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Abstract: We develop a general method to calculate entropy and n-widths of sets of smooth functions on an arbitrary
compact homogeneous Riemannian manifold M?. Our method is essentially based on a detailed study of geometric
characteristics of norms induced by subspaces of harmonics on M?. This approach has been developed in the cycle
of works [1, 2, 10-19]. The method’s possibilities are not confined to the statements proved but can be applied in
studying more general problems. As an application, we establish sharp orders of entropy and n-widths of Sobolev’s
classes W) (Md) and their generalisations in L, (Md) for any 1 < p,q < co. In the case p,q = 1,00 sharp in the power

scale estimates are presented.
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1. Introduction
Let (2,v) be a measure space and {{x}ren be a sequence of orthonormal, functions on 2. Let X be a Banach
space with the norm || - ||x and {&}reny C X. Clearly, Z,(X) := lin{&, -+ ,&,} C X, Vn € N is a sequence

of closed subspaces of X with the norm induced by X . Consider the coordinate isomorphism J defined as

J: R"” — En(X)
o = (0417 s 7an) — ZZ:1 -
Hence, the definition
||04||J*15n(x) = |[Jaf[x

induces the norm on R™ which appears to be useful in various applications. Of course, not much can be said
regarding such kind of norms even in lower dimensions. To be able to apply methods of geometry of Banach
spaces to various open problems in different spaces of functions on 2 we will need to calculate an expectation

E [pn ()] of the function p,(a) := ||a|[;-15,(x) on the unit sphere S*~! C R™ with respect to Haar measure

dfin, i.e. to find the Lévy M(|| - [l;-1z, (x)) mean

M([| - 312, x) = Elpn(e)] = /S . Mladls-1z, 00 dpn(@)-
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Observe that the sequence of Lévy means M(|| - [|;-1z,(x)) contain more information then the sequence of
volumes Vol, (Bj-1z,(x)), n € N, where Bj-iz, (x) := {a|a € R", [la|[;-1=, x) < 1} is the unit ball induced
by the norm || - [[;-1z,(x) and therefore is more useful in various applications.

As a motivating example consider the case = M?, where M? is a compact homogeneous Riemannian
manifold, v its normalized volume element, {¢;}ren is a sequence of orthonormal harmonics on M¢ and
X=L,= Lp(Md,v), p > 2. In general, the sequence {&}ren is not uniformly bounded on M?. Hence, the
method of estimating of Lévy means developed in [10-13] cannot give sharp order result. Various modifications
of this method presented in [15-17] give an extra (log n)l/ 2 factor even if p < co. Our general result is presented
in Lemma 3 which gives sharp order estimates for the Lévy means which correspond to the norm induced on
R™ by the subspace @7 Hy, N L,, dim &7, Hy, := n with an arbitrary index set (k1,--- ,ky,), where Hy,
are the eigenspaces of the Laplace Beltrami operator for M¢ defined by (2.2). To show the boundness of the
respective Lévy means as n — oo we impose a technical condition (2.1) which holds in particular for any

compact homogeneous Riemannian manifold because of the addition formula (2.4) and employ the equality

1
_ 57" (0) oy (0)
/n h(a) dy(a) = mh_rgo ; h <(27r)1/2’“. @2 de,
where h : R" — R is a continuous function, h(aq, -+, ay,)exp (— > p_; lak|) — 0 uniformly when > 7'_, Jag| —

0o, dy(a) = exp (—m > p_; a}) da is the Gaussian measure on R™, §7(0) = m ™2 (rg_1)m(0) + -+ + rim),
1 <k <n and ry(f) = signsin(2°70), s € NU{0}, 6 € [0,1] is the sequence of Rademacher functions [21], [19].
To extend our estimates to the case p = co we apply Lemma 3.1 which gives a useful inequality between norms
of polynomials on M¢ with an arbitrary spectrum. It seems that the factor (logn)'/? obtained in Lemma 3.2
is essential because of the lower bound for the Lévy means found in [9] in the case of trigonometric system.
This fact explains a logarithmic slot in our estimates of entropy numbers presented in Theorem 3.12. Section
3 deals with estimates of entropy numbers and n-widths. Theorem 3.3 establishes general lower bounds for
entropy numbers in terms of Lévy means and is of independent interest. We derive lower bounds for the entropy
numbers of Sobolev’s classes (3.8) using Theorem 3.3 and estimates of Lévy means given by Lemma 3.2. At
this point we apply Lemma 2.2 to get the dependence between eigenvalues and dimensions of eigenspaces of the

Laplace—Beltrami operator. The proof of Lemma 2.2 is based on Weyl’s formula (see [23])

a—» 00

lim a~%?n(a) = (2¢'/2)77T (1 + g) v(M?), (1.1)

where V(M?) is the volume of M¢ and n(a) is the number of eigenvalues (each counted with its multiplicity)
smaller than a. To get upper bounds for entropy numbers contained in Theorem 3.12 we apply estimates of
Lévy means established in Lemma 3.2 and make use of the Pajor-Tomczak-Jaegermann inequality [24] which
states in our notations that for any A € (0,1) there exists a subspace X5 C J7!'Z,,(X), dim X = s > An and

a universal constant C' > 0 such that

Ml 1912, (x))

”aHQ SC (1_)\)1/2

lalls-12,(x), Vo€ X, (1.2)

where [|-][5 = (-, ~>1/2 is the Euclidean norm on R" induced by the scalar product (x,y) = > ,_; zxyx and

[-1l5-12, (x) is the dual norm with respect to ||-[|;-1z, (x). Remark that (1.2) is essentially based on a technical
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result due to Gluskin [8]. However, for our applications is sufficient to apply a less sharp result established by
Bourgain and Milman [3] which is based on averaging arguments and isoperimetric inequality.

The paper ends with estimates of different n-widths and their applications in calculation of entropy which
extend previous results [1, 2, 17].

In this article there are several universal constants which enter into the estimates. These positive constants
are mostly denoted by C,Cq,---. We will only distinguish between the different constants where confusion is
likely to arise, but we have not attempted to obtain good estimates for them. For ease of notation we will write
an, < b, for two sequences, if a, < Cb,, Vn € N and a, < b,, if C1b, < a, < Csb,, Vn € N and some
constants C', Cy and Cs.

Though the main purpose of this paper is to present new results, we have tried to make the text self
contained by presenting well-known definitions and elementary properties of entropy numbers and n-widths.

Let X and Y be Banach spaces with the closed unit balls Bx and By respectively. Let v: X — Y be
a compact operator. Then the n'® entropy number e, (v) = e,(v: X — Y) is the infimum over all positive ¢

such that there exist y1, -+ ,ysn—1 in Y such that

271—1

U(Bx) C U (yk + EBy).
k=1

Similarly, for a compact set A C Y we define the entropy number e,(A,Y) as the infimum of all positive ¢

n— n—1
such that there exist {yk}%zll C Y such that A C Ui:l (yx + €By). Suppose that A is a convex, compact,

centrally symmetric subset of a Banach space X with unit ball Bx. The Kolmogorov n-width of A in X is
defined by

dn(A,X) :=d,(A, Bx) :=inf sup inf - ,
(4.X) = dy(A, Bx) 1= ipf supinf |~ llx
where X,, runs over all subspaces of X of dimension n. The Gelfand n-width of A in X is defined by

d"(A, X):=d"(A,Bx) :=inf sup |z|x,
L™ zeLnna

where L™ runs over all subspaces of X of codimension n. The Bernstein n-width of A in X is defined by

bn(A, X) :=b,(A,Bx) := sup sup{e >0: eBx N X,+1 C A},

Xn+1

where X, 1 is any (n + 1)-dimensional subspace of X. For a compact operator v : X — Y we define

Kolmogorov’s numbers

dp(v) =dp(v: X =Y) = nf sup 11612 lvx — ylly

LCY,ldimLSn x€Bx Y
and Gelfand numbers
d"(v) =d"(v: X =»Y)=mf{|v|L|||L C X, codimL < n}.

Proposition 1.1 This proposition records some simple properties of n-widths and entropy numbers which we

will need.
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1 IfX CY, then dy(A,Y) < dy(A, X).
2. Let n:Z+j and A = A1 —|—A2 Then dn(A,X) S di(Al,X) —|—d](A2,X)

3. Kolmogorov and Gelfand n-widths are dual. Let X and Y be Banach spaces, v € L(X,Y). If X is
reflexive and v(X) is dense in Y, then d,(v) = d"(v*) (see e.g., [22], p.408).

4. Later we will wish to restrict estimation of entropy numbers over infinite-dimensional sets to finite-
dimensional sets. In order to do this let © be any linear isometry, i : Y — Y (here we will think of Y
as finite dimensional and i as the imbedding into the infinite dimensional space). Then ([26, Proposition
5.1]) 27 e, (v) < en(iov) < e,(v), Vn e N.

2. Harmonic analysis

Definition 2.1 Let (Q,v) be a measure space for some compact set 2 € R®, s € N. Let E = {{k }ren be a set
of orthonormal functions &, = & (x) in La(Q,v). Suppose that there exists a sequence k = {kj}jen, k1 =1,
such that for any j € N and some C >0

kjr1—1

D> k(@) < Cdj, Vo € Q (2.1)

k=k;
a.e. on Q, where dj :=kji1 —kj. Then we say that (Q,v,2,k) € K.

Consider the set of p-integrable functions on (Q,v), L, = L,(,v). It follows from (2.1) that the
functions & are a.e. bounded for every n € N. Hence, for an arbitrary ¢ € L,, 1 < p < oo it is possible to

construct the Fourier coefficients
Ck((P) = / @gkd’ua ke N7
Q

and consider the formal Fourier series
k}],+171

P > a9

IeN k=Fk
Let U, := {¢||l¢ll, <1} be the unit ball in L,, and A = {)\;};en be a fixed sequence of complex numbers. We
shall say that the multiplier operator A is of type (k,p,q) with the norm [[Al|; , := SUP,ep, lA¢|lq, , if for any
@ € L, there is such f € L, that

kiy1—1
FaY N D (@)
IEN k=

Let us present here several important examples of measure spaces

(Q,v,Z,k) € K. Consider a compact, connected, d-dimensional C* Riemannian manifold M? with C
metric. Let g its metric tensor, v its normalized volume element and A its Laplace-Beltrami operator. In
local coordinates x;, 1 <1 <d,

e 0 e 0
A=—(9) UQZ@T% Zgjk(g)lﬂajj ) (2.2)
k J
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where g; = g(0/x;,0/xr), § = |det(gjx)|, and (g7F) := (gjx)~'. It is well-known that A is an elliptic,
self adjoint, invariant under isometry, second order operator. The eigenvalues 6, k > 0, of A are discrete,
nonnegative and form an increasing sequence 0 < 6y < 6 < --- <6, < --- with +00 the only accumulation

point. The corresponding eigenspaces Hy, k& > 0 are finite dimensional, dj := dim (Hy), orthogonal and

Ly = Ly(M?,v) = @2 Hy. Let us fix an orthonormal basis {Y% }%_, of Hj. Using multiplier operators
we can introduce a wide range of sets of smooth functions on M¢?. Let ¢ be an arbitrary function, ¢ € Ly,

1 < p < oo with the formal Fourier series
pret D @)V cunle) = [ GThdo
keNm=1 M
and A () : (0,00) — R be a continuous function. If for any ¢ € L, there is a function f := Ay € L, such that
di
ot D AOK) Y ckml(P)YR,
keN m=1

then we shall say that the multiplier operator A is of (p, ¢)-type.

Consider the sets AU, generated by multiplier sequences {\ (fx)}. In particular, let A (¢) = ¢~7/2 then
the 7-th fractional integral I,¢ := ¢, v > 0, is defined as

dp
oy~ et 3 07 (@) YE, ceR. (2.3)
keN m=1

The function D, := IS L,, 1 <p < oo is called the y-th fractional derivative of ¢ if

dy
P~ S0 (@) YE
keN m=1

The Sobolev classes W) are defined as sets of functions with formal Fourier expansions (2.3) where [|p|, <1
and fMd ¢dv = 0. In this article we assume co,c =0 to guarantee compactness of the set W) in L.
We recall that a Riemannian manifold M? is called homogeneous if its group of isometries G acts

transitively on it, i.e. for every x,y € M?, there is a g € G such that gz = y. For a compact homogeneous

Riemannian manifold M? the following addition formula is known [7]
di
> O IYE (@) = dy, VaoeM?, (2.4)
k=1

where {an}gle is an arbitrary orthonormal basis of Hy, £ > 0. Hence, any such manifold possesses the
property K, and these include real and complex Grassmannians, the n-torus, the Stiefel manifold, two point
homogeneous spaces (the spheres, the real, complex and quaternionic projective spaces and the Cayley elliptic

plane), and the complex sphere.
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Lemma 2.2 Let M? be a compact, connected, homogeneous Riemannian manifold, {0k} kenuqoy be the sequence
of eigenvalues and {Hy}renuqoy be the corresponding sequence of eigenspaces of the Laplace—Beltrami operator

A on M. Put Ty = @{cv:on and Ty =dim Ty . Then

.o Ongr

i ft = =)
and

lim Nt . (2.6)

N—oo TN

Proof Applying Weyl’s formula (1.1) for a = 6 we get

lim 65" *n(0y) = (27/2)T <1 + ‘2i> V(M?), (2.7)

N—oc0

and it follows that
—d/2 —d/2
b V(O 1) — 05" n(6w)

N-o00 gxfd/?n(gN)

—0, N — o0.

Now, n(fyx) = 7n, so that

—d/2 —d/2
9N+1TN+1_9N TN

05" 21
On" 2 (T + dim Hy 1) — 03" 7
- P
N N
g2 _ g=d/2 g=d/2 dim I
= NHL N N AN gy o, (2.8)
PRE 92 1y
N N

Since both quotients in the last equation are positive we have

97d/2 _97(1/2
N+1 N
T — O, N — o0,
N

which gives us (2.5). Equation (2.6) follows since

dim H
lim NEL i TN FAm ANy 1,
N—oco TN N—o00 TN
using the second quotient in (2.8), and (2.5). O

3. Estimates of entropy and n-widths

In this section we give several estimates of entropy and n-widths which are order sharp in many important
cases. Fix a measure space (£2,v), an orthonormal system = and a sequence {k;};en such that (Q,v,=, k) € K.
Let

=i kjy1—1 ) ) - =7s
& =span{& il Qo= {0 dm}s E(Qm) i= span{&° )L,
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Put lo:=0, Iy :=YF_,d;., k=1,---,m, and n := l,, = dim (Z(Q,,)).

Unfortunately, we need to introduce a reenumeration of the functions &, since we are selecting separated

s

blocks of them. Let us write
(E(Qm)) = span {7’1 t1= 15 e an}a

with the n; organized so that Z7s = span {n; :ls-1+1<i<Is}. Consider the coordinate isomorphism
J:R" = Z(Qn)

that assigns to a = (a1 -+ ,a,) € R™ the function Ja = &* = 31" aymy € E(Q,). Let X and Y be given
Banach space such that Z(Q2,,) C X NY for any Q,, C N. Put X,, ==2(Q,,,) N X and Y,, = Z(Q,) N Y. Let
N€ER,i=1,---,m, and

A, = diag{\ila, -, Amlay,, )

where I, is the identity matrix of dimension s. Now, if A,, is invertible then JA,J™1: Z(Q,,) — Z(,,) is an
invertible operator which essentially multiplies each block Z7s by A,, s = 1,---,m. Since it should not cause
any confusion we will refer to this operator also as A, .

In what follows, a * will be used to denote norms and balls in Euclidean space, and lack of a * will

indicate the same quantities in function spaces. Let us define the norms

ey, = 1€%]1x, = [1€%]x-
Put By, :={a €R", |af|x, <1}, and Bx, := JB% .
Lemma 3.1 For any Q,, and any £ € Z(Qy,) C Lo, m € N we have
I€lloo < CnM2IE]l2,

where n ;= dim E(Qy,) .

Proof Let

n
Ko(z,y) ==Y mi@)ni(y)-
i=1
be the reproducing kernel for Z(£,,). Clearly,

Kalo) = [ Kl 20Kz p)do(2)

and K, (z,y) = K,(y,x). Since (Q,v,Z, k) € K, from (2.1), we have ||K,(z,-)|2 < Cn'/?, Vo € M?. Then
applying Holder inequality we get

€l = mavs | [ Koo 2)e()0(2)

< max [ K (2, ) [2[[€]]2
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< On'?|¢l2.
O
Let us fix a norm || - ||* on R™ and let E = (R",|| - ||*) be a Banach space with the unit ball B}. The
dual space E*° = (R, - [[*°) is endowed with the norm [[{[|** = sup,cp: |(§,0)| and has the unit ball Bg-..

In these notations the Lévy mean Mp,, is

M. = [ lelldn

where dp denotes the normalised invariant measure on S”~!, the unit sphere in R™. We are interested in the

case where || - || = ||a|lf ; . In the case Q,, = {1,--- ,m} the estimates of the associated Lévy means were
Lo,Lp

obtained in [19]. For an arbitrary index set the respective result was established in [20]. This we state as

Lemma 3.2 Let X,, = L, N E(yy,) with the unit ball B}, and n := dim=Z(Qy,). Then

pl/2
wn < !
Mp;, < C{ (logn)t/2,

p < o0,
p = 00.

We can now give lower bounds for entropy in terms of Lévy means. In the following the reader should
be identifying the spaces X and Y with L, and L, respectively for some 1 < p,q < co. However, we wished

to state the result in greater generality, and then apply the previous result to extract particular results in these
cases.

Theorem 3.3 Viewing Z(,,) as a subspace X,, C X and Y,, CY, we have

|det A, |'/™

er(AUx,Y) > 27 17F/n ,
HAUY) = Mgy Ms; )

where k,n € N are arbitrary.

Proof First, we use Proposition 1.1 (4) to obtain the estimate

er(AUx,Y) > 27 ep(AUx NE,, Y NE,) =2 "en(An(BY, ), By, ), (3.1)
using the appropriate norms in X,, and Y,,. Let ¥1,--- ,9xn(c) be a minimal e-net for A, (B% ) in (B;‘,n, R").
Then,
N(e)
AnBy, € | (eBy, + k).
k=1

By comparing volumes we get
Vol,, (AnB}}n) = | det A,,|Vol, (B}}n)

< €"N(e)Vol, (By.,) .
If we put N(e) = 28! then from the last inequality and the definition of entropy numbers we obtain

Vol, (B ) ) v

_ . N —k/n 1/n
€ €L (AnBXanYn) 2 2 |det An' (Voln (B;ﬂ)
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Let B5 be the unit Euclidian ball in R™, V' C R™ be a convex symmetric body and V¢ its dual. From Uryson’s

Vol,, V' 1/n
< Myo
(VolnB;) =

inequality ([26], p.6),

it follows that

1/n

(Vol (By, )™ < Mz e (Vol, (B3))",

so that

) LA

Vol,, (By,) Mo (Vol, (Bg)'/™

Also, a direct calculation shows that

* 1/n 1/n
Vol,, (BX ) .
_ s = -n > M5, . 4
< Vol,, (B3) ) </s"1 ] d,u(oz)) P (34)

Combining (3.1), (3.3) and (3.4) we have

<v01n (B%.) > " 1

Vol,, (B{,) = Mgy M(B;‘,n)o'

and substitution into (3.2) completes the proof. O

Remark 3.4 Assume that |\| > --- > |\u|. Then |det A, |Y/™ > |\,|, and for k =n we have

Anl
en(AUx,Y) > —— " 3.5
+(AUx, ¥) AMp; M(p; o (8:5)

Remark 3.5 Let (Q,v,5,k) e K, X =L, and Y =L,;, 1 <¢q<2<p<oco. Then using Hélder’s inequality

we get
Mpgnyo = / 1€l dp < / €17, dp = Mpgn (3.6)
a §n—1 §n—1 q q

where 1/q+1/q¢ = 1. Comparing Lemma 3.2 with (3.5) and (3.6) we find

(pg)"YV2,  p<oo,q>1,
logn)~Y2, p<oo,q=1
AU L ad @ ’ ’ ’ 3.7
en(AUL,, L) > [l (¢ logn)™'2, p=o0,q>1, 3.7
(logn)™',  p=o0,q=1.

To proceed with calculation of entropy numbers we need to assume a technical condition on the multiplyer

A.

Definition 3.6 We say that A € A if A(:) : (0,00) — (0,00) is a decreasing continuous function such that
Act) > A(t), t = 0o forany ¢ > 1.
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Remark 3.7 Remind that v = dim7Ty. Put n = 75 and 7 = Ty41 @n (3.7). By (2.7) we have 75y =

097\7/2(14-61\1), where ey — 0 as N — 0o. Let

(p/(q - 1))_1/2’ p<o0o,q > 17

on = (plogN)~'2,  p<oo,q=1,
v (logN/(q—1))72, p=o0,q>1,
(IOgN)_17 p:OO7q:1

and A € A. From (3.7) it follows that

0
en(AUp, Lg) > X (On+1) on = A ( 27;1 9N> oN

> A(cOy) on > A (0n) on,

where the last step follows from Lemma 2.2. Since the sequence of entropy numbers is not increasing, then

em > CA(On) on > A (027(1712/‘1> > A (n2/d> oON, Ym € [n,n],
n

where we have used (2.7) in the third inequality. From the last inequality we get
en(AU,, Ly) > <n2/d) on. (3.8)
In particular, if X(t) =t"7/2,4 >0, then A € A and AU, =W, . In this case,
en(W), Ly) >0,
Remark 3.8 From [19, Theorem 4], [20] it follows that
A€ 1 (AU,, Ly) > A (9fv/d) L 1< p,q< oo

Let g€ Ly, 2<p<oo and 1 <q<2. Then ||Ap|s < ||A¢ll2 < Cllellz < Cllellp, i.e., A€ L(Ly, Ly). It is

easy to check that AL, is dense in Ly since Ly = EB,;";OHkLZ and Lo is dense in Ly. Also, L, is reflexive if
2 <p<oo. Hence, for any N € N and 1 < p,q < oo, from the duality of Kolmogorov and Gel’fand n-widths
given by Proposition 1.1,

Ont1
etz (AU, Lg) > )\( = 9N>.

By Lemma 2.2 limpy_ oo Ony1/0n = 1. Thus, Oni1/0n < 2 for some Ny €N and any N > Ny. Assume that

A € A then the last estimate can be rewritten as

diggir2 1 (AU, Lg) > A (0n)

N+1
Since the sequence of Kolmogorov’s n-widths d, is nonincreasing, then

dicnarz (AUp, Lg) > A(n)
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for any n, Oy <n < Ony1. Therefore, for any n € N,
dn(AUpv Lq) > A (n2/d> ’ 1< p,q < 00.
In the case of Sobolev’s classes we get

do (W), Lg) > n" " 1< p,q< oo, vy>0.

Remark 3.9 Lower bounds for Bernstein’s n-widths may also be obtained. Let A € A, A = {\71(0x)} and
AL i= (A1 (0)}. Then, V2 =M S i Yim € Tar we have

A"l

2 2

M d
DTN D ckm(2)Yem
k=1

M dy
AL (Z Z ckym(z)Y,]fL>

k=1m=1 2 m=1 2

M di M dg
— -2 2 < -2 2
S0 S len O < (5, A7 0D eknC)

=272 (0ar) |121l5

so that ||[A™ z||, < A7 (O) |12]l, . Therefore, X (0a) Us N Ty C AU, and
bp(AUz, Lg) > bp(A(0ar) Us N Tar, Lg) = A (0ar) b (U2 N Tars Ly).

Set m = dim T . By [24, Theorem 1] there exists a subspace Xs C {R™, ||}, 1<q <2, 1/q+ /¢ =1,
dimXs =s> A, 0 < A <1, such that

lall; < CMpym (1—X)"Y2([lall;)°, Vo € X, (3.9)

Let A=1/2. Then [la|ly; < CiMp (|lal|7,)° and by Hélder’s inequality (||a|,)° < |lall;. Hence,
q

el < CIMBZ’"/ a||2, 1<qg<2.
q

Since, by Lemma 3.2, MBzm, <(Cy,2< q' < o0, we have
q

lally < Csllall; Vo e X.

Therefore Xs N By C C4Xs N B3 and since the spaces R™ and JR™ = Tyr are isometrically isomorphic we get
I2lly < Csllzll,, V2 € JXs C Tar,s > [m/2]. Hence, denoting an arbitrary s-dimensional subspace of Ta by

Y,

bs—1(U2NTar, Ly) = sup sup{eU, NY; C Uz}
YsCLg >0
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> sup{eU, NJIX; C Us N Tasr}
e>0

> sup{eCy 'Us NIX, CUs N Tar} > Cy
e>0

Consequently,
bsfl(AUg,Lq) > A (QM) , S 2 [m/2]

Finally, applying the same line of arguments as in Remark 3 we get
bp(AUs, L) > A (nZ/d) , qg> 1

We now turn to estimates for the upper bounds of entropy and n-widths. To avoid long technical

notations we shall present here just results in the case of Sobolev’s classes, i.e. if A (t) = t=/2,

Theorem 3.10 Let 2 <p,q < oo and v > d/2. Then

1/2
—v/d q ;
dn(AUvaq) <n { (logn)1/2,

2 < g <oq
q = 00.

Proof 1t is sufficient to consider the case p = 2, since the case p > 2 follows by imbedding. For a given N € N
let @5 be the corresponding eigenvalue of the Laplace-Beltrami operator for M?. Put N_; := 1, Ny := N
and for any k > 0 let Nyy1 be such that Oy, 1 < 22/79Nk < 0On,,,- This is always possible to do since the
sequence of eigenvalues forms an increasing sequence with 4oco as the only accumulation point. By Lemma 2.2,

limg 00 0Ny, /0Ny, —1 = 1. Then, a simple argument shows that,

klggo 9Nk+1/0Nk =22/7.

From here we conclude that there is a 6(k), with 6 — 0 as k — oo, and constants C7,Cy > 0 such that

C1(140)7F2%/70 < Oy, < Co(1 +6)F22%/ 79y, (3.10)

Nit1=

Let Ty Ny iy = @ 2N, Zry and dim T, n,,, = U Using (2.7) we get

Ik < dimTy,,, < COY2 . (3.11)
It is easy to check that
I’Y(UQ N TNk,Nk-H) C 9&3/2([]2 N TNk:gNk+1)' (312)

Thus, by Lemma 3.1 and (3.11),

Us N 7}\[k,]\f,prl C Cli/Q(Uoo n TNk,Nk+1)

C COY* (Uno N Ty Ness)- (3.13)

N1
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Clearly, ||P||L2—>L2OTNk =1, where P is the orthogonal projection. Hence, by (3.12),

N1

2 =1 U2 C @ U2mTNk,Nk+1)
k=—1

- @ G&Z/Q(UQ ﬂTNk7Nk+1)' (314)
k=-—1

Let € > 0 be a fixed parameter which will be specified later,
M := [ og(Tn)], mo := Tn, my := [27F7y] + 1

f1<k<Mand mp:=0if k> M. Let

M
=>. k<TN+ZQ Fry+ M < Cry < COU.
k=0 k=1

Using Proposition 1.1 (a) and (b), (3.13) and (3.14) we find

M
du(W3 , Lq) < O3 0872 dn, (U 0 Ty Nysss Ly N T Vi)
k=0

+C Z Oy w/2 ;iv/k4+1d0(UoomTNk,NHl,LooﬂTNk,NHl)
k=M+1

=01+ 02, (3.15)
where using the fact that dj (Uoo N TN Nitr s Lioo N TNk;Nk+1) =1,

"//2 d/4
o2 <C Z 6 Nk+1
k=M+1

Using (3.10),

0y OO NT g h@MO2= (1 gk,
k>Ce=1logbn

Since § > 0, and for sufficiently large N we can choose ¢ as small as we please, then the last series converges
if v/d>1/2—1/q. In this case

o9 < 09&’7/2+d/42C(10gGN)(77/2+d/4)/e'y(1 + 5)C(log01\7)/e
—v/24d/4 ,C(—~/2+d/4) /ey ,Cn/e
S CaN’Y/ / GN( v/ /4)/ ’YGNW/ ,

where 7 :=log(1 4 ¢). Hence, if
0<e<C(y—d/2), (3.16)
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then
oy < COY2. (3.17)

To complete the proof we need to get upper bounds for o1 . From (3.9), there exists a subspace L, € {R!, ||-[|z},
dimZ! = s> A, 0 < A < 1, such that

lel3 < CMpyt (1= 2)72(|a][5)°

for any o € LL. Put m :=1— s, then

2113

I2ll2 < C(1/m)"/*Mp,

for any z € JL.. By duality of Kolmogorov’s and Gel'fand’s n-widths, recalling the definition of my, and

letting X% C Tn, n.., be an arbitrary subspace of codimension my,, we get
dmk (BQ N TNlchk+1 ) Lq N TNkyNk+1)

— M ((Bq e TNk,Nk+1)O7 LN TNIme+1)

= inf sup 1Z]l2
3
Xy CTNg Ny ZEXffkﬁ(BqﬁTNk,Nk+l)°

< sup ||Z||2,
zeJLi’;m(quTNk,NHl)"

where sp =l —my,, since JL?;c is a specific subspace of codimension my,. Thus, using Lemma 2.2 and (3.11),

dmk (B2 n TNkak+l ) Lq N TNkak+1)

I\ 2
<C () M ey, sup HZ||(quTNk~Nk+1)O

L 1
! 2€ILK N(BaN TN, Ny y1)°

™ 1/2
<C ( k+1) MB*Z’“

mg Lq
a2 \ V2
9Nk+1
<C M.,
my Lq

wl
Lq

o ((ar o
- 2=¢kry +1 B

from (3.10). Simplifying this last expression, it follows from Lemma 3.2 that
dmk (B2 N TNmNm—u Lq N TNk’Nk-#l)

< 02’“”/”“’/2(1%)“/4{ ((lecf;l )i/2 jg o
k ) = .
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Let

e 2<g< oo,
77N = (10g9N)1/27 _

Then, using estimate (3.15) and (3.10) again, we get

M
o1 < CZGJT]Z/Qdmk (BQ N TNk,Nk+17LL] N TNk,Nk+1)
k=0

M
< Oy 03]k A2y gykd/e
k=0

< Cnn Z(9N22k/7(1 + 8)F) /2R d v+ /2(q 4 g)kd/4
k=0

oo
< Cmv@&wz ZQ—k(l—d/(Q'y)—e/Q)(l + 5)—1@(7/2—(1/4).
k=0

The last sum is bounded for some ¢ > 0 if v > d/2, and 0 < € < 2 — d/. Thus we must choose € less than

the aforementioned and the bound given in (3.16). In this case,
o1 < COY . (3.18)
Finally, comparing (3.17) and (3.18) we get

dooy (W), Lg) < COY My,

or

q\/2
dn<W;,Lq>scw/d{ ' e

(logm) q = .

Remark 3.11 Comparing the above theorem with Remark 3.8, and applying an embedding arguments we get
dn (W), Ly) =np V> d/2, 2<p<oo, 1<qg<oc.
We are prepared now to prove the main result of this article.
Theorem 3.12 Let v > d. Then for any n € N and 1 < p,q < oo,

(p/(¢g—1)"Y2,  p<oo,q>1,

—-1/2 =1

Y L) > Cin~/d (plogn)™"/%,  p<oo,qg=1,
en(Wp7 q) —Cln (logn/(q—l))il/Q, p:OO,q> ]"
(logn)~1, p=o00,q=1,
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and
a/(p—1)¥/2, 2<g<o0,l<p<,

(
1/2 2<g¢<oo,p=1
Y L) < —vsa) (qlogn)'/=, =4 =
W ) S CTE flogn)(p - 1))172, =01 <p <2,
logn, qg=o0,p=1,

where Cy,Co > 0. In particular, if 1 < p,q < oo, then
en(W), Ly) < n=/4,

Proof From Theorem 3.10, and the duality of Kolmogorov and Gel’fand n-widths, we have

1/2

n (TrY — Y —y/d ) 47 2= g <00,
d"(W ), L) = dn (W5, Lg) < n { (logn)'/2, ¢ = oo,

where 1/g+1/¢ = 1. Let {s,} denotes either of the sequences {d,} or {d"}. Assume that f(I), f:N = R
is a positive and increasing (for large | € N) function such that f(27) < Cf(2/7!) for some fixed C' and any
j € N. Then, there is a constant C > 0 such that for all n € N we have

sup f(l)ei(A, X) < C sup f(l)si(A,X), neN

1<i<n 1<i<n
(see e.g., [4-6]). In particular, let A=W, X = L,,

—1/2 2 < <
* - v/d q ) >~ q 0,
friy=t {(logl>1/2, g= oo,

then f*(27) < Cf*(27~1) for some C > 0 and

f*(n)en(WQ’vaq) < 1?;-5 f*(l)dl(W;’Lq) <C.
or
12 2 < g < oo,

en(W3,L,) < Cn_"*/d{ 4=

where v > d/2 by the Theorem 3.10. Similarly, if v > d/2, then

1<p<2,

y—1/2
A R i o P

(log 1) (3.20)
Applying the multiplicative property of entropy numbers (see e.g., [25]), (3.19) and (3.20) we get,
en(W), L) = en(Iy : Ly, — Lg)
=en(Iy2: Ly — La) -en(ly/2: Ly — Ly)
q/(p—1))1/2, 2<g<o0,1<p<2,
qlogn)'/?, 2<g<oo,p=1,

logn/(p—1))"/2, q=o00,1 <p<2,
10ng, q=00,p = ]-a

(
<Ccn/d E (3.21)

where /2 > d/2 or v > d. Finally, comparing (3.8) and (3.21) we get the proof. O
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