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Abstract: The definition of ordered I'-hypersemigroups and the definitions of regular and intra-regular ordered I'-
hypersemigroups in the existing bibliography should be corrected. Care should be given to the definitions of bi-I"-
hyperideals and quasi-I'-hyperideals as well. The main results are a characterization of minimal bi-ideals of an ordered
I'-hypersemigroup S in terms of B-simple bi-ideals of S and a characterization of minimal left (resp. right) ideals of

an ordered I'-hypersemigroup S in terms of left (resp. right) simple subsemigroups of S.
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1. Introduction
According to the existing bibliography, if S and T' are nonempty sets such that every v € I' is a hyperoperation
of S,ie ayy C S for every z,y € S, and for every «,8 €T and z,y,z € S, we have za(yBz) = (zay)pfz,
then S is called a I'-hypersemigroup. An ordered I'-hypersemigroup is a I'-hypersemigroup with an order
relation “<” on S such that a < b implies ayc <X byc and cya <X c¢yb for every ¢ € S and every v € I' in the
sense that for every u € ayc there exists v € byc such that v < v and for every u € ¢ya there exists v € cyb
such that v <wv.

Clearly, “zyy C S for every x,y € S” is not enough for v to be hyperoperation. A hyperoperation is
actually an operation (called hyperoperation as it assigns to each couple of elements of S a subset (instead of
an element) of S —it might be called operation as well. Therefore, as in any operation, the uniqueness condition

is the main condition that defines the hyperoperation. Let us stay a little more on it to make everything clear.

v is a hypeoperation on S means that v is a mapping of S x S into the set P*(S) of all nonempty
subsets of S, also written as

v: S xS —=P(S) | (x,y) = v(z,y) := xvyy.

That means that the following assertions are satisfied:
(1) zyy C S for every z,y € S and
(2) if x,y,z,t € S such that x = z and y = ¢, then xyy = 27t.

So, it would be wrong to say “<v is a hyperoperation on S, i.e. zyy C S for every z,y € S”. Condition (2)

(the uniqueness condition) is the essential, main condition that defines the hyperoperation and is missing from
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the definition of I'-hypersemigroup. Without this condition in an expression of the form ATI'BI'CTD, we do
not know where to put parentheses, and the investigation cannot go further (for details see [3]; the paper in
[3] is on ordered I'-semigroups but the same can be said for ordered I'-hypersemigroups, as well). In addition,
expressions of the form za(yBz), (xay)Bz have no sense (see [7]).

According to the bibliography, an ordered I'-hypersemigroup (5,1, <) is called regular if for every a € S
there exist € S and «,f € I', such that a < aaxfa or if one of the following two equivalent conditions are
satisfied: (o) a € (aI'STa] for every a € S. (8) A C (AI'STA] for every AC S.

In other words, the following are equivalent:
(1) For every a € S there exist z € S and «a, 8 € T, such that a < aazfa.
(2) a € (al'STa] for every a € S.

(3) AC (AT'STA] for every AC S.

However, this is the definition of regular ordered I'-semigroup [3] and not of regular ordered T'-
hypersemigroups. a being an element of S, aazfa being a subset of S (after correction) and “<” the order
on S (that is relation between elements); the expression a < aaxfa has no meaning. When the definition of
regularity is wrong, there is no sense to speak about its equivalent definitions. We are not in a I'-semigroup in
which this is obvious. Even if we get the (equivalent definition) A C (AT'ST'A] (or the a € (aI'STa]) as the
definition of regularity, what is the AT'STA ? (or the aI'STa ?) Thus, the equivalent definitions also cannot
define the ordered I'-hypersemigroup. Except the fact that in (3), the set A should be nonempty (we are not
in a T'-semigroup in which A can be empty).

The definition of an intra-regular ordered I'-hypersemigroup is given as follows: A TI'-hypersemigroup
(S,T, <) is called intra-regular if for every a € S there exist z,y € S and «, 8,7 € T, such that a < zaafBayy
or if one of the following two conditions holds: (a) a € (ST'al'al'S] for all a € S. (8) A C (STATAT'S] for all
ACS.

So, the following are equivalent:
(1) For every a € S, there exist z,y € S and «, 3,7 € ', such that a < zaaBayy.
(2) a€ (STal'al'S] for every a € S.

(3) AC (STATAT'S] for every subset A of S.

However, this is the definition of intra-regular ordered TI'-semigroup [3] and not of intra-regular ordered
I'-hypersemigroups. In case of an intra-regular ordered I'-hypersemigroup, we have to define the ST AT'AI'S
and give an explanation that we have the right to write it without using parentheses.

In case of intra-regular ordered I'-hypersemigroups, the set A in (3) should be nonempty.

The definition of bi-T'-hyperideal for ordered I'-hypersemigroups given by “(1) BI'STB C B and (2)
x € B and y € 5, such that y < z implies y € B” without explaining what the BI'ST' B C B means, defines
the bi-ideal of ordered I'-semigroups [3] (where the methodology is completely different), and cannot define
the bi-I'-hyperideal of ordered I'-hypersemigroups. The fact that it is defined as subI'-hypersemigroup in the
bibliography does not play any role.
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Examples given by a table of multiplication and an order, based on the above mentioned concepts should
be also corrected.

It might be mentioned here that the paper in [3] has been written in an attempt to show the methodology
we pass from ordered semigroups to ordered I'-semigroups to conclude that many results on semigroups or
ordered semigroups hold automatically (with the obvious change) for I'-semigroups or ordered I'-semigroups,
respectively, and do not need any proof (see the Abstract in [3]). With exactly the same aim has been written
the paper in [4]. We might refer to “Conclusion” on p. 566 in [5] and to [6] as well.

The combination of two elements of an ordered I'-hypersemigroup S by a vy-hyperoperation, being a
subset of S (and not an element of S -as in ordered I'-semigroups), makes the investigation on ordered T'-
hypersemigroups different. Although the characterization of regular I'-semigroups given in [3; p. 182] and
[3; Theorems 3 and 5] hold without any change for ordered I'-hypersemigroups when we use the (equivalent)
definition of regularity for ordered I'-hypersemigroups given by A C (AT'ST'A], the notation A C (AT'ST 4]
between the two structures has completely different meaning. The same might be said for Proposition 4 and
Propositions 6-10 in [3].

As an example, let us consider the Theorem 3 in [3]: An ordered I'-semigroup S is regular if and only
if the right ideals and the left ideals of S are idempotent and for every right ideal A and every left ideal B
of S, (AT'B] is a quasi-ideal of S. If we replace the word “I'-semigroup” by “I'-hypersemigroup”, the above
mentioned theorem holds for regular ordered I'-hypersemigroups as well and its proof is the same. But the
concepts in each case is different. A nonempty subset @ of an ordered I'-semigroup (5,T", <) is called a quasi-
ideal of S if (1) (QT'S|N(STQ] C @ and (2) if a € Q and S 5b < a, then b € Q. A nonempty subset Q of
an ordered I'-hypersemigroup (S,T, <) is called a quasi-I'-hyperideal of S if (1) (QI'S] N (STQ] C @ and (2)
if a e @ and S 30b<a,then b € @. Although the two definitions look like the same, in case of an ordered
[-hypersemigroup, the (QT'S] N (STQ] C @ has the following meaning: If x < ¢ for some ¢ € uys, u € @,
~veTl, se S and © < h for some h € s'uv, s €S, uel', veQ, then z € Q.

The same might be said for Theorem 5 in [3]. The following theorem holds and its proof is the same
with the proof of Theorem 5 in [3] if we use the equivalent definition of regularity mentioned above. This
is a new theorem; the reader can easily prove it by taking into account the corresponding result on ordered
I"-semigroups.

Theorem: Let S be a regular ordered I'-hypersemigroup. Then, B is a bi-I'-hyperideal of S if and only if
there exist a right T'-hyperideal R and a left T'-hyperideal L of S, such that B = (RT'L].

But, while for an ordered I'-semigroup S, (RT'L] is the subset of S defined by
{te S|t <wuforsomeu=uzyy;x € R,yeT, ye L},
for an ordered I'-hypersemigroup S, (RT'L] is the subset of S defined by
{te S|t <ufor someue€xyy;x € R,yel, ye L}

It has been proved by Yonglin Cao and Xinzhai Xu in [1] that a left ideal of an ordered semigroup S is
minimal if and only if it is left simple. The proof is based on the fact that if L is a minimal left ideal of an
ordered semigroup S and A is a left ideal of L, then the set H ={h € A | h < ka for some k € L and a € A}

is a left ideal of S. According to the main theorem in [10], a bi-ideal of an ordered semigroup is minimal if and
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only if it is B-simple. For the same theorem, in case of ordered I'-semigroups, see [2]. In the following, we will

examine these results for ordered I'-hypersemigroups.

2. Main results

Using the definitions, notations, and some of the results in [9], let us characterize the minimal bi-ideals of an
ordered I'-hypersemigroup S in terms of B-simple bi-ideals and the minimal left ideals of S in terms of left
simple subsemigroups of S.

Let S be a I'-hypersemigroup and “<” be an order relation on S. Denoted by “=" the reflexive and
transitive relation (preorder) on the set of all nonempty subsets, P*(S) of S defined by

A = B if for every a € A there exists b € B such that a <b.

A T-hypersemigroup (S,I) is called an ordered I'-hypersemigroup if there is an order relation “<” on
S such that, for every ¢ € § and every v € I', a < b implies c¢ya < ¢yb and avyc < byc.

For nonempty subsets B and T of an ordered I'-hypersemigroup S, the symbol (B]r denotes the subset
of T defined by (B]p:={t €T |t <b for some b € B}. In particular, for ' = S, we write (B] instead of (B]g
and we have (B]:={t€ S|t <b for some b € B}.

Clearly, = € (B]r if and only if € T and = € (B].

A nonempty subset B of an ordered I'-hypersemigroup S is called a bi-ideal of S, if (1) BT'STB C B
and (2) if a € B and S 3 b < a, then b € B; that is, if (B] = B.

Lemma 1 Let (S,T,<) be an ordered hypersemigroup and B a nonempty subset of S such that (B] = B.
The following are equivalent:

(1) B is a bi-ideal of S.

(2)if a,be B, s€ S and v, €T, then (ays)u{b} C B.
Proof (1) = (2). Let a,b € B, s€ S, v,u € I' and x € (ays)n{b}. We have (ays)u{b} C (ays)I'{b} [9;
Definition 3.3]. Since a € B, v € T', s € S, we have ays C BT'S [9; Lemma 3.7(2)]. Since ays C BI'S and
{b} C B, we have (avys)I'{b} C (BT'S)I'B [9; Lemma 3.8]. We also have (BI'S)I'B = BI'STB [9; Prop. 3.17].
Since B is a bi-ideal of S, BI'ST'B C B. Thus we get € B and property (2) holds.
(2) = (1). Let z € BT'STB. Then z € uub for some v € BT'S, p €T, b€ B and u € ays for some a € B,
v€Tl, s€S [9; Lemma 3.7 and Prop. 3.17]. Thus we have

x € upb = {u}n{b} C (ays)u{db} (by [9; Lemmas 3.5, 3.6]).

Since a,b € B, s € S, v,u € ', by (2), we have (ays)u{b} C B. Then we have & € B and property (1) is
satisfied. O

Lemma 2 If S is a I'-hypersemigroup then, for any nonempty subsets A, B,C of S and any v, € ', we have
(AyB)aC = A5(BRC).
Proof Let x € (AyB)aC'. Then, = € upc for some u € A¥B, ¢ € C and u € avyb for some a € A, b € B (by
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[9; Definition 3.2]). Then, we have

x €upc = {ulp{c} C (avyb)u{c} (by [9; Lemmas 3.5, 3.6])
{a}7(buc) (by [9; Def. 3.14])
A%(BuC) (by [9; Def. 3.2, Lemma 3.6]).

N

If x € A§(BuC), then z € ayu for some a € A, u € BaC and u € buc for some b € B, ¢ € C'; thus we have

€ {a}y{u} C {a}y(bpc) € A7(BRC).

O
According to Lemma 2, for any nonempty subsets Ai, As,..., A, of § we can write A17,42..7,An

without using parentheses.

Lemma 3 Let S be an ordered T -hypersemigroup and A, B,C nonempty subsets of S. Then, we have the
following:

(1) If A< B, then A5¥C < ByC and C§A < C¥B for every v € T.

(2)If A BCC, then A<C.

Proof (1) Let 2 € A3C. By [9; Definition 3.2], 2 € ayc for some a € A, ¢ € C. Since A <X B and a € A,
there exists b € B such that a <b. Since a < b, we have ayc < byc and, since x € ayc, there exists y € byc
such that « < y. By [9; Definition 3.2], y € byc C ByC'. For the element y € ByC, we have < y and so
A7C < B7C.

(2) Let A BCC and a€ A. Since A < B and a € A, we have a < b for some b € B. Since B C C, we
have a < b, where b € C and so A <X C. O

Definition 4 Let S be an ordered T -hypersemigroup and B a bi-ideal of S. A nonempty subset A of B is called
a bi-ideal of B if (1) ATBTAC A and (2) ifa€ A and B>b<a, then be A.

Here ATBT'A C A means that if x € (uyb)ii{a} for some u,a € A, b€ B and v,u € T", then z € A.
For B = S, this is the definition of bi-ideal.

Definition 5 Let S be an ordered T -hypersemigroup. A bi-ideal B of of S is called minimal (bi-ideal of S) if
for every bi-ideal A of S such that A C B, we have A = B.

A bi-ideal B of an ordered T"-hypersemigroup S is called B-simple if B is the only bi-ideal of B; that
18, if A is a bi-ideal of B, then A= B.

Theorem 6 Let S be an ordered T -hypersemigroup and B be a bi-ideal of S. Then B is a minimal bi-ideal
of S if and only if B is B-simple.

Proof =—. Let B be a minimal bi-ideal of S and A be a bi-ideal of B. We have to prove that A = B.
We consider the set

H:={he A|{h} = (a17b)ii{az} for some aj,as € A, b€ B,vy,u €T'}.

It is enough to prove that H is a bi-ideal of S. Then, since H C A C B and B is a minimal bi-ideal of S, we
have H = B, then A = B and the proof is complete.

The set H is a bi-ideal of S. In fact:
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(1) H is a nonempty subset of S: Take a € A, b € B, vy € T' (4,B,T' # (), and an element
h € (avb)7{a}. By [9; Definition 3.3], (ayb)7{a} C (ayb)I'{a}. By [9; Lemma 3.7(2)], ayb C AT'B. By
[9; Lemma 3.8 and Prop. 3.17], (ayb)I'{a} C (AIB)I'A = AI'BT'A. Since A is a bi-ideal of B, we have
AT'BT'A C A. Thus we have h € A. Since h < h € (avyb)¥{a}, we have {h} < (ayb)¥{a}. Since h € A,

{h} X (avb)7{a}, a € A, b€ B, v €T, we have h € H and the set H is a nonempty set.

(2) HT'STH C H, that is, if h1,he € H, s € S and (,w € ', then (h1(s)w{h2} C H (see Lemma 1).

To prove it,

let hi,he € H, s € S, (,w € " and = € (h1(s)w{ha}. Then & € H. Indeed: Since h; € H, we
have hy € A and {h1} = (a1y1b1)f,{a}} for some ay,a} € A, by € B,y1,u1 € I'. Since hy € H, we have

he € A and {ha} = (agvy2ba)fig{as} for some ag,ah € A, by € B,v9, 2 € I'. Then we have hy < ¢; for some
t1 € (a17101)1,{a}} and hy <ty for some to € (asyebe)fiz{as}. Since hy < 1, we have hi(s < t1(s. Then

(ha¢s)a{ha} = (ti¢s)ii{ha} (by Lemma 3(1))
({)¢Ts} )iatha} (by [9; Lemma 3.5))
{t1}C{s}{h2} (by Lemma 2)
((armbn)m {ai})CLsha{ha)

= {a1}7,{b1}m,{a} }¢{s}{ha} (by [9; Lemma 3.5] and Lemma 2).

N

We write, for short, A := {a1}7,{b1}7,{a}}{{s} and, by Lemma 3(2), we have

(hi¢s)i{ha} = Afi{ha}
Since {ha} =X {a2}72{b2}5{a%}, by Lemma 3(1), we have

Afi{ha} = AR({a2 )7, (s} {0} ).
We put C := {ba}1i5{a5}, and we have
Afi{hs} = A7i({a2}7,C) = Afi{az}7,C (by Lemma 2)
= Afi{as )7, ({ba}Tin{ab} ) = Ai{a2}7{b2}Tin{ab} (by Lemma 2 as 0 # Afi{as} C S)
Since “< 7 is a transitive relation on S, by (A) and (B), we obtain
(hiCs)iitha} = {a}7,{br b {a) }({s}i{a2}Ta{ba} o {as }-

On the other hand, {b1}fi;{a}}{{s}m{az2}7,{b2} € BT'STB C B. Thus we have,

a € (hi¢s)a{ha} = {a1}7 {01} {at Y {syi{as}Ta{bo} o {az} C {a1}7: BRip{as}
C ATBTAC A

By (C), we have xz < y for some y € A; in addition,

€ (hy(s)@{ha} = {h1}C{s}@{ha} C ATSTA C BI'STB C B.
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Since B> x <y € A and A is a bi-ideal of B, we have x € A.
Again by (C), z <y for some y € {a1}7,Bh,{ab}. Since y € ({01}713)ﬁ2{a/2}, we have y € upugal

for some u € {a1}y,B and u € a;vy;1t for some ¢t € B (by [9; Definition 3.2]). Thus, we have

z <y € uppay = {ulfix{a5} C (arimit)fiz{as},

and so {z} < (a1m1t)fip{as}. Since z € A and {z} < (a171t)f.{ab}, where ay,a2 € A, t € B and v, € T,
we have z € H.

(3) Let h € H and S > ¢ < h. Then t € H. Indeed: Since h € H, we have h € A and
{h} = (a1vb)m{az} for some aj,as € A, b € B,v,u € . Then h < z for some z € (a;vb)i{az}; in addition,
by [9; Lemma 3.7(2)], we have a17b C AT'B, by [9; Definition 3.3], we have (a1vb)ii{az} C (a1vb)['{az} and
by [9; Lemma 3.8], we have (a17b)I'{as} C (AI'B)I'A and so z € ATBI'A C A C B. Since t < z € B and
B is a bi-ideal of S, we have t € B. Since B>t < h € A and A is a bi-ideal of B, we have t € A. Since
t < h, we have {t} =< {h}. Since the relation “=<" is transitive, we get {t} = (a1vb){az}. We have t € A,
{t} 2 (a1yb)i{az}, a1,a2 € A, be B, v,p €T andso t € H.
<=. Let C be a bi-ideal of S such that C C B. Then C = B. Indeed: Let b € B. Fix an element ¢ € C' and

consider the set
A:={t e B|{t} = (cyb1)n{c} for some by € B, v,u € I'}.

The set A is a bi-ideal of B. In fact:

(1) A is nonempty: Take v € T’ and z € (¢yb)¥{c}. By [9; Definition 3.3], (cyb)¥{c} C (cyb)I{c}. By
[9; Lemma 3.7(2)], ¢yb € CTB. By [9; Lemma 3.8],

(cyb)T{c} C CTBI'C C BI'STB C B.

Thus we have € B. Since & < z € (cyb)¥{c}, we have {z} <X (eyb)¥{c}. Since = € B, {z} =X (evb)¥{c},
be B and vy €T, we have z € A and so A # ).

(2) ATBT'A C A, that is, if z,y € A, z € B and (,w € I", then (x(z)w{y} C A. To prove it,
let v,y € A, z€ B, (,w €T and h € (z(z)w{y}. Then h € A. Indeed:

Since x € A, we have € B and {z} =X (ey1b1)fi,{c} for some by € B, v1,1 € T'. Since y € A, we
have y € B and {y} = (cvy2b2)fig{c} for some by € B, 73,12 € I'. Since {z} = {c}7,{b1}F,{c}, by Lemma
3(1), we have

(2¢2)@{y} = {}C=}oly} < {7 (b )T (e} =)oy}
We put F := {c}7,{b1 i, {c}C{z} and we have (v(2)@{y} < Fo{y}.
Since {y} < {c}Ta{b2}ia{c}, by Lemma 3, we have Far{y} < Fo({c}Ta{ba}ma{c}).
We put K = {by}i,{c} and we get

Fw{y} = F@({c}ﬁﬂ() = Fw{c}7,K (by Lemma 2)

Far{eyy, ({ba}in{c} )
= Fw{c}F{ba}fis{c} (by Lemma 2 as § # Fw{c} C 5).
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Thus we have (2C2)@{y) < {e}T: (b} (AN TLNB{N T (ba) s (e} . Since
{b1}m, {c}{{z}0{c}7a{b2} € BTSTB C B,

we have

h € (aC2)w{y} = {c}7{b1} T {e}¢{z}w{c} 7o (b2} o {c} € {c}71 BRiy{c} € BTSTB C B (D)
By (D), h < d for some d € B. Since B is a bi-ideal of S, we have h € B. Again by (D), h < d for some
de ({c}ﬁlB)ﬁQ{c}. By [9; Definition 3.2], d € upqc for some v € {c}7,B and u € c¢yym for some m € B.
Then we have d € {u}fiy{c} C (ecy1m)fiy{c}. Since h < d € (cy1m)fy{c}, we have {h} < (cyim)f,{c}. Since
h e B, {h} < (ey1m)fiy{c}, m € B and v1,pu2 € I', we have h € A.

(3) Let x € A and B>y < x. Then y € A. Indeed: Since x € A, we have x € B and {x} < (cyb1)n{c}
for some by € B, v, € T'. Since y < x, we have {y} < {x}. Since “=<” is a transitive relation, we have
{y} = (evb)i{c}. Since y € B, {y} = (evb1)n{c}, by € B, y,p € T, we have y € A.

By (1),(2) and (3), A is a bi-ideal of B. Since B is B-simple, we have A = B. Since b € B, we
have b € A. Since b € A, we have {b} =< (cyt)ii{c} for some ¢t € B, v,u € T'. By [9; Remark 3.4],
¢yt € CT'B. By [9; Lemma 3.6], (cyt)f{c} € (CTB)f{c}. By [9; Definition 3.3], (CTB)u{c} C CTBTI'{c}.
Since ¢ € C, by [9; Lemma 3.8], CT' BI'{c} C (CTB)I'C C CT'ST'C'. Since C is a bi-ideal of S, CTSTC C C'.
Since {b} =< (cyt){c} C C, by Lemma 3(2), {b} < C. Then there exists d € C such that b < d. Since

S3b<deC and C is a bi-ideal of S, we have b € C'. Thus we have B C C' and so C' = B and the proof is
complete. O

In the following part, we will give a characterization of minimal left ideals of an ordered I'-hypersemigroup

analogous to that one given for bi-ideals in Theorem 6.

Definition 7 Let S be an ordered T -hypersemigroup and L a left ideal of S. A nonempty subset A of L is
called a left ideal of L if (1) LTAC A and (2)if a€ A and L>b<a, then be A.

Definition 8 Let S be an ordered T -hypersemigroup. A left ideal L of S is called minimal (left ideal of S) if
for every left ideal A of S such that A C L, we have A= L.

A left ideal L of an ordered T -hypersemigroup S is called left simple if L is the only left ideal of L ; that
18, if A is a left ideal of L, then A= L.

Theorem 9 Let S be an ordered I -hypersemigroup and L a left ideal of S. Then, L is minimal left ideal of S
if and only if L is a left simple.

Proof =—. Let A be a left ideal of L. Then A = L. Indeed: We consider the set
T:={he A|{h} =2 kya for some k € L,y € ';a € A}.
Take an element ¢ € L, an element d € A, an element v € ', and an element u € cyd (cyd # 0). We have
u € cyd = {c}7{d} C {c}I'{d} C LT'A C A.

Since u <u € cyd, we get {u} < ¢yd. Since u € A and {u} < c¢yd where ce L, y€TI',d€ A, wehave u € T
and so T is a nonempty set. Moreover T'C A C L. We prove that T is a left ideal of S. Then, since T C L, T
is a left ideal of S and L is a minimal left ideal of S, we have T'= L; then A = L and the proof is complete.
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The following assertions are satisfied:
(1) STT C T. Indeed: Let u € STT. By [9; Remark 3.4], u € mph for some m € S, pe ', heT.
Since h € T, we have h € A and {h} < k~vya for some k € L, vy €T, a € A. Then, by Lemma 3(1), we have

w € mph = {m}p{h} < {m}p(kya) = (mpk)7{a}.

Then there exists v € (mpk)¥{a} such that u < v. Since v € (mpk)¥{a}, we have v € wya for some w € mpk.
Then we have

vewya = {wiy{a} € (mpk)y{a} € (mpk)I'{a} (by [9; Def. 3.3])
(STL)TAC LTAC A.

N

On the other hand, u € STT C STAC STL C L andso u € L. Since L >u <wv € A and A is a left ideal of
L, we have u € A. Since v € LT'A, we have v € twb for some t € L, w € ', b € A. Since u < v € twb, we
have {u} < twb. Since u € A and {u} < twb, where t e L, we ', b€ A, we have u e T.

(2) Let he€T and S >m < h. Then m € T. Indeed: Since h € T', we have h € A and {h} < kva for
some ke L, yeIl',ac A. Since h€ A, we have h € L. Since S>m < h € L and L is a left ideal of S, we
have m € L. Since L > m < h € A and A is a left ideal of L, we have m € A. Since {h} <X kvya, we have
h < u for some u € kya. Since m < u and u € kya, we have {m} < kya. We have m € A and {m} =< kvya,
where k€ L, y€T', a€ A andso meT.

By (1) and (2), T is a left ideal of S.
<. Let A be a left ideal of S such that A C L. Then A= L.

In fact, the following assertions are satisfied:

(1) LT(LTA], C (LTA]L. Indeed: Let x € LT'(LTA]L. Then = € yvyt for some y € L, v € T,
te (LTA]L, t € L, t < z for some z € LT'A. Since t < z, we have yyt < yyz and since z € yyt, there
exists k € yvyz such that x < k. We have © € yyt C LI'L C STL C L and so x € L. In addition,
x <ke€yyz CLT(LI'A) C (STL)TA C LT'A and so = € (LT'A]. We have z € L and z € (LT'A] and so
x € (LTA]L.

(2) If © € (LT A]L, and L >y <z, then y € (LT'A]L. Indeed: Since z € (LT'A]L, we have z € L and
x < z for some z € LT'A. We have y € L and y < z for some z € LT'A and so y € (LT'4]y,.

By (1) and (2), (LT'A]L is a left ideal of L. Since L is left simple, we have

L = (LT'A]L C (STA]L C (A]L C (A] = A (since A is a left ideal of S)

andso A=1L. O

Definition 10 Let S be an ordered T -hypersemigroup and R a right ideal of S. A nonempty subset A of R is
called a right ideal of R if (1) ATRC A and (2) if a€ A and R>b<a, then be A.

Definition 11 Let S be an ordered I'-hypersemigroup. A right ideal R of of S is called minimal (right ideal of
S) if for every right ideal A of S such that A C R, we have A = R.

A right ideal R of an ordered T -hypersemigroup S is called right simple if for every right ideal A of R,

we have A = R.
The right analogue of Theorem 9 also holds and we have the following theorem.
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Theorem 12 Let S be an ordered T'-hypersemigroup and R a right ideal of S. Then R is minimal right ideal
of S if and only if R is a left simple.
For the = -part it is enough to prove that the set

T:={heA|{h} < avyk for some a € A,y €',k € R}

is a right ideal of S and for the <-part that the set (AT'R]g is a right ideal of R.

The definition of T'-hypersemigroups [9] corrects the definitions of ordered I'-hypersemigroups and related
structures like the definition of the LA-T'-hypersemigroup etc. (see [8]).

As there are still people interested in examples for ordered I'-hypersemigroups, it might be noted the
following: For a given example, a computer program to generate it and another one to check its validation is
needed. As we have already said in [9], even for the much more simpler structure of that of ordered semigroup, it
is impossible to write an example given by a table of multiplication and a figure by hand. For somebody who is
no expert on the subject, it is very difficult to check the examples on ordered semigroups of order 5, for example,

by hand if he does not know the Light’s associativity test and its extended form for ordered semigroups.

References

[1] Cao Y, Xu X. On minimal and maximal left ideals in ordered semigroups. Semigroup Forum 2000; 60 (2): 202-207.
doi: 10.1007/s002339910014

[2] Tampan A. Characterizing ordered bi-ideals in ordered I'-semigroups. Iranian Journal of Mathematical Sciences and
Informatics 2009; 4 (1): 17-25. doi: 10.7508/ijmsi.2009.01.002

[3] Kehayopulu N. On ordered I'-semigroups. Scientiae Mathematicae Japonicae 2010; 71 (2): 179-185. doi:
10.32219/isms.71.2.179

[4] Kehayopulu N. On regular duo po-I'-semigroups. Mathematica Slovaca 2011; 61 (6): 871-884.

[5] Kehayopulu N. On bi-ideals of ordered I'-semigroups —A Corrigendum. Hacettepe Journal of Mathematics and
Statistics 2013; 42 (5): 559-567.

[6] Kehayopulu N. An application of I'-semigroups techniques to the Green’s theorem. Afrika Matematika 2018; 29
(1-2): 65-71. doi: 10.1007/s13370-017-0526-4

[7] Kehayopulu N. Erratum to “Study on quasi-I'-hyperideals in I'-semihypergroups”. Turkish Journal of Mathematics
2020; 44 (3): 957-959. doi: 10.3906/mat-2003-37

[8] Kehayopulu N. Erratum to: “Application of (m,n)-I'-hyperideals on characterization of LA-I'-hypersemigroups”
by Abul Basar. Discussiones Mathematica General Algebra and Applications 2020; 40 (1): 135-138.
doi: 10.7151/dmgaa.1329

[9] Kehayopulu N. Lattice ordered semigroups and I'-hypersemigroups. Turkish Journal of Mathematics 2020; 44 (5):
1835-1851. doi:10.3906/mat-1909-83

[10] Xu X, Ma J. A note on minimal bi-ideals in ordered semigroups. Southeast Asian Bulletin of Mathematics 2003; 27
(1): 149-154.

918



	Introduction
	Main results

