for k = oo, we have

2]l ga. = sup [(C92),| = sup |yo| = ||y, < oo
veEN vENg

0
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Thus 2 € C}] for 1 < k < co and the mapping 7 : C} — ¢}, is onto and norm preserving. Hence, the spaces

C} and CZ, are linearly isomorphic to £ and {, respectively. O

Theorem 2.2 The space C}, 1 <k < oo, is not a Hilbert space, except for the case k = 2.

Proof We consider two sequences x = (g0, 91 — 90, —q1,0,...) and y = (qo, —(qo + q1), 41,0, ...). It is easy to
check that (Cz), = (1,1,0,0,...) and (C%), = (1,—1,0,0,...). Then, we have

2 2 2 2 2
o+ liEg + e — ylidg =8 # 22 =2 (lallZg + 2y ) -

Thus C{ norm violates the parallelogram law. Hence C} is not a Hilbert space, except for the case k =2. O

Theorem 2.3 The inclusion C} C C%, strictly holds.

Proof Since the inclusion ¢ C ¢, holds, so the inclusion part is straightforward. To prove the strictness
part, we consider the sequence = = (qo, —(q1 + 90),92 + g1, —(¢3 + g2),...). Then one can easily verify that
Clz = ((—1)") € loo \ lk. Eventually z € CL \ C{. Therefore the inclusion C{ C C% strictly holds. O

Theorem 2.4 Let 1 <k <t < oo. Then the inclusion C}} C Cf strictly holds.

Proof It is known that the inclusion ¢ C ¢; strictly holds for 1 < k <t < co. So the inclusion part is straight
forward. To prove the strictness part, we choose y € ¢; \ £ and x as defined in (2.2), then C% € ¢, \ £. This
implies = € C{ \ C}. Hence, the inclusion C} C Cf is strict. O

We recall that domain Xg of a triangle ® has a basis if and only if X has a basis. This statement

together with Theorem 2.1 gives us the following result:

Theorem 2.5 Let o, = (Cz), for each v € Ng. We define the sequence b(")(q) = (bgf))(q) of elements of the
space C} for every fized r € Ny by

qr (v=r),
b (g) =8 ~¢  (w=r+1),
0 otherwise.

Then the sequence b(™) (q) forms a basis for the space C} and every x € C} can be uniquely expressed in the

form =32 a,b"(q) for each k € Ny.

3. Kothe duals

In this section we obtain Kothe duals (a-, 3-, y-duals) of the spaces C} and CZ . Since the proof for the cases
k=1 and k = oo is the same as that of 1 < k < 0o, hence we provide the proof only for the later case. First

we recall the definition of Kothe duals.
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Definition 3.1 The a—, S— and y— duals of subset X C s are defined by
X*={c=(g) €s:sx=(gx.) €Ll forall z € X},
XP={c=(¢) €s:cx=(qux,) € cs for all z € X},
XY ={s=(s) € s:¢x=(s2,) € bs for all x € X},
respectively.

Further R will denote the family of all finite subsets of Ny. We state certain results due to Stielglitz and Tietz

[29] that are necessary for our investigation.

Lemma 3.2 & = (¢,,) € (U, l1) if and only if

k*

supz < oo, 1 <k <oo.

RER veENy

> b

reR

Lemma 3.3 ® = (¢,.,) € (g, c) if and only if

lim ¢, exists for all v € Ny, (3.1)
™00
sup E loro|¥ < 00, 1<k < . (3.2)
r€No v=0

Lemma 3.4 ® = () € (i, Loo) if and only if (3.2) holds.

Theorem 3.5 Let 1 < k < oo and define the sets ul*"1(q) by

u"g) = {< = (o) es: Y " < oo} ,

v=0

oolq) = {c (o) €5t sup qusol < oo}.
vENQ

Then [C]]" = poo(q), [CF]% = ul¥N(q) and [CL]* = pl(q).

Proof We give the proof for the space C{, 1 <k < 0o. Let ¢ = (5,) € s and = = (z,,) be defined as in (2.2).
Then, we have
Svly = Cv(vav - Q'u—lyv—l)

= (AM@)y)v (3.3)

for all v € Ny, where the matrix A(g) = (A\%,) is defined by

quvSr r=uv,
Mo =18~  T=v+1, (3.4)
0 otherwise.
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Then we deduce from (3.3) that ¢z € ¢; whenever x € C} if and only if A(q)y € ¢4 whenever y € £;. This
yields the fact that ¢ € [C{]" if and only if A(q) € (¢, ¢1). Thus by using Lemma 3.2, ¢ € [C{]” if and only if

P
< 00. (3-5)

o0
sup E
RER ;=5

Z (*1)7,71)(11)9"

reR

Further, one may easily verify that the relation (3.5) is equivalent to the relation y. - |q1,§v|k* < 00. Thus we

deduce that [C{]" = u*"1(g). This completes the proof. O

Theorem 3.6 Let 1 < k < co and define the sets ui«(q) and po(q) by

i (q) = {§ = () €Es: Z |(A§)fuqv‘k* < oo} and
v=0

wo(q) = {s = () € 5: (sqy) € co},

where (A¢)y = ¢y — Gop1. Then [CF)7 = poe(a), (O = too(q) N i (@) and [CL)" = (@) N po(a).-

Proof Let ¢ =(s,) € s and = = (x,) be defined as in (2.2). Consider the following equality

T T
D s = (Gl — Go-1Yv-1)
v=0 v=0

r—1
= Z(Q} — §v+1)vav + $rqryr (36)
v=0

= (Aq)y)o (3.7)

for all v € Ny, where the matrix Q(q) = (wZ,) is defined by

(A§)qu (0 <v< T‘),

wgv = 3 Svlv (U = T)’
0 otherwise.
for all r,v € Ny. Since
lim wl = (A¢)wqy (3.8)
r—00

for all v € Ny, (wf,)re, € c for each v € Ny. Thus, we deduce from (3.7) that ¢z € cs whenever z € C{ if and
only if Q(q)y € ¢ whenever y € ¢;. This yields the fact that ¢ € [Cg]ﬁ if and only if Q(q) € (¢, c). Thus by

using Lemma 3.3, we get that [Cg]ﬂ = ltoo(q) N p= (). This completes the proof. O

Theorem 3.7 Let 1 < k < co. Then,
[CT]" = poo (@), [CF]" = poo(q) N - (q) and [CL] = poo(q) N po(q).-

Proof The proof can be established by replacing Lemma 3.3 by Lemma 3.4 in the proof of the above theorem.

Hence we omit details. O
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4. Factorization of Hilbert matrix based on quasi-Cesaro matrix

Bennett [9] factorized the Hilbert matrix H in the form H = BC', where C is the Cesaro matrix and B = (b;,)
is defined by

v+1

by, =
(r+v+1)(r+v+2)

(r,o=0,1,...). (4.1)

The matrix B is bounded on ¢ with ||Blls, = = csc(m/k), ([9, Proposition 2]).

More recently, Roopaei [21] generalized Bennett’s result and obtained another factorization of the Hilbert

matrix which is summarized below:

Theorem 4.1 ([21], Theorem 2.2) The Hilbert matriz H admits a factorization of the form H = BRCY,
where B9 = (bQ)) has the entries

o _ v+Q
by, = T § Y (r,v € Np). (4.2)

and s bounded on ¢, with bounds

Q@

T ese(n/k) < ||B9|g, < = asc(r/k).

k*
In particular, when Q =1, we arrive at Bennet’s factorization [9, Proposition 2].
Let us define the matrix B? = (b%,) by

v
(r+v+1)(r+v+2)

bgv = (Ta’U € NO)) (43)

where ¢, > v+ 1.

We observe that when ¢, = v+ 1 and ¢, = v+ Q, B? reduces to B and B?, where B and B® are
defined by the relations (4.1) and (4.2), respectively.

It is obvious that || B2, > ||Ble, , but we will prove that the matrix B? is a bounded operator on ¢ .

We need the following theorem, also known as Schur’s theorem, for obtaining our result.

Theorem 4.2 [13, Theorem 275] Let k > 1 and ® = () be a matriz with o, > 0 for all r,v. Suppose

that S and T are two positive numbers satisfying
o0 o0
Y o <8 forallk, Y ¢ <T forallr,
r=0 v=0

(bounds for column and row sums respectively). Then

1@le, < THH SHE,

Theorem 4.3 The Hilbert operator admits a factorization of the form H = BYCY, where BY is bounded on {y,

and

L
5 ese(m/k) < | Blg, < 7 esclw/k).

In particular,
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(i) for q, = v+ 1, the Hilbert operator has the Bennelt’s factorization H = BC'.,

(ii) for q, = v+ Q, the Hilbert operator has the factorization H = BRC?, where CF is the generalized

Cesaro matrix.

Proof Observe that

oo

1 1

= :hrva
lzgr-i-l—kl Yr+1+2)q r+uv+1

(B1C),

which proves the factorization H = B?C?. Let us recall the matrix D defined by (1.4) with ||D|,, = L. It is
noticed that B? = BD, where the matrix B is defined in relation (4.1). Thus we have

1Blle, < 1Blex < |IBllegl|Dlle, = LI Blley.-

In particular, for ¢, = v+1, B? = B and C? = C. Consequently H = BC and ||B9||,, = ||B|l¢, = £ csc(n/k).
This completes the proof. O

As an immediate consequence of the above theorem, we generalize Hilbert’s inequality versus Hardy’s as
follows:

Corollary 4.4 Let k> 1 and CY9 be quasi-Cesaro matriz. For every x € {i, we have

Ln
[Hz]le, < - ese(n/k)[|CTz]le,.

In particular, for q, = v+ 1, inequality (1.6) occurs.

Proof Since H = B1C'Y, we have

L
[H|le, = [[B*COle, < ,TCSC(W/’C)IIC%IM

Now, for ¢, =v+ 1, B =B and C? = C which results in Hilbert’s inequality versus Hardy’s. O

5. Norm of quasi-Cesaro operator on matrix domains

In the current section, we evaluate the norm of transposed quasi-cesaro operator on the domain of difference
matrix as well as computing the norm of Hilbert operator on quasi-Cesaro sequence space. The following lemma

is essential for deducing our results.

Lemma 5.1 [25, Lemma 3.1] Let the operator U € B({) and Ay and Qy be two matriz domains such that
Ay ~ 0. Then

(a) ® € B(ly, — Q) if QP € B(ly) and || @]l (¢, —0,) = [12D]|e,-
(b) ® € B(Ar — &) and [|®]|(a,—e,) = [Ulle,-

In particular, when AD = UA, then ® € B(Ax) and ||®||a, = ||U|le,. Moreover, if ® and A commute
then [|®|a, = [|®lley -
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5.1. Norm of the transposed quasi-Cesaro operator on difference sequence spaces

In the rest of the paper, AZ = (§8) and AF = (§F)) represent the backward and forward difference matrices,

respectively, defined by

1 (v=r), 1 (v=r),
§8={ 1 (v=r—1), and 65, =¢-1 (v=r+1),
0 otherwise 0 otherwise

and sequence spaces £, (AP) and £;(AT) obtained by the domain of the respective matrices in the space £y

are defined by
o0

x= () : Z|J;r—xr_1|k < 0 },
r=1

and

0,(AT) = { v=(z) ¢ Y | — ] < 00 }

respectively. The domains co(AY), ¢(AF) and fo(AF) of the forward difference matrix A in the spaces co,
c and /., are introduced by Kizmaz [15]. Further, the domain bvy of the backward difference matrix AZ in
the space ¢, have recently been studied for 0 < k < 1 by Altay and Basar [1], and for 1 < k < co by Bagar
and Altay [5].

Theorem 5.2 Let (q,)52, satisfies the conditions given in (1.3). Then, the transposed quasi-Cesdro matriz
Ccet e B((k — fk(AF)) and

1CH ([0t (aF)) = sup P
In particular, the Copson matriz C* € B(ly, — ((AF)) and ||C* (4= e (ary) = 1.

Proof The identity AFC%* = D can be established easily, where D = (d,.,) is the diagonal matrix defined
in (1.4) with [|D]|, = L. Applying Lemma 5.1, we realise that

||Cq’t||(lkﬁék(AF)) = HAFC(Lt”Zk = ||D||Zk = L.

Theorem 5.3 The transposed quasi-Cesaro matriz Ct € B({x(AP) — £, (AT)) and
10 [0 (aB) >t (ary) < KK
In particular, the Copson matriz C* € B(¢,(AP) — £, (AF)) and
1C e (am) e (ary) = k™
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Proof It is known from the proof of Theorem 5.2 that AFC%! = D, where D is a diagonal matrix as defined
in relation (1.4). Since D is symmetric, therefore the identity AFC%* = C9AP also holds. Now employing

Lemma 5.1, we arrive at the conclusion that
IC" I ¢er(am)—encary = [1Cle. < KK

In particular, taking ¢, = v+ 1, C%* = C* is the Copson matrix. This completes the proof. O

5.2. Norm of Hilbert operator on quasi-Cesaro sequence space

Let [ be a nonnegative integer, then the Hilbert matrix H'! = (hl,) of order [ is defined by

1
hl”:r+v+l+1 (r,v € No).

Observe that when [ = 0, the matrix H' is the well-known Hilbert matrix H. Also

1/2 1/3 1/4 --- 1/3 1/4 1/5
1/3 1/4 1/5 --- 1/4 1/5 1/6
H'=|1/4 1/5 1/6 ---| - H*=|1/5 1/6 1/7

Theorem 5.4 The Hilbert operator H € B(C}l — () and
Ln
[H l(casey) < chc(ﬂ/k;).

In particular, the Hilbert operator H € B(Cy — £x) and

™
1H [ (cr—en) = o cse(m/k).

Proof It is known from Theorem 4.3 that the Hilbert matrix admits a factorization of the form H = B1CY,

where B? is a bounded operator on £ and

T Lr

o esc(/k) < [|BYle, <

cse(m/k).

k*
We recall that C}! is isomorphic to ;. In the light of this, we have

Hz|g, BiC%||,, Byl|,,
| H |,y = sup [Hlle, b | i lew _ sup | BYl|e,
eect |[Zllos  zecs [1C9z]le, o Tl

L
= 1Blle. < 75 csc(n/k).

In particular, taking ¢, =v+1, L=1, C?=C and B? = B, where B is the factor in Bennett’s factorization
of the Hilbert operator. O
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Theorem 5.5 The Hilbert operator H € B(C}) and
[H|lca < KLwcse(m/k).
In particular, Hilbert operator H € B(Cy) and
[Hllc, = mcsc(n/k).
Proof Consider the identity DY = C?B9, where B? is as defined in the relation (4.3). Then

dq_i; Qv T r+1 1
”’_lzoqr(l—l—v—l—l)(l—l—v—i—Q)_ v+1 G Jrt+uv+2

Taking in account the condition (1.3) on the quasi-Cesaro matrix, we realise that d%, < KLh!, which yields us
| D[, < KL|H"||g, = KLncsc(n/k).

Since C} is isomorphic to ¢, we have by Lemma 5.1 that

Hzx| e CYH
1y = sup LISt _ gy, 1C*Helsy
ogecs lzlles zecr (1€,
— sup |DCale, _ 1Dl
zeC} chm”fk yELy ”y”fk

= ||D?|,, < K L7 csc(n/k).

In particular, for g, =v+1, K=L =1, C?=C and DY = H' which gives the desired result. O
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