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Abstract: In this paper, first, by using the idea of soft complex numbers as in Das and Samanta [8], we introduce the
notion of soft complex valued metric spaces and investigate some of their topological aspects. Next, we establish some
fixed soft element theorems for various soft mappings on soft complex valued metric spaces, which are the main results

of our paper.
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1. Introduction

In 1999, Molodtsov [14] introduced the notion of a soft set in order to deal with ambiguities and gave the basic
results of this theory. Since the new theory has a rich potential, the structures and the applications on this
concept have been quickly examined [3, 10, 13, 18].

Das and Samanta [7] defined soft metric spaces using soft elements offered in [6] and presented some of
their basic features. Shabir and Naz [20] gave the notion of a soft topological space. Recently, more papers
have been published on soft set theory [5, 9, 12, 16, 17].

Fixed point theory has an important part in applied sciences and mathematics, especially as it shows
the existence and uniqueness of the solutions of differential equations and integral equations. After Banach
contraction principle, many authors have generalized and improved this theory in different ways.

In 2011, Azam et al. [4] defined the concept of a complex valued metric space, which is more general
than the well-known metric space. Following the establishment of this new idea, Rouzkard et al. [19] studied
some common fixed point theorems satisfying certain rational expressions in this space to generalize the result
of [4]. After that, numerous researches on these spaces have been performed [1, 15, 21].

Extensions of fixed point theorems to the soft sets have been studied by some authors. Wardowski [22]
defined the problem in a different way than in the literature; he used a soft mapping and proved fixed point
results using soft sets. Das and Samanta [7] investigated Banach fixed point theorem in the soft setting. Abbas
et al. [2] established soft metric versions of several important fixed point theorems for metric spaces. Then,
Guler et al. [11] introduced soft G-metric spaces with the help of soft elements and proved fixed point theorems

on these spaces.
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In this work, by using soft complex numbers, we introduce the concept of a soft complex valued metric
space and investigate some of its properties. Moreover, we define a soft order relation on soft complex numbers
and use this relation to obtain some fixed soft element theorems in soft complex valued metric spaces. Finally,

we furnish specific examples to show the validity of our fixed point results.

2. Preliminaries
In this section, we review some fundamental definitions and operations about soft sets. Throughout this work,

let © be an initial universe, = be a set of parameters for O, and P(0O) be the power set of ©.

Definition 2.1 [14] A soft set F on the universe © with the set Z of parameters is defined by the set of ordered
pairs
F={(e,F(e)) :ec E,F(e) € P(O©)}

where F is a mapping given by F : Z — P(O).

Throughout this paper, the family of all soft sets over © is denoted by S(©,E).

Definition 2.2 [3, 13, 18] Let F,G € S(©,E). Then,

i) If F(e) =0 for every e € Z ,then F is called null soft set denoted by 0.
ii) If F(e) = © for every e € Z, then F is called absolute soft set denoted by ©.
1i1) F is a soft subset of G if F(e) C G(e) for every e € E. It is denoted by F C G.
iv) The complement of F' is denoted by F¢, where F°¢: = — P(0O) is a mapping defined by F¢(e) =
©\ F(e) for every e € E. Clearly, (F°)¢ =F.

(v) The union of F and G is a soft set H defined by H(e) = F(e)UG(e) for every e € 2. H is denoted
by FUG.

(vi) The intersection of F' and G is a soft set H defined by H(e) = F(e) N G(e) for every e € E. H is

denoted by FIG.

(
(
(
(

Definition 2.3 [6] Let © be a nonempty set and = be a nonempty parameter set. Then, a function ¢: Z — ©
is said to be a soft element of ©. A soft element g of © is said to belong to a soft set F' of O, denoted by
0 € F,if g(e) € F(e) for every e € Z.

Throughout this paper, the family of all soft elements in © with the set = of parameters is denoted by

i3]

e=.

Definition 2.4 [6] Let 5 € ©= and let F; € S(©,Z) for all i € J where J is an index set. Then,
(Z) @é I_lieJFi < @é Fimﬂio eJ.
(i) 0€ [Ney Fs & 0€ Fi,Vie J.

Definition 2.5 [6] Let B(R) be the family of all nonempty bounded subsets of the set of real numbers. Then,
F={(e,F(e)):e€ E,F(e) € B(R)}

is said to be a soft real set.
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Specifically, if F' is a singleton soft set, then after identifying F' with the corresponding soft element, it

will be called a soft real number.

Notation 2.6 [6] The notations 7, § is used to indicate soft real numbers while ¥, § will indicate a special
sort of soft real numbers satisfying 7(e) = r for every e € E. For instance, 0 is the soft real number, where

0(e) =0 for every e € =.

For further information such as the sum, product, division, and modulus of soft real numbers and a

sequence of soft real numbers, please see ([6]).

Theorem 2.7 [5] Every Cauchy sequence of soft real numbers with a finite set of parameters converges to a

soft real number.

Definition 2.8 [8] Let B(C) be the family of all non-empty bounded subsets of the set of complex numbers.
Then,

F={(e,F(e)) :ec E,F(e) € B(C)}

1s called a soft complex set.

Specifically, if F is a singleton soft set, then after identifying F with the corresponding soft element, it

will be called a soft complex number.

Definition 2.9 [8] Let F be a soft complex set (number). Then, the real and imaginary parts of F are denoted
by ReF', and ImF and are defined by

ReF(e) = {Re(z): z € F(e)} (ReF(e) = Re(F(e)))
ImF(e) ={Im(z): z € F(e)} (ImF(e)=1Im(F(e))) for every e € Z. It is clear that ReF and ImF

are soft real sets (numbers).

Definition 2.10 [8] Let F,G be two soft complex numbers. For each e € Z,
(i) The sum is (F'+ G)(e) = F(e) + G(e),
1) The difference is (F — G)(e) = F(e) — G(e),
i) The product is (F.G)(e) = F(e).G(e),
i) The division is (£)(e) = ggi; , provided G(e) # 0,
v) The scalar multiplication of F by k is (k.F)(e) = k.F(e).
It is obvious that F + G, F — G, F.G, g and k.F are soft complex numbers.

(
(
(
(

Notation 2.11 We use notations as 2,4 to denote soft complex numbers where 2 = 21 + 123 and 4 = uy + iuy
~ . ~ R — . —~ A A .
with ReZ = z1, ImZ = z3 and Ret = uy, Imt = uy. On the other hand, v =T+ i0 and w =W+ iw will

L . A A N A .
indicate a special sort of soft complex numbers where Rev = Imv = v and Rew = Imw = w. For instance,

A A _ _
0 = 04140 is the soft complex number, where 0(e) = 0(e) +i0(e) = 0+1i0 for every e € E.
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Definition 2.12 [8] Let 2 = z; +iZ3 be a soft complex number. Then, the complex conjugate of % is denoted
by 2 and is defined by 2 = 2, —iZy.

% is a soft complex number because of the definition of soft complex numbers.

Definition 2.13 [8] Let 2 = z1 +iz3 be a soft complex number. Then, the modulus of % is denoted by |Z| and
is defined by |2| = \/(21)% 4+ (22)2. By definition of soft real numbers it follows that |Z| is a nonnegative soft
real number (that is, 0 < |2|(e) = \/(z1(e))% + (22(e))? for every e € Z).

Theorem 2.14 [8] Let 2, 4 € C= where 2 = z; +izz and @ = uy + iuz. Then, the following properties are
satisfied.

(i) 2+a=2+1

(i6) 2] =2

(iii) |2)> = 2.2.

(iv) |21] < [2] and || < |2].
(v) [2.a] = |2].|4]

(i) |3]= 1

(vid) 2 +a] < |2] + 4|

Definition 2.15 [16] Let S(©,Z) and S(Y,E) be the families of all soft sets over © and YT, respectively.
Let f: © — Y be a mapping. Then, the mapping f= is called a soft mapping from © to Y, written by
f=:5(0,2) = S(1,E5).

(1) Let F € S(©,E). Then, f=(F) is the soft set over Y defined as

f=(F)(e) = f(F(e))

forall e € =.

(ii) Let G € S(Y,Z). Then, fz'(G) is the soft set over © defined as

F2H(G)(e) = FH(G(e))

forall e € =.

In particular, if we take S(0,Z) = 6% and S(Y,Z) = T, respectively, we have
(i) If 5 € ©F, then f=() is the soft element over Y defined as

f=(0)(e) = f(ale))

g

for all e €
(i3) If f is bijective and ¢ € Y=, then fgl(f) is the soft element over © defined as

=10 (e) = £ (C(e))

for all e € =.
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Definition 2.16 [20] A soft topology on © is a collection T of soft sets over ©, which is called the soft open
sets, satisfying:

(st1) Both 0 and © are elements of T,

(sta) Any union of elements of T is an element of T,

(st3) Any intersection of finitely many elements of T is an element of T.

We say the triplet (©,7,2) is a soft topological space.

Definition 2.17 [16] A family B C 7 is called a soft base for a soft topological space (©,T,Z) if every element

of T can be represented as the union of subfamily of B.

3. On soft complex valued metric spaces

In this part, we examine some fundamental features of soft complex numbers. Then, we present the notion of a

soft complex valued metric space and investigate some of its topological aspects, which strengthen this concept.

Definition 3.1 A sequence {z,} of soft complex numbers is called converges to 2, and we write limy,_ooZn = 2.

if for every € > 0, there exists an ng € N such that |z, — 2| <& for all n > ng.

Example 3.2 Consider z, = z,, +izn, € C= with = is a finite set of parameters where z,, =0 and z,, = (+),

A o~
n € {1,2,3,...}. Then, we claim that lim, _0Zzn = 0. Indeed, given €é>0, we get k = min{é(e) :e € Z} > 0,
because = is a finite set of parameters. By Archimedean property of real numbers, there exists an ng € N such

that T%O < k. Thus, from the fact that

\E,\L—%Ke) =[(2)-0l(e)=|(2)(e)=0(e)| = |L 0| =L < L <k <&(e) for every e € Z and n > no,

—~

o>

it follows that |z, — 0| < € for all n > ng.

Theorem 3.3 Let {z,} be a sequence of soft complex numbers where Z, = z,, +iz,, With z,,, 2, € R=. Let
%2 =21 +1i%y such that 71,75 € RZ. Then,
liMp—oozn =2 if and only if limp_oozn, =21 and lim,_oo2n, = Z2.

Proof Necessity follows immediately from the condition (iv) of Theorem 2.14. For sufficiency, let lim, _o02n, =

21 and limy,_yo02n, = 22. Given € > 0 there exist m1,ms € N such that

., ~ € ., ~ €
|zn1—21|<§ forallm>m; and |zn2—zQ\<§ for all m > ma.

If we get m = max{my, ma}, then for all n > m, we have

=~ ~ o~ € € _
|Zn — 2] < |2n, — 21|+ |20, — 22| < 5 + 5 =€
2 2
Thus, we infer that lim,_.czn = 2. O
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Let 2, & € CE where 2 = 21 +i25 and @ = u; + iuz. We define a soft order 5 on C= for comparing two

soft complex numbers as follows:
(30 @ 52 and 5 20

Thus, 2 5 4 if one of the followings holds:
(1) 5 =@ and 5 =13,
(2) z1 <uy and zZp = Uz,
(3) & =1 and 5 2 3,
(4) z1 < uy and Zp < Uy.
Especially, we indicate 2 Sj @ if 2 24 and 2 # 4 and we indicate 2 < 4 if only (4) holds.

Lemma 3.4 Let m,n € R and 2,4,9,1 € C=. Then, the following properties hold.
(1) If m <n, then m.2 5 n.z.
(ii) If 2 36 and @ < 0, then 2 2 0.

234, then |2] < |al.

3
S, 020, then 246 3 G+ 0.

Proof It can be easily checked from the definitions given in the previous section. O

Definition 3.5 A soft complex valued metric space is a triplet (0,V,E) consisting of a set © and a set of

parameters = together with a mapping U : OF x OF — CE satisfying, for all §,(,< € OF :

)

A
0

YA
(sem1) 0 3 ¥ (o,
(sema) W(g,¢) =0 if and only if g =,
(Scm?)) \I](éa 5) = \IJ(<~.7 @) )
(sema) W(2,€) 3 W(8.) + V(. Q).
The mapping U is called a soft complex valued metric on OF.

Definition 3.6 Let (0,V, =) be a soft complex valued metric space.

- - A
(1) A sequence {on} of soft elements in © is called converges to o € ©= if for every ¢ € C= with 0 < ¢,
there exists an ng € N such that, for all n > ng, V(0,,0) < é. We indicate this by lim, _ss00n = 0.

(ii) A sequence {0, } of soft elements in © is called a Cauchy sequence in (©,W,Z) if for every ¢ € C=

A e~~~
with 0 < ¢, there exists an ng € N such that, for all n > ng, V(on, 0n+m) < ¢, where m € N.

(t3i) (©,V,E) s called a complete soft complex valued metric space if for each Cauchy sequence {0y}

in (©,¥,Z) there exists a 9 € OF satisfying lim, soo0n = 0.
Example 3.7 Let X = C and Z be a finite set of parameters. Consider a mapping d : C= x C= — C= by
U(2,4) = |2, — ui| +i|Z2 — ua| for every 2,4 € C=.
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Then, (©,V, =) is a complete soft complex valued metric space.

— A ~
Definition 3.8 Let (0,VU, =) be a soft complex valued metric space, § € O= and 0 < 2.

(i) A soft open ball with centre ¢ and radius 2 is denoted by B(p,Z2) and defined by
B(g.2)(e) = J{Cle) e ©: ¥(3,{) = 2}

for every e € =.

(i1) A soft closed ball with centre ¢ and radius % is denoted by B[p, 2] and defined by

=J{Cle)e®:¥(5,Q) 2 2}
for every e € =.

Theorem 3.9 Let (0,V, =) be a soft complex valued metric space. Then,

~ - = &
T={0}U{FeS(O,2):Voe F,32€C=, 0 < 2 suchthat B(,2) C F}
s a soft topology on ©.

Proof It is easy to show that 5 Ocr.

Let {F; : i € I} C 7, where I is any index set. Take F' = || If 6 € ;e Fy, then there is an

zEI
~ _ A
ip € I such that g € F;,. Therefore, we obtain B(p,%2) C F;, C F for some 2 € C= with 2 > 0 and so that

Fer.

Let Fi,Fy €7 and § € F; M F,. Then, we have § € F, and § € Fy. Therefore, there exist 2,4 € C=,

A A N
2= 0, 4> 0 with B(9,2) C F; and B(9,4) C Fy. Let us take a soft complex number @w = wy +iwy > 0

satisfying
@1(e) < min{Zi(e), ()} and Wa(e) < min{Z(e), @a(e)}

for every e € Z. Hence, we get w 3 2 and & 5 @. Thus, from the fact that
B(3,%) € B(6,%) C Fi and B(3,) C B(5,d) C Fy

it follows that Fy M F5 € 1. O

= ANS
Theorem 3.10 Let (0,V, =) be a soft complex valued metric space, ¢ € ©= and 0 < 2. Then, the soft open

ball B(9,%) is a soft open set on ©.

- A~ o - T
Proof Let ¢ € B(p,2). Then, we obtain 0 3 ¥(g,() < 2. Take 2 — U(p,() = 4. Therefore, if t € B({, ),
then we have
U(t,0) W) +U((,0) X a+¥(C,0) = 2

From the fact that B(é, @) C B(p, 2) it follows that B(g, 2) is a soft open set over O. O
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Corollary 3.11 Let (0,VU,Z) be a soft complex valued metric space. Then,

= &
B={B(g,2):0€ 0=, 0 =<2z}
is a soft base for the soft topology T on ©.

Proof We can easily prove it by Theorem 3.9 and Theorem 3.10. O

Definition 3.12 Let (0, T, Z) be a soft complex valued metric space. Then, (0,V, E) is called a soft Hausdorff

c_ oE A
space if for any two soft elements 9,¢ € ©= such that W(g,() = 0, there exist two soft open balls B(9,2) and
B(C, @) such that B(g,2) M B((,4) = 0.

Theorem 3.13 FEvery soft complex valued metric space is a soft Hausdorff space.

- B . A . o A
Proof Let 9,( € ©= with ¥(g,() = 0. Then, we obtain |¥(g,()] = 7 > 0. Let us consider 2 > 0 such

that |2 = g It is clear that ¢ € B(g,2) and (e B(f,é). Also, we verify that B(g,2) N B(f,é) =10. Suppose
instead that there is a o* € B(g,2) M B(C~7 ). Hence,

U(5,0) 2 (5,0%) + (0%, () =< 22.
So, [¥(0, §)| < 2|2 =7 = |¥(p, 5)\ and we get a contradiction. O

Definition 3.14 Let f=,g= : (0,V,2) — (©,¥,Z) be two soft mappings, where (0,V,E) is a soft complex
valued metric space.

(i) A soft element § € OF is said to be a fived soft element of f= if f=(0) = 0.

(ii) A soft element ¢ € ©F is said to be a common fived soft element of f= and g= if f=(0) = g=(0) = o-
4. Main results
In this part, proceeding on the lines of [4, 15], we demonstrate some fixed soft element theorems for various soft
mappings on soft complex valued metric spaces. Firstly, we give some lemmas which are going to be useful in
the proof of our main results.

Throughout this paper, as to move forward effectively, we will define the case of non-equality of two soft

elements as follows:
0#C e ole) #((e) foreveryeeZ.

Lemma 4.1 Let (©,9,Z) be a soft complex valued metric space and {o,} be a sequence of soft elements in

©. Then, {on} converges to o if and only if limy,_e0|¥(0n,0)| = 0.

Proof Let {0,} converges to ¢ in (©,V¥,Z). For a soft real number ¢ > 0, let ¢ = & + Z\;E Since

S

A - . ~
0 < ¢ € C=, there exists an ng € N such that ¥(g,, ) < é for all n > n,. From the fact that

|¥ (0, 0)| < || =€ foralln>n,
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it follows that limy, .o|¥(0n,0)| = 0.

= JUA -~
For the converse, let us take a ¢ € C= with ¢ > 0. Then, there is a soft real number 7 > 0 such that for

[1

zeC
if |2 <7 then 2 <c¢.

Since 7 > 0, by hypothesis, there exists a natural number ny with |¥(g,, )| < 7 for each n > ny. Hence, we

have ¥(g,,0) < ¢ for all n > ng, which completes the proof. O

Lemma 4.2 Let (0,¥,Z) be a soft complex valued metric space and {0,} be a sequence of soft elements in

©. Then, {on} is a Cauchy sequence in (©,V,Z) if and only if limy, 00| ¥ (0ns Ontm)| =0 with m € N.
Proof Let {0,} be a Cauchy sequence in (0, ¥, Z) and take a soft real number € > 0. Consider é = % —l—i%.

A -
From the fact that 0 < ¢ € C= it follows that there exists a natural number ng satisfying for all n > n,,

‘I’(EZ,M) =< ¢ with m € N. Since

[U(0n, Ontm)| < |é] =€ foralln>mn,

we get limnaoom’(@;@;” =0.

- - A - _
To prove the sufficiency, let us take a ¢ € C= with ¢ > 0. Then, there is a soft real number 7 > 0 such
that for 2 € C=
if |2 <7 then 2 <c¢.
Therefore, by 7 > 0, there exists a natural number ng such that |¥(o,, 0ntm)| < 7 for all n > ng. Thus, we

obtain ¥ (g, 0ntm) < ¢ for all n > ng and the proof is concluded. O

Lemma 4.3 Let (©,¥,Z) be a soft complexr valued metric space and {on}, {C:,} be two sequences in

©F. If there exist soft elements @,5 € OF such that limy_eo0n = 6 and limn_wo& = <~, then we have

Proof Let € > 0. Then, by Lemma 4.1, there exist my, ms € N satisfying

% forall n > ms.

foralln>my and |¥((, Q)| <

_ €
|V (0n,0)] 3

If we get m = max{mi, ms}, then for all n > m, we obtain

|9(nGn) = W8, Q) < [¥(0n, Ga) = (@, Ol + [¥(25, Q) — (8. )

19(Gas Q)] + 1% (20, 0)|

IAR

= €.

+

DO | ™
[NCRNOY

Thus, we infer that 1imy, e ¥(0n, Cn) = ¥(3,C). O
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Theorem 4.4 Let (0,V,=Z) be a complete soft complex valued metric space with Z a finite set and let

f=,92: (0,9, 2) — (©,¥,2) be soft mappings satisfying

U(f=(0), 92(0) 2 7¥(5,0) + =

for all é,f € ©F, where 7,5 are nonnegative soft real numbers with #+5 < 1. Then, f= and g= have a unique
common fized soft element.

Proof Consider gy € ©F and take a sequence {g,} in ©= such that

f=(02n) = 02ny1 and g=(02ni1) = O2nie forn € {0,1,..}.

Then, we have

V(02n+1, 02nt+2) = Y (f=(02n), 9=(02n+1))
§U(02n+1,92(02011)) ¥(02n, f=(021))

A e~
1 4+ Y (02n, 02n11)

,-—57;\:[/(5521 Q2n+1) +

5 U(02n+1, 02n+2) ¥ (020, 02011)

i/ﬁ\l}(b;ﬂ/n Q2n+1) + A
1+ ¥(02n, 02n+1)

From the fact that

A
U(02n, 02n+1) X 1+ V(02n, 02n+11)

it follows that
~ T __
U(02n11, 02nt2) 2 T_ g‘I’(QQm 02n+1)-

Similarly, we obtain

V(02n12, 02nt3) = ¥(fz(02n+2), 9=(02n+1))

A — ———
1 4+ Y (02n+2, 02n+1)

37 U(02n+2, 02nt1) +

5 W (0an+1, 02nv2) ¥(2nt2, 02n43)

A —_——— —_——
1 + Y(02n+1, 02n+2)

27 Y (02n+2, 02n41) +

Since

N
V(02n11, 02n12) S 14+ V(02011 02n12)

we get

~ 7
U(02n12, 02n+3) 3 T E‘I’(anw, 02n+41)-

980



DEMIR/Turk J Math

Let us take h = T,:g < 1. Then, for all n € N, we have

—

V(0n31s onr2) S h (00, 0n31) 3 o 3 (W)™ (00, 1)

So, for any m > n,

U(0n, om) 3 W(0n, onv1) + ¥ (2nt1, 0nt2) + oo + U(2m—1, 0m)

SR+ ()™ e () W(a0, 61)
% ()"
22w,
=17 (00, 01)-
Therefore, we obtain |¥(g,, om)| < (60,01)|. As Z is a finite set, limy,_oo(h)" = 0 and so, by Lemma

4.2, it follows that {o,} is a Cauchy sequence in (0, ¥, =). Hence, since (©,¥,Z) is a complete space, there
exists a ¢ € ©F such that lim, .0, = 0. Now, let ¥(g, f=(8)) = 2. Then, we obtain

2 20(5, 02nr2) + V(02nr2, f2(0))
= \11(57 9/2;1/2) + \Il( (Q2n+1) f—( ))

59(g, f=

t

)) \I’(Q%H-la g_(Q2n+1))

206 Ganrs) + V(@ )+ (g
1+ %(3, 02n+1)

5Y(02n+1, 02n+2) 2
A

1+ (3, 02011)

= V(0, 02n12) + 7 V(02n+1,0) +

So, from Theorem 2.14, we have

5 |¥(2n+1, 02012)| |2]

2] < |W(8, 02n12)| + F1¥(02n11, 0)| + ——
|1+ (3, 02n+1)]

Taking the limit of this inequality as n — oo gives |2| = 0. Therefore, we get f=(0) = 0. Arguing the same,
one can show that ¢ is a fixed soft element of g=.

For the uniqueness result, assume that ¢* is another common fixed soft element of f= and g=. Then,

U(5,0%) = U(f=(5), g=(0)) 3 7U(5, o) + e:S=(0) Wew=(e)) _ 5y (5, g*) X W(5, o).
1+\I’(@7e)

Thus, we arrive at a contradiction, so that § = ¢*, which proves the uniqueness of common fixed soft
element in (6, E). O

Corollary 4.5 Let (0,V,Z) be a complete soft complex valued metric space with Z a finite set and let
f=:(0,0,E) = (0,¥,5) be a soft mapping such that

B(=(0), 1=(0) 37 0(2,8) + HRI@IVCSC)
1+ ¥(g,¢)

for all @,f € ©F, where 7,5 are nonnegative soft real numbers satisfying ¥+ 35 < 1. Then, f= has a unique
fized soft element.
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Proof This result can be proved by utilizing Theorem 4.4 with fz = ¢g=. O

Corollary 4.6 Let (0,9,Z) be a complete soft complex valued metric space with Z a finite set. Consider a
soft mapping fz : (0,¥,2) — (©,¥,Z) such that

U(f2(5), f2(0) 2 7¥(5,0) +

for all @,5 € ©F, where 7,5 are nonnegative soft real numbers with ¥+ § < 1. Then, there exists a unique
fized soft element of f= (Here, fZ is the nth iterate of f=).

Proof By Corollary 4.5, we have g € ©= such that fZ(g) = 9. Now, suppose that f=(g8) # 6. Because of

Definition 3.5 (scma),

U(f=(0),0)(e) # 0(e) =0(e) +i0(e) =0+ 10 for every e € E.
Then, we have

V(f=(2), 0) = ¥(f=(f2(2)), f2(2)) = W(f2(f=(2)), f2

(¢
2 F0(f(0).5) + sVU(f=(2 )A =(f=(2))) ¥(o, f2(2))
1 +¥(f=(0),0)

=P U(f(2).0)

3 (f=(2), 0),
a contradiction. Hence, we get fz(g) = 0. Thus, since

f=(0) = f2(0) = o,

the fixed soft element of f= is unique. O

We adopt an example to demonstrate the validity of hypotheses of Corollary 4.6.

Example 4.7 Let us take Example 3.7 as complete soft complex valued metric space. Consider a mapping
f:C—>C by

0, if v,y €Q,
3, if v €Q%yeqQ,
f(Z): . . c c
i3, if x€Q%yeQ°,
34143, if x€Q,yeQ°,
A

A
where z = x + 1y € C. Now, foré:(%) and 4 = 0, we get

982



DEMIR/Turk J Math

>

)

S-v

~ ~ A
5 N — B =X AW 4 3W(2,f=(2) Y(4,f=(a) _ ~(_1 _ =
U(fz(2), fz=(0)) =043 I 7U(2,4) + S —r(%)—i-O—r(
1+ (2,4a)
e A
which is a contradiction for every choice of T satisfying 0 < 7 < 1. However, notice that fZ(2) = 0 for every

2€CE and n>1, so that

SV(2, f2(2))¥(q, f£(a))
%4’ W(z,u)

= U(f2(2), f2(0) 37U (2, 0) +

>0 with 7+ 5 < 1. So, we deduce the existence and uniqueness of the fized soft

VR

for every 2,4 € CZ and 7,

A
element of f=. Here, 0 is the unique fixed soft element of f=.

Theorem 4.8 Let (0,V,Z) be a complete soft complex valued metric space with = a finite set and let

f=,92: (©,0,2) = (0,0, 2) be soft mappings satisfying

U(f=(0).92(0)) 2 79(5,0) +

- _ . N
forall 9,¢ € O such that ¥(p,9=(C)) + ¥ (¢, f=(0)) +¥(9,() # 0 where 7,5 are nonnegative soft real numbers

with 7 +5 2T or U(f=(2),92(0)) = 0 if V(8,92(0)) + V(C, f=(8) + ¥(5,0) = 0. Then, f= and g= have a
unique common fixed soft element.

Proof Take gy € ©=. Construct a sequence {g,} in ©= as follows:

fE(/QE;) = :9/2-7;/1 and 95(9/2_;;/1) = Q/Q_’;;r/Q fO?" ne {07 11 }

Then, we get

U(02n+15 02nt2) = Y(f=(02n), 9=(02n+1))

5 (02011, 92 (02n11)) ¥ (02n, f=(02n))

SF\I}(EETL Q2n+1)+ p—— —— —— —_ ———
U(02n,9=(02n+1)) + Y (02n+1, f=(02n)) + ¥ (021, 02n11)

5 U(03n; 02n+1) W(02n41, O2nr2)

2 FU(0an, oni1) + e Ot ) AL Qo)
U(02n, 02n+2) + ¥(02n11, 02n11) + ¥ (020, 02n+1)

Because

U(02n11, 02n12) 3 Y(02n11, 02n) + ¥ (02n, 02n+12)

we obtain

U (02011, 02nt2) 3 7V (03n, 02n11) + 5 ¥(02n, 02n41) = (F + 5) U(03n, 02011)-
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Similarly, replacing o by 52:-5-/2 and f by 52:4_/1, we get

U(02n12, 02n13) = ¥(f=(02n12), 9=(02n11))

5 W (02012, f=(02n+2)) ¥ (02011, 9=(02n+1))

57:‘1’(@2 12, 02n+1) + — — — e ——
" " ‘P(92n+1, f5(92n+2)) + ‘I’(an+27gz(92n+1)) + \I’(an+2, Q2n+1)

N S VW o

= F\D(g%“’g%“) 4 S (92n+2792n+3) (92n+1792n+2)

V(02011 02013) + ¥(02n+2, O2nt2) + ¥ (02n42, 02n 1)

From the fact that

U(02n12, 02n13) 3 V(02012 02nt1) + (02011, 02n+3)

it follows that

U(02n+2, 02n+3) S 7V (02n+2, 02n+1) + 5 (02011, 02n+2) = (F+ 8) U(02n+1, 02nt2)-

Let us take h = (7 + 5) < 1. Therefore, for all n € N, we have

—~— _’2"’

\II(Qn+1a Qn+2) ~ h\:[/(@;, m) f—\<J r-\</ (B)n«%l \Il(éz)v évl)
Now, we shall verify that {o,} is a Cauchy sequence in (0, ¥,Z). For any m > n,

U (0n; 0m) 3 ¥(0n, 0nr1) + ¥(0nt1; Ont2) + -+ ¥(0m—1, 0m)

2 ((R)™ + (A" 4 o+ (R)™1) (o, 61)

~

e
j TJH\II<QO7QI)

—~

Hence, we have |¥ (0., 0m)] < (Th_);b |¥ (00, 01)|. Because E is a finite set, limn_wo(ﬁ)" = 0 and therefore,

by Lemma 4.2, {g,} is a Cauchy sequence in (6, ¥, =). Because of completeness, there is a g € ©F such that
After that, we shall demonstrate that ¢ is a fixed soft element of fz. Therefore, let U(p, f=(g)) = 2. By

using the triangular inequality, we have

2 2 U(3, 02n+2) + U(02n+12, f=(0))

(8, 02n+2) + U(9=(02011), f=(0))

59(9, f2(0)) Y(02n+1,9=(02n11))
U (8, 9=(02n+41)) + (02011, f2(8)) + ¥ (3, T2n+1)

l

3 U(0, 02n+t2) + 7Y (02n41,0) +

5U(02n+1, 02n42) 2
U (0, 02n+2) + Y(02n+1, f=(0)) + ¥(0, 02n+1)

= q](§7 92n+2) + T \IJ(Q2TL+17 é) +

Then, by Theorem 2.14, we get

W (02n+1, 02n+2)| 2]
|V (0, 02n+2)| + |¥(02n+1, f=(0)]| + [¥(0, 02n+1)]

2] < |98, 02n+42)| + 7|V (02n41,0)| +

984



DEMIR/Turk J Math

Taking the limit of this inequality as m — oo proves that |2| = 0. Thus, we obtain f=z(g) = §. Similarly,
we obtain g=(g) = 0.

Now, let us take another common fixed soft element o* of fz and g= to check the uniqueness. Hence,

U(2,0%) = ¥(f=(0), 9=(¢"))

2 (5 g 5W(o, f=(0)) ¥(2,9=(0%))
STY@ )t G ) + Ve =) £ VG5
2 (5, 0%),

which is a contradiction. Thus, we get § = ¢o* and so § is a unique common fixed soft element of fz and g=.

o o - . A
For the other case, if U(02,,9=(02n+1)) + ¥(02n+1, f2(020)) + ¥(02n, 02n+1) = 0 for any n € N, then

N
we get U(fz(02n),9=(02n+1)) = 0. So, we obtain

O2n = fa@%) = 02n+1 = 95(02n+1) = 02n+2-

Therefore, from the fact that 03, = f=(02n) = 02n41 it follows that there exist two soft elements 7; and §;
such that 7 = fz(r1) = §1. Using foregoing arguments, we see that there exist two soft elements ry and s3

such that 72 = g=(r3) = $3. Because
B B B B o N
(1, 92(r2)) + (72, f=(r1)) + ¥(r1,72) = 0
we have §1 = f=(r1) = g=(r2) = 52, which deduce the equalities §; = f=(r1) = f=(51) and s = g=(r3) =
g=(82). Since §1 = S, we get f=(81) = ¢g=(51) = §1. Thus, §1 = §3 is common fixed soft element of fz and
For uniqueness, let s~’{ € ©= be another common fixed soft element of fz and gz, i.e. fE(SN’{ ) = gg(;*{ ) =
s~1. Since
N ~ - B . N
U(s1,9=(s7)) + W(s1, f=(s1)) + ¥(51,57) = 0

we have st = g=(s}) = f=(51) = 51, which shows that st = 5. This completes the proof. O

From this theorem it is easy to deduce the following two corollaries.

Corollary 4.9 Let (0,U,Z) be a complete soft complex valued metric space with Z a finite set and let

f=:(0,9,E) = (0,9,2) be a soft mapping satisfying

U(f=(0), f=(0) 379(5,0) +

- - - . . A
for all 3,¢ € ©% such that ¥ (g, f=(C))+ ¥ (¢, f=(0)) +¥(9,() # 0 where 7,5 are nonnegative soft real numbers

with 74§ < T or ¥(f=(d), f=(C)) = 6 if U(a, f=(Q)) +¥(C, f=(3)) + ¥(5,¢) = 6- Then, fz has a unique fized
soft element.
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Proof By setting f= = g= in Theorem 4.8, we obtain this proof. O

Corollary 4.10 Let (©,9,=) be a complete soft complex valued metric space with Z a finite set and let
f=:(0,0,E) = (0,¥,2) be a soft mapping such that

U(f2(3), f2(C) 37 9(3,C) +

. _ . . . A
for all §,¢ € ©= such that ¥(0, f2(C))+ (¢, f2(8)) +¥(8,¢) # 0 where 7,5 are nonnegative soft real numbers

with 7+ 5 2 T or W(f2(2), f2(0)) = 0 if (3, f2(0)) + U, f2(8)) + W(5,0) = 0. Then, f= has a unique
fized soft element.

Proof It is similar to proof of Corollary 4.6 and is easily obtained. O

The validity of Corollary 4.9 is substantiated by the following example.

Example 4.11 Let © = ©1 U Oy where

O1={z=z+iyeC:2>0,y=0tand Oy ={z=a+iycC:2=0, y > 0}.

Take ©F = (©1)5U(02)% with = is a finite set of parameters and let us consider a mapping d : ©F x OF — C=
as follows:
max{z1,u1 } +imax{z1,u1}, if 2,4 € (0
L max{z3,us} +imaz{zy,us}, if 2,4 € (02)=,
U(z,4) = J s
(Z1 +uz) +i(z1 + uz), if 2€(01)
(%2 +ur) +i(22 + u), if 2€(02)%,4

where 2,4 € OF with 2 = 21 +1i%y and 4 = uy + iuy (Here, max{z1,u1} is a soft real number defined by
(max{z1,u1})(e) = max{zi(e),ui(e)} for all e € Z). Clearly, (©,¥,Z) is a complete soft complex valued

metric space. Now, define a mapping f: 0 — © as

Therefore, the condition in Corollary 4.9 holds for all 2,4 € ©F with ¥ = (%) and 0< 3§ < (%) . Thus, all the

conditions of Corollary 4.9 are satisfied and 6 € ©F s a unique fived soft element of f=.
5. Conclusion

In this paper, by utilizing the soft complex numbers given by Das and Samanta [8], we establish the idea of a
soft, complex valued metric space and study its topological aspects. Then, with the help of the soft mappings, we
obtain certain fixed soft element theorems on soft complex valued metric spaces. Therefore, it is expected that
this paper will help researches in many areas of application as well as in theoretical works. One can establish
another fixed soft element theorems on soft complex valued metric spaces. Also, one can endeavour to extend
soft, complex valued metric spaces to the cases of fuzzy soft complex valued metric spaces, hesitant soft complex

valued metric spaces, and neutrosophic soft complex valued metric spaces.
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