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Abstract: In this paper, we revisit the bounds of the mixed exponential sums introduced by Lv and Zhang (2020).
Moreover, we give some estimations for some new hybrid exponential sums related to Kloosterman sums over finite fields
of odd characteristic by using the properties of Jacobi sums and Gaussian sums.
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1. Introduction
As usual, let ψ be a canonical additive character of Fq , where q = ps with p is an odd prime and s is a positive
integer. For any integers m and n , the two-term exponential sum K(m,n, k, h; q) is defined as follows:

K(m,n, k, h; q) =
∑
x∈F∗

q

ψ(mxk + nxh),

where k and h are integers with k > h , and F∗
q = Fq\{0} which is a cyclic group consisting of q− 1 elements.

If k = 1 and h = −1 , then K(m,n, 1,−1; q) becomes the famous Kloosterman sum, which is defined by

K(ψ; a, b) =
∑
c∈F∗

q

ψ(ac+ bc−1).

It is clear that these exponential sums over finite fields are important topics because their extensive
applications in finite fields [2, 12], coding theory [6, 8] and the designing of sequences [5]. Meanwhile, numerous
results about the properties of K(m,n, k, h; q) and K(ψ; a, b) have been reported. By way of example, Zhang
et al. [15] obtained an equation about K(m,n, 3, 1; p) as follows:

∑
m∈F∗

p

∣∣∣∣∣∣
∑
a∈Fp

ψ(ma3 + na)

∣∣∣∣∣∣
4

=

{
2p3 − p2, if 3 ∤ (p− 1);
2p3 − 7p2, if 3 | (p− 1),

where p is an odd prime and n is an integer with (n, p) = 1 .
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In [7], Liu and Li used the properties of Gaussian sums to prove the following result about two-term
exponential sums relate to K(m,n, 3, 1; p) of Fp

∑
m∈F∗

p

∣∣∣∣∣∣
∑
a∈F∗

p

χ(ma3 + a)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
b∈F∗

p

ψ(mb3 + b)

∣∣∣∣∣∣
2

= 2p3 + E(p),

where χ denotes a multiplicative character of Fp and E(p) satisfies the inequality

−12p2 − 2p ≤ E(p) ≤ 4p2 − 2p.

In this paper, we mainly focus on calculating the values of some hybrid exponential sums related to
K(m,n, k, h; q) and Kloosterman sums, which are defined as:

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mab)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
c∈F∗

q

ψ(mc+ c)

∣∣∣∣∣∣
2

, (1.1)

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mab)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
c∈F∗

q

ψ(mc3 + c)

∣∣∣∣∣∣
2

, (1.2)

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2

, (1.3)

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

. (1.4)

About these kinds of hybrid exponential sums, Di [3] and Lv and Zhang [11] also obtained some related
contents, the first one reads:

∑
m∈F∗

p

∣∣∣∣∣∣
∑
a∈F∗

p

χ(ma+ a−1)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
b∈F∗

p

ψ(mbk + nb)

∣∣∣∣∣∣
2

=

{
2p3 +O(|k|p2), if 2 | k;
2p3 +O(|k|p 5

2 ), if 2 ∤ k,

where χ is a multiplicative character of Fp and ψ a canonical additive character of Fp . Lv and Zhang [11]
introduced the bounds of Summations (1.1) and (1.2) over prime fields. Summations (1.1) and (1.2) have been
studied over prime fields, we use the properties of Jacobi sums and Gaussian sums to obtain the bounds of
summations (1.1) and (1.2) over general finite fields of odd characteristic. Then by using a similar method, we
can also obtain some estimations of summations (1.3) and (1.4), respectively. The main results of this paper
are stated as the following theorems. We denote a multiplicative character χ of Fq as a power-d character, if
there exists a multiplicative character χ1 of Fq such that χ = χd

1 in the sequel.
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Theorem 1.1 Assume that ψ is a canonical additive character of Fq with 3 | (q − 1) . Then

∑
a,b∈F∗

q

χ(a+ b+mab)

does not vanish if χ is a power-three character, in which case we have

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mab)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
c∈F∗

q

ψ(mc+ c)

∣∣∣∣∣∣
2

= 3q2(q2 − q − 1) + T1,

and ∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mab)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
c∈F∗

q

ψ(mc3 + c)

∣∣∣∣∣∣
2

= 3q2(q2 − 3q − 1) + T2,

where |T1| ≤ 6q
7
2 and |T2| ≤ 6q3 + 12q

5
2 .

Theorem 1.2 Assume that ψ is a canonical additive character of Fq with 3 ∤ (q − 1) . Then

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mab)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
c∈F∗

q

ψ(mc+ c)

∣∣∣∣∣∣
2

= q2(q2 − q − 1),

and ∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mab)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
c∈F∗

q

ψ(mc3 + c)

∣∣∣∣∣∣
2

= q2(q2 − q − 1).

Theorem 1.3 Assume that ψ is a canonical additive character of Fq with 4 | (q − 1) . Then
(i) if χ is a power-four multiplicative character of Fq , we have

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2

= 4q3(q2 − q − 1) + T3,

where |T3| ≤ 4
√
6q

7
2 . Moreover, if 8 | (q − 1) , it follows that

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 4q3(q2 − 4q − 1) + T4,

and if 8 ∤ (q − 1) , it follows that

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 4q3(q2 − 4q − 1) + T5,
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where |T4| ≤ (8
√
3 + 8

√
6)(q4 + q

7
2 ) and |T5| ≤ 8

√
3(q4 + q

7
2 ) ;

(ii) if χ is not a power-four multiplicative character, then

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 0,

and

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 0.

Theorem 1.4 Assume that ψ is a canonical additive character of Fq with 4 ∤ (q − 1) . Then
(i) if χ is a power-two multiplicative character of Fq , we get

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2

= 2q3(q2 − q − 1),

and

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 2q3(q2 − 2q − 1);

(ii) if χ is not a power-two multiplicative character, then

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2

= 0,

and

∑
m∈F∗

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc)

∣∣∣∣∣∣
2 ∣∣∣∣∣∣

∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 0.

2. Preliminaries
Suppose that q = pn for an odd prime p and a positive integer n . Let Fq be the finite field with q elements.
Then the group of units of Fq , denote by F∗

q , is a cyclic group consisting of q−1 elements. For a fixed primitive

element α of Fq and every integer i with 0 ≤ i ≤ q − 2 , the function χi(α
j) = ζijq−1 give a multiplicative

character of Fq , where 0 ≤ j ≤ q − 2 and ζp is a complex primitive p -th root of unity. For convenience later,
χ1 is written as χ . And we set χ(0) = 0 . Meanwhile, the additive character ψ is a homomorphism from the
finite field Fq to the multiplicative group C∗ of the complex field C , which can be defined as:

ψm(n) = ζTr(mn)
p , for all n ∈ Fq,
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where Tr is a trace function from Fq to Fp and ζp is a complex primitive p -th root of unity. For convenience,
ψ1 is written as ψ , which is called the canonical additive character of Fq . And the Gaussian sum G(χ, ψ) of
Fq is defined by

G(χ, ψ) =
∑
x∈F∗

q

χ(x)ψm(x).

In this paper, we only focus on G(χ, ψ1) , which is denoted by G(χ) for convenience. A crucial role in the present
paper is played by the notion of the Jacobi sum, which is understood according to the following definition.

Definition 2.1 [8] Let λ1, · · · , λk be nontrivial multiplicative characters of Fq . The sum

J(λ1, · · · , λk) =
∑

x1+···+xk=1

λ1(x1) · · ·λk(xk),

where x1, · · · , xk are elements of Fq , which satisfying x1 + · · ·+ xk = 1 , is called a Jacobi sum of Fq .

Then we provide some lemmas about Jacobi sums, which will be used to prove our main results in the sequel.

Lemma 2.2 [8] Let λ1, · · · , λk be nontrivial multiplicative characters of Fq . Then

J(λ1, · · · , λk) =
G(λ1) · · ·G(λk)
G(λ1 · · ·λk)

if λ1 · · ·λk is a nontrivial multiplicative character, and otherwise,

J(λ1, · · · , λk) = −1

q
G(λ1) · · ·G(λk).

Lemma 2.3 [8] Let λ1, · · · , λk be nontrivial multiplicative characters of Fq . Then

|J(λ1, · · · , λk)| = q
k−1
2 ,

if λ1 · · ·λk is a nontrivial multiplicative character and

|J(λ1, · · · , λk)| = q
k−2
2 ,

if λ1 · · ·λk is a trivial multiplicative character.

3. The proofs of main results
In this section, we will prove the main results of this paper, namely, Theorems 1.1–1.4. For convenience, we
denote

A(χ,m, q) =
∑

a,b∈F∗
q

χ(a+ b+mab),

B(χ,m, q) =
∑

a,b,c∈F∗
q

χ(a+ b+ c+mabc),

801



CHENG et al./Turk J Math

C(ψ,m, q) =
∑
a∈F∗

q

ψ(ma+ a),

D(ψ,m, q) =
∑
a∈F∗

q

ψ(ma3 + a),

and
E(ψ,m, q) =

∑
a∈F∗

q

ψ(ma4 + a),

where ψ is a canonical additive character of Fq , χ is a nonprincipal multiplicative character in Fq , and m ∈ F∗
q .

3.1. The proofs of Theorems 1.1 and 1.2
The proofs of Theorems 1.1 and 1.2 are very complicated. Hence, we divide our proofs into the following
preparatory works. For convenience, we denote

A0 =
1

q

∑
a,b,c∈F∗q

c ̸=1

χ(abc)
∑

d,e,f∈F∗
q

(1 + τ(f) + τ(f))ψ(d(a2bc− 1) + e(ab2c− 1) + defm(c− 1)),

A1 =
∑

a,b∈F∗
q

χ(ab)
∑

d,e∈F∗
q

ψ(d(a2b− 1) + e(ab2 − 1)),

A2 =
1

q

∑
a,b,c∈F∗q

c ̸=1

χ(abc)
∑

d,e,f∈F∗
q

ψ(d(a2bc− 1) + e(ab2c− 1) + defm(c− 1)),

A3 =
1

q

∑
a,b,c∈F∗q

c ̸=1

χ(abc)
∑

d,e,f∈F∗
q

τ(f)ψ(d(a2bc− 1) + e(ab2c− 1) + defm(c− 1)),

A4 =
1

q

∑
a,b,c∈F∗q

c ̸=1

χ(abc)
∑

d,e,f∈F∗
q

τ(f)ψ(d(a2bc− 1) + e(ab2c− 1) + defm(c− 1)),

where χ is a nonprincipal multiplicative character in Fq , ψ is a canonical additive character of Fq , and m ∈ F∗
q .

Lemma 3.1 Assume that χ is a nonprincipal multiplicative character in Fq with 3 | (q − 1) , and m ∈ F∗
q . If

χ is not a power-three multiplicative character in Fq , we have

A(χ,m, q) = 0.

If χ is a power-three multiplicative character in Fq , then

|A(χ,m, q)|2 = 3q2 +
G3(τ)

q
τ(m)

∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1)

+
G3(τ)

q
τ(m)

∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1), (3.1)

where τ is a multiplicative character of Fq of order three.

802



CHENG et al./Turk J Math

Proof If χ is not a power-three multiplicative character in Fq , then there exists an element r ∈ Fq such that
r3 = 1 and χ(r) ̸= 1 , which implies

A(χ,m, q) =
∑

a,b∈F∗
q

χ(ar + br +mr2ab)

= χ(r)A(χ,m, q).

Due to χ(r) ̸= 1 , it follows that

A(χ,m, q) = 0.

If χ is a power-three multiplicative character in Fq , by |G(χ)| = q
1
2 , it follows that

|A(χ,m, q)|2 =
1

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+mab)χ(c)ψ(c)

∣∣∣∣∣∣
2

=
1

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(c)ψ(c(a+ b+mab))

∣∣∣∣∣∣
2

=
1

q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(abc)ψ(c(a2b+ ab2 +m))

∣∣∣∣∣∣
2

=
1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

d,e,f∈F∗
q

ψ(df(a2bc− 1) + ef(ab2c− 1) + fdem(c− 1))

=
1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

d,e,f∈F∗
q

ψ(d(a2bc− 1) + e(ab2c− 1) + def3m(c− 1)).

According to 3 | (q − 1) , we can obtain the following equation

∑
a∈F∗

q

χ(a3m) = (1 + τ(a) + τ(a))χ(am), (3.2)

which implies that

|A(χ,m, q)|2 =
q − 1

q

∑
a,b∈F∗

q

χ(ab)
∑

d,e∈F∗
q

ψ(d(a2b− 1) + e(ab2 − 1)) +A0

=
q − 1

q
A1 +A2 +A3 +A4.

From the properties of the nontrivial additive character, we have the following equation

∑
m∈Fq

χ(mn) =

{
q, if n = 0;
0, if n ̸= 0,

(3.3)
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which yields

A2 = −1

q

∑
a,b,c∈F∗q

c ̸=1

χ(abc)
∑

d,e∈F∗
q

ψ(d(a2bc− 1) + e(ab2c− 1))

= −1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

d,e∈F∗
q

ψ(d(a2bc− 1) + e(ab2c− 1)) +
1

q
A1

= −q
∑

a,b,c∈F∗q
a2bc=ab2c=1

χ(abc) + 2
∑

a,b,c∈F∗q
a2bc=1

χ(abc) +
1

q
A1

=
1

q
A1.

Hence, |A(χ,m, q)|2 can be written as

|A(χ,m, q)|2 = A1 +A3 +A4.

Similarly, we can also get

A1 = q2
∑

a,b∈F∗q
a2b=ab2=1

χ(ab) + 2q
∑

a,b∈F∗q
a2b=1

χ(ab)

= q2
∑
a∈F∗q
a3=1

χ(a).

So that A1 = 3q2 . Finally, from the definition of Gaussian sums, it follows that

A3 =
1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

d,e,f∈F∗
q

τ(defm(c− 1))ψ(d(a2bc− 1) + e(ab2c− 1) + f)

=
G3(τ)

q
τ(m)

∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1).

Analogue to the calculation of A3 , we also have

A4 =
G3(τ)

q
τ(m)

∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1).

So we can obtain Equation (3.1). 2

Lemma 3.2 Suppose that χ is a nonprincipal multiplicative character in Fq with 3 ∤ (q − 1) , and m ∈ F∗
q .

Then we have

|A(χ,m, q)|2 = q2.
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Proof Note that 3 ∤ (q − 1) . So if f runs through Fq , so does f3 . According to a similar method of Lemma
3.1, we have

|A(χ,m, q)|2 =
1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

d,e,f∈F∗
q

ψ(d(a2bc− 1) + e(ab2c− 1) + def3m(c− 1))

=
1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

d,e,f∈F∗
q

ψ(d(a2bc− 1) + e(ab2c− 1) + defm(c− 1))

= A1

= q2
∑
a∈F∗q
a3=1

χ(a).

As 3 ∤ (q − 1) , then we have

|A(χ,m, q)|2 = q2.

2

Lemma 3.3 Suppose that ψ is a canonical additive character of Fq . Then we can obtain the following identities

∑
m∈F∗

q

|C(ψ,m, q)|2 = q2 − q − 1,

∑
m∈F∗

q

|D(ψ,m, q)|2 =

{
q2 − 3q − 1, if 3 | (q − 1);
q2 − q − 1, if 3 ∤ (q − 1),

and

∑
m∈F∗

q

|E(ψ,m, q)|2 =

{
q2 − 4q − 1, if 4 | (q − 1);
q2 − 2q − 1, if 4 ∤ (q − 1).

Proof From Equation (3.3), we can get

∑
m∈F∗

q

|C(ψ,m, q)|2 =
∑

a,b,m∈F∗
q

ψ(m(a− b) + (a− b))

=
∑

a,b∈F∗
q

∑
m∈Fq

ψ(m(a− b) + (a− b))−
∑

a,b∈F∗
q

ψ(a− b)

= q2 − q − 1.
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Analogue to the calculation of
∑

m∈F∗
q
|C(ψ,m, q)|2 , we can also obtain

∑
m∈F∗

q

|D(ψ,m, q)|2 =
∑

a,b,m∈F∗
q

ψ(m(a3 − b3) + (a− b))

=
∑

a,b∈F∗
q

∑
m∈Fq

ψ(m(a3 − b3) + (a− b))−
∑

a,b∈F∗
q

ψ(a− b)

= q
∑

a,b∈F∗q
a3=b3

ψ(a− b)− 1

=

{
q2 − 3q − 1, if 3 | (q − 1)
q2 − q − 1, if 3 ∤ (q − 1).

Similarly, we can also get

∑
m∈F∗

q

|E(ψ,m, q)|2 =

{
q2 − 4q − 1, if 4 | (q − 1)
q2 − 2q − 1, if 4 ∤ (q − 1).

2

Lemma 3.4 Let 3 | (q − 1) and assume that τ is a multiplicative character of Fq of order three and ψ is a
canonical additive character of Fq . Then

∣∣∣∣∣∣
∑
m∈F∗

q

τ(m) |C(ψ,m, q)|2
∣∣∣∣∣∣ = q

3
2 ,

and

∣∣∣∣∣∣
∑
m∈F∗

q

τ(m) |D(ψ,m, q)|2
∣∣∣∣∣∣ ≤ q + 2

√
q.
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Proof Due to the fact that τ(−1) = 1 and τ2 = τ , we have

∑
m∈F∗

q

τ(m) |C(ψ,m, q)|2 =
∑

a,b,m∈F∗
q

τ(m)ψ(m(a− b) + (a− b))

= G(τ)
∑

a,b∈F∗
q

τ(a− b)ψ(a− b)

= G(τ)
∑

a,b∈F∗
q

τ(ab− b)ψ(ab− b)

= G(τ)
∑

a,b∈F∗
q

τ(b)τ(a− 1)ψ(b(a− 1))

= G2(τ)
∑
a∈F∗

q

τ(a− 1)τ(a− 1)

= G2(τ)
∑
a∈F∗

q

τ(a)τ(1− a)

= G2(τ)J(τ, τ).

From Lemma 2.3, it follows that |J(τ, τ)| = q
1
2 . Then combining with |G(τ)| = q

1
2 , we can easily check that

∣∣∣∣∣∣
∑
m∈F∗

q

τ(m) |C(ψ,m, q)|2
∣∣∣∣∣∣ = q

3
2 .

Similarly, by Equation (3.2), we can also obtain

∑
m∈F∗

q

τ(m) |D(ψ,m, q)|2 =
∑

a,b,m∈F∗
q

τ(m)ψ(m(a3 − b3) + (a− b))

=
∑

a,b,m∈F∗
q

τ(m)ψ(mb3(a3 − 1) + b(a− 1))

= G(τ)
∑

a,b∈F∗
q

τ̄(b3(a3 − 1))ψ(b(a− 1))

= G(τ)
∑

a,b∈F∗
q

τ̄(a3 − 1)ψ(b(a− 1))

= −G(τ)
∑
a∈F∗

q

τ̄(a3 − 1)

= −G(τ)
∑
a∈F∗

q

(1 + τ(a) + τ(a))τ̄(a− 1)

= G(τ)−G(τ)J(τ̄ , τ̄)−G(τ)J(τ, τ).
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Therefore, from Lemma 2.3 and |G(τ)| = q
1
2 , we have∣∣∣∣∣∣

∑
m∈F∗

q

τ(m) |D(ψ,m, q)|2
∣∣∣∣∣∣ ≤ |G(τ)|+ |G(τ)||J(τ̄ , τ̄)|+ |G(τ)||J(τ, τ)|

= q + 2
√
q.

2

Lemma 3.5 Assume that χ is a power-three multiplicative character in Fq with 3 | (q − 1) . Then, for any
multiplicative character τ of Fq of order three, it follows that∣∣∣∣∣∣

∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1)

∣∣∣∣∣∣ ≤ 3q
3
2 .

Proof From 3 | (q − 1) , it implies that there exists an element t ∈ F∗
q such that

1 + τ(t) + τ(t) = 0.

Then according to Equation (3.1), we can obtain

|A(χ,m, q)|2 +

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mtab)

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mt2ab)

∣∣∣∣∣∣
2

= 9q2,

which yields

|A(χ,m, q)|4 +

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mtab)

∣∣∣∣∣∣
4

+

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mt2ab)

∣∣∣∣∣∣
4

≤ 81q4. (3.4)

On the other hand, by Equation (3.1), it follows that

|A(χ,m, q)|4 +

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mtab)

∣∣∣∣∣∣
4

+

∣∣∣∣∣∣
∑

a,b∈F∗
q

χ(a+ b+mt2ab)

∣∣∣∣∣∣
4

= 27q4 + 6q

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1)

∣∣∣∣∣∣
2

. (3.5)

Hence, from Equations (3.4) and (3.5), we have∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1)

∣∣∣∣∣∣ ≤ 3q
3
2 .

2
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Now we use the lemmas above to complete the proofs of Theorems 1.1 and 1.2. Firstly, we prove Theorem 1.1.

Proof By Equation (3.1) and Lemma 3.3, we have

∑
m∈F∗

q

|A(χ,m, q)|2
∣∣∣∣∣∣
∑
c∈F∗

q

ψ(mc+ c)

∣∣∣∣∣∣
2

= 3q2(q2 − q − 1) +
G3(τ)

q

∑
m∈F∗

q

τ(m)

∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2 ∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1)

+
G3(τ)

q

∑
m∈F∗

q

τ(m)

∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2 ∑
a,b,c∈F∗

q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1).

Then from Lemmas 3.4 and 3.5, it follows that

∣∣∣∣∣∣∣
∑
m∈F∗

q

τ(m)

∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2
∣∣∣∣∣∣∣ = q

3
2 ,

and ∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(abc)τ(c− 1)τ(a2bc− 1)τ(ab2c− 1)

∣∣∣∣∣∣ ≤ 3q
3
2 .

And due to |G(τ)| = q
1
2 , it follows that

∑
m∈F∗

q

|A(χ,m, q)|2
∣∣∣∣∣∣
∑
c∈F∗

q

ψ(mc+ c)

∣∣∣∣∣∣
2

= 3q2(q2 − q − 1) + T1,

where |T1| ≤ 6q
7
2 .

Analogue to the proof above, according to Lemmas 3.1 and 3.3–3.5, we can also get

∑
m∈F∗

q

|A(χ,m, q)|2
∣∣∣∣∣∣
∑
c∈F∗

q

ψ(mc3 + c)

∣∣∣∣∣∣
2

= 3q2(q2 − 3q − 1) + T2,

where |T2| ≤ 6q3 + 12q
5
2 .

Theorem 1.2 can be checked by Lemmas 3.2 and 3.3. 2
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3.2. The proofs of Theorems 1.3 and 1.4

In order to prove Theorems 1.3 and 1.4, we need the following lemmas. For convenience, we denote

B0 =
1

q

∑
a,b,c,d∈F∗q

d ̸=1

χ(abcd)
∑

e,f,g,h∈F∗
q

(1 + λ(h) + η(h) + λ(h))ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1)

+ efghm(d− 1)),

B1 =
∑

a,b,c∈F∗
q

χ(abc)
∑

e,f,g∈F∗
q

ψ(e(a2bc− 1) + f(ab2c− 1) + g(abc2 − 1)),

B2 =
1

q

∑
a,b,c,d∈F∗q

d ̸=1

χ(abcd)
∑

e,f,g,h∈F∗
q

ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efghm(d− 1)),

B3 =
1

q

∑
a,b,c,d∈F∗q

d ̸=1

χ(abcd)
∑

e,f,g,h∈F∗
q

λ(h)ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efghm(d− 1)),

B4 =
1

q

∑
a,b,c,d∈F∗q

d ̸=1

χ(abcd)
∑

e,f,g,h∈F∗
q

η(h)ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efghm(d− 1)),

B5 =
1

q

∑
a,b,c,d∈F∗q

d ̸=1

χ(abcd)
∑

e,f,g,h∈F∗
q

λ(h)ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efghm(d− 1)),

where χ is a nonprincipal multiplicative character in Fq , ψ is a canonical additive character of Fq , and m ∈ F∗
q .

Lemma 3.6 Assume that χ is a nonprincipal multiplicative character in Fq with 4 | (q − 1) , and m is an
element in F∗

q . We denote that

S1 =
∑

a,b,c,d∈F∗
q

χ(abcd)η(d− 1)η(a2bcd− 1)η(ab2cd− 1)η(abc2d− 1),

S2 =
∑

a,b,c,d∈F∗
q

χ(abcd)λ(d− 1)λ(a2bcd− 1)λ(ab2cd− 1)λ(abc2d− 1),

and
S3 =

∑
a,b,c,d∈F∗

q

χ(abcd)λ(d− 1)λ(a2bcd− 1)λ(ab2cd− 1)λ(abc2d− 1),

where λ is a multiplicative character of Fq of order four and η is the quadratic character of Fq . If χ is not a
power-four multiplicative character in Fq , then we have

B(χ,m, q) = 0.

Otherwise,

|B(χ,m, q)|2 = 4q3 +
G4(λ)

q
λ(m)S3 +

G4(η)

q
η(m)S1 +

G4(λ)

q
λ(m)S2. (3.6)
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Proof If χ is not a power-four multiplicative character of Fq , then there exists an element r ∈ Fq such that
r4 = 1 and χ(r) ̸= 1 , then

B(χ,m, q) =
∑

a,b,c∈F∗
q

χ(ar + br + cr +mr3abc)

= χ(r)B(χ,m, q).

Due to χ(r) ̸= 1 , it follows that

B(χ,m, q) = 0.

If χ is a power-four multiplicative character in Fq , then analogue to Lemma 3.1, we also have

|B(χ,m, q)|2 =
1

q

∑
a,b,c,d∈F∗

q

χ(abcd)
∑

e,f,g,h∈F∗
q

ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efgh4m(d− 1)).

Since 4 | (q − 1) , we can obtain the following equation

∑
a∈F∗

q

χ(a4m) = (1 + λ(a) + η(a) + λ(a))χ(am). (3.7)

Hence we have

|B(χ,m, q)|2 =
q − 1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

e,f,g∈F∗
q

ψ(e(a2bc− 1) + f(ab2c− 1) + g(abc2 − 1)) +B0

=
q − 1

q
B1 +B2 +B3 +B4 +B5.

From Equation (3.3), we have

B2 = −1

q

∑
a,b,c,d∈F∗q

d̸=1

χ(abcd)
∑

e,f,g∈F∗
q

ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1))

= −1

q

∑
a,b,c,d∈F∗

q

χ(abcd)
∑

e,f,g∈F∗
q

ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1)) +
1

q
B1

= −q2
∑

a,b,c,d∈F∗q
a2bcd=ab2cd=abc2d=1

χ(abcd) + 3q
∑

a,b,c,d∈F∗q
a2bcd=ab2cd=1

χ(abcd)− 3
∑

a,b,c,d∈F∗q
a2bcd=1

χ(abcd) +
1

q
B1

=
1

q
B1.

Hence, |B(χ,m, q)|2 can be written as

|B(χ,m, q)|2 = B1 +B3 +B4 +B5.
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The next thing to do in the proof is to compute B1 . Similarly to the calculation of B2 , we have

B1 = q3
∑

a,b,c∈F∗q
a2bc=ab2c=abc2=1

χ(abc)− 3q2
∑

a,b,c∈F∗q
a2bc=ab2c=1

χ(abc) + 3q
∑

a,b,c∈F∗q
a2bc=1

χ(abc)

= q3
∑
a∈F∗q
a4=1

χ(a).

So that B1 = 4q3 . Finally, by the property of Gaussian sums, we can obtain

B3 =
1

q

∑
a,b,c,d∈F∗

q

χ(abcd)
∑

e,f,g,h∈F∗
q

λ(efghm(d− 1))ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + h)

=
G4(λ)

q
λ(m)S3.

Analogue to the calculation of B3 , we also have B4 = G4(η)
q η(m)S1 and B5 = G4(λ)

q λ(m)S2 . Hence, the proof
is completed. 2

Lemma 3.7 Suppose that χ is a nonprincipal multiplicative character in Fq with 4 ∤ (q − 1) , and m ∈ F∗
q . If

χ is not a power-two multiplicative character in Fq , then

|B(χ,m, q)| = 0.

Otherwise,

|B(χ,m, q)|2 = 2q3 + qη(m)
∑

a,b,c,d∈F∗
q

χ(abcd)η(d− 1)η(a2bcd− 1)η(ab2cd− 1)η(abc2d− 1),

where η is the quadratic character of Fq .

Proof Analogue to the proof of Lemma 3.6, we also have

|B(χ,m, q)| = 0,

when χ is not a power-two multiplicative character in Fq . And if χ is a power-two multiplicative character in
Fq , then

|B(χ,m, q)|2 =
1

q

∑
a,b,c,d∈F∗

q

χ(abcd)
∑

e,f,g,h∈F∗
q

ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efgh4m(d− 1)).

From 4 ∤ (q− 1) , it follows that gcd(4, q− 1) = 2 . Therefore, if h4 runs through Fq , then h2 also runs through
Fq , which yields

|B(χ,m, q)|2 =
1

q

∑
a,b,c,d∈F∗

q

χ(abcd)
∑

e,f,g,h∈F∗
q

ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efgh2m(d− 1)).
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According to the method of Lemma 3.6, we also have

|B(χ,m, q)|2 =
q − 1

q

∑
a,b,c∈F∗

q

χ(abc)
∑

e,f,g∈F∗
q

ψ(e(a2bc− 1) + f(ab2c− 1) + g(abc2 − 1)) +
1

q

∑
a,b,c,d∈F∗

q

χ(abcd)

∑
e,f,g,h∈F∗

q

(1 + η(h))ψ(e(a2bcd− 1) + f(ab2cd− 1) + g(abc2d− 1) + efgh2m(d− 1))

= B1 +B4

= 2q3 + qη(m)
∑

a,b,c,d∈F∗
q

χ(abcd)η(d− 1)η(a2bcd− 1)η(ab2cd− 1)η(abc2d− 1).

2

Lemma 3.8 Assume that λ is a multiplicative character of Fq of order four, η is the quadratic character of
Fq and ψ is the canonical additive character of Fq . Then∣∣∣∣∣∣

∑
m∈F∗

q

λ(m) |C(ψ,m, q)|2
∣∣∣∣∣∣ = q

3
2 ,

and ∑
m∈F∗

q

η(m) |C(ψ,m, q)|2 = 0.

Proof By the property of Gaussian sums, we have∑
m∈F∗

q

λ(m) |C(ψ,m, q)|2 =
∑

a,b,m∈F∗
q

λ(m)ψ(m(a− b) + (a− b))

= G(λ)
∑

a,b∈F∗
q

λ(a− b)ψ(a− b)

= G(λ)
∑

a,b∈F∗
q

λ(ab− b)ψ(ab− b)

= G(λ)
∑

a,b∈F∗
q

λ(b)λ(a− 1)ψ(b(a− 1))

= G2(λ)
∑
a∈F∗

q

λ(a− 1)λ(a− 1)

= G2(λ)λ(−1)
∑
a∈F∗

q

λ(a)η(a− 1)

= G2(λ)λ(−1)η(−1)J(λ, η).

On the other hand, from Lemma 2.3, we have the following equation

|J(λ, η)| = q
1
2 .
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Combining with |G(λ)| = q
1
2 , we can obtain

∣∣∣∣∣∣
∑
m∈F∗

q

λ(m) |C(ψ,m, q)|2
∣∣∣∣∣∣ = q

1
2 |G2(λ)| = q

3
2 .

Similarly, we also have

∑
m∈F∗

q

η(m) |C(ψ,m, q)|2 = G(η)
∑

a,b∈F∗
q

η(a− b)ψ(a− b)

= G2(η)η(−1)
∑
a∈F∗

q

η(a)

= 0.

2

Lemma 3.9 Suppose that λ is a multiplicative character of Fq of order four, η is the quadratic character of
Fq and ψ is a canonical additive character of Fq . Then:

(i) for the quadratic character η over Fq , we have

∣∣∣∣∣∣
∑
m∈F∗

q

η(m) |E(ψ,m, q)|2
∣∣∣∣∣∣ ≤ 2q + 2

√
q,

if 4 | (q − 1) , and ∑
m∈F∗

q

η(m) |E(ψ,m, q)|2 = 0,

if 4 ∤ (q − 1) ;
(ii) for any character λ over Fq of order four, we can obtain

∣∣∣∣∣∣
∑
m∈F∗

q

λ(m) |E(ψ,m, q)|2
∣∣∣∣∣∣ ≤ 2q + 2

√
q,

if 8 | (q − 1) , and ∑
m∈F∗

q

λ(m) |E(ψ,m, q)|2 = 0,

if 8 ∤ (q − 1) .
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Proof (i). By the property of Gaussian sums and η(a4) = 1 , it follows that

∑
m∈F∗

q

η(m) |E(ψ,m, q)|2 =
∑

a,b,m∈F∗
q

η(m)ψ(m(a4 − b4) + (a− b))

=
∑

a,b,m∈F∗
q

η(m)ψ(mb4(a4 − 1) + b(a− 1))

= G(η)
∑

a,b∈F∗
q

η(b4(a4 − 1))ψ(b(a− 1))

= G(η)
∑

a,b∈F∗
q

η(a4 − 1)ψ(b(a− 1))

= −G(η)
∑
a∈F∗

q

η(a4 − 1).

If 4 | (q − 1) , then by Equation (3.7) and η(−1) = 1 , we have

−G(η)
∑
a∈F∗

q

η(a4 − 1) = −G(η)
∑
a∈F∗

q

(1 + λ(a) + η(a) + λ(a))η(1− a)

= G(η)−G(η)J(λ, η)−G(η)J(η, η)−G(η)J(λ, η).

And by Lemma 2.3 and |G(η)| = √
q , we can get

∣∣∣∣∣∣
∑
m∈F∗

q

η(m) |E(ψ,m, q)|2
∣∣∣∣∣∣ ≤ √

q +
√
q|J(λ, η)|+√

q|J(η, η)|+√
q|J(λ, η)|

≤ 2q + 2
√
q.

Note that 4 ∤ (q − 1) . If a4 runs through Fq , so does a2 . Then according to η(−1) = −1 , G2(η) = η(−1)q

and Lemma 2.2, we have

∑
m∈F∗

q

η(m) |E(ψ,m, q)|2 = −G(η)
∑
a∈F∗

q

η(a4 − 1)

= −G(η)
∑
a∈F∗

q

η(a2 − 1)

= G(η)
∑
a∈F∗

q

(1 + η(a))η(1− a)

= −G(η) +G(η)J(η, η)

= −G(η)− 1

q
G3(η)

= 0.
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(ii). By similar method of (i), it follows that

∑
m∈F∗

q

λ(m) |E(ψ,m, q)|2 = −G(λ)λ(−1)(1 + λ(a) + η(a) + λ(a))λ(1− a)

= G(λ)λ(−1)−G(λ)λ(−1)J(λ, λ)−G(λ)λ(−1)J(η, λ)−G(λ)λ(−1)J(λ, λ).

By Lemma 2.2 and G(λ)G(λ) = λ(−1)q , we have

∑
m∈F∗

q

λ(m) |E(ψ,m, q)|2 = G(λ)λ(−1) +
1

q
G(λ)λ(−1)G(λ)G(λ)−G(λ)λ(−1)

G(λ)G(η)

G(λ)

−G(λ)λ(−1)
G(λ)G(λ)

G(η)

= G(λ)(1 + λ(−1))−G(λ)λ(−1)
G2(λ)G(η)

G(λ)G(λ)
−G(λ)λ(−1)

G2(λ)G(η)

G2(η)

= G(λ)(1 + λ(−1))− 1

q
G3(λ)G(η)(1 + λ(−1)).

When 8 ∤ (q − 1) , we have λ(−1) = −1 , which yields

∑
m∈F∗

q

λ(m) |E(ψ,m, q)| = 0.

When 8 | (q − 1) , we have λ(−1) = 1 . Hence by |G(λ)| = q
1
2 it follows that∣∣∣∣∣∣

∑
m∈F∗

q

λ(m) |E(ψ,m, q)|2
∣∣∣∣∣∣ =

∣∣∣∣2G(λ)− 2

q
G3(λ)G(η)

∣∣∣∣
≤ 2|G(λ)|+ 2

q
|G(λ)|3|G(η)|

= 2
√
q + 2q.

2

Lemma 3.10 Assume that χ is a power-four multiplicative character in Fq with 4 | (q − 1) . Then, according
to the definitions of S1 , S2 and S3 in Lemma 3.6, we have

|S1| ≤ 4
√
3q2 and |S2| = |S3| ≤ 2

√
6q2.

Proof If 4 | (q − 1) , there exists an element h ∈ Fq such that

1 + λ(h) + η(h) + λ(h) = 0.
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Since Equation (3.6), we can obtain

|B(χ,m, q)|2 +

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mhabc)

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mh2abc)

∣∣∣∣∣∣
2

+

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mh3abc)

∣∣∣∣∣∣
2

= 16q3,

which yields

|B(χ,m, q)|4 +

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mhabc)

∣∣∣∣∣∣
4

+

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mh2abc)

∣∣∣∣∣∣
4

+

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mh3abc)

∣∣∣∣∣∣
4

≤ 256q6.

By a direct calculation and Equation (3.6), it follows that

|B(χ,m, q)|4 +

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mhabc)

∣∣∣∣∣∣
4

+

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mh2abc)

∣∣∣∣∣∣
4

+

∣∣∣∣∣∣
∑

a,b,c∈F∗
q

χ(a+ b+ c+mh3abc)

∣∣∣∣∣∣
4

= 64q6 + 4q2 |S1|2 + 4q2 |S2|2 + 4q2 |S3|2 .

From the definition of S2 and S3 , it follows that |S2| = |S3| , which yields |S1|2 + 2 |S2|2 ≤ 48q4 . Due to
|S1|2 ≥ 0 , we have |S2| = |S3| ≤ 2

√
6q2 . On the other hand, by |S2|2 ≥ 0 , we can also obtain |S1| ≤ 4

√
3q2 . 2

Now we complete the proofs of our results by using the lemmas in this section. Firstly, we give the proof
of Theorem 1.3.

Proof By Equation (3.6), Lemmas 3.3 and 3.8, we can obtain

∑
m∈F∗

q

|B(χ,m, q)|2
∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2

= 4q3
∑
m∈F∗

q

∣∣∣∣∣∣
∑
e∈F∗

q

ψ(me+ e)

∣∣∣∣∣∣
2

+
G4(λ)

q

∑
m∈F∗

q

λ(m)

∣∣∣∣∣∣
∑
e∈F∗

q

ψ(me+ e)

∣∣∣∣∣∣
2

S3

+
G4(η)

q

∑
m∈F∗

q

η(m)

∣∣∣∣∣∣
∑
e∈F∗

q

ψ(me+ e)

∣∣∣∣∣∣
2

S1 +
G4(λ)

q

∑
m∈F∗

q

λ(m)

∣∣∣∣∣∣
∑
e∈F∗

q

ψ(me+ e)

∣∣∣∣∣∣
2

S2

= 4q3(q2 − q − 1) +
G4(λ)

q

∑
m∈F∗

q

λ(m)

∣∣∣∣∣∣
∑
e∈F∗

q

ψ(me+ e)

∣∣∣∣∣∣
2

S3 +
G4(λ)

q

∑
m∈F∗

q

λ(m)

∣∣∣∣∣∣
∑
e∈F∗

q

ψ(me+ e)

∣∣∣∣∣∣
2

S2.
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Then by Lemma 3.8, we have ∣∣∣∣∣∣
∑
m∈F∗

q

λ(m) |C(ψ,m, q)|2
∣∣∣∣∣∣ = q

3
2 .

And from Lemma 3.10, we can obtain∣∣∣∣∣∣
∑

a,b,c,d∈F∗
q

χ(abcd)λ(d− 1)λ(a2bcd− 1)λ(ab2cd− 1)λ(abc2d− 1)

∣∣∣∣∣∣ ≤ 2
√
6q2.

Therefore, due to |G(λ)| = q
1
2 , we can get

∑
m∈F∗

q

|B(χ,m, q)|2
∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md+ d)

∣∣∣∣∣∣
2

= 4q3(q2 − q − 1) + T3,

where |T3| ≤ 4
√
6q

7
2 . Similarly, from Lemmas 3.3, 3.9 and 3.10, we can also obtain

∑
m∈F∗

q

|B(χ,m, q)|2
∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 4q3(q2 − 4q − 1) + T4,

if 8 | (q − 1) , and

∑
m∈F∗

q

|B(χ,m, q)|2
∣∣∣∣∣∣
∑
d∈F∗

q

ψ(md4 + d)

∣∣∣∣∣∣
2

= 4q3(q2 − 4q − 1) + T5,

if 8 ∤ (q − 1) , where |T4| ≤ (8
√
3 + 8

√
6)(q4 + q

7
2 ) and |T5| ≤ 8

√
3(q4 + q

7
2 ) . 2

Moreover, we can also obtain Theorem 1.4, by similar method of the proof of Theorem 1.3.
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