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Abstract: We study some classical operators defined on the weighted Bergman Fréchet space A? 4 (resp. weighted
Bergman (LB)-space AP _) arising as the projective limit (resp. inductive limit) of the standard weighted Bergman
spaces into the growth Fréchet space HSS (resp. growth (LB)-space HS® ), which is the projective limit (resp. inductive
limit) of the growth Banach spaces. We show that, for an analytic self map ¢ of the unit disc D, the continuities of
the weighted composition operator Wy, the Volterra integral operator T, , and the pointwise multiplication operator
M, defined via the identical symbol function are characterized by the same condition determined by the symbol’s state
of belonging to a Bloch-type space. These results have consequences related to the invertibility of Wy, acting on a
weighted Bergman Fréchet or (LB)-space. Some results concerning eigenvalues of such composition operators C, are

presented.
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1. Introduction

Let H(D) denote the Fréchet space of all analytic functions f: D — C equipped with the topology of uniform
convergence on the compact subsets of the unit disc D := {z € C : |z| < 1}. Let ¢ be an analytic self map
on D, and let g: D — C be an analytic map. The main focus of this note is, when they are defined between
projective (or inductive) limits of different well-known Banach spaces of analytic functions, to give a relation

between the continuity of the Volterra integral operator

1,0 = [ g 0a. ze, @
the pointwise multiplication operator
My(f)(2) = 9(2)f(z). z€D, (12)
and the weighted composition operator
Wyol)(2) = (M 0 90 )(2) = g(2)f (), z€D (13)
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in terms of conditions formulated for ¢ and ¢. For 1 < p < co and —1 < a < oo, the Bergman space of
standard weight AR = AP (D) of the unit disc is given by

1/p
AL = {f e HD):|f],. = (<a+1> / If(Z)I”dsa(z)> < o0}, (14)

where dsq(z) = (1 —|2|*)*ds(z), and ds(z) = Ldzdy. Each AP is a closed subspace of LP(D,ds(z)) in which
the polynomials are dense [18, Section 1.1]. The weighted Bergman space AP is a Banach space with the norm

[l o Classical Bergman space AP(D) corresponds to the case a = 0. If p = oo we obtain the growth Banach

space
oo 2 [e3%
A3 = A{f € HD): |lfllq = supl f(2)[(1 = [2[7)* < oo}, (1.5)
endowed with the norm ||-||__ . These Banach spaces, as well as their intersections and unions, play a significant

role in connection with the interpolation and sampling of analytic functions. See [18, Section 4.3]. They arise
as special cases of weighted Banach spaces H;° of analytic functions on I, which was pioneered by the work
of Shields and Williams [25], and then have been investigated by many authors, e.g. [7, 8, 23]. An analytic
function f said to belong to the Bloch space B, if

1f1ls, = suplf'(2)(1 = [2[*)* < oo,
z€D

Indeed, |||, defined above is a seminorm. We shall use the notation A < B if there is a constant ¢ > 0 not
depending on A or B such that A < cB. We write A < B whenever A < B and B < A. The Bloch space B,
is a Banach space when normed with | f|| := [f(0)| + [|f]|5_ - By [18, Proposition 1.13], given « > 0 for every

f € H(D) one has
suplf(2)[(1 — [2[*)* = sup| f'(2)] (1 — |2[*)**". (1.6)
z€D z€D

We refer the reader to [28] for a detailed treatment of Bloch spaces. It is also possible to define these spaces
with the weight (1 —|z|)® instead of (1—]z|*)®. Since 1—|z| < 1— |z|> < 2(1— |2|), these spaces coincide and
the norms are equivalent. In this paper, the operators we shall investigate will be defined on weighted Bergman
Fréchet and (LB)-spaces, which arise as intersections and unions of standard weighted Bergman spaces. For

1<p<oo,and 0 < a < oo they are defined as follows:
1/p
Al ={feHD): (/ |f(z)|pd5#(z)> < oo, V> a}
D

— — P — s AP
= (1A= (] Al sy =Proidf, ). L.7)

n>a neN
1/p
AP ={fe HD): (/ |f(z)|pds#(z)> < o0, for some pu < a}
D

— — p I p
=U A =U Ay =indap, (1.8)

p<la neN "

where the inductive limit is taken over all n € N such that (a— ) > 0. The paper [20] gives a description

of intersections and unions of weighted Bergman spaces of order 0 < p < co. Unlike those, we treat the space
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AP . as a Fréchet space when equipped with the locally convex topology generated by the increasing system of
norms

1/p
Ml = ([ 1P as0iy) . men (19)

for f € A7 and each n € N. We note that for 0 < p < 7 < oo, the natural inclusion map ¢, - : AP — AP is

_ is a complete

compact. See e.g. [21, Proposition 3.1]. Hence, A§+ is a Fréchet-Schwartz space. The space A”
(DFS)-space endowed with the finest locally convex topology, such that ¢, is continuous. It is also a regular
(LB)-space, since every bounded set B C AP  is contained and bounded in the Banach space AP, for some
0 < g < a. Let us also remark that, for & > 0 we have A?_ C A% C AY_ with continuous inclusions. Some

other properties of A%, and A?_ were given in author’s work [21] where these spaces were first introduced

in locally convex setup. The Volterra integral operator defined between different weighted Bergman Fréchet or

(LB)-spaces has been investigated by the author in [22]. Given 0 < a < 00,

HS, = {f € H(D): sup|f()|(1 - |2)* < 00,Yp > a}

zeD
=projH™>®, 1 1.10
bl 1
H = {f e H(D): sup|f(2)|(1 — |z]*)" < oo, for some pu < o}
zeD
= ind H® (L.11)

neN (a=3)

Then HZS is a Fréchet space when endowed with the locally convex topology generated by the increasing

sequence of norms

1
LA, = Slelglf(Z)l(l — |2, neN,

for f € Hy5 . For any pair 0 < u < a < 0o, the canonical inclusion map ¢, : H;® — HZ° is compact [10,
Theorem 3.3]. Hence, both HZS , and H3® are Schwartz spaces. The regular (LB)-space HJ is endowed with
the finest locally convex topology making ¢, continuous. Several important properties of growth Fréchet and
(LB)-spaces can be found in [2, 11, 12]. The Volterra integral operator acting on a growth Fréchet or (LB)-space
has been investigated by Bonet [9] in terms of continuity, compactness, and spectrum. For a study of weighted
composition operators acting on these spaces, see [17].

In Section 2, we first deal with operators defined from A7, (vesp. Af_) into HgZS (resp. HZ® ). If
we pick the symbol function g: D — C in such a way that it belongs to the Bloch-type space B., for every
positive 7 > 8+ 1 — (2 + «)/p, we show that the continuity of Volterra integral operator Tj,: A? | — HEy is
equivalent to the continuity of pointwise multiplication operator M,: AY  — Hg7 , and the continuity of the
weighted composition operator Wy ,: AL — HE3 provided that ©(0) = 0. When we take another weighted
Bergman Fréchet space (resp. (LB)-space) as the range space, we show that the symbol function g belonging
to the growth Fréchet space H3S , where v = (2 + 8)/q — (2 + «)/p, characterizes the continuity of the
pointwise multiplication operator M,: AP L= A% + as well as the Volterra integral operator 7} : AP L A% T
The same condition is also valid for the (LB)-space case. On the other hand, the continuity criterion for the

weighted composition operator in between is different in this case. We give this condition in Section 3 as a
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straightforward generalization of the well-known characterizations of Cuckovié and Zhao [26] related to Carleson

measures. Fortunately, resting on the arguments of Bourdon [13], the condition g € HZF3 , which is equivalent
to continuity of pointwise multiplication and Volterra integral operators between A?  and A% ., answers the

question of invertibility for the weighted composition operator Wy, acting on AP, (in this case, v = 0),
whenever ¢ is an automorphism of . Finally, we give some results concerning the eigenvalues of composition
operators C,, acting on A?_ or A?_ in connection with their essential spectral radius defined on the Banach

P
space AP .

2. Continuous Volterra, multiplication, and weighted composition operators between weighted
Fréchet and (LB)-spaces

Let us note that the continuity and compactness of Wy ,: AL — HE® was described in [24, Theorem 3.1], and

in [27, Theorem 2.2] for more general weights, that is, Wy ,: AL’ — Hg°. In [14] and [15] weighted composition
operators Wy ,: X — HZ° are investigated in a uniform approach covering a large family of Banach spaces
of analytic functions concerning the space X . Before we start our discussion on operators between Fréchet or

(LB)-spaces, we need to prove the following result concerning related Banach spaces.

Proposition 2.1 Let g be an analytic function. Let ¢ be an analytic self map on D satisfying ©(0) = 0.
Given 1 <p< oo and -1 < a,f < o0, let y:=+1-— HTO‘ be nonnegative. Then, the following statements

are equivalent.

(1) The symbol g belongs to the Bloch space B .
(2) The Volterra operator Ty: A, — HE® is continuous.
(3) The pointwise multiplication operator My: AP — HEg® is continuous.

(4) The weighted composition operator Wy ,: Ab — HE® is continuous.

Proof (1) = (2). Note that for 1 < p < oo for any f € H(D), we have (see e.g. [18, p. 39])
FEIP =127 S / |f@)P(1 = |wl*) " 2ds(w), ¢ R. (2.1)
D
We also mention that (see e.g. [5, Lemma 2]) for every f € H(D) we have

/ P - 12)%ds(z) < [FO)F + / PP - 22 eds(2). (2.2)
D D
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Now let g € B.,. Then, for any f € A2 by (2.1) we have

p
(1= [z

/0 T FO)g (e)de

17y f1” 5 = sup
zeD

<.
D

S IHO)F + /

(L = Jw]*)P7~2ds(w)

/O " o) ©)de

( / ’ f(£)g’(§)d£>/

— O] + / Fw)g ()7 (1 — [ )PP ~2+Pds(uw)

p
(1 = Jw[*)PP~2*Pds(w)

< |f0)[" + /D £ (w) [Pl (w)[P (1 — |2 )PP 2+Pra—ads(y)

< |F(O)]” + suplg’(w)|"(1 — \wlz)p(5+1)_(2+“)/ ()P (1 = |w|*)*ds(w)
web D

1
= £ + —llgllz Il £} . < 0,
a—+1 il

where the second inequality is due to (2.2). Hence T,;: A%, — Hg° is continuous.

(2) = (1). For w € D, let us pick

B - |w|2 2{:1
fuw(2) = ((1—wz)Q>

A canonical calculation yields (see e.g. [28, p. 52]) wa||£7a = 1. Since T,: A}, — HE® is continuous, by (1.6)

we obtain
I fwllp,0 2 1Tg full_g > | Tg fullg,,, -

Then, for any w € D, the latter yields,

12 ignggfw)’(Z)\(l =27 2 (Ty fu) (w)|(L = o)

( s fw(f)g’(ﬁ)d§>/

= |fu(w)g' (w)|(L = w]*)**!

24a

(1= w7+

= lg'(w) (ﬁ:ﬁd) (1=l
= lg' (1= ). 23

Since w € D was arbitrary, by (2.3), |9l 5, < 1. This proves (1).
(1) & (3). Follows by (1.6) and the previous result in [24, Corollary 3.3].
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(1) = (4). We make use of the following well-known estimate. For any f € AP

s My cp 2.4)

RCEE D

Note that, by Schwartz’s lemma, one has |p(z)| < |z|. Hence,

1|2
sup

—_— < 0. 2.5
ZeD1_|¢(z)|2< (2:5)

Let g € B,,. Then, by (1.6), for any f € A? we have

IWoofll_g = Stelngg,gaf(Z)l(l —|2%)"

= suplg(2) fle ()1 - Kk

= ilelg|g(2)||f(<p(z))|(1 _ ‘Z|2)7_1+HT(,

2\ 2ta
<llgls, Stelglf(so(Z))l(l —z[) 7
24«

I 1 _ |Z|2 P _
sup | —— 0,
P ep \ 1 —|p(2)]?

where the second inequality is due to (2.4), and the last one is by (2.5).

<lgls, If

(4) = (1). Let Wyt AL — HE® be continuous. Given w = ¢(z9) € D for a fixed zy € D, let us define

2\ "
ho(2) := <(1_L;Uz|)2> ’
for which [|hyl|, , = 1. Then, continuity of Wy ,: AL — HE® and (1.6) imply
L= rullya 2 W phul s = suplg(z) hu(e(2))1(1 = Ek

14 2ta
= suplg (=) lhu (p(2))I(1 = |27~

2+a

= 19(z0)|(1 = |20*)7 R ((2)) (1 = |2*) 7+

b (Ll
= lg9(20)|(1 = |20[") ==z
11— wp(2)
2\ 5
2\y—1 1 — |z ! - 2\y—1
> |9(20)[(1 = |20]%) — = |g(20)[(1 = |20])"™,
1 — |¢(20)|
for an arbitrary zp € D, by (2.5). Hence, g € B,. O

The following result is well-known. For a proof, see e.g. [3, Lemma 25].
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Lemma 2.2 Let E = proj,, E,, and F = proj,, F,, be Fréchet spaces such that E (resp. F') is the intersection
of the sequence of Banach spaces Ey, (resp. Fy, ), E is dense in E,, and Ep,1 C E,, with continuous inclusion
for each m (resp. F is dense in F,, and F,41 C F,, with continuous inclusion for each n). Let T: E — F be

a linear operator. Then

(i) T is continuous if and only if for each n, there is m such that T has a unique continuous linear extension
Ton: By — Fy.

(ii) Assume T is continuous. Then, T is bounded if and only if there is m such that for each n, T has a

unique continuous linear extension Ty, n: By — F .

The following lemma for (LB)-spaces is also known. A proof can be seen in [4, Lemma 4.1].

Lemma 2.3 Let E = ind,, E,,, and F = ind, F,, be (LB)-spaces such that E (resp. F) is the union of the
sequence of Banach spaces E,, (resp. F, ). Let T: E — F be a linear operator. Then

(i) T is continuous if and only if, for all m € N, there exists n € N such that T(Ey,) C F, and T: E,, — F,

is continuous.

(ii) Let T be continuous and let F be reqular. Then, T is bounded if and only if there exists n € N such that
forall m, T(E,,) C F, and T: E,, — F,, is continuous.

With the help of Lemma 2.2 and Lemma 2.3 we extend Proposition 2.1 to the setup of Fréchet and
(LB)-spaces.

Proposition 2.4 Given 1 <p < oo and 0 < o, < o0, let v:=0+1— ”Ta be non-negative. Let ¢ be an
analytic self map on D satisfying ©(0) = 0. Then, the following statements are equivalent.

(1) The symbol g € H(D) satisfies
g€ ) B- (2.6)

>
(2) The Volterra operator T,: AL, — HES is continuous.

(3) The Volterra operator Ty: AL, — HE° is continuous.

(4) The pointwise multiplication operator My: A?  — HEs is continuous.
(5) The pointwise multiplication operator My: A? _ — HE® is continuous.
(6) The weighted composition operator Wy ,: A? = — HEs is continuous.
(7) The weighted composition operator Wy ,: AY _ — Hg® is continuous.

Proof (1) < (2) < (4). By Lemma 2.2, the Volterra operator T,: A}, — HgS (vesp. the pointwise

multiplication operator My: A? | — Hgi) is continuous if and only if for every € > 0 there exists be (0, €]
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such that Ty: AZ+S — HZ, . (vesp. M,: AZ+5 — Hg, ) is continuous. By Proposition 2.1 this is equivalent

to say that
g € Byte—s, (2.7)

where 0 := g < e. Clearly (2.7) is equivalent to (2.6).

(1) = (3). Suppose (2.6) holds. Then, for every ¢ € (0, min O‘Z;El , p%}) we have g € By4.. Then, given

24
p

1< p:=a-—p’* pick n:=8—(p—1)e. Weseethat y+e=n+1— , which yields gGBanzﬂ. By
P

Proposition 2.1 this is equivalent that T : Aﬁ — Hp* is continuous. In the light of Lemma 2.3, T} : AP — Hg

is continuous.
(3) = (1). Let Ty: AL — HZ be continuous. Then, for every e € (O,anl), there exists § €

(0, min{e, %}) such that T,: A}, — HE ; is continuous. Without loss of any generality, let v + =—-020,

since otherwise ¢ is constant so there is nothing to prove. By Proposition 2.1 this is equivalent that g €
Byiz_5 C Byto—s. Hence g satisfies (2.7), equivalently (2.6).

(1) & (5). Identical to (1) < (3).

(1) & (6). Suppose that ¢ satisfies (2.5). The symbol function g satisfying (2.6) is equivalent to say that
for every ¢ > 0, there exists 5 e (0,e] such that g € B’,Y +e_§- Equivalently, by Proposition 2.1, the weighted
composition operator Wy ,: A? 45 — Hg5, is continuous, for § = g. By Lemma 2.2, this is equivalent to say
that Wy ,: AL, — HZS is continuous.

(1) = (7). If g satisfies (2.6), for every ¢ € (0,%”7"‘) one has g € Byy. € Bgt1—c, since 2"'7"‘ > 2e.
Then, by (1.6) g € Hg® . and the rest follows very similar to Fréchet case.

(7) = (1). The weighted composition operator W, ,: A, — HgZ is continuous if and only if, for

every ¢ € (0,a + 1), there exists ¢ € (0, min{e, 5}] such that W, ,: Af,__. — Hg° ; is continuous if and only if
9 € Bytz—5 C Byye—s, by Proposition 2.1. This is equivalent to (2.7) hence to (2.6). O

Proposition 2.5 Let 1 <p<qg<oo,and 0 < a,B <oco. Let v:= # — 2"'7" be non-negative. Then, for an

analytic map g: D — C, the following statements are equivalent.

(1) The symbol g belongs to the growth Fréchet space HSS .

(2) The pointwise multiplication operator My: A? | — AqB+ is continuous.
(3) The pointwise multiplication operator My: A? _ — Aqﬁ_ 18 continuous.
(4) The Volterra operator Ty: AL, — A% is continuous.

(5) The Volterra operator T,: AL, — A} is continuous.

Proof (1) = (2). Let M,: A, — A, be continuous. Then, for every ¢ > 0 given p:= 3+ ge there exists
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a <n < a+ge such that My: AP — A7 is continuous. Hence, for every z € D

24 24a
p

lg(I(L = [2*)7* = |g(=)|(L = [2*) 7"

24p 247

< g =21 7 < o0

So by [26, Theorem 9], g € H3S .. Hence, g € H3 .
(2) = (1). Let g € HJ3. Then, for every € > 0 there exists § € (0,¢] such that we have g € H3_ 5.
Given p:= 8+ qe, define n:= a4+ pd. Observe that for every z € D,

24+p _ 241

i 2 _
lg(2)|(1—2)) 0 ~ 7 =lg(2)|(1—|z[")""7? < .
Sog€ HgiTH—HT" - By [26, Theorem 9], My : Af — Aj, is continous. Therefore, My: A¢, — Aqﬁ+ is continuous.

(3) = (1). Let M,: A;_ — A} be continuous. Then, for every ¢ > 0, given —1 < y1 := o — pe there
exists —1 < 3 —pe <n < 8 such that My: AP — Al is continuous. Then, for every z € D,

2471 _ 2+p

l9(I(A = 2*)7%° < Jg(=)(L = |21) & 77 < oo

So, by [26, Theorem 9], g belongs to H3S . and hence to H .

(1) = (3). Suppose that g € H3S . Let x = min{(a + 1)qp;ql, (B+ 1)%1}. Then, for every ¢ € (0,x) we
have g € HYS .. Given —1 < p:=a— qp_—qle, pick —1<n:=5— q_%s. Then, for every z € D,
24n _ 2+4p

l9()I(L = [2[*) 7" =" = Jg(2)

= lg(=)(1 — [ < .

(1= |af*y e

Hence, g € Hﬁ%im. By [26, Theorem 9], M,: AP — Al is continuous. Therefore, My: A} — A} is

P

continuous.
(1) & (4) « (5). Follows by (1.6), Proposition 2.5, and [22, Proposition 2.2]. O
Proposition 2.5 will help us characterize the invertibility of a weighted composition operator acting on a
weighed Bergman Fréchet or a weighted Bergman (LB)-space. See Proposition 3.7. The following statement is

derived from [26, Theorem 11] via Lemma 2.2. Its (LB)-space version can be produced in an analogue way.
Proposition 2.6 Let g be an analytic function on D. Let 1 < g <p < o0, and o, > 0. Then, the following
statements are equivalent.

(1) The multiplication operator My: A}, — A% is continuous.

(2) For every > 3, there exists v € (a,a+ p— ) such that g € A;, where % = % —% and n=s (% — %)
3. Weighted composition operators between weighted Bergman Fréchet and (LB)-spaces

3.1. Continuous weighted composition operators between different weighted Bergman Fréchet or
(LB)-spaces

An operator T' on a Fréchet space X into itself is called bounded (resp. compact) if there exists a neighborhood

U of the origin of X such that TU is a bounded (resp. relatively compact) set in X . The following result is a
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consequence of [26, Theorem 1] along with Lemma 2.2 and Lemma 2.3.

Proposition 3.1 Let 1 < p<g< oo and 0 < o, < 00. Let g: D — C be an analytic function and let
p: D — D be an analytic self map. Then,

(1) The weighted composition operator Wy ,: Ab | — A%Jr is continuous if and only if for every u > B there

exists n € (o, a4+ p— B) such that

LR N
ilelg/D <1—Z<P(w)|2> lg(w)[*ds,,(w) < oo. (3.1)

(2) The weighted composition operator Wy ,: A? _ — Aqﬁ_ is continuous if and only if for every ¢ € (0, «)
there exists 6 € [(, ) such that

24¢

1— \z|2 > 1 .
sup/D <|)|2> lg(w)|dsge(w) < oco. (3.2)

z€D 1 —Zp(w

Similarly, we obtain the following proposition via Lemma 2.2 and [26, Theorem 3]. An (LB)-space version

can be easily derived.

Proposition 3.2 Let 1 < g < p < oo and 0 < a,8 < 0o. Let g: D — C be an analytic function and let

w: D — D be an analytic self map. Then, the following statements are equivalent.

(1) The weighted composition operator Wy ,: A? . — A%+ is continuous.

(2) For every pu > @ there exists v € (o, + p — B) such that for s := Lq we have

(1= |21%)* q

————g(w)|"ds,(w) € A].
p |1 Zp(w)| e

Lemma 3.3 (i) Let E = proj,, E,, and F = proj, F,, be Fréchet spaces such that E (resp. F) is the

intersection of the sequence of Banach spaces E,, (resp. F, ), E is dense in E,, and E,,+1 C Ey, with

continuous inclusion for each m (resp. F is dense in F,, and F,y1 C F, with continuous inclusion for

each n). Let T: E — F be a linear operator. Assume T is continuous. Then T is bounded if and only

if there is m such that for each n, T has a unique continuous linear extension Ty, n: En — Fpy .

(ii) Let X = indX,, and Y = indY,, be two (LB)-spaces which are increasing unions of Banach spaces
X =U2 X, and Y = UX_1Y,,. Let T: X — Y be a continuous linear map. Assume that Y is a
reqular (LB)-space. Then, T is bounded if and only if there exists m € N such that T(X,,) C Y., and

T: X, = Yy, is continuous for all n > m.

The following proposition is a consequence of [26, Corollary 1] and Lemma 3.3.

Proposition 3.4 Let 1 < p < g< oo and 0 < a,8 < 0o. Let g: D — C be an analytic function and let
w: D — D be an analytic self map. Then,
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(1) The weighted composition operator Wy o AL, — A}, is compact if and only if it is continuous and there

exists p > « such that for each n € (o, u] we have

Su 1_7‘Z|2 %q w 4 SplWw (0.9]
ZEB/D<|1_w<w)|2> J9()[*dsy () < oo, (33)

(2) The weighted composition operator Wy ,: AY _ — AqB_ is compact if and only if it is continuous and there

exists ¢ € (0,a) such that for each 0 € [(,a) we have

246

sup/D <lz|)|2> lg(w)|?ds¢ (w) < oo (3.4)

z€D |1 —Zp(w

Proof

(1) Given a,f >0, let W, ,: AL, — A%, be bounded. Since A7, is a Schwartz space, this is equivalent to

assume that W, is compact. Lemma 3.3(i) applied to A?, . this is equivalent that there exists y > « such
that for all 8 <7 < B+ p — «, the weighted composition operator W, ,: Aﬁ — A% is continuous. This is
equivalent, by [26, Theorem 1], that (3.3) holds.
(2) Very similar to part (1) if we apply Lemma 3.3(ii) and [26, Theorem 1].

O

3.2. Invertible weighted composition operators acting on a weighted Bergman Fréchet or (LB)-
space

The characterizations of invertible weighted composition operators on the Fréchet space A, and on the (LB)-
space AL are consequences of the following results by Bourdon [13, Theorem 2.2; Corollary 2.3]. These
arguments were also used to characterize invertible weighted composition operators acting on the growth Fréchet
space HZS and the growth (LB)-space H3° in [17, Proposition 4].
Theorem 3.5 Suppose that E is a space of analytic functions on D such that

(i) Wy, maps E to E.

(ii) E contains a nonzero constant function.

(iii) E contains a function of the form z — z + ¢ for some constant c.

(iv) There is a dense subset S of the unit circle such that, for each point in S, there is a function in E that

does not extend analytically to a neighborhood of that point.

If Wy o+ E— E is invertible, then ¢ is an automorphism of I.

Theorem 3.6 If E,g and ¢ satisfy the hypotheses of Lemma 3.5, and for each f € E we have foh € E for
all automorphism h of I, then Wy, is invertible on E if and only if ¢ is an automorphism of I and both g

and 1/g map E into E.
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Whenever it is continuous, that is, (3.1) or (3.2) is satisfied, W, fulfills hypothesis (i) of Theorem 3.5.
Hypotheses (ii) and (iii) are verified by both A? | and A?_, since they contain the constants and polynomials.
For hypothesis (iv), let us consider the function f, s: D — C given by fy, s := ﬁ, for w € 0D and s > 0.

It is easy to see that f,, € AY  and f,, € A%_. However, in any neighborhood U of w, we see that
fas ¢ H(D) for any a € U. So it does not extend analytically to any neighborhood of w (cf. [17, Remark 2]).

Proposition 3.7 Let g, € H(D) and (D) CD. Let 1 <p < oo, and 0 < a < oo. Then, the following

statements are equivalent.
(1) g€ HGS, and 1/g € HSS .

p
«

(2) The weighted composition operator Wy ,: AY . — AV is invertible.

3) The weighted composition operator W, ,: AL — AP is invertible.
g9,¢ (e} e

Proof Since both A?_ and A% _ satisfy all hypotheses of Theorem 3.5, we apply Theorem 3.6 to reach that
Wy, is invertible if and only if ¢ is an automorphism of D and M, and M, , are continuous on A%, (resp.

AP ). Hence the conclusion follows from proposition 2.5. O

3.3. Some results on eigenvalues of composition operators acting on a weighted Bergman Fréchet

or (LB)-space

For T € L(E), the resolvent set p(T; E) of T consists of all A € C such that R(A\,T) := (A —T)~! exists in
L(E). The set o(T;E) := C\ p(T) is called the spectrum of T'. The point spectrum op(T;X) of T consists
of all A € C such that (Al —T) is not injective. The essential norm [T}, x of an operator T on a Banach

space X is the distance of the operator to the set of compact operators on X . The essential spectral radius is

given by ro(T; X) = lim, HT”Hi/; The following lemma is well known. For a proof, see [19, Lemma 2.4] and

[17, Lemma 3.4].

Lemma 3.8 Let X C H(D) be a continuously included subspace of holomorphic functions containing the

polynomials. Let ¢, g € H(D) with ¢(D) C D and ©(0) = 0. Suppose that ¢ is not a constant function. Then,
opt(Wy,0: X) C {g(0)¢'(0)? j=0-
The following lemma is due to [19, Lemma 2.3].

Lemma 3.9 Let X C H(D) be a continuously included subspace of holomorphic functions containing the
polynomials. Let g, € H(D) with (D) C D, g £0, and ¢(0) =0. Then,

(i) g(0) € c(Wy,; X).

(ii) For every j € N we have g(0)¢'(0)7 € o(Wy; X).

Proposition 3.10 Let 1 < p < 0o, and 0 < a < co. Suppose that ¢ € H(D), (D) C D, 0< |¢'(0)] <1, and

@ is not a rotation. Then,
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1) The point spectrum of the composition operator C,: AY . — AP, satisfies the inclusions
4 a+ a-+
{#'(0Y3520 \ B(0,7e(Cy, AR)) C 0e(C; AL y) € {¢'(0) 3520
2) The point spectrum of the composition operator C,: A? _ — AP _ satisfies the inclusions
® « a

{£'(0)}520 \ B(0,7¢(Cyp, AR)) C 0pi(Cop3 AL L) {2/ (0)}5,p.

Proof

(1) By Lemma 3.8 we immediately obtain opi(Cy; A7) C {¢(0)7}52,. So the inclusion on the right hand
side follows. For the other inclusion, first let us note that the essential spectral radius r.(C,; A%) < 1, by
[6, Theorem 2.8]. In the light of that, we are allowed to fix a j € N such that |¢’(0)?| > r.(C,; A) so that
©'(0)7 ¢ 0ess(Cyp; AP). Then, by Lemma 3.9 we obtain ¢/(0)7 € 0(Cy; A2). If we apply [1, Theorem 7.44] this
implies ¢'(0)7 € opt(Cyp; AR). This means there exists fy € AP, such that Cy, fy = ¢'(0)? fo, in AZ. But since
AP c AP | the latter holds also in A% . Therefore ¢'(0)7 € oy, (Cy; AL, ), as well.

(2) Similar to part (1), the right hand side inclusion follows immediately by Lemma 3.8. For the other inclusion,
fix 0 <8< a<pf+1< oo sothat by [16, Proposition 3.6; 3.8],

1|2 SR
TE(Cgo;Ag) < lim | lim sup <)|>

oo \ =115 \ 1 — | (2)]

2 a+2
. . 1 — 2|
< lim | lim sup 7”2

n—oo s—>1|2|28 1— |§0n(z

1/n

< re(Cp; A7)

Then let us first fix j € N such that |¢'(0)7| > re(Cy; A%). Then we find § < a satisfying [¢/(0)7] > r(Cy; A)
to immediately apply Lemma 3.9 and [1, Theorem 7.44] to get |¢'(0)?| € o/(Cly; Ap) and €' (0)7] € ope(Cys AR,
respectively. That implies there exists go € A} such that Ci,g0 = ’gp’ (0)7]g0 in Aj. But since A} C A7 _, the
same holds in A%_ as well. Therefore |¢'(0)7| € opi(Cyp; AL _).
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