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Abstract: The aim of this article is to establish some new oscillation criteria for the differential equation of even-order

of the form
(r (@) @™ @) + F0,2((1) =0,

where y (1) = z (1) + p (1) * (o1 (1)) + h (1) 2° (02 (1)). By using Riccati transformations, we present new conditions for
oscillation of the studied equation. Furthermore, two illustrative examples showing applicability of the new results are

included.
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1. Introduction

In this work, we study the oscillatory properties of solutions of the even-order nonlinear differential equation

with sublinear and superlinear neutral terms of the form

(n—1

(r@ (@0 + 202" 00 ) +h D2 02 1) ")) + f(Lx(z@) =0, (11)

where [ > [y, n is an even natural number. Through the work, we assume the following

(B1) «, B, and ¢ are ratios of odd natural numbers with 0 < § <1 and ¢ > 1;

(B2) r e C([lo,o0),R"), 7/ (I) >0, and
!
1
S () = /l0 TIT(ng—) 0o as | — oo;

(B3) p, h e Clly,), p(l) >0, and h(l) > 0;

(B4) 7, 01, 02 € C([lg,0),R), 7(I) <1, 7" >0, 01 (1) <1, o2(I) <1, and lim;_yoo 7 (I) = im0 01 (1) =

lim;_, o0 02 (1) = o0
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(B5) f € C([lp,00) x R,R) and there exists a function q € C ([lg, ), [0,00)) such that |f (I,z)] > q(1)|z|”

where v is a ratios of odd natural numbers.

To facilitate calculations, we will denote the corresponding function of the solution x by
y:=x+p- (mﬁom) +h- (1'600'2).

By a solution of (1.1), we mean a function « € C ([l;,00)), lx > ly, with y, r (1) (v (1))* € C* ([l, 00)) , and
it satisfies (1.1) on [I,;, 00). We focus in our study on the solutions that satisfy sup {|z (1)| : I > lp} > 0, for every
I > 1,. Such a solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative;
otherwise, it is called nonoscillatory. The equation itself is termed oscillatory if all its solutions oscillate.

Differential equations with neutral delay have many applications including population dynamics, auto-
matic control, mixing liquids, and vibrating masses attached to an elastic bar; see Hale [6]. In recent decades,
there has been an increasing interest in studying the oscillation theory of solutions of differential equations
of different orders, see for example, [1-3, 8-16, 18, 19]. Most of these papers studied the neutral differential

equations with corresponding function of the form
z:=xz+p-(xoo).

Graef et al. [4] related the oscillatory properties of solutions of even-order differential equations with

unbounded neutral term of the form

b
2 (1) + / ¢ (1,€) 2% (g (L€)) € = 0,

where o (1) > 1, g(1,€) <, and 7 is strictly increasing. Graef et al. [5] studied the oscillation of even-order

sublinear neutral differential equation

(@) +p D)2 (o)™ +q@) 2 (r (1)) = 0,

where o (1) <.
The purpose of the article is to study the oscillatory properties of solutions of (1.1). By using Riccati
transformations, we present new oscillation conditions for (1.1). Our results extend and complement the previous

related results in [4, 5]. Examples are provided to illustrate the importance of the new results.

2. Some preliminary lemmas

Next, we state some preliminary lemmas, which will be necessary in the proofs of our main results.

Lemma 2.1 [17] Let f € C™ ([lp,0),(0,00)) and f) (1) is of one sign for all large 1. Then, there are a
l. > 1o and a n € [0,n] is an integer, with n+n even for f™ (1) >0, or n+n odd for f™ (1) <0 such that

n > 0 implies f& (1) >0 for 1 > 1, k=0,1,...,n—1,

and
n<n—1 implies (1) f® (1) >0 forl >1,, k=nn+1,..,n—1.
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Lemma 2.2 [7]If A>0, B>0 and 0 < k <1, then
A" — kAB"' — (1 - k) B* <0.
Moreover, the equality is satisfied if and only if A= B.

Lemma 2.3 [17] Assume that y is a positive function and differentiable n times on [l1,00). If y™ (1) <0
and y™ (1) # 0 on any interval [l,,00), I, > ly and y™=V (1) > 0 for all | > ly > l1, then there exist a
constant A € (0,1) and a positive constant N such that

y () = NIm=2 [y 1)

for 1>1,.
Lemma 2.4 [20] Assume that K and E are real, E > 0. Then

a® KaJrl
(a+1)otl pe -~

Kw — Ew@tV/e <

3. Main results

Now, we present the main theorems which give oscillation criteria for solutions of (1.1). To facilitate calculations,

we adopt the following notations:

w (1) = aANT"2() 7 (1) r= Y (1)
and
k1™ if 7> a;
Q=< * —a -
® { KO ()T S () iy < a,

where €, A € (0,1), N, ki, and k3 are positive real constants.

Theorem 3.1 Assume that
lim h (1) (I"28 (1,10))° " = lim p () = 0. (3.1)
=00 l— 00

If

lim inf / () o/ (g de >
l

«
1—oo ¢ (1) (a+1)(a+1)/a’

for some € € (0,1), k1,ke >0 and for all A € (0,1), N >0, then (1.1) is oscillatory.

Proof Assume that x is a nonoscillatory solution of equation (1.1). Hence, there exists a I3 > Iy such that
z()>0, z(r (1)) >0, (o1 (1)) >0, and z (o2 (1)) > 0 for { > I;. From (1.1), it follows that

(r () (")) < —q () a7 (7(1))), (3-3)
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for 1 > 1y. Using Lemma 2.1 and taking into account the fact that 7’ (I) > 0, we get that there exists a Iy > Iy

such that

v >0,y >0, (r@) (5 1)) <0, ad y™ () <0,

for I > ls. Since z (1) < y (), we have, from the definition of y, that

z(l) = y(O)—pD)a’ (o1 (1)) —h(1)2° (02 (1))
> yO)-pOy" O —-hDy ()

Using Lemma 2.2 with k = 8, A=y and B = /(-5 we obtain that

V) -y ) < (1-5) 870D,

Combining (3.6) and (3.5), we arrive at

h() —p®)(A-pBpYED

z(l)>y()|1- - —p(l)

y' o (1) y (1)
Since y (1) > 0 and 3’ (I) > 0 on [l2,00), there exists a k; > 0 such that

y(l) > kq, for i > Iy,

SO
y (1) > k7Y, for vy > au

Since (7" (1) (y=1 (l))a)/ <0, there exist a ko > 0 and I3 > Iy such that
(1) (YD (1) < ky, for I > 3.
Integrating (3.10) from I3 to [ for a total of n — 1 times, we have
y (1) < k3l" 28 (1,13), for I > Is.

Thus,

YT = kT ()T ST (L), when y < a

Therefore, combining (3.9) and (3.12), we arrive at
y () =),

In view of (3.8) and (3.11), inequality (3.7) becomes

_ B)g/(1=B)
z(l) = {1 —h(l) (ksl" 25 (1,15))° " = p (1) (Oﬂ)ﬂﬂﬁ

Ky

> [1 — ke (h () (128 (1,15))° +p(l))] y(),
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where

1— B/(1-B)
k4 = max </<;g_1, % + 1) .
1

From (3.1), for any € € (0,1) there exists I > I3 such that
x(l) >ey(l) forl >,
which, with lim;_,, 7 (I) = 0o, gives
z(r(l) >ey(r(l)) forl >14 > 1. (3.15)

Taking into account 3™~V (1) y™ (1) < 0, and using Lemma 2.3, we have that there exist A € (0,1) and N >0
such that
y (\) > NI"2y(n=D (1), (3.16)

Now, we set

U () = or ) (3.17)
By differentiating ¥ and and using (3.3), we arrive at
v - (r )y (l))a)l Car() (V@)Y O )M ()
- y* (AT (1)) yett (A (1)
CqWa (r (1) ar@) (" 0)"y O @) A ()
- y* (A7 () yort (A () ’
which with (3.15) gives
, gy (r @) ar(@) (™ 0) Y O ()M (1)
R YO y= 1 O (1) | (319
From (3.13) and (3.16), (3.18) becomes
, P CaNT () () (1) (D )T
V() < a0y () ey
< —q)e() - QNHZZZ()UA Z @ ytarso ). (3.19)
Integrating (3.19) from [ to oo, and using the facts ¥ > 0 and ¥’ < 0, we get
B [~ o [ aNT" 2 ()M (E) ¢ (ar1)/a
v < [ a@enen- [ SR By gae
Furthermore, we may write
L40] L [ aNT" (M (©) | asnya (L)
0] e e () e (520
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If we set k =inf;>; ¥ (I) /¢ (I), then obviously x > 1. Hence, it follows from (3.2) and (3.20) that

K 141/
n>1+a(> .
a+1

Or, equivalent

K 1 « K 1+1/a
> + ,
a+1 " a+1 aoa+1\a+1

this contradicts with the acceptable value for k > 1 and « > 0. Therefore, the proof is complete. O

Corollary 3.2 Assume that (3.1) holds. If

[ awa=w, (3.21)

lo
then (1.1) is oscillatory.

Proof Assume that z is a nonoscillatory solution of equation (1.1). Proceeding as in the proof of Theorem
3.1, we arrive at (3.19) for | > I;. It is easy to see that (aN7T"=2 (1) A7’ (1)) L@t/ (1) /rl/e (1) > 0. Hence,
(3.19) reduces to

V(1)< —q)eQ ().

Integrating this inequality from I; to I, and using (3.21), we get that ¥ () - —oo as | — co. However, this
contradicts the positivity of W. Therefore, the proof is complete. O

Define a sequence of functions {v, (1)},2, by and

vo(l) = =¢()

o) :/ = (vt () de 4 vo (1), n=1,2,3, .. (3.22)
1
We see that by induction vy, (I) <vp41 (1), n=1,2,3,....

Lemma 3.3 Assume that x is an eventually positive solution of (1.1), v, (1) and U (l) are defined as in
(5.22) and (3.17), respectively. Then vy, (I) < W (1), there exists a function v € C ([lg,00),(0,00)) such that

limy 00 v, (1) = v (1) and

v(l) = /l Oow(f)v”*”/a (&) d€ +vo (1) (3.23)

Proof Assume that x is an eventually positive solution of (1.1). Proceeding as in the proof of Theorem 3.1,

we arrive at (3.19). Integrating (3.19) from [ to ¢, we get

¢ ¢
T()-T()< - / €q () Q (&) dé - /l @ () Tt/ (¢) de, (3.24)

l
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SO .
W) - W) > /l = (€) WD/ (¢) d. (3.25)
If

/ T (€ WD/ () de = oo (3.26)
l

then lim;_,o ¥ (I) = oo, which contradicts the fact that ¥’ (I) < 0. Therefore,

/Oo = () WO/ (£) de < oo, (3.27)
l

From (3.24) and (3.27), we have

YOzt [ mOUER QA=)+ [ U
! !
that is
V() ze(l)=vo(l).
Next, by induction, we have that ¥ (l) > v, (I) for I > ly, n = 1,2,3,.... Since the sequence {v, (1)}

)
n=0

monotone increasing and bounded above, we get that vy, (I) converges to v (I). Letting n — oo in (3.22) and

using Lebesgue’s monotone convergence theorem, we arrive at (3.23). Hence, the proof is complete. O

Theorem 3.4 Let v, (1) be defined as in (3.22). If there exist a l; > 1y and n >0 such that

0o l
/Z q (1) 2 (1) exp < @ (&) v/ (€) d€> dl = oo, (3.28)

for some € € (0,1), k1,ka >0 and for all A € (0,1), N >0, then (1.1) is oscillatory.

Proof Assume that z is an eventually positive solution of (1.1). Proceeding as in the proof of Theorem 3.1,
we arrive at (3.4). Using Lemma 3.3, we have that (3.23) holds. Thus,

V(1) = —w (ot (1) — g (1) Q).
It follows from v, (I) < v (l) that
V()< —m o/ v ) - g Q).

This implies, for | > Iy,

l l 13
v (l) < exp (— = ©Oul"©) d£> (v () - /l € (§) Q&) exp ( | @ e () du) df) ;
thus,
l 13
/ €7q (&) (&) exp ( w (u) U}/a (u) du) dé < v (ly) < oo,
I 1
which contradicts (3.28). Therefore, the proof is complete. O
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Theorem 3.5 Assume that (5.1) holds. If there exist a function ¥ € C* ([lo,00),RT) such that

S N B CA(9) ek Y
fmsup | (w(ﬁ)q(i)eﬂ(f) e )df—oo. (3.20)

for some € € (0,1), k1,ka >0 and for all X € (0,1), N >0, then (1.1) is oscillatory.

Proof Assume that x is an eventually positive solution of (1.1). Proceeding as in the proof of Theorem 3.1,

we arrive at (3.19). Then,
q() Q) < =V (1) —w (1) Wt/ a ), (3.30)
Multiplying inequality (3.30) by % (§) and integrating from I; to I, we have
! !

!
V() qE)NE)de < — [ (&) w (&)Wt (g)de — l ¥ (&) V' (€)d¢

ll ll

IN

l !
—p ()W (1) + ¢ (1) T (ly) + l P (&)W (£) dé - v (&) @ (&) Tt/ (&) de.
Using Lemma 2.4 with K =4’ (l), E=¢ (l)w (I) and w =¥ (I), we have

IRCAG) .
(a+ 1) @2 (§)

/l <¢(§)q(€)€m(£)— >d§S¢(ll)W(11)<OO~

Taking the lim sup on both sides of the above inequality, we arrive at a contradiction with (3.29). Therefore,

the proof is complete. O

Corollary 3.6 Assume that (3.1) holds. If there exist a function ¢ € C* ([ly, ), RT) such that

l
limsup | o (€)q(€) €' (€) dé = oo

l— o0 lo

and

l ’ a+1
limsup/ Mdg < 00,
lo

l—00 w (g)

then (1.1) is oscillatory.

4. Examples

In this section, we will show some applications of our main results.

Example 4.1 Let us consider the following equation:

5 /

<<x () + %a:l/‘"’ (é) + H#lgx?’ (é))m> + ?—Saﬁ (i) —0, (4.1)
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where | > 1. Here, v(l) =1, n =4, p(l) = 1/l, h(l) =1/ (1+1), q(l) = @/I?, q >0, 7(I) = 1/4,
o1 (1) =1/5, oa(l) =1/3, a =5, v=5, 0< =1/3<1 and 6 =3 > 1. By simple calculations, one can
deduce that
lim b (1) (I"28 (1,10))° " = 0
l—o0
and
lim p (1) = 0.

l—o0

Now, by choosing 1 (1) =1, we have that

l—o0

l ’ a+1
lim sup /l (waq(oamg)— N CA ) )dg

(@+1)* = (9

l—o0

!
. do 5
:hmsup/ —e€ - — dé = o0
o 552 66 5 [ d€

Then, using Theorem 3.5, equation (4.1) is oscillatory.

Example 4.2 Let us consider the following equation:

l ((x (1) + %xl/f’ (\/lfo) - 1+11203321/3 <\;§))m>3 /+ l%aﬂ (\;5) =0, (4.2)

where 1 > 1. Here, v (1) =1, n=4, p(I) =1/1?, h(l) =1/ (1 +1*), ¢()) = 1/1%, (1) = 1/V/5, o1 (1) = 1/V/10,
oa()=1/V2, a=3, v=17,0<B=1/5<1 and § =21/3 > 1. By simple calculations, one can deduce that

lim b (1) ("2 (1,10))° " = 0

l—o0

and
lim p (1) = 0.
l—o0

Furthermore, we choose 1 (1) = I°, it is easy to verify that

l l
limsup [ 1 (€)q(€) €7Q (€) d¢ = limsup /l e2d€ = 00

l—00 lo =00
and
) l 1/}/ a+1 ] l f 554 4
imsup [ 12— <tmsup | o <o

o (Ne (€/V5) A (1/V5))

where €3 = €'k}. Hence, by Corollary 5.6, the equation (4.2) is oscillatory.
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