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Abstract: The aim of this paper is to obtain a presentation for crossed product of some infinite groups and then find
its complete rewriting system. Hence, we present normal form structure of elements of crossed product of infinite groups
which yield solvability of the word problem.
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1. Introduction and preliminaries
Crossed product construction appears in different areas of algebra such as Lie algebras, C∗ -algebras, and group
theory. This product has also many applications in other fields of mathematics like group representation theory
and topology. Here, we consider crossed product construction from view of Combinatorial Group Theory. This
product is more important than known group constructions since it contains direct, semidirect [3, 6], twisted
[12], and knit [4] products. Crossed product construction is an important structure from the point of the famous
extension problem, which is one of the most interesting problems of algebra and was first stated by Hölder in
1895 [10]. This problem consists of describing and classifying all groups E containing H as a normal subgroup
such that E/H ∼= G . The extension problem has been the starting point of new subjects in mathematics such
as cohomology of groups, homological algebra, crossed products of groups acting on algebras, crossed products
of Hopf algebras acting on algebras, crossed products for von Neumann algebras etc. In [1, 2] the authors give
some results on the crossed product about this extension problem. They also say that the set of these (E, .)

group structures is a one-to-one correspondence with the set of all normalized crossed systems (H,G,φ, f) . Let
H and G be two groups. A crossed system of these groups is a quadruple (H,G,φ, f) , where φ : G → Aut(H) ,
g 7→ φg(h) and f : G×G → H are two maps such that the following compatibility conditions hold:

g1 ◁φ (g2 ◁φ h) = f(g1, g2)((g1g2) ◁φ h)f(g1, g2)
−1,

f(g1, g2)f(g1g2, g3) = (g1 ◁φ f(g2, g3))f(g1, g2g3),

for all g1, g2, g3 ∈ G , and h ∈ H . The crossed system (H,G,φ, f) is called normalized if f(1, 1) = 1 .
Also φ is called a weak action and f is called an φ -cocycle. (H,G,φ, f) is normalized crossed system then
f(1, g) = f(g, 1) = 1 and 1◁φh = h , for any g ∈ G and h ∈ H . Here, the notation “◁” is defined g◁φh = φg(h)

as semidirect product action.
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Let H and G be two groups, φ : G → Aut(H) and f : G×G → H be two maps. Let H#f
φG := H ×G

as a set with a binary operation defined by the formula:

(h1, g1)(h2, g2) = (h1(g1 ◁φ h2)f(g1, g2), g1g2),

for all h1, h2 ∈ H and g1, g2 ∈ G . Assume that (H,G,φ, f) is a normalized crossed system. Then (H#f
φG, ·)

is a group with identity 1H#f
φG = (1, 1) . Here we recall that we have (h, g)−1 = (f(g−1, g)−1(g−1 ◁φ h−1), g−1)

for (h, g) ∈ H#f
φG . The group H#f

φG is called the crossed product of H and G associated to the crossed
system (H,G,φ, f) [1].

• Let φ and f be trivial maps. i.e. g ◁φ h = h and f(g1, g2) = 1 for all g1, g2 ∈ G and h ∈ H . Then
(H,G,φ, f) is called trivial crossed system. The crossed product H#f

φG := H ×G is the direct product
of H and G .

• Let f : G×G → H be a trivial map. Then (H,G,φ, f) is a crossed system if and only if φ : G → Aut(H)

is a homomorphism. In this case, the crossed product H#f
φG is the semidirect product of H by G .

• Let φ : G → Aut(H) be a trivial map. Then (H,G,φ, f) is a crossed system if and only if Im(f) ⊆ Z(H) ,
where Z(H) is the center of H , and f(g1, g2)f(g1g2, g3) = f(g2, g3)f(g1, g2g3) for all g1, g2, g3 ∈ G , that
is f : G × G → Z(H) is a 2 -cocycle. The crossed product H#f

φG associated to this crossed system is

denoted by H ×f G and called the twisted product of H and G .

Now we give the following result as the main application of the crossed product construction on groups.
The proof of this result can be found in [1, 2].

Theorem 1.1 Let E be a group, H be normal subgroup of E , and G be the quotient of E by H . Then there
exist two maps φ : G → Aut(H) and f : G×G → H such that (H,G,φ, f) is a normalized crossed system and
E ∼= H#f

φG .

The reader is referred to [7–9, 11] for recent studies on crossed product of groups and its derivations.

Let X be a set and let X∗ be the free monoid consisting of all words obtained by the elements of X . A
(string) rewriting system on X∗ is a subset R ⊆ X∗ ×X∗ and an element (u, v) ∈ R , also can be written as
u → v , is called a rule of R . The idea for a rewriting system is an algorithm for substituting the right-hand
side of a rule whenever the left-hand side appears in a word. In general, for a given rewriting system R , we
write x → y for x, y ∈ X∗ if x = uv1w , y = uv2w and (v1, v2) ∈ R . Also, we write x →∗ y if x = y or
x → x1 → x2 → · · · → y for some finite chain of reductions and ↔∗ is the reflexive, symmetric, and transitive
closure of → . Furthermore, an element x ∈ X∗ is called irreducible with respect to R if there is no possible
rewriting (or reduction) x → y ; otherwise, x is called reducible. The rewriting system R is called

• Noetherian if there is no infinite chain of rewritings x → x1 → x2 → · · · for any word x ∈ X∗ ,

• Confluent if whenever x →∗ y1 and x →∗ y2 , there is a z ∈ X∗ such that y1 →∗ z and y2 →∗ z ,

• Complete if R is both Noetherian and confluent.

411



KIRMIZI ÇETİNALP and GÜZEL KARPUZ/Turk J Math

A critical pair of a rewriting system R is a pair of overlapping rules if one of the (r1r2, s) , (r2r3, t) ∈ R with
r2 6= 1 or (r1r2r3, s) , (r2, t) ∈ R forms is satisfied. Also, a critical pair is resolved in R if there is a word z

such that sr3 →∗ z and r1t →∗ z in the first case or s →∗ z and r1tr3 →∗ z in the second. A Noetherian
rewriting system is complete if and only if every critical pair is resolved [5, 13].

One can ask a question of what the normal form of elements of a given algebraic structure is. Here,
we work on this question focusing on crossed product of some infinite groups to obtain a presentation and its
complete rewriting system. To do that, in Section 2 , we obtain a presentation for crossed product of some
infinite groups and in Section 3 , by using the presentation given in Section 2 , we get a complete rewriting
system for that group. Thus, we present normal form structures of elements of crossed product of that group.
Thus, these normal form structures yield solvability of the word problem.

2. A presentation for crossed product of infinite groups
In this section, we give one of the main results of this paper which gives a presentation of crossed product of
two infinite groups. To do that, let N be a group of infinite direct sum of copies of Zn presented by
N = 〈ai (i ∈ Z) ; ani = 1, aiaj = ajai〉 and Z be infinite cyclic group generated by t . Let φ : Z → Aut(N) ,
t 7→ φt(ai) = ai+1 and f : Z × Z → N be two maps. Then, we call N#f

φZ as crossed product of N and Z

associated to the crossed system (N,Z, φ, f) .

Theorem 2.1 A group G is isomorphic to crossed product N#f
φZ if and only if G is a group generated by

generators α, t and satisfies the relations

αn = 1, [tiαkt−i, tjαlt−j ] = 1,

for some k, l ∈ Z and (k, n) = (l, n) = 1 .

Proof Suppose that the group G is isomorphic to crossed product N#f
φZ . Thus, there exists a normal

subgroup N of G such that G/N ∼= Z . It follows that N = 〈ai (i ∈ Z) ; ani = 1, aiaj = ajai〉 and there exists
t ∈ G such that G/N = {tkN ; k ∈ Z} . Since N �G , we obtain that tait

−1 ∈ N for t ∈ G . That is, there exist
0 ≤ mi < n such that we have

tait
−1 = ami

i+1. (2.1)

Thus, we get

G ∼=
〈
ai (i ∈ Z), t ; ani = 1, aiaj = ajai, tait

−1 = ami
i+1 ((mi, n) = 1)

〉
. (2.2)

Now, by using some indices defined on ai , we write the relation tait
−1 = ami

i+1 ((mi, n) = 1) given in (2.2)

more clearly. Thus, we get

a1 = t−1am1
2 t ((m1, n) = 1), a2 = t−1am2

3 t ((m2, n) = 1),

a3 = t−1am3
4 t ((m3, n) = 1), · · · , ar = t−1amr

r+1t ((mr, n) = 1).

As seen above, each generator ai is obtained by using ai+1 . By using these equalities and the relation
aiaj = ajai given in (2.2) , we get
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[tiami···m2m1
i+1 t−i, tja

mj ···m2m1

j+1 t−j ] = 1 , where (

i∏
s=1

ms, n) = 1 . Thus, for each ms , we have (ms, n) = 1 . Let

α = (· · · , 1, 1, 1, ai, 1, 1, 1, · · · ) , by using the relation ani = 1 in (2.2) , we get αn = 1 . By using the above
relation [tiami···m2m1

i+1 t−i, tja
mj ···m2m1

j+1 t−j ] = 1 , we also obtain [tiαkt−i, tjαlt−j ] = 1 , where (k, n) = (l, n) = 1 .

Conversely, now let G ∼=
〈
α, t ; αn = 1, [tiαkt−i, tjαlt−j ] = 1

〉
for some k, l ∈ Z and (k, n) = (l, n) = 1 .

By Theorem 1.1, we need to prove that N � G and G/N ∼= Z . For any g
′ ∈ G we have g

′
= x1x2 · · ·xk ,

for some k ∈ N and xi ∈
{
α, α−1, t, t−1

}
(1 ≤ i ≤ k) . That is, to prove that N � G we only need to show

that t−1αxt ∈ N and tαxt−1 ∈ N for any x ∈ Z . From (2.1) , by obtaining a general form, we write that
tαt−1 = αm . By induction, we obtain that tαxt−1 = αmx ∈ N . Since (m,n) = 1 , there exist γ, β ∈ Z such
that γm+ βn = 1 . We obtain from (2.1) that α = t−1αmt and it follows from here that αγ = t−1αγmt . Since
t−1αβnt = 1 we obtain that t−1αγm+βnt = αγ , that is t−1αt = αγ . It follows from here that t−1αxt = αγx for
any x ∈ Z . Hence, N �G .

It follows by a simple calculation that every element g
′ ∈ G can be written as tpαq for some p, q ∈ Z .

That is g
′
N = tpαqN = tpN . Hence, G/N ⊆ Z . Now suppose that there exist γ 6= β ∈ Z such that

tγN = tβN, that is tγ−β = ατ for some 0 ≤ τ ≤ n− 1 . It follows from here that t(γ−β)n = ατn = 1 , which is
contradiction with Z being an infinite cyclic group. Therefore, G/N ∼= Z . 2

Corollary 2.2 Let us consider the presentation of N#f
φZ given in Theorem 2.1〈

α, t ; αn = 1, [tiαkt−i, tjαlt−j ] = 1 (k, l ∈ Z, (k, n) = (l, n) = 1)
〉
.

If k, l = 1 , then N#f
αZ becomes Lamplighter group L = Zn o Z = ⊕ZZn ⋊ Z presented by

Ln =
〈
α, t ; αn = 1, [tiαt−i, tjαt−j ] = 1

〉
,

for all i, j ∈ Z [14].

3. A complete rewriting system for N#f
φZ

In this section, we obtain a complete rewriting system for the monoid presentation of N#f
φZ . To obtain a

complete rewriting system, we order words in given alphabet in the deg-lex way by comparing two words first
with their degrees (lengths), and then lexicographically when the lengths are equal. Since our complete rewriting
systems depend on the lengths of words, we have the following main results accordingly as m = 1 , m = 2 , and
m ≥ 3 in the relator tait

−1 = ami+1 (i ∈ Z, (m,n) = 1) . The monoid presentation of N#f
φZ is given as follows:〈

ai (i ∈ Z), t, t−1 ; ani = 1, aiaj = ajai, tait
−1 = ami+1 ((m,n) = 1), tt−1 = 1, t−1t = 1

〉
. (3.1)

We note that W will denote the word which does not have the first generator of the word W . For
example, let W = a1a2a3 . Then W = a2a3 . Additionally, the notations (i) ∩ (j) and (i) ∪ (j) will denote the
intersection and inclusion overlapping words of left-hand side of relations (i) and (j) , respectively.

Now we order the generators given in (3.1) as ai > aj > t > t−1 (i > j) . This ordering will be acceptable
for results given below. We have the following first result of this section.
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Theorem 3.1 A complete rewriting system for m = 1 given in presentation (3.1) consists of the following
relations:

(1) ani → 1, (2) aiaj → ajai (i > j), (3) tt−1 → 1,

(4) t−1t → 1, (5) ait
−1 → t−1ai+1, (6) ai+1t → tai.

Proof Since we have the ordering ai > aj > t > t−1 (i > j) between generators, there are no infinite reduction
steps for all overlapping words. Hence, the rewriting system is Noetherian. Now, to catch up the aim, we need
to show that the confluent property holds. Thus, we have the following overlapping words and corresponding
critical pairs, respectively.

(1) ∩ (1) : an+1
i , (ai, ai), (1) ∩ (2) : ani aj (i > j), (aj , a

n−1
i ajai),

(1) ∩ (5) : ani t
−1, (t−1, an−1

i t−1ai+1), (1) ∩ (6) : ani+1t, (t, a
n−1
i+1 tai),

(2) ∩ (1) : aia
n
j (i > j), (ajaia

n−1
j , ai), (2) ∩ (2) : aiajak (i > j > k), (ajaiak, aiakaj),

(2) ∩ (5) : aiajt
−1 (i > j), (ajait

−1, ait
−1aj+1), (2) ∩ (6) : aiaj+1t (i > j + 1), (aj+1ait, aitaj),

(3) ∩ (4) : tt−1t, (t, t), (4) ∩ (3) : t−1tt−1, (t−1, t−1),

(5) ∩ (4) : ait
−1t, (t−1ai+1t, ai), (6) ∩ (3) : ai+1tt

−1, (tait
−1, ai+1).

In fact, all these above critical pairs are resolved by reduction steps. We show two of them as follows:

(1) ∩ (5) : ani t
−1, (t−1, an−1

i t−1ai+1),

ani t
−1 −→

{
t−1

an−1
i t−1ai+1 → an−2

i t−1a2i+1 → · · · → t−1ani+1 → t−1.

(6) ∩ (3) : ai+1tt
−1, (tait

−1, ai+1),

ai+1tt
−1 −→

{
tait

−1 → tt−1ai+1 → ai+1

ai+1.

After all above processes, we see that all critical pairs can be resolved. Thus, the rewriting system is
complete. 2

By Theorem 3.1 , we have the following result.

Corollary 3.2 The normal form of a word u , representing an element of N#f
φZ , is tka

ϵi1
i1

a
ϵi2
i2

· · · aϵimim
, where

k ∈ Z , 0 ≤ ϵip < n (1 ≤ p ≤ m) and i1 < i2 < · · · < im .

Theorem 3.3 A complete rewriting system for m = 2 given in presentation (3.1) consists of the following
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relations:

(1) ani → 1, (2) aiaj → ajai (i > j), (3) tt−1 → 1,

(4) t−1t → 1, (5) a2i+1Wt → Wtai, (6) t−1Wa2i+1 → ait
−1W,

(7) W1t
ϵW2t

−ϵ → tϵW2t
−ϵW1 (ϵ = ±1), (8) a

n+1
2

i → t−1ai+1t, (9) tait
−1 → a2i+1,

(10) ai+1W1tW2a
n−1
2

i → W1tW2, (11) a
n−1
2

i W1t
−1W2ai+1 → W1t

−1W2,

(12) a2i+1Wa2j+1 → taiajt
−1W (j > i), (13) ai+1W1tW2a

n−5
2

i tW3ai−1 → W1tW2tW3,

(14) aiW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2 → W1t

−1W2t
−1W3,

where W1,W2 , and W3 are reduced words containing ai (i ∈ Z) and W is a reduced word generated by ai and
t .

Proof Noetherian property of the rewriting system can be seen easily. Now, to catch up the aim, we need
to show that the confluent property holds. Thus, we have the following overlapping words and corresponding
critical pairs, respectively.

(1) ∩ (1) : an+1
i , (ai, ai), (1) ∩ (2) : ani aj (i > j), (aj , a

n−1
i ajai), (1) ∩ (5) : ani+1Wt, (Wt, an−2

i+1 Wtai),

(1) ∩ (7) : ani W1t
ϵW2t

−ϵ, (W1t
ϵW2t

−ϵ, an−1
i tϵW2t

−ϵW1),

(1) ∪ (8) : ani , (1, a
n−1
2

i t−1ai+1t), (1) ∩ (10) : ani+1W1tW2a
n−1
2

i , (W1tW2a
n−1
2

i , an−1
i+1 W1tW2),

(1) ∩ (11) : ani W1t
−1W2ai+1, (W1t

−1W2ai+1, a
n−1
2

i W1t
−1W2),

(1) ∩ (12) : ani+1Wa2j+1 (j > i), (Wa2j+1, a
n−2
i+1 taiajt

−1W ),

(1) ∩ (13) : ani+1W1tW2a
n−5
2

i tW3ai−1, (W1tW2a
n−5
2

i tW3ai−1, a
n−1
i+1 W1tW2tW3),

(1) ∩ (14) : ani W1t
−1a

n−5
2

i+1 W2t
−1W3ai+2, (W1t

−1a
n−5
2

i+1 W2t
−1W3ai+2, a

n−1
i W1t

−1W2t
−1W3),

(2) ∩ (1) : aia
n
j (i > j), (ajaia

n−1
j , ai), (2) ∩ (2) : aiajak (i > j > k), (ajaiak, aiakaj),

(2) ∩ (5) : aia
2
j+1Wt (i > j + 1), (aj+1aiaj+1Wt, aiWtaj),

(2) ∩ (7) : aiajW1t
ϵW2t

−ϵ (i > j), (ajaiW1t
ϵW2t

−ϵ, ait
ϵW2t

−ϵW1),

(2) ∩ (8) : aia
n+1
2

j (i > j), (ajaia
n−1
2

j , ait
−1aj+1t),

(2) ∩ (10) : aiaj+1W1tW2a
n−1
2

j (i > j + 1), (aj+1aiW1tW2a
n−1
2

j , aiW1tW2),

(2) ∩ (11) : aia
n−1
2

j W1t
−1W2aj+1 (i > j), (ajaia

n−3
2

j W1t
−1W2aj+1, aiW1t

−1W2),

(2) ∩ (12) : aia
2
j+1Wa2k+1 (i > j + 1, k > j), (aj+1aiaj+1Wa2k+1, aitajakt

−1W ),

(2) ∩ (13) : aiaj+1W1tW2a
n−5
2

j tW3aj−1 (i > j + 1), (aj+1aiW1tW2a
n−5
2

j tW3aj−1, aiW1tW2tW3),
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and

(2) ∩ (14) : aiajW1t
−1a

n−5
2

j+1 W2t
−1W3aj+2 (i > j), (ajaiW1t

−1a
n−5
2

j+1 W2t
−1W3aj+2, aiW1t

−1W2t
−1W3),

(3) ∩ (4) : tt−1t, (t, t), (3) ∩ (6) : tt−1Wa2i+1, (Wa2i+1, tait
−1W ),

(4) ∩ (3) : t−1tt−1, (t−1, t−1), (4) ∩ (9) : t−1tait
−1, (ait

−1, t−1a2i+1),

(5) ∩ (3) : a2i+1Wtt−1, (Wtait
−1, a2i+1W ), (5) ∩ (7) : a2i+1WtW2t

−1, (WtaiW2t
−1, a2i+1tW2t

−1W ),

(5) ∩ (9) : a2i+1Wtajt
−1, (Wtaiajt

−1, a2i+1Wa2j+1),

(6) ∩ (1) : t−1Wani+1, (ait
−1Wan−2

i+1 , t
−1W ),

(6) ∩ (2) : t−1Wa2i+1aj (i+ 1 > j), (ait
−1Waj , t

−1Wai+1ajai+1),

(6) ∩ (5) : t−1Wa2i+1W1t, (ait
−1WW1t, t

−1WW1tai),

(6) ∩ (8) : t−1Wa
n+1
2

i+1 , (ait
−1Wa

n−3
2

i+1 , t−1Wt−1ai+1t),

(6) ∩ (10) : t−1Wa2i+1W1tW2a
n−1
2

i , (ait
−1WW1tW2a

n−1
2

i , t−1Wai+1W1tW2),

(6) ∩ (11) : t−1Wa
n−1
2

i+1 W1t
−1W2ai+2, (ait

−1Wa
n−5
2

i W1t
−1W2ai+2, t

−1WW1t
−1W2),

(6) ∩ (12) : t−1Wa2i+1W1a
2
j+1 (j > i), (ait

−1WW1a
2
j+1, t

−1Wtaiajt
−1W1),

(6) ∩ (13) : t−1Wa2i+1W1tW2a
n−5
2

i tW3ai−1, (ait
−1WW1tW2a

n−5
2

i tW3ai−1, t
−1Wai+1W1tW2tW3),

(6) ∩ (14) : t−1Wa2iW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2,

(ai−1t
−1WW1t

−1a
n−5
2

i+1 W2t
−1W3ai+2, t

−1WaiW1t
−1W2t

−1W3),

(7) ∩ (3) : W1t
−1W2tt

−1, (t−1W2tW1t
−1,W1t

−1W2),

(7) ∩ (4) : W1tW2t
−1t, (tW2t

−1W1t,W1tW2),

(7) ∩ (6) : W1tW2t
−1Wa2i+1, (tW2t

−1W1Wa2i+1,W1tW2ait
−1W ),

(7) ∩ (9) : W1t
−1W2tait

−1, (t−1W2tW1ait
−1,W1t

−1W2a
2
i+1),

(8) ∩ (1) : ani , (1, a
n−1
2

i t−1ai+1t), (8) ∩ (2) a
n+1
2

i aj (i > j), (t−1ai+1taj , a
n−1
2

i ajai),

(8) ∩ (5) : a
n+1
2

i Wt, (t−1ai+1tWt, a
n−3
2

i Wtai−1), (8) ∩ (8) : a
n+3
2

i , (t−1ai+1tai, ait
−1ai+1t),

(8) ∩ (10) : a
n+1
2

i+1 W1tW2a
n−1
2

i , (t−1ai+1tW1tW2a
n−1
2

i , a
n−1
2

i+1 W1tW2),

(8) ∩ (11) : a
n+1
2

i W1t
−1W2ai+1, (t

−1ai+1tW1t
−1W2ai+1, aiW1t

−1W2),

(8) ∩ (12) : a
n+1
2

i+1 Wa2j+1 (j > i), (t−1ai+1tWa2j+1, a
n−1
2

i+1 taiajt
−1W ),

(8) ∩ (13) : a
n+1
2

i+1 W1tW2a
n−5
2

i tW3ai−1, (t
−1ai+1tW1tW2a

n−5
2

i tW3ai−1, a
n−1
2

i+1 W1tW2tW3),

(8) ∩ (14) : a
n+1
2

i W1t
−1a

n−5
2

i+1 W2t
−1W3ai+2, (t

−1ai+1tW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2, a

n−1
2

i W1t
−1W2t

−1W3),

(9) ∩ (4) : tait
−1t, (a2i+1t, tai), (9) ∩ (6) : tait

−1Wa2j+1, (a
2
i+1Wa2j+1, taiajt

−1W ),

(9) ∩ (7) : tait
−1W2t, (a

2
i+1W2t, tt

−1W2tai),
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and

(9) ∩ (14) : tait
−1a

n−5
2

i+1 W2t
−1W3ai+2, (a

n−1
2

i+1 W2t
−1W3ai+2, tt

−1W2t
−1W3),

(10) ∩ (1) : ai+1W1tW2a
n
i , (W1tW2a

n+1
2

i , ai+1W1tW2),

(10) ∩ (2) : ai+1W1tW2a
n−1
2

i aj (i > j), (W1tW2aj , ai+1W1tW2a
n−1
2 −1

i ajai),

(10) ∩ (5) : ai+1W1tW2a
n−1
2

i Wt, (W1tW2Wt, ai+1W1tW2a
n−5
2

i Wtai−1),

(10) ∩ (7) : ai+1W1tW2a
n−1
2

i W3t
ϵW4t

−ϵ, (W1tW2W3t
ϵW4t

−ϵ, ai+1W1tW2a
n−3
2

i tϵW4t
−ϵaiW3),

(10) ∩ (8) : ai+1W1tW2a
n+1
2

i , (W1tW2ai, ai+1W1tW2t
−1ai+1t),

(10) ∩ (10) : ai+1W1tW2a
n−1
2

i W3tW4a
n−1
2

i−1 , (W1tW2W3tW4a
n−1
2

i−1 , ai+1W1tW2a
n−3
2

i W3tW4),

(10) ∩ (11) : ai+1W1tW2a
n−1
2

i W3t
−1W4ai+1, (W1tW2W3t

−1W4ai+1, ai+1W1tW2W3t
−1W4),

(10) ∩ (12) : ai+1W1tW2a
n−1
2

i Wa2j+1 (j > i), (W1tW2Wa2j+1, ai+1W1tW2a
n−5
2

i tai−1ajt
−1W ),

(10) ∩ (13) : ai+1W1tW2a
n−1
2

i W3tW4a
n−5
2

i−1 tW5ai−2,

(W1tW2W3tW4a
n−5
2

i−1 tW5ai−2, ai+1W1tW2a
n−3
2

i W3tW4tW5),

(10) ∩ (14) : ai+1W1tW2a
n−1
2

i W3t
−1a

n−5
2

i+1 W4t
−1W5ai+2,

(W1tW2W3t
−1W4a

n−5
2

i+1 W4t
−1W5ai+2, ai+1W1tW2a

n−3
2

i W3t
−1W4t

−1W5),

(11) ∩ (1) : a
n−1
2

i W1t
−1W2a

n
i+1, (W1t

−1W2a
n−1
i+1 , a

n−1
2

i W1t
−1W2),

(11) ∩ (2) : a
n−1
2

i W1t
−1W2ai+1aj (i+ 1 > j), (W1t

−1W2aj , a
n−1
2

i W1t
−1W2ajai+1),

(11) ∩ (5) : a
n−1
2

i W1t
−1W2a

2
i+1Wt, (W1t

−1W2ai+1Wt, a
n−1
2

i W1t
−1W2Wtai),

(11) ∩ (6) : a
n−1
2

i W1t
−1W2a

2
i+1, (W1t

−1W2ai+1, a
n−1
2

i W1ait
−1W2),

(11) ∩ (7) : a
n−1
2

i W1t
−1W2ai+1tW3t

−1 (W1t
−1W2tW3t

−1, a
n−1
2

i W1t
−1tW3t

−1W2ai+1),

(11) ∩ (8) : a
n−1
2

i W1t
−1W2a

n+1
2

i+1 , (W1t
−1W2a

n−1
2

i+1 , a
n−1
2

i W1t
−1W2t

−1ai+2t),

(11) ∩ (10) : a
n−1
2

i W1t
−1W2ai+1W3tW4a

n−1
2

i , (W1t
−1W2W3tW4a

n−1
2

i , a
n−1
2

i W1t
−1W2W3tW4),

(11) ∩ (11) : a
n−1
2

i W1t
−1W2a

n−1
2

i+1 W3t
−1W4ai+2, (W1t

−1W2a
n−3
2

i+1 W3t
−1W4ai+2, a

n−1
2

i W1t
−1W2W3t

−1W4),

(11) ∩ (12) : a
n−1
2

i W1t
−1W2a

2
i+1Wa2j+1 (j > i), (W1t

−1W2ai+1Wa2j+1, a
n−1
2

i W1t
−1W2taiajt

−1W ),

(11) ∩ (13) : a
n−1
2

i W1t
−1W2ai+1W3tW4a

n−5
2

i tW5ai−1,

(W1t
−1W2W3tW4a

n−5
2

i tW5ai−1, a
n−1
2

i W1t
−1W2W3tW4tW5),

(11) ∩ (14) : a
n−1
2

i W1t
−1W2ai+1W3t

−1a
n−5
2

i+2 W4t
−1W5ai+3,

(W1t
−1W2W3t

−1a
n−5
2

i+2 W4t
−1W5ai+3, a

n−1
2

i W1t
−1W2W3t

−1W4t
−1W5),
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and

(12) ∩ (1) : a2i+1Wanj+1 (j > i), (taiajt
−1Wan−2

j+1 , a
2
i+1W ),

(12) ∩ (2) : a2i+1Wa2j+1ak (j > i, j + 1 > k), (taiajt
−1Wak, a

2
i+1Waj+1akaj+1),

(12) ∩ (5) : a2i+1Wa2j+1W1t (j > i), (taiajt
−1WW1t, a

2
i+1WW1taj),

(12) ∩ (7) : a2i+1Wa2j+1W1tW2t
−1 (j > i), (taiajt

−1WW1tW2t
−1, a2i+1Waj+1tW2t

−1aj+1W1),

(12) ∩ (7) : a2i+1Wa2j+1W1t
−1W2t (j > i), (taiajt

−1WW1t
−1W2t, a

2
i+1Waj+1t

−1W2taj+1W1),

(12) ∩ (8) : a2i+1Wa
n+1
2

j+1 (j > i), (taiajt
−1Wa

n−3
2

j+1 , a
2
i+1Wt−1aj+2t),

(12) ∩ (10) : a2i+1Wa2j+1W1tW2a
n−1
2

j (j > i), (taiajt
−1WW1tW2a

n−1
2

j , a2i+1Waj+1W1tW2),

(12) ∩ (11) : a2i+1Wa
n−1
2

j+1 W1t
−1W2aj+2 (j > i), (taiajt

−1Wa
n−5
2

j+1 W1t
−1W2aj+2, a

2
i+1WW1t

−1W2),

(12) ∩ (12) : a2i+1W1a
2
j+1W2a

2
k+1 (k > j > i), (taiajt

−1W1W2a
2
k+1, a

2
i+1W1tajakt

−1W2),

(12) ∩ (13) : a2i+1Wa2j+1W1tW2a
n−5
2

j tW3aj−1 (j > i),

(taiajt
−1WW1tW2a

n−5
2

j tW3aj−1, a
2
i+1Waj+1W1tW2tW3),

(12) ∩ (14) : a2i+1Wa2j+1W1t
−1a

n−5
2

j+2 W2t
−1W3aj+3 (j > i),

(taiajt
−1WW1t

−1a
n−5
2

j+2 W2t
−1W3aj+3, a

2
i+1Waj+1W1t

−1W2t
−1W3),

(13) ∩ (1) : ai+1W1tW2a
n−5
2

i tW3a
n
i−1, (W1tW2tW3a

n−1
i−1 , ai+1W1tW2a

n−5
2

i tW3),

(13) ∩ (2) : ai+1W1tW2a
n−5
2

i tW3ai−1aj (i− 1 > j), (W1tW2tW3aj , ai+1W1tW2a
n−5
2

i tW3ajai−1),

(13) ∩ (5) : ai+1W1tW2a
n−5
2

i tW3a
2
i−1Wt, (W1tW2tW3ai−1Wt, ai+1W1tW2a

n−5
2

i tW3Wtai−2),

(13) ∩ (7) : ai+1W1tW2a
n−5
2

i tW3ai−1W4tW5t
−1,

(W1tW2tW3W4tW5t
−1, ai+1W1tW2a

n−5
2

i tW3tW5t
−1ai−1W4),

(13) ∩ (7) : ai+1W1tW2a
n−5
2

i tW3ai−1W4t
−1W5t,

(W1tW2tW3W4t
−1W5t, ai+1W1tW2a

n−5
2

i tW3t
−1W5tai−1W4),

(13) ∩ (8) : ai+1W1tW2a
n−5
2

i tW3a
n+1
2

i−1 , (W1tW2tW3a
n−1
2

i−1 , ai+1W1tW2a
n−5
2

i tW3t
−1ait),

(13) ∩ (10) : ai+1W1tW2a
n−5
2

i tW3ai−1W4tW5a
n−1
2

i−2 ,

(W1tW2tW3W4tW5a
n−1
2

i−2 , ai+1W1tW2a
n−5
2

i tW3W4tW5),

(13) ∩ (11) : ai+1W1tW2a
n−5
2

i tW3a
n−1
2

i−1 W4t
−1W5ai,

(W1tW2tW3a
n−3
2

i−1 W4t
−1W5ai, ai+1W1tW2a

n−5
2

i tW3W4t
−1W5),

(13) ∩ (12) : ai+1W1tW2a
n−5
2

i tW3a
2
i−1Wa2j+1 (j > i),

(W1tW2tW3ai−1Wa2j+1, ai+1W1tW2a
n−5
2

i tW3tai−2ajt
−1W ),
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and

(13) ∩ (13) : ai+1W1tW2a
n−5
2

i tW3ai−1W4tW5a
n−5
2

i−2 tW6ai−3,

(W1tW2tW3W4tW5a
n−5
2

i−2 tW6ai−3, ai+1W1tW2a
n−5
2

i tW3W4tW5tW6),

(13) ∩ (14) : ai+1W1tW2a
n−5
2

i tW3ai−1W4t
−1a

n−5
2

i W5t
−1W6ai+1,

(W1tW2tW3W4t
−1a

n−5
2

i W5t
−1W6ai+1, ai+1W1tW2a

n−5
2

i tW3W4t
−1W5t

−1W6),

(14) ∩ (1) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3a

n
i+2, (W1t

−1W2t
−1W3a

n−1
i+2 , aiW1t

−1a
n−5
2

i+1 W2t
−1W3),

(14) ∩ (2) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2aj (i+ 2 > j), (W1t

−1W2t
−1W3aj , aiW1t

−1a
n−5
2

i+1 W2t
−1W3ajai+2),

(14) ∩ (5) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3a

2
i+2Wt, (W1t

−1W2t
−1W3ai+2Wt, aiW1t

−1a
n−5
2

i+1 W2t
−1W3Wtai+1),

(14) ∩ (7) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2W4t

ϵW5t
−ϵ,

(W1t
−1W2t

−1W3W4t
ϵW5t

−ϵ, aiW1t
−1a

n−5
2

i+1 W2t
−1W3t

ϵW5t
−ϵai+2W4),

(14) ∩ (8) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3a

n+1
2

i+2 , (W1t
−1W2t

−1W3a
n−1
2

i+2 , aiW1t
−1a

n−5
2

i+1 W2t
−1W3t

−1ai+3t),

(14) ∩ (10) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2W4tW5a

n−1
2

i+1 ,

(W1t
−1W2t

−1W3W4tW5a
n−1
2

i+1 , aiW1t
−1a

n−5
2

i+1 W2t
−1W3W4tW5),

(14) ∩ (11) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3a

n−1
2

i+2 W4t
−1W5ai+3,

(W1t
−1W2t

−1W3a
n−3
2

i+2 W4t
−1W5ai+3, aiW1t

−1a
n−5
2

i+1 W2t
−1W3W4t

−1W5),

(14) ∩ (12) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3a

2
i+2Wa2j+1 (j > i),

(W1t
−1W2t

−1W3ai+2Wa2j+1, aiW1t
−1a

n−5
2

i+1 W2t
−1W3tai+1ajt

−1W ),

(14) ∩ (13) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2W4tW5a

n−5
2

i+1 tW6ai,

(W1t
−1W2t

−1W3W4tW5a
n−5
2

i+1 tW6ai, aiW1t
−1a

n−5
2

i+1 W2t
−1W3W4tW5tW6),

(14) ∩ (14) : aiW1t
−1a

n−5
2

i+1 W2t
−1W3ai+2W4t

−1a
n−5
2

i+3 W5t
−1W6ai+4,

(W1t
−1W2t

−1W3W4t
−1a

n−5
2

i+3 W5t
−1W6ai+4, aiW1t

−1a
n−5
2

i+1 W2t
−1W3W4t

−1W5t
−1W6).

In fact, all these above critical pairs are resolved by reduction steps. We show some of them as follows.

(5) ∩ (9) : a2i+1Wtajt
−1, (Wtaiajt

−1, a2i+1Wa2j+1),

a2i+1Wtajt
−1 −→


•Wtaiajt

−1 → taiajt
−1W

• a2i+1Wa2j+1 → taiajt
−1W.

419



KIRMIZI ÇETİNALP and GÜZEL KARPUZ/Turk J Math

(11) ∩ (12) : a
n−1
2

i W1t
−1W2a

2
i+1Wa2j+1 (j > i), (W1t

−1W2ai+1Wa2j+1, a
n−1
2

i W1t
−1W2taiajt

−1W ),

a
n−1
2

i W1t
−1W2a

2
i+1Wa2j+1 −→



•W1 t
−1W2ai+1Wa2j+1︸ ︷︷ ︸ → W1ajt

−1W2ai+1W

• a
n−1
2

i W1t
−1W2t︸ ︷︷ ︸ aiajt−1W → t−1W2t a

n+1
2

i︸ ︷︷ ︸W1ajt
−1W

→ t−1W2 tt
−1︸︷︷︸ ai+1tW1ajt

−1W

→ t−1 W2ai+1tW1ajt
−1︸ ︷︷ ︸W

→ W1ajt
−1W2ai+1W.

After all above processes, we see that all critical pairs can be resolved. Thus, the rewriting system is
complete. 2

Theorem 3.4 A complete rewriting system for m ≥ 3 given in presentation (3.1) consists of the following
relations:

(1) ani → 1, (2) aiaj → ajai (i > j), (3) tt−1 → 1, (4) t−1t → 1, (5) ami+1 → tait
−1 ((m,n) = 1),

(6) ajt
−1akiWt → t−1akiWtaj , (7) aitWakj t

−1 → tWakj t
−1ai ,

(8) art
−1akiW1tW2aj → ajart

−1akiW1tW2 (r > j),

where 0 ≤ k < n (k ∈ Z), W1 , and W2 are reduced words containing ai (i ∈ Z) , and W is reduced word
generated by ai and t .

Proof Noetherian property of the rewriting system can be seen easily. Now, we need to show that the
confluent property holds. To do that we have the following overlapping words and corresponding critical pairs,
respectively.

(1) ∩ (1) : an+1
i , (ai, ai), (1) ∩ (2) : ani aj (i > j), (aj , a

n−1
i ajai),

(1) ∩ (6) : anj t
−1akiWt, (t−1akiWt, an−1

j t−1akiWtaj),

(1) ∩ (7) : ani tWakj t
−1, (tWakj t

−1, an−1
i tWakj t

−1ai),

(1) ∩ (8) : anr t
−1akiW1tW2aj (r > j), (t−1akiW1tW2aj , a

n−1
r ajart

−1akiW1tW2),

(2) ∩ (1) : aia
n
j (i > j), (ajaia

n−1
j , ai), (2) ∩ (2) : aiajak (i > j > k), (ajaiak, aiakaj),

(2) ∩ (5) : aia
m
j+1 (i > j + 1), (aj+1aia

m−1
j+1 , aitajt

−1),

(2) ∩ (6) : arajt
−1akiWt (r > j), (ajart

−1akiWt, art
−1akiWtaj),

(2) ∩ (7) : araitWakj t
−1 (r > i), (aiartWakj t

−1, artWakj t
−1ai),

(2) ∩ (8) : asart
−1akiW1tW2aj (s > r > j), (arast

−1akiW1tW2aj , asajart
−1akiW1tW2),

(3) ∩ (4) : tt−1t, (t, t), (4) ∩ (3) : t−1tt−1, (t−1, t−1),
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and

(5) ∪ (1) : ani , (tai−1t
−1an−m

i , 1), (5) ∩ (2) : ami aj (i > j), (tai−1t
−1aj , a

m−1
i ajai),

(5) ∩ (5) : am+1
i , (tai−1t

−1ai, aitai−1t
−1),

(5) ∩ (6) : amj t−1akiWt, (taj−1t
−1t−1akiWt, am−1

j t−1akiWtaj),

(5) ∩ (7) : ami tWakj t
−1, (tai−1t

−1tWakj t
−1, am−1

i tWakj t
−1ai),

(5) ∩ (8) : amr t−1akiW1tW2aj (r > j), (tar−1t
−1t−1akiW1tW2aj , a

m−1
r ajart

−1akiW1tW2),

(6) ∩ (3) : ajt
−1akiWtt−1, (ajt

−1akiW, t−1akiWtajt
−1),

(6) ∩ (7) : ajt
−1ak1

i tWak2
r t−1, (t−1ak1

i tWaja
k2
r t−1, ajt

−1tWak2
r t−1Wak1

i ),

(6) ∪ (8) : art
−1akiW1tW2aj (r > j), (t−1akiW1tarW2aj , ajart

−1akiW1tW2),

(7) ∩ (4) : aitWakj t
−1t, (tWakj t

−1tai, aitWakj ),

(7) ∩ (6) : aitW1a
k1
j t−1ak2

r W2t, (tW1a
k1
j t−1aia

k2
r W2t, aitW1t

−1ak2
r W2ta

k1
j ),

(7) ∩ (8) : aitWak1
j t−1ak2

r W1tW2as (j > s, r > i), (tWak1
j t−1aia

k2
r W1tW2as, aitWasa

k1
j t−1ak2

r W1tW2),

(8) ∩ (1) : art
−1akiW1tW2a

n
j (r > j), (ajart

−1akiW1tW2a
n−1
j , art

−1akiW1tW2),

(8) ∩ (2) : art
−1akiW1tW2ajas (r > j > s), (ajart

−1akiW1tW2as, art
−1akiW1tW2asaj),

(8) ∩ (5) : art
−1akiW1tW2a

m
j (r > j), (ajart

−1akiW1tW2a
m−1
j , art

−1akiW1tW2taj−1t
−1),

(8) ∩ (6) : art
−1ak1

i W1tW2ajt
−1ak2

s W3t (r > j), (ajart
−1ak1

i W1tW2t
−1ak2

s W3t, art
−1ak1

i W1tW2t
−1ak2

s W3taj),

(8) ∩ (7) : art
−1ak1

i W1tW2ajtW3a
k2
s t−1 (r > j), (ajart

−1ak1
i W1tW2tW3a

k2
s t−1, art

−1ak1
i W1tW2tW3a

k2
s t−1aj),

(8) ∩ (8) : art
−1ak1

i W1tW2ajt
−1ak2

l W3tW4as (r > j > s),

(ajart
−1ak1

i W1tW2t
−1ak2

l W3tW4as, art
−1ak1

i W1tW2asajt
−1ak2

l W3tW4).

In fact, all these above critical pairs are resolved by reduction steps. We show some of them.

(5) ∩ (2) : ami aj (i > j), (tai−1t
−1aj , a

m−1
i ajai),

ami aj −→
{

tai−1t
−1aj

am−1
i ajai → aja

m
i → ajtai−1t

−1 → tai−1t
−1aj .

(7) ∩ (6) : aitW1a
k1
j t−1ak2

r W2t (r > i), (tW1a
k1
j t−1aia

k2
r W2t, aitW1t

−1ak2
r W2ta

k1
j ),

aitW1a
k1
j t−1ak2

r W2t −→

{
tW1a

k1
j t−1aia

k2
r W2t → tW1t

−1aia
k2
r W2ta

k1
j

aitW1t
−1ak2

r W2ta
k1
j → tW1t

−1aia
k2
r W2ta

k1
j .

After all above processes, we see that all critical pairs can be resolved. Thus, the rewriting system is
complete. 2

By considering the right sides of the relations given in Theorems 3.3 and 3.4 , we have the following
result for both theorems:
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Corollary 3.5 The normal form of a word u , representing an element of N#f
φZ , is tk1W1t

k2W2t
k3W3 · · · tkqWq,

where ki ∈ Z (1 ≤ i ≤ q) and Wi := ai1ai2 · · · aim(1 ≤ i ≤ q, i1 < i2 < · · · < im) , Wit
ki+1Wi+1t

ki+2 (1 ≤ i ≤
q − 2) and Wit

ki+1Wi+1t
ki+2Wi+2 (1 ≤ i ≤ q − 2) are irreducible words in N#f

φZ .

By Corollaries 3.2 and 3.5 , we have the following result.

Corollary 3.6 The word problem for the group N#f
φZ is solvable.
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