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Abstract: In this paper, we study the Hilbert series of the tangent cone of Gorenstein monomial curves in the 4-
dimensional affine space. We give an explicit formula for the reduced Hilbert series of the tangent cone of a noncomplete

intersection Gorenstein monomial curve whose tangent cone is Cohen—Macaulay.
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1. Introduction

Let ny < ng < -+ < ng be positive integers with ged(ni,...,ng) = 1. Consider the polynomial ring
R = Klx1,...,x4] in d variables over a field K. We shall denote by x" the monomial z7*---z3? of R,
with u = (uy,...,uq) € N% where N stands for the set of nonnegative integers. Consider the affine monomial
curve in the d-dimensional affine space A%(K) defined parametrically by x; = t™,... x4 = t"¢. The toric

ideal of C', denoted by I, is the kernel of the K -algebra homomorphism ¢ : R — K|[t] given by
p(z;) =t" forall 1<i<d.

The ideal I is generated by all the binomials x" — xV such that ¢(x") = ¢(xV) see for example, [7, Lemma
4.1]. Given a polynomial f € I, we let f* be the homogeneous summand of f of least degree. We shall denote
by I the ideal in R generated by the polynomials f* for f € Ic.

Let m =< t",...,t" > be the maximal ideal of the one-dimensional local ring A = K[[t",...,t"4]].
The Hilbert function Hy of A is defined by Ha (i) = dim ., (m*/m**1) for every i € N, which coincides, by
its definition, with the Hilbert function of the associated graded ring gr,,(4) = @, mt/mitt. Tt is worth
noting that gr,,(A) is isomorphic to the quotient R/I} . We recall that I} is the defining ideal of the tangent
cone of C' at the origin.

Given an ideal J C R, we shall denote by HS(R/J,z) the Hilbert series of the ring R/J, namely
HS(R/J,z) = > ,enHryy(i)z" where Hp,,; is the Hilbert function of R/J. By the Hilbert-Serre theorem,

HS(R/J, z) is a rational function of the form HS(R/J,z) = (1”_(‘?)(1 for some p(z) € Z[z]. In particular,

h(z)
(1—2)e

by reducing this rational function we get HS(R/J, z) =
dimension of R/J.

for some h(z) € Z[z], where e is the Krull
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In this paper, we study the reduced Hilbert series of the ring R/I}.. Since the Krull dimension of the

h(z)

above ring is equal to 1, we can write HS(R/I¢,2) = 1.

We restrict ourselves to Gorenstein noncomplete
intersection monomial curves in A*(K). Recall that a monomial curve C is called Gorenstein if the associated
local ring A is Gorenstein. Furthermore we assume that R/If, is a Cohen-Macaulay ring. The significance of
this class is underscored by the following result: If R/I} is Cohen-Macaulay, then the Hilbert function of A
is nondecreasing. Our aim is to give an explicit formula for the numerator of the reduced Hilbert series of the
ring R/If depending only on a minimal generating set of I¢.

In [4] Bresinsky provided a minimal generating set of I consisting of five generators. Actually, there are
6 permutations of the above generator set. In [1] the authors provided necessary and sufficient conditions for
the Cohen-Macaulayness of R/If in all six permutations. We compute a standard basis for I with respect to
the negative degree reverse lexicographic term ordering with x4 > 23 > x2 > x1. Using [3, Proposition 2.2] we
determine a formula for the numerator of the reduced Hilbert series of R/LM(If ), where LM(I}) is the ideal
generated by the leading monomials of the polynomials of I with respect to the aforementioned order. By [5,
Theorem 5.2.6] the reduced Hilbert series of R/I} coincides with the reduced Hilbert series of R/LM(I{).

2. Formulas for the reduced Hilbert series
In this section we first recall Bresinsky’s theorem, which gives the explicit description of Io when C is a
Gorenstein noncomplete intersection monomial curve in A*(K). By Kunz [6] it is well known that the Gorenstein

property of a monomial curve is equivalent to the symmetric property of N{ny,...,n4}.

Theorem 2.1 ([4}]) Let C be a monomial curve having the parametrization
Tl = tnl,IQ = th,JL‘g = tn3,334 =",

The semigroup N{ni,...,n4} is symmetric and C is a noncomplete intersection curve if and only if Ic is

minimally generated by the set

— ai a13 ,,a14 — az a1 ,,a24 — as asi .a32 — a4 a42 ,,043 — az1 ,,a43 asz2 ,.a14
{fi =27 —a3@al™, fo=25° — a2, fs = 25 — a1 23®, fa = it —a5Pa3®, fs = a7 23® — 252t}
where the polynomials f; are unique up to isomorphism, a;; > 0 and also

a1 = ag1 + as1, e = a3z + G42,03 = a13 + Q43,04 = Q14 + G24.

Remark 2.2 (/2/) Theorem 2.1 implies that for any noncomplete intersection Gorenstein monomial curve in
A*(K), the variables can be renamed to obtain generators exactly of the given form, and this means that there

are six isomorphic possible permutations which can be considered within three cases:

(1) fl = (17 (334))

(a) fo= (2a (3’4))3 f3= (37 (1a4))7 fa= (4’ (172))’ 5= ((274)7 (133))
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(b) f2 = (23 (174))3 f3 = (37 (2ﬂ4))7 f4 = (47 (173))7 f5 = ((1’2)7 (433))

(a) f2 = (2a (173))a f3 = (3a (154))7 f4 = (47 (2’3»7 f5 = ((172)7 (3’4))
(b) Jfa= (2a (374))7 3= (3’ (1a2))a fa= (47 (1’3))7 s = ((2?3)7 (174))

Here, the notation f; = (4,(j,k)) and f5 = ((¢,7),(k,1)) denote the generators f; = z;* — x;”xzk and

Ajk a4

. Apq . . . . oy
f5 = oz — x’ )" Thus, given a Gorenstein monomial curve C, if we have the extra condition

i g
ny < ne < ng < ng, then the generator set of I is exactly given by one of these six permutations.

In [1] they provided necessary and sufficient conditions for the Cohen-Macaulayness of R/If. More
precisely they proved the following.

Theorem 2.3 ([1]) (1) Suppose that Ic is given as in case 1(a). Then R/I} is Cohen-Macaulay if and only
if az < ag1 + agq.

(2) Suppose that Ic is given as in case 1(b). (i) Assume that ass < aza. Then R/If is Cohen—Macaulay if
and only if

1. az < a1 + ass,

2. ago + a3 < asy + azq, and

3. either asy < a14 and as + a3 < ag1 +aszs — g + 2a34 o1 a1a < asq and az + a1z < a1+ ass +ass — aqq -
(it) Assume that azs < asz and ais < aga. Then R/I} is Cohen-Macaulay if and only if

1. a2 < ag1 + ags,

2. a49 + a13 < as1 + asq, and

3. a3+ a3 < a1+ as+as —au.

(3) Suppose that Ic is given as in case 2(a). (i) Assume that asa < aga. Then R/I} is Cohen—Macaulay if
and only if

1. a3 < a3 +asq,

2. ai2 + azs < aq +azz, and

3. either ass < a1z and as + a1 < aqq1 + 2a93 + ag4 — aza or a1z < as3 and as +arr < a1+ asz — a3+ asa -
(it) Assume that azs < asa and aiz < asz. Then R/IE is Cohen—-Macaulay if and only if

1. a3 < az1 +ass,

2. a0+ azs < a1 + as3, and

3. az +ai2 < ap+azz —aiz+azy.
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(4) Suppose that Ic is given as in case 2(b). (i) Assume that ags < asa. Then R/I} is Cohen—Macaulay if
and only if

1. az < as1 +ax and

2. either azs < a12 and asz+ a13 < ag1 + 2a30 + agq — ass or a1o < aze and az+ a1z < a1+ azo — a2 + a34.
(11) Assume that ass < asa and aiz < aszy. Then R/I} is Cohen—Macaulay if and only if

1. as < as1 +asy and

2. az+aiz3 <ai;+ase — a2+ as.

(5) Suppose that Ic is given as in case 3(a). Then R/I} is Cohen—Macaulay if and only if as < ag1+asgs3

and a3z < asy + azs.

(6) Suppose that Ic is given as in case 3(b). (i) Assume that asz < ass. Then R/If is Cohen—Macaulay
if and only if

1. a19 + a3 < aszy + asy and
2. either asy < a14 and as + a1z < azq + 2a94 + a23 — ag3 or arg < agy and as + a2 < a1+ asz + agy — a4 -
(it) Assume that ass < asg and a1y < ass. Then R/I} is Cohen-Macaulay if and only if
1. a13 +asz < az; +axy and
2. az +ai2 <ai+ a3+ axy —ay.
For the rest of this section, we assume that R/I} is a Cohen-Macaulay ring.

In the sequel, we will make repeatedly use of the next proposition.

Proposition 2.4 ([3, Proposition 2.2]) Let I C R be a monomial ideal and let I =< J,x" > for a monomial
ideal J and a monomial X*. For an ideal M C R denote by p(M) the numerator of the Hilbert series of R/M .

Then p(I) = p(J) — 298N p(J :< x >).

Theorem 2.5 Suppose that Ic is given as in case 1(a). Then the reduced Hilbert series of R/If s
HS(R/I}, z) = h(zz) for

1—

4 ago—1 az—1 agq—1 azo—1 ag3—1 agq—1
_ 2 . a;—1\ _ _aia+aszz 1 i i _ a13+aia 7 i 1
h(z) = 14+2z+4+2°+ +z z z z Z2'—z z z z2*.
i=2 i=0 i=0 i=0 i=0 i=0 i=0
Proof. By [2, Lemma 2.7],
— ai ai3 ,.a14 az a1 ,,a24 as asi ,,a32 a4 @42 ,,043 a21 ,,a43 asz2 ,,a14
G = {z]" —ag¥ai™, 25* — a{P P wg® — 2P ag® 2yt — wyP g 2P gt — a5 it}

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with
x4 > x3 > X2 > x1. From [5, Lemma 5.5.11] the ideal I} is generated by the least homogeneous summands of

the elements in G. In addition, LM(I) =< x5 zy", 25?, 25%, 23, 2532 25" >. Let

Jo =< LM(I{) >, J1 =< z3?,25%, xy*, x5 ay™ >, Jo =< 5%, 25%, x4t > .
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Then J; =< Jit1,¢; >, where go = z3"%z3"* and ¢1 = z5* 25" . By Proposition 2.4,
(i) = p(Jiz1) — 248 @) p(J;q 1< ¢ >), for 0<i<1.

Note that deg(go) = a13+a14 and deg(g1) = a14+asz. In this case, Ji :< go >=< x5°?, 25", 25> > and Jp :<
1 >=< x5*?, x5, x4** >. We have that p(J3) = Hfﬂ(l—z‘“) and p(Ja :< q1 >) = (1—2%2)(1—2%)(1—2%4),
so p(J1) = H?:z(l — 201) — z@327 014 (] — 2042 (] — 293)(1 — z9%4). Furthermore p(J; :< qo >) = (1 — 2%32)(1 —
2%43)(1—224)  so p(Jy) = H?:Q(l—za")—zm“a”(l—z““)(1—z“3)(1—za24)—z“13+al4(1—2“32)(1—2'“43)(1—2“24).

Now using the fact that 1 —2b = (1 — 2) Z?;é 2' we get

as—1 az—1 as—1 ag2—1 az—1 ag4—1

p(Jo) = (1—2)3 Z 2t Z 2t Z 2t — (1 — z)3zmatas Z 2 Z 2 Z 2=
i=0 i=0 i=0

i=0 =0 =0

azgz—1 agz3—1 ags—1

(1 — z)3z23taus E z* g z* g 2"
i=0 i=0 i=0

Thus p(Jo) = (1 — 2)3h(z), and therefore HS(R/LM(I}),2) = he) O

1—2z

We continue with case 1(b). If az < ags + ag4, then we can use [2, Remark 2.9] to find the reduced
Hilbert series of R/If.

Theorem 2.6 Suppose that Ic is given as in case 1(b) and also that as < ass + ass. Then the reduced Hilbert
series of R/I} is HS(R/I, z) = M=) for

1—2z
4 a3271 a2371 a471 a4271 a2371 a3471
h(Z) = H(l + z _|_ 22 + . + Zai_l) _ Z(l13+(142 § Zi § Zi E Zi _ Za13+a14 E Zi E Zi § Zi.
i=2 i=0 i=0 i=0 i=0 i=0 i=0
Proof. By [2, Remark 2.9],
—_ ai ais ,.ai4 az a1 ,,a23 as asz2 ,,a34 a4 a41 ,,042 a21 ,,a34 a42 ,,013
G = {o" —a3¥ai™, 25> — 21 03, v3® — ap® Pt aft — ANy p{M et — a5 ag )

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with
xq > x3 > X2 > x1. From [5, Lemma 5.5.11] the ideal I} is generated by the least homogeneous summands of

the elements in G. Also LM(I}) =< a§?ay*, 252, x5%, oyt 252 25" > . Let
Jo = LM(I%), J1 =< x5?, 253, xy*, x5 x3™® >, Jy =< 29%, 25°, x4* > .
Then J; =< Jit1,¢; >, where go = x5 z3** and ¢; = z53*225"®. By Proposition 2.4,
p(J5) = p(Jig1) — 298 p(J; 1 i< g >), for 0<i<1.

Note that deg(go) = a13 + a14 and deg(qi) = a1z + asz. In this case, J; :< qo >=< x§*, 5%, 27> >
and Jo :< @1 >=< 3% 23% 24* >. We have that p(J2) = H?:z(l —z%) and p(Jo < @@ >) = (1 —
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2%32)(1 — z923)(1 — 2%), so p(J;) = H?:Q(]' — 201) — pMstaaz(] — pas2)(] — z923)(1 — 29). Furthermore
p(J1 :< qo >) = (1 — 2%42)(1 — 2%23)(1 — 234), so
4

P(Jo) — H(]_ _ Zai) _ Za13+0«42(]_ _ Za32)(1 _ Ztlzs)(]_ _ Za4) _ Za13+a14(1 _ Za42)(1 _ 2023)(1 _ Za34).
=2

Using the fact that 1 — 2% = (1 — 2) Z?;é 2t we get p(Jo) = (1 — 2)3h(z). Thus HS(R/LM(I}),z) = }fg . O
Proposition 2.7 Suppose that I is given as in case 1(b). Let a3 > asza + ass, aszs < ag2 and ayy < asq.
Then the set

G — {fl — x¢111 _ .1'(;13.’13214, f2 — x¢212 _ mlll21$g23’ f3 — mgs _ $;32$ZS4,

aq41

fa= x4 — 28 azy

aq2 — Q21 Q42,013 __ .astais a1 ,.a32 ,,034—014
9%, fs = ' ay fo=x3 —zi'z

— LT3, 2 "Ly

is a standard basis for I with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 7.

Proof. We will apply the standard basis algorithm [5] to the set G = {f1,..., fe}. Here ecart(g) denotes
deg(g) — deg(LM(g)). We will show that NF(spoly(f;, f;)|G) = 0, for all ¢, j with 1 < i < j < 6.
Here LM(f1) = a32zy*, LM(f2) = z3?, LM(fs) = x5°2x3®, LM(fy) = z3*, LM(f5) = z5*225* and
LM(fe) = x327*3. Therefore NF(spoly(fi, f;)|G) = 0 as LM(f;) and LM(f;) are relatively prime, for
(i,5) € {(1,2),(2,4),(2,6),(3,6),(4,5), (4,6)}.

e spoly(fi, f3) = x§3+a13 —z]tag®xy®t T = fg, so NF(spoly(fi, f3)|G) = 0.

o spoly(fi, fa) = x7" w3225 —x{ x5 . Tt holds that ass+ag1 > aso+ais, s0 aza+ag1 +aa1 > aa1+ase+ais

and therefore aq + asa > aa1 + a2 + a13. Thus LM(spoly(fi, f1)) = z{* x5*2x5**. Only LM(f5) divides
LM(spoly(fi, fa)). Using the fact that as; = a1 — as1 we get ecart(spoly(fi, f1)) = ecart(fs). Since
spoly(fs, spoly(f1, f1)) = 0, we get NF(spoly(f1, f4)|G) = 0.

o spoly(fi, f5) = x> xy* —x{*x5*? . Since ay < aq1 + aq2, we get that as + a1 < ag1 +aq1 + a4z = a1 + a4z

Thus LM(spoly(f1, f5)) = z7*z4*. Only LM(fs) divides LM(spoly(fi, f5)) and ecart(spoly(fi, f5)) =
ecart(fy). Then spoly(fs,spoly(fi, fs)) =0 and also NF(spoly(fi, f5)|G) = 0.

o spoly(f1, fo) = ' a5®xy®* — x{'x5®. Then LM(spoly(f1, f6)) = =] 'x5*?23** and only LM(f3) divides
LM(spoly(f1, fs)). Note that ecart(spoly(fi, fs)) = ecart(fs). Then spoly(fs,spoly(fi,fs)) = 0 and
NF (spoly(f1, f6)|G) = 0.

a3z4

o42 (x5 2% . Since aqa + a1z < ag1 + age, we have ago + asz < agy + asq + ag3.

o spoly(fa, f3) = 25 x3° — xf
Thus LM(spoly(fa, f3)) = x5*2x5® and only LM(f5) divides LM(spoly(fs, f3)). Using the fact that
as = ai3 + agz we get ecart(spoly(fa, f3)) = ecart(fs). Then spoly(fs,spoly(fa, f3)) = 0 and also
NF(spoly(fs, £3)|G) = 0.

o spoly(fe, f5) = ai*x3®2xy® — z{* Since agy + azs < a3z, we get asy + ass + az; < asg +

as1. Thus LM(spoly(fa, f5)) = x{*x5%2x4** and only LM(f3) divides LM(spoly(fa, f5)). Furthermore
ecart(spoly(fa, f5)) = ecart(f3). Then spoly(fs,spoly(fe, f5)) = 0 and also NF(spoly(fa, f5)|G) = 0.

as
Tg”.
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o spoly(fs, fa) = a7 x3? —x33xy™ . Suppose that as1+a2 < az+a4. Then (as1+az)ne > as1ni+azng and

also (a41 +CL2)TL2 > asns +a14n4, since aqs1ni+aa2Mo = aznz+ajqng. But asns+apang > (0,3 +a14)n3, SO
(aq1+a2)n2 > (az+a14)ns. Moreover (aq1 +az)ne < (aq1+az2)nz and (aq1 +a2)ns < (az+aiq)ns, hence
(aq1 + a2)n2 < (as+ ais)ns a contradiction. Thus as + a14 < ag1 + a2 and therefore LM(spoly(fs, f1)) =
x5z . Only LM(f1) divides LM(spoly(fs, f4)) and ecart(spoly(fs, fa)) < ecart(fi), since ag =

ais —+ assz, A2 — a23 S as1 and a; = ag1 —+ aqq - Let h = spoly(fl,spoly(fg,f4)) = $<1141ng — I?lIgzg.

Since az < ag1 + agz, we deduce that as + aq1 < a1 + aq1 + ags = a1 + azz. Thus LM(h) = z{* 232
and only LM(f2) divides LM(h). Using the fact that a1 = as; + a41 we get ecart(h) = ecart(f2). Then

spoly(f2,h) = 0 and NF(spoly(fs, f4)|G) = 0.

o spoly(fs, fo) = x{txg?xy® ™" — {2 x5 xy% . Recall that ag+a14 < aq1+ag. Then a1 +as+agqs —a1q =
a1 + aq1 + as + asy — a1q4 > a1 +ag + a1q + azq — a4 = az1 + as + agq and therefore LM(spoly(fs, f6)) =
1 esizy® . Only LM(f1) divides LM(spoly(fs, fs)) and ecart(spoly(fs, fo)) < ecart(f1), since az =

ai1+a21,,023,,034—a14

a13+azs and az —ag1 —azz < 0. Let g = spoly(f1,spoly(fs, fs)) = 7 r37 Ty
Then LM(g) = 2725223~ “**. Only LM(f2) divides LM(g) and ecart(g) = ecart(f2). Then spoly(fs,g) =
0 and NF(spoly(fs, fs)|G) =0.

ap .02 ,,a34—0ai14q
—xtxy?ry .

az1,,2a34

gu2mas2pletars 02152034 We distinguish the following cases:

o spoly(fs, f5) = =5 T3

1. LM(spoly(fs, f5)) = x‘f"’lxia“. Only LM(f4) divides LM(spoly(fs, f5)) and ecart(spoly(fs, f5)) <

ecart(fy), since az + a1z < a1 + as2 + azq4 — @14, a1 — a1 = ag1 and ayq + aza = ag. Let
g = spoly(f1,spoly(fs, f5)) = a{'ag*2a® ™" — 3427225748 Then a3 + a1z + asz — agy <

a1 + ag2 + azq — a4 and therefore LM(g) = xg“*“%gﬁm. Only LM(fs) divides LM(g) and also
ecart(g) = ecart(fs). Finally spoly(fs,g) = 0 and NF(spoly(fs, f5)|G) = 0.

2. LM(spoly(fs, f5)) = x5*~*22§3+%13 . Only LM(fs) divides the monomial LM(spoly(fs, f5)) and
ecart(spoly(fs, f5)) < ecart(fs). Let h = spoly(fs,spoly(fs, fs)) = (' a§i2agsi—m4 — 42142054
Then a1+a40+azs—a14 > as142a34, since a1 = asy1+aq1, ag1+aq40 > ag4 and ag—ary = azq. We have
that a1 +a42+azs—a1s = a21+as +ase+a3s—a14 > az1+a4+ass—a14 = ag1+ajs+azs+azs—ay =
a1 + 2az4. So LM(h) = x{**23%+. Only LM(fy) divides LM(h) and also ecart(h) = ecart(fy).
Then spoly(fs4,h) =0 and NF(spoly(fs, f5)|G) = 0. O

Theorem 2.8 Suppose that Ic is given as in case 1(b). Let az > aza + azs, aze < ag2 and ajg < azq. Then

the reduced Hilbert series of R/If is HS(R/I}, z) = hE) for

1—=z

as—1 as+taiz—1 ag—1 ax—1 az—1 azqs—1

h(z) = E z* E zlg 2t — st E zzg z* E 2'—
=0 =0 i=0 i=0 =0 =0

a3271 agfl a1471 a4271 algfl a1471

D I W SR D D o
=0 =0 =0 =0 =0 =0

aiq

Proof. By Proposition 2.7, G = {z{* — x5z}

az _ ,.a21,,023 .43 __ ,,032,,034 .04 __ ,,041,,042 ,,021,,034 __
» Lo L1723, T3 Lo Ly, Xy Ly Ty ™, Xy" Xy

r32ads p§3 e _ pi1 24314 g a standard basis for I with respect to the negative degree reverse
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lexicographic term ordering with x4 > x3 > x2 > ;. Then I} is generated by the least homogeneous

az+ais

ais 414 .02
, Lo™y X3

summands of the elements in G'. Moreover, LM(I{) =< 25"z L ryt, wyP it ag?ag® > | Let

Jo = LM(I}), J1 =< a§3 2§ 32, x3e T8 g4 25422518 >,

_ a a a asta a _ a asz+a a
Jo =< a5t aytt, x?, s ayt > J3 =< ay?, a5yt >

Then J; =< Jit1,¢; >, where qo = z532x3*, ¢1 = 25*223"® and ¢o = 253 z3**. Therefore

p(J;) = p(Jig1) — zdeg(q")p(JiH < qp >), for 0<i<2.

In this case, Ji < qo >=< x5,z 24" >, Jo < ¢ >=< x3*?,25%, 24" > and J3 < ¢ >=<
z5?, x5, x4* >. We have that p(J1 :< qo >) = (1 — 2%2)(1 — 2%3)(1 — 294), p(Jo < ¢1 >) = (1 —
2052)(1 - 208) (1 2010), p(Jy 1< g >) = (1— 292)(1— 299) (1 — 2054 and p(Jg) = (1 292)(1 — zostars)(1 — 201
Therefore

p(Jo) — (1 _ Za2)(1 _ Za3+a13)(1 _ Za4) _ Za13+a14(1 _ Zaz)(l _ Za?’)(l _ Za34)7

Za13+a42(1 _ Za32)(1 _ Za3)(1 _ za14) _ Za32+a34(1 _ Za42)(1 _ Za13)(1 _ Za14).

One can easily show that p(Jy) = (1 — 2)?h(z). Thus HS(R/LM(I}),z) = }1’(_2) . O

z

Proposition 2.9 Suppose that Ic is given as in case 1(b) and also that as > aga+ass. Assume that aso < ass.
(1) If az4 < ai4, then

— — ay 13,014 — az a21 ,,a23 — as asz2 ,,a34
G ={f1 =" —a§ay™, fo = 25 — 27" a5>, f3 = a§® — 25> x>,

azi

ay
— 2

fa =y ™

asq a42 013 __ .aztais
- — T fo =15

a42 _ .021 a3z —aq2,,2a34
", fs = 27y T3 z3"*}

)

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 7.
(2) If a4 S as4 , then

P P ai ai13 ,.a14 J— a2 a1 a3 R asz as2 ,,a34
G={fi =20 —a3¥a", fo = 25° — a7 25®, f3 = 23® — w3 2™,

J— aq a4l ,,a42 —_ a1 ,,a34 a42 ,,013 —_ aB+a13 ay a32,,a34—0a14
fo=ayt —aiay®?, f5 = aP e — 25w, fo = a3 T T T Ty }

is a standard basis for I with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 7.

Proof. (1) We will apply the standard basis algorithm to the set G = {f1,...,fs}. We will show that
NF(spoly(fi, f;)|G) =0, for all 4, j with 1 <i < j <6. Here LM(f1) = 5" z3", LM(f2) = 23%, LM(f3) =
532z LM(f4) = 25, LM(f5) = 25223 and LM(fs) = 25°7*. Therefore NF(spoly(f;, f;)|G) = 0 as
LM(f;) and LM(f;) are relatively prime, for (4, j) € {(1,2),(2,4),(2,6),(3,6),(4,5),(4,6)}.

o spoly(fi, fz) = waet@sgfamoss _ g@ig952 - Then LM(spoly(fi, f3)) =x5* 82447 %4  Only LM(f)
divides LM(spoly(f1, f3)) and also ecart(fs) < ecart(spoly(fi, f3)), since a1 = as1 + @41, a4 — a2 < aq1
and ay = a14 + asa. Let g = spoly(fs,spoly(f1,f3)) = z{*'x5®* “2xg* — x1*23% . Only LM(fy)
divides LM(g) = z{?'x5**”“42z4* and also ecart(g) = ecart(fs). Furthermore spoly(fs,9) = 0 and
NF(spoly(f1, f3)|G) = 0.
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o spoly(fi, fa) = x{* 25225 — {33 . In this case LM(spoly(fi, f1)) = x*z3*?z5**. Only LM(f5)
divides LM(spoly(fi, f4)). Using the fact that a1 = a1 + as1 we get ecart(spoly(fi, f1)) = ecart(fs).
The computation spoly(fs,spoly(fi, fa)) = 0 implies that NF(spoly(f1, f4)|G) = 0.

o spoly(fi, f5) = a7 xy* —x{*25* . Only LM(f4) divides LM(spoly(f1, f5)) = z{**x4* and ecart(spoly(f1, f5)) =
ecart(fs). Then spoly(fs,spoly(fi, f5)) = 0 and also NF(spoly(fi, f5)|G) = 0.

e spoly(fi, f¢) = x‘fmxg“*““mjﬂ““ﬂ —z{*x3® . We have that as; + ase —as2 +a14 +2a34 < a1 +as, since
- 2
a14 +2a34 = asq +aq, a2 +asq < az and ag — ago < agq1. So LM(spoly(fi, fs)) = x5 a42$214+ asa

Only LM(f4) divides LM(spoly(fi, fs)) and ecart(spoly(fi, fs)) > ecart(fs), since az — aza — azq > 0.
Let h = spoly(fa,spoly(f1, fs)) = x{* 25> —x{ ' x5*?x 33 | then LM(h) = x]'x5%?23**. Only LM(f3) divides
LM(h) and ecart(h) = ecart(fs). Then spoly(fs,h) =0 and NF(spoly(fi, f6)|G) = 0.

o spoly(fs, f3) = z5"25® — x{? 25>z . Then LM(spoly(f2, f3)) = z3*?x5* and only LM(fs) divides

LM(spoly(fa2, f3)). Furthermore ecart(spoly(fz, f3)) = ecart(f5). Then spoly(fs,spoly(fz, f3)) = 0 and
also NF(spoly(fa, f3)|G) = 0.

o spoly(fz, f5) = a7 x5®?xy® — x7*' 25* . Thus LM(spoly(f2, f5)) = 7' 253 23** and only LM(f3) divides
LM(spoly(fa, f5)). Furthermore ecart(spoly(fz, f5)) = ecart(fs3). Then spoly(fs,spoly(fz, f5)) = 0 and
NF(spoly(fz, f5)|G) = 0.

aq41 .02

o spoly(fs, fa) = z{"a3? — x5z . Since ag + a14 < as1 + az, we have that LM(spoly(fs, f1)) =
xgxg* . Only LM(f;) divides LM(spoly(fs, f1)) and ecart(spoly(fs, fi1)) < ecart(f1). Let g =

spoly(f1,spoly(fs, f1)) = xi*x5? — 2{*23**. Then LM(g) = z{* 25> and only LM(f2) divides LM(g).
Also ecart(g) = ecart(f2). Then spoly(f2,g) =0 and NF(spoly(fs, f4)|G) = 0.

azi

o spoly(fs, f5) = = xg”*““xi““ — x‘313+a13 = —f6. Then NF(spoly(fs, f5)|G) =0.

o spoly(fs, fo) = 92 as® i — {28325 . Then LM(spoly(fs, f6)) = x{>'28%223%4. Only LM(f3)
divides LM(spoly(fs, fs)) and ecart(spoly(fs, fs)) = ecart(f3). We have that spoly(fs,spoly(fs, fs)) =0
and NF(spoly(fs, f6)|G) = 0.

(2) It is enough to prove that NF(spoly(f;, f;)|G) =0, for all ¢, j with 1 <i < j < 6. Here LM(f1) =
3Bz, LM(f2) = 257, LM(f3) = 2§%22$**, LM(fy) = 23*, LM(f5) = 25225 and LM(fs) = 25°7*%. So
NF (spoly(fi, f;)|G) = 0 as LM(f;) and LM(f;) are relatively prime, for

(4,7) € {(1,2),(2,4),(2,6),(3,6),(4,5), (4,6)}.
e spoly(fi, f3) = x§3+a13 — o]t xg®?xy® T = fg. Then NF(spoly(fi, f3)|G) =0.

o spoly(fi, fa) = a7 23?25 — x]'x4® . Then LM(spoly(fi, f1)) = x{" 25*25*® and only LM(f5) divides
LM(spoly(f1, fa)). Also ecart(spoly(fi, f1)) = ecart(fs). Moreover spoly(fs,spoly(fi,fs)) = 0 and
NF (spoly(f1, f4)|G) = 0.

o spoly(f1, f5) = a7 xy* —x{*23*2 . Then LM(spoly(f1, f5)) = z{**z4* and only LM(f4) divides LM (spoly(f1, f5)).
Also ecart(spoly(f1, f5)) = ecart(f4). Then spoly(fs,spoly(fi, f5)) =0 and NF(spoly(f1, f5)|G) = 0.
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o spoly(fi, fo) = 7' 25® ™ — 27" 25®. Then LM(spoly(fi, f6)) = x7'x5*2x3* and only LM(f3) divides
LM(spoly(fi1, f6)). Moreover ecart(spoly(fi, fs)) = ecart(fs). Then spoly(fs,spoly(fi,fs)) = 0 and
NF(spoly(fi, f6)|G) = 0.

az1 ,,a23

o spoly(fe, f3) = z9*2x5® — x{*' 2523 . Then LM(spoly(fa, f3)) = z5*225® and only LM(fs) divides
LM(spoly(fa, f3)). Also ecart(spoly(fa, f3)) = ecart(fs). Then spoly(fs,spoly(fs, f3)) = 0 and also
NF(spoly(fz, f3)|G) = 0.

o spoly(fs, f5) = a7 2532 xy® — 27> 5. Then LM(spoly(fo, f5)) = x1* 25°2x4** and only LM(f3) divides
LM(spoly(fz, f5)). Furthermore ecart(spoly(fz, f5)) = ecart(f3). Then spoly(fs,spoly(fs, f5)) = 0 and
NF (spoly(f2, f5)|G) = 0.

o spoly(fs, fa) = a7 x5? —x5x3™* . Then LM(spoly(fs, f1)) = x5z and only LM(f1) divides LM(spoly(fs, f1)).
Also ecart(spoly(fs, f1)) < ecart(f1), since as < agq + asz, a1 = ag1 + aq1 and a3 = a1z + asz. Let
h = spoly(f1,spoly(fs, fa)) = z{** x5? —x7*25* , then LM(h) = z{* 25> and only LM(f2) divides LM(h).
Moreover ecart(h) = ecart(f2). Then spoly(f2,h) = 0 and also NF(spoly(fs, f4)|G) = 0.

o spoly(fs, fo) = x]tag?ay® " — a7 a5%xy® . Then LM(spoly(fs, fs)) = z{*'x5°x4** and only LM(f1)
divides LM(spoly(fs, f6)). Furthermore
ecart(spoly(f5, fs)) < ecart(f1), since as < as1+ass and az = ajz+asz. Let g = spoly(f1,spoly(fs, f6)) =
r{tafae T — grtenglespteamas - Then LM(g) = 2§ 25%2$* 7 and only LM(f2) divides LM(g).

Also ecart(g) = ecart(f2). Then spoly(fs2,g9) =0 and NF(spoly(fs, f6)|G) = 0.

az1

* spoly(fs, f5) = x{
(1) LM(spoly(fs, f5)) = x3*7**  then only LM(fs) divides LM(spoly(f3, f5)) and also ecart(spoly( fs, f5)) <
ecart(fs), since ass = a4 — @14, @14 — aa2 < aq1 and a; = ag1 + aa1. Let g = spoly(fs,spoly(fs, f5)) =
xR ez taz g Aass g0 p0e2 pdsa a1 Then LM(g) = 292 352 %2224 and only LM(fy) divides LM(g).
Also ecart(g) = ecart(fy). We have that spoly(fs,g) =0 and NF(spoly(fs, f5)|G) = 0.

(2) LM(spoly(fs, f5)) = 292 32>~ %2234 Only LM(f4) divides LM(spoly(fs, f5)) and also

ggp2T a2 2050 pastais  We distinguish the following cases:

ecart(spoly(f3, f5)) < ecart(fy),

since az + a13 < a1 +ag2 + a4 — @14, a1 = a21 +aq1 and as = a4+ azq. Then spoly(fa,spoly(fs, f5)) =
w3t gpligepdsiTa — o So NF(spoly(fs, f5)|G) = 0. O

Theorem 2.10 Suppose that Ic is given as in case 1(b) and also that az > aza +azq. Assume that ass < aszs .

Then the reduced Hilbert series of R/I} is HS(R/If, z) = % for

as—1 aztaiz—1 ag—1 azo—1 az—1 ag—1

h(z) = E 2t E 2t § S ya13t a4z E P E S § :Zz_
=0 =0 =0 =0 =0 =0

a42—1 a13—1 a14—1 a42—1 a3—1 a34—1

Za32+a34 Z Zi Z Zi Z Zi_2a13+a14 Z Zi Z Zi Z Zi.
1=0 =0 =0 1=0 =0 1=0
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Proof. By Proposition 2.9, LM(I}) with respect to the negative degree reverse lexicographic term ordering

with 24 > 23 > x9 > 21 is written as LM(I}) =< 2§32, 252, x5t "3

aq aq2 ,,@13 asz2 ,a34

L, Tyt o wgt? xg® ay®t > . Let
— * — az a3+a13 aq asz2 ,,a34 a42 ,,013

Jo = LM(I¢), J1 =< w3%, 23 1Ty 5 X Ty, Ty T >,

_ a asz+a a a a _ a asz+a a
Jo =< 25, 2T a5 agt? >, J3 =< ay?, a5 Tyt >

Then J; =< Jit1,¢; >, where qo = x5 z5**, ¢1 = x5°?23* and g2 = 25225 . So

p(J5) = p(Jiz1) — 2980 p(J;q 1< q; >), for 0<i<2.

In this case, J1 :< qo >=< z5*,z5%, 2% >, Jo < ¢ >=< z3® 25,2y > and J3 < ¢ >=<
x9®?, x5, xy* >. We have that p(J; :< qo >) = (1 — 2%42)(1 — 2%3)(1 — 2%4), p(Jo :< @1 >) = (1 — z2%2)(1 —
2913)(1 — 294) ) p(J3:< qo >) = (1 — 292)(1 — 2%)(1 — 2%4) and p(J3) = (1 — 292)(1 — z%Fe3)(1 — 294). So

p(Jo) = (1 — 2%2)(1 — 2T @13) (] — %) — poashaaz(] _ pas2)(] _ 203)(] — z%)—

Za32+a34(1 _ Za42)(1 _ ZCL13)(1 _ Za14) _ Za13+a14(1 _ Za42)(1 _ Za3)(1 _ Za34).

Thus p(Jo) = (1 — 2)3h(z), so HS(R/LM(I%), z) = 22 O
The proof of the next proposition is similar to that of Proposition 2.7 and therefore it is omitted.

Proposition 2.11 Suppose that Ic is given as in case 2(a). If asq < ags and a3 < ass, then

— ax a12 ,,013 az a23 ,,024 as asi ,a34
G = {af" — 25" wg", vy —ag® oy, ay® — wp ™,

aq a41 ,,a42 a41 ,,a23 ai2 ,,a34 a2+a12 ai ,,a23—ai13 ,,a24
LTy — &Ly Lo ™, Ty " T3™ — Ty "Xy, Lo — T T3 Ty}

is a standard basis for I with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 7.

Theorem 2.12 Suppose that Ic is given as in case 2(a). If asqy < ass and a3 < ass, then the reduced Hilbert
series of R/I} is HS(R/I, z) = }1”(_22) for

as+taio—1 az—1 as—1 as—1 asz—1 as—1
h(z) = E z* 2 E 2t — pir2tas g 2 E z* E z2t—
=0 =0 i= =0 =0 =0
as—1 aiz3—1 agsg—1 aia—1 ai1z3—1 azqs—1

Za12+a34 E zi § Zi § Zi _ Za23+a24 § ZZ E Zi E Zi.
=0 =0 =0 =0 =0 i=0

Proof. By Proposition 2.11, G = {z{* — 23225, 25> — x5 x>, x5® — o3 xy® oyt — o+ wg*, o 25> —

@12 ,.034 ,02+012 a1 ,023—0a13 024 i i i i
29"yt xy —x{txy x3**} is a standard basis for I- with respect to the negative degree reverse

lexicographic term ordering with x4 > x3 > w2 > 1. Then I} is generated by the least homogeneous

summands of the elements in G. In addition, LM(I},) =< 2§**2$>*, 25212 238 24, 25225, 25223 > . Let

_ * _ az+aiz2 a3 .04 ,.012,034 ,.012,,013
JO *LM(IC)N]l =< T, s T37 Ty Ty " Ty, Xy "L >,
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Jo =< a0 g% 20t a3 aft® >, Jy =< 25212 283 2t >
Then J; =< Jit1,¢; >, where qo = x32° 23>, ¢1 = 25223 and ¢z = 523" . So
p(Ji) = p(Jig1) — 249 p( iy 1< g >), for 0<i<2.

In this case, Ji < qo >=< z32,z5%, 2% >, Jo < ¢ >=< x3%, 757, 23* > and J3 < ¢ >=<
x9?, x3%, xy* >. We have that p(J; :< qo >) = (1 — 2%2)(1 — 2®3)(1 — 2%%4), p(J2 :< qn >) = (1 — 2*)(1 —
2913)(1 — 2z%24) | p(J3:< g2 >) = (1 — 292)(1 — 2923)(1 — 2%) and p(J3) = (1 — 2%2FT@12)(1 — 293)(1 — 2%). Thus

p(Jo) — (1 _ Za2+a12)(1 _ Za3)(1 _ Za4) _ Za12+a13(1 _ Zaz)(l _ a23)(1 _ 0 )

Zal2+as4(1 _ Zaz)(l _ Za13)(1 _ Z¢124) _ 21123+a24(1 _ Zalz)(l _ Za13)(1 _ Za34)_

Thus p(Jo) = (1 — 2)3h(z), and therefore HS(R/LM(I}),2) = }f(j . O

The proof of the next proposition is similar to that of Proposition 2.9 and therefore it is omitted.

Proposition 2.13 Suppose that Ic is given as in case 2(a) and also that agy < asq. (1) If azs < ay3, then

— ai a2 ,a13 az a23 ,,d24 as asi .34
G = {z{* — x5 25", 25? — 2522 xy?, x5® — x> ™,

aq1

a4 a42
LTy — I

a41 ,,023 a12 ,,a34 a2+a12 a41 2(123 a24—0as4
Lo ™ Ty Xg™ — X" "Ly, Ty — Ty T3z Ty }

1s a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > T .

(2) [f ai13 S ass, then

a12 a3 az az3 ,,024 as asi .34
G = {z]" — xg™?, wy? — Pyt gt — Py,
aq a41 ,,a42 a41 ,,a23 ai2 ,,a34 a2+a12 ai ,,a23—ai13 ,,a24
Ty — Ty Lo ™,y T3™ — Ty Ty, Lo — & T3 Ty}

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
xTo > 7.

Theorem 2.14 Suppose that 1o is given as in case 2(a) and also that asqy < azq. Then the reduced Hilbert
series of R/I} is HS(R/I, z) = }1”(_2) for

as+ajs—1 az—1 as—1 as—1 asz—1 as—1
h(Z) — § Zl 21 Zl _ a12+a13 2 21 § ZZ E ZZ—
=0 =0 1=0 =0
az—1 a;z—1 a24—1 aj2—1 aiz—1 azs—1

a12+as4 E l E ZZ E Z a23+a24 E Zl E Zl E Z

Proof. By Proposition 2.13, LM(I}%) with respect to the negative degree reverse lexicographic term ordering

with 24 > 23 > m2 > 21 is written as LM(I}) =< 2§22, 252742 25, 2§, 522§ 132 25" > . Let
_ * _ az+a a a a a
Jo = LM(I¢), Jy =< 23", ag®, aft, ay 2 a a2 agt >,
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o as+a a a. a a o as+a a a.
JQ =< 1’22 12,:)933,1744,1’21250313 >, Jg =< I22 12,:)933,1744 > .

a24

Then J; =< Jit1,¢; >, where ¢o = 25z

, 1 = x5y and go = x9'?x5*® . Thus

p(Jl) = p(JiJrl) — Zdeg(qi)p(;]i+1 < q; >), for 0 < <2

In this case, J1 :< qo >=< x5,z ,25% >, Jo < @ >=< z3%, 23, 23* > and J3 < @ >=<
32, 252, x3* >. Thus p(Jy) = (1 —2%2T%12)(1— 298 )(1— 2%4) — z0127013 (] — z02)(] — z%23) (1 — 2% ) — z@127F 054 (] —
292)(1 — zM3)(1 — z%21) — za2sFa2(] — @12)(] — z93)(1 — z%4) . So p(Jy) = (1 — 2)3h(z), and therefore

HS(R/LM(I}), z) = &), O

We continue with case 2(b). If as < ass + ass, then we can use [2, Remark 2.9] to find the reduced
Hilbert series of R/I}.

Theorem 2.15 Suppose that Ic is given as in case 2(b) and also that a3 < azz+azs. Then the reduced Hilbert
series of R/I} is HS(R/I, z) = h(z) for

11—z

4 azo—1 ag3—1 ag—1 a1a—1 agz—1 azqs—1
h(z) — H(l 4422 +--~+Za'i_1) _ yonztais Z P Z 5l Z 4t ya13+ass Z P Z P Z S
1=2 =0 =0 =0 =0 =0 =0
Proof. By [2, Remark 2.9],

— ay ai2 ,,a13 az az1 ,,a24 as as2 ,,a34 aq a41 .43 a4l ,,a32 ais .24
G = {a]" — 25wy, oy — ™ol ay® — 2™y ayt — ayM gt piM g™ — agry™ )
is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with
Ty > a3 > x2 > 1. So LM(If) =< 238y, x5, x5, xy*, x5 23" > . Let
* a a a. a a a a a.
Jo =< LM(I{) >, J1 =< x3?, 5%, x4t 252 x5 >, Jy =< x5%, 253, x4* > .
Then J; =< Jit1,¢; >, where qo = 25 z5** and ¢; = 25225 . Thus
d i . ;
p(Ji) = p(Ji-i-l) -z eg(q )p(Ji+1 < q; >), for 0 <i<1.

In this case, Jy :< qo >=< x5, 25", 27* > and Jy :< 1 >=< x5*?, 25", x3* >. We have that p(J; :< go >) =
(1—2912)(1—2%3)(1—29%4), p(Jy :< q1 >) = (1—2%32)(1—2%43)(1—2%) and p(Jz) = (1—292)(1—2%3)(1—2%).
So p(Jo) — (1_202)(1 _Zaa)(l_Z(M) _Za12+(113<1 _Za32)(1_za43)<1 —Za4) _Z013+a24(1_za12)<1 _ZG43)(1_Z(134) .
So p(Jo) = (1 — 2)®h(2). Thus HS(R/LM(I), z) = 2 O

1—=z"

The proof of the next proposition is similar to that of Proposition 2.7 and therefore it is omitted.

Proposition 2.16 Suppose that Ic is given as in case 2(b) and also that az > azs + ass. If azs < azq and
a1z < asz, then
a1 ,,a24

— a1 a12 .013 .02 as a32 034
G = {z{* —z3225", x5? — (' xy, x5® — 192,

aq a41 ,,a43 a41 ,,a32 ais ,.a24 a3+a13 ai ,,a32—ai12 ,,a34
Ty — &y Tz, Xy L™ — T3 Ty, Ty — L Ty ry*}

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 27 .
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Theorem 2.17 Suppose that Ic is given as in case 2(b) and also that as > ass + agq. Assume that azs < asy

and a1z < aszy. Then the reduced Hilbert series of R/If is HS(R/I}, z) = }f(zz)

az—1 ag+a137 a47 azz2—1 a%* 114*
a +a
ajz—1 a13— a4 1 aiz2—1 az—1 azs—1

D OEDIEDIEEEEED R WD SR

a24 as asz2 ,,a34 aq1

aag aas
@y, wg® — ay* ™t 't — a

aq1
T3

as2
axl

a2 532 —

Proof. By Proposition 2.16, G = {z]* — 25225, 25* —

a3

a24 p.a3+a13 a1 ,,a32—012 034 3 : : :
x5yt xy — x{txy x4**} is a standard basis for Ic with respect to the negative degree reverse

lexicographic term ordering with x4 > x3 > 22 > 21. Then LM(I}) with respect to the aforementioned order

is written as LM(I}) =< x3>, 232"

asz2

aq aszq aq2 ,,013 a13 ,.a24
Tyt T y 23" wy* > . Let

Ly™ s Xy "3
Jo = LM(I%), Jy =< 252, 2531918 244 252283 253203 >,
Jo =< xgz’ng+a13,zZ47xglzx§13 >, J3 =< 1,2 ’ng+a13 ‘TZ4 > .
Note that J; =< Ji41,q; >, where qo = 2523, ¢1 = 25%225** and ¢ = 25225 . So
deg(q; . .
p(J;) = p(Jig1) — 2 eg(ql)p(JiH < g >), for 0<i<2.

In this case, Ji < gqo >=< z32,z5% 27* >, Jo < ¢ >=< z3?, x5, 24* > and J3 < ¢ >=<
x9®?, x5, xy* >. We have that p(J; :< qo >) = (1 — 2%2)(1 — 2%3)(1 — 2%4), p(Jo :< 1 >) = (1 — 2z%?)(1 —
2913)(1 — 2924) | p(J3 :< g2 >) = (1 — 2932)(1 — 2%2)(1 — 2%) and p(J3) = (1 — 292)(1 — 298T913)(1 — 2%). So

PUJo) = (1= 22)(1 — zosbors) (1 — o) — pomatans(] — p0m)(1 — 503)(1 — 504)

Za32+a34(1 _ Zau)(l _ za13)(1 _ Za24> _ Za13+a24(1 _ Za12)(1 _ Zag')(l _ 2(134)_

Thus p(Jo) = (1 — 2)3h(z). So HS(R/LM(Ig), z) = M=) 0
The proof of the next proposition is similar to that of Proposition 2.9 and therefore it is omitted.

Proposition 2.18 Suppose that Ic is given as in case 2(b) and also that as > azs + ass. Assume that

agq < 34 (1) If azs < aia, then

az1

G — {xtll _ xglzxgls mSQ _ 1’1 a24 as asz2 ,a34

Ly™HT3™ — L™ "Ly,

a41

as a43 ,.041,,0432 _ 013 024 ,,03Fa13 _ 041 ,,2032,,0434—024
Ty — I ) Ty "Ly, T3 Ty Ty Ty }

L3

1s a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTog > T .
(2) If a12 < asz, then

a12 a13 az a21 ,,a24 as asz2 ,,a34
G = {z1" — xg"?, wg? — 2Py, ag® — xgP i,
aq a41 ,,043 aq41 ,,032 a13 ,.a24 az+ais ai ,,a32—a12 ,,a34
Tyt — Mot 2wy — gt g — T Ty zy™}

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 7.
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Theorem 2.19 Suppose that I is given as in case 2(b) and also that az > asza + azs. Assume that asy < asg.

Then the reduced Hilbert series of R/I¢ is HS(R/I}, z) = hz) - for

11—z

as—1 az+aiz—1 as—1 as—1 az—1 ags—1

— § ZZ 2 Zl § Zl _Za13+a24 2 Zl § ZZ 2 Zz_
1=0 =0 1=0 =0 =0 =0

a3271 agfl a2471 a1271 algfl a2471

La12tas Z 5 Z p Z St _ pasatase Z P Z St Z )
i=0 i=0 i=0 i=0 i=0 i=0
Proof. By Proposition 2.18, LM(J%) with respect to the negative degree reverse lexicographic term ordering
with x4 > 23 > @3 > x1 is written as LM(I}) =< x5%, 2378 244 2§32, 252258 052 25% > . Let
_ * as+a a a a a
Jo =LM(I5), J1 =< x5?, x5 "3 xit, wgPay®, x5 st >,

— az a3+a13 aq a13 ,.a24 — az a3+a13 aq
Jo =< 257, x4 y Tyt gyt >, J3 =< 25?1y STyt >

Then J; =< Ji11,¢; >, where qo = 25%2x5**, ¢1 = x5"?23"® and g2 = 25 23**. So

p(Jl) = p(Ji_H) deg %) (J +1:<gq; ) for 0 <i < 2.

In this case, J1 :< qo >=< x5,z 23 >, Jo < ¢ >=< x3*%, 253, 23> > and J3 < ¢ >=<
x9?, w53, xy® >. We have that p(J; :< go >) = (1 — 2%2)(1 — 2%13)(1 — 2%24), p(Jo :< ¢1 >) = (1 — 292)(1 —
a3)(1—2%24), p(J3:< g2 >) = (1 —2%2)(1 — 2%)(1 — 2%4) and p(J3) = (1 — 292)(1 — z%+Ta13)(1 — 29). Thus

p(Jo) — (1 _ Za2)(1 _ Za3+a13)(1 _ Za4) _ Za13+a24(1 _ Zaz)(l _ Zas)(l _ Za34)7

Za12+a13(1 _ Z1132)(1 _ Za3)(1 _ Za24) _ Zasz+a34(1 _ Zam)(l _ Za13)(1 _ Za24).

So p(Jo) = (1 — 2)3h(2), and therefore HS(R/LM(1}),z) = z) O

1—=

Theorem 2.20 Suppose that Ic is given as in case 3(a). Then the reduced Hilbert series of R/I} s
HS(R/I, 2) = }f(_zz) for

4 a42— a3 1 a34 1 a12— 1 ll43 1 a34 1
h(z) = H(l + 24224 20T - paztan E E E 4t _ ya1atass § : E : 2 :
1=2 1=0 =0 1=0

Proof. By [2, Remark 2.9],
asi ,,a34 aq2 ,,043 az3 ,,a14

a12 aiq az a21 ,,a23 aq asi .42
G={a7" — Tyt wg? — P as® xg® — aM eyt oyt — g agt®, psPaytt — a3 xg?}

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with

x4 > x3 > x2 > 1. Then LM(If) =< 25%, 23%, xy*, w52 ai™, x5y > . Let

Jo =LM(If), 1 =< x5?, x5, ay*, a5y >, Jo =< x5, 25, x4t > .
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Note that J; =< Jit1,q; >, where qo = 25>z and ¢1 = z3"223"*. So
p(Ji) = p(Jig1) — 298D p(J;4 1 < q; >), for 0 <i < 1.

In this case, Jy :< qo >=< x5, 25", 25* > and Jy :< 1 >=< x5*?, 25, 24> >. We have that p(J; :< go >) =
(1=zm2)(1—z"2)(1—2%4), p(J2:< q1 >) = (1—-22)(1=2%)(1—2%) and p(J2) = (1—22)(1—2%)(1—2).
So p(JO) — (1 _Za2)(1 _Zaa)(l _Z(M) _ pai2tais (1 _2042)(1 _Zas)(l _2034) _ pa1atazs (1 _Za12)(1 _2043)(1 _Za34) i
So p(Jo) = (1 — 2)3h(2), and therefore HS(R/LM(1}),2) = hz) O

1—-z°

The proof of the next proposition is similar to that of Proposition 2.7 and therefore it is omitted.

Proposition 2.21 Suppose that Ic is given as in case 3(b). If ass < agz and ayq < asq, then

— ai a2 ,a14 az a23 ,,d24 as asi ,,a32
G ={ay" —aya", uy® — g™ xg® — 2™ g™,

(e 7} a41 ,,a43 asi a24 ai12 ,,a43 (12+l112 ail ,,a23 ,,024—0a14
Ty — Ty Ty ", T Ty — Ty T3, Ty — X L3y }

is a standard basis for I with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 2.

Theorem 2.22 Suppose that Ic is given as in case 8(b). If asz < a3 and a4 < asyq, then the reduced Hilbert
series of R/If is HS(R/I}, z) = h(z) for

11—z
as+aize—1 az—1 as—1 azx—1 as3—1 ag—1
h(z) = E 2t E 2t § 44 ya12taas E P § St § : S
=0 i= = =0 =0 =0
a2—1 a43—1 a24—1 a12—1 a43—1 a14—1

Za12+a14 Z Zi Z Zi Z Zi_za23+a24 Z Z’i Z Zi Z Zi.
1=0 =0 1=0 =0 =0 1=0

Proof. By Proposition 2.21, G = {z' — 25"22j", 25> — x5 xy>*, 25® — 21 25®?, oyt — a7 5™, 2% xf> —

rgP gt 2§2 TN — g a§? (2411} s a standard basis for Io with respect to the negative degree reverse

lexicographic term ordering with x4 > x3 > x9 > z;. Then
* — az+taiz as aq ai2 .14 ai2 ,,a43 a23 ,,024
LM(I¢) =< a5 L3, Ly Ly "Ly T, Ty T3, LT Ly >

Let

JO — LM(IE)’ Jl :< x;2+a127xg3’ xz4;$gl2$g437 x;leZlél >7
Jy =< $g2+a12,$§3,$24,$512$g43 >, Jz =< $g2+a12,$§3,$24 > .
Note that J; =< Jit1,q; >, where g = 25*°24**, ¢1 = z5"2z3"* and ¢ = 25"225**. So
d i . ;
p(Ji) = p(Ji1) — 989 p(J; 1y i< g >), for 0 < i < 2.

In this case, Ji :< qo >=< x5,z 24" >, Jo < ¢ >=< z3%,z3%,24* > and J3 < ¢ >=<
x9?, x3%, xy* >. We have that p(Ji :< qo >) = (1 — 292)(1 — 2%43)(1 — 2°), p(J2 :< qn >) = (L — 2*)(1 —
293)(1 — 2924) | p(J3 :< g2 >) = (1 — 292)(1 — 2923)(1 — 2%) and p(J3) = (1 — 292T912)(1 — 293)(1 — 2%). So

P(Jo) — (1 _ Za2+a12)(1 _ Zaz)(l _ Za4) _ Za12+a43(1 _ Zaz)(l _ Za23)(1 _ Za4)7
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Za12+a14(1 _ Za2)(]. _ Za43)(]. _ Za24) _ Za23+a24(1 _ Za12)(1 _ Za43)(1 _ ZG14)'

Thus p(Jo) = (1 — 2)3h(z), and therefore HS(R/LM(I}),2) = }f(j; . O

The proof of the next proposition is similar to that of Proposition 2.9 and therefore it is omitted.

Proposition 2.23 Suppose that Ic is given as in case 3(b) and also that as3 < ags. (1) If asy < ais, then

_ ail a2 ,,a14 az az3 ,,a24 as asl .a32
G = {z{* —z32xy*, 25? — x5 ay, 25® — x5,
a4 a41 ,,043 asil ,a24 a2 ,,a43 tl2+(l12 asl ,,,a23—0a43 2(124
Ly — Ty Xy, L7 Ty~ — Lo "T37, Ty — LT3 z "}

is a standard basis for Ic with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >
XTo > 7.

(2) If a4 S a4 , then

— ai ai2 ,.a14 az a3 ,,a24 as asi .a32
G = {z{* — x5y, 25? — x5y, 25® — a7 e,

al

a41 ,,@43 ,A31 1,024 a12 ,,043 xa2+a12 —r
2 1

aq a23 ,,a24—0a14
Tyt — Mgt (P ay?t — x5, }

3> xy
is a standard basis for I with respect to the negative degree reverse lexicographic term ordering with x4 > x3 >

To > 7.

Theorem 2.24 Suppose that I is given as in case 3(b) and also that ays < ass. Then the reduced Hilbert
series of R/If is HS(R/I}, z) = M2 for

1—=
as+ajz—1 az—1 as—1 azx—1 asz—1 ag—1
h(z) = z* E 2 E 2t — pt12taas E 2 g z* E z2'—
i=0 = i= =0 i=0 =0
a271 a4371 a2471 a1271 a4371 a1471

Za12+a14 E Zi § Z’i E Z’i _ Za23+a24 E Zl E Z’i E Zi.
i=0 i=0 i=0 i=0 i=0 i=0
Proof. By Proposition 2.23, LM(I%) with respect to the negative degree reverse lexicographic term ordering
with x4 > 23 > @3 > 71 is written as LM(I}) =< 25212 238 {4t 25225, 2522 03223 > . Let
o * _ az+a a a a a. a a
Jo =LM(I5), Ji =< x5? T2, w53 ity agt® xg 2ttt >,

_ az+ai2 a3 Q4 Q12,043 _ az+aiz a3 .04
Jo =< x5 , x5, xyt, vy agt? >, J3 =< a5 ,x3%, xyt > .

a24

a a a
Then J; =< Jit1,¢; >, where go = 25z} 2aytt

, 1 = x52xy™ and go = x9*?25* . Thus
p(J5) = p(Jig1) — 298 p(J; 1 1< i >), for 0 <i < 2.

In this case, Ji < qo >=< x5, 25", 24" >, Jo < ¢ >=< x3%,23%,24* > and J3 < ¢ >=<

x5?, x5, 2yt >. So
PUJo) = (1= 521 = 292)(1 = 2] = st (1 = 512)(1 — 20)(1 — o)

za12+a14(1 _ zaz)(l _ Za43)(1 _ Za24) _ Za23+a24(1 _ Zau)(l _ za43)(1 _ Za14)_

Now we have that p(Jo) = (1 — 2)3h(z). Therefore HS(R/LM(I}), z) = Mz O

1—=z
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3. Examples

In this section, we give some examples showing how the formulas in the previous section can be used to compute
HS(R/I, 2).

Example 3.1 Let m > 5 be an integer such that ged(51,13m + 1,14m + 5,32m + 26) = 1. Consider the
monomial curve C(m) defined parametrically by z; = t°1, zo = t13mF1 | g5 = t14m+5 and g4 = 32 +26 The
ideal I () is minimally generated by ot adxy af — 2Py, 2 — xdxy, 23 — 27 ey and 2Pxy — xoxl.
Thus we are in case 1(b) of Remark 2.2 and from Theorem 2.3 we deduce that R/I, E(m) is Cohen-Macaulay.

By Theorem 2.10, the numerator of the reduced Hilbert series of R/I, C(m) 18

5

3 5 4
14z Z Zz — 28 (1+2) ZziZzi—zE’Zzi—zGZzi.
i=0

1=0 1=0 =0

We have that

4 10 10
(1 +Z)Zlezl =1+32+522 + 723 + 924 +ZlOzi + 921 4 7212 4 5213 4 321 4 15
i=0 =0 i=5

and also
3 5
1—|—z Zzlz,zl =28 43274528 4 72° 8210 4821 4 7212 45213 4314 4,15
1=0 =0

So h(z) = Zl 0(2i+1)2" + Zl 5(19 — 2i)z" + 2%, and therefore

S 20+ 1)z + 30 (19 — 20)27 + 210
1—2z '

HS(R/1¢ (), 2) =

Example 3.2 Let m > 4 be an integer such that ged(3m+ 19, 13m + 36, 3m? +15m +21,4m? +17m+9) = 1.

Consider the monomial curve C(m) defined parametrically by xq = ¢3m+19 | gy = ¢13m+36 & 40 — ¢3m’+15m+21

+3 m+2 3 4 3.3

2
= ¢Am H1TmA9 - The ideal Ic(m) is minimally generated by 27" — wox3, x5 " — w324, 3 — 2777,

and x4

z§— 2] (E72n+1 and z7'z3 — x9z3. Thus we are in case 2(a) of Remark 2.2 and from Theorem 2.3 we deduce that

R/I} C(m) 18 Cohen-Macaulay. By Theorem 2.12, the numerator of the reduced Hilbert series of R/I} Cm)

m+2 3 2 mt+l 2 3 2
h(z) = Zz’ (Zzl> — 22 21221221724 2 24221
i=0 i=0 i=0  i=0 =0 i=0 i=0
N2 )
We have that (Z?:o z’) =142z + 322 + 423 + 32" + 225 + 26 and also

m+2 3 2 m+2

d & (Z z1> = 14324627 +102° + 132" + 152° + > _ 162"+

=0 =0 i=6
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15213 41324 410210 + 6216 3T 4 A8,

In addition,

m—+1 2 3 m—+1
ZZZZZZ%: (1422432432 + 22" +2°) =14+ 32+ 62°+
=0 i=0 =0 =0
m—+1
923 + 112 + )~ 122" 4+ 112™F2 4 92 F8 4 624 4 3270 4 S,
i=5
SO
m+l 2 3 m+3
22 z* Z z* Zzi =224322 4624 +92° + 1126 + Z 122F + 1124+
i=0 =0 =0 i=7

92m+5 _|_6Zm+6 _|_3Zm+7 + Zm+8_

Thus h(z) = 320 (2 4+ 1)2% 4 521 4 425 + 3752327 4 22m+3 4 2m 44 and therefore

S (20 + 1)2% + 52t + 425 + Zm+2 328 4 2,3 4 pmtd
=0

Example 3.3 Let m > 7 be an integer such that ged(2m + 21,14m + 5,2m? +m + 3,2m? + 7m — 5) = 1.
Consider the monomial curve C(m) defined parametrically by x; = 2 +21 | gy = ¢14m+5 | gy = 2m*+m+3 and
x4 = t2"°+TM=5  The ideal Ic(my) is minimally generated by 27" —aozy, 25t —2323, 2l —z12], 2§ -2~ Y22
and z173 — z2x3. Thus we are in case 3(b) of Remark 2.2 and from Theorem 2.3 we deduce that R/, 18

Cohen—Macaulay. By Theorem 2.24, the numerator of the reduced Hilbert series of R/ é’(m) is

m+1 6 2 m 4 2 m
Zlez’Zzl z?’zz’ZziZzi—zz(l+z)2Zzi—27(1—1—2).
i=0 =0 =0 i=0 =0 i=0 i=0
We have that
6. 2 6 ‘
Zz’Zzl = 1+22+Z3zl+227+28
i=0 =0 i=2
and also
m—+1 6 2 m+1
ZY 2y 2 =14 324627 + 92 + 1220 +152° + 1820+ 2027 + ) 21274
i=0 i=0 i=0 =8

202™F2 418213 4 152 £ 1225 4 9,6 4 g7 4 gm A8 4 A,

In addition,

4 2
232%221—2 + 224 —1—232 + 228 4+ 2°
1=0 =0

and also
m 4 2 m+3
23 Zzz Zzz Zz’ =234+ 324 4625 +920 + 1227 + 1428 + Z 152"+
i=0  i=0  i=0 9
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142 4 12,M15 4 9,mH6 4 6,7 4 3,m 8 9,

Moreover

m m m—+2
22(1 4 2)? Zzl = (224 22% + 2% Zzi =22 +323+ Z 42° 4 32mH3 4y,
i=0 =0 i=4

Thus h(z) =1+ 32+ 30 52" + 327 + 5.1 22¢ 4 2™+2 and therefore

(1]

2]

616

. 1432+ 30 520 4327 + St 9z 4 o2
HS(R/IC(m)v Z) = 2 1— 2 8 :
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