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Abstract: In this paper, we consider a class of normalized harmonic functions in the unit disk satisfying a third-order
differential inequality and we investigate several properties of this class such as close-to-convexity, coefficient bounds,
growth estimates, sufficient coefficient condition, and convolution. Moreover, as an application, we construct harmonic
polynomials involving Gaussian hypergeometric function which belong to the considered class. We also provide examples

illustrating graphically with the help of Maple.
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1. Introduction
Let H denote the class of complex valued harmonic functions f = h 4+ g defined in the open unit disk
U= {z€C:|z| <1}, and normalized by f(0) = f,(0) — 1 = 0. Also, let H° = {f € H: -(0) =0}. Each

function f € H° can be expressed as f = h + g, where
h(z) =z+ Zamzma g(z) = mezm (11)
m=2 m=2

are analytic in &. We call h the analytic part and g the coanalytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in U is that |h'(2)| > |¢'(z)| in U. See [1, 3].

Denote by Sp the class of functions f = h + g that are harmonic, univalent, and sense-preserving in
the unit disk ¢/. Furthermore, let 8% = {f € Sg : f=(0) = 0}. Note that, with g(z) = 0, the classical family
S of analytic univalent and normalized functions in U is a subclass of 8% | just as the family A of analytic
and normalized functions in I/ is a subclass of H°. Let S*, K and C be the subclasses of S mapping I/ onto
starlike, convex, and close-to-convex domains, respectively, just as 821’*, K9, and CY are the subclasses of SY
mapping U onto their respective domains.

In 2013, Ponnusamy et al. [15] introduced a class of functions f = h + g € H" satisfying the condition
Re[f.(2)] > |fz(2)] for z € U and they proved that this class of functions are close-to-convex. Moreover, Li
and Ponnusamy [12, 13] obtained univalency and convexity of the partial sums of the abovementioned class.

Recently, Ghosh and Vasudevarao [5] defined a class of functions f = h + g € H° satisfying the condition
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Re{h/(z) + azh”(2)} > |¢'(z) + azg”(z)| for z € U and they investigated coefficient bounds, growth estimates,
convolution, and radius of convexity for the partial sums of members of their class. Other interesting studies of

harmonic mappings that we have been inspired by in this work are [2, 9, 10, 14, 16].
Let Rg(A,d) denote a class of functions f € A such that

Re {f'(z) + Azf"(z) + 62 f"(2)} >0 (A >6>0).

The class Rs(A,d) was studied by Rosihan et al. [18]. They obtained the form of f with a double integral
operator by using usual subordination. Also, the class Rg(\, %) with A > 1 is a particular case of the class
defined by Al-Refai [17].

Denote by RY (A, 6), the class of functions f =h+ g e H° and satisfy
Re[l'(2) + Azh" (2) + 620" (2)] > |¢'(2) + Azg" (2) + 62°¢"" (2)] (1.2)

where A > § > 0.

In this paper, we mainly deal with the functions f = h + g€ H° of the class RY (A, ) which is defined
by the third-order differential inequality (1.2). In Section 2, we derive that the members of the class are close-
to-convex and we obtain coefficient bounds, growth estimates, and sufficient coefficient condition of the class
RY (A, ). We also provide examples, illustrating graphically with the help of Maple. In Section 3, we show that
this class is closed under convex combination and convolution of its members. In Section 4, considering harmonic
mappings involving Gaussian hypergeometric function, we examine sufficient conditions for such mappings to

be in this class. Moreover, we provide an example of harmonic polynomial which belongs to the class RY (), §).

2. Close-to-convexity, coefficient bounds, growth estimates

First, we give a result of Clunie and Sheil-Small [1] which derives a sufficient condition for f € H to be

close-to-convex.

Lemma 2.1 Suppose h and g are analytic in U with |g’(0)] < |h'(0)| and F,, = h+ pg is close to convex for
each p (|p| = 1), then f=h+g is close to convex in U.

Theorem 2.2 The harmonic mapping f = h+ g € RY (X, 8) if and only if F, = h + ug € Rs(\,8) for each
plpl=1).

Proof Suppose f=h+ge RY(\, ). For each |u| =1,
Re {F},(2) + AzF}/ (2) + 62°F}/' () }
=Re {W(2) + Azh"(2) + 6221 (2) + p (¢ (2) + Azg" (2) + 62%¢""(2)) }

> Re {1/ (z) + Azh" (2) + 6221 (2)} — |9/ (2) + Azg"(2) + 6229 ()| > 0 (2 € U).
Thus, F,, € Rg(A,0) for each p(|u| =1). Conversely, let F), = h 4+ pg € Rs(A,6) then
Re {1/ (z) + Azh"(2) + 62°h"(2)} > Re {—p (¢'(2) + Azg"(2) + 62%¢""(2))} (= €U).

679



YASAR and YALCIN/Turk J Math

Suitably choosing p (Ju| = 1), we obtain

Re {I'(2) + Azh"(2) + 62°K"(2)} > |¢'(2) + Azg" (2) + 62°¢" (2)| (z €U);
hence, F,, € Rg(\,0). O
Lemma 2.3 (Jack-Miller-Mocanu Lemma [7, 8]) Let o defined by ¢(2) = Cpz™ + Cryp12™ T + ... be analytic
in U, with Cp, #0, and let zg # 0, z9 € U be a point of U such that

lp(z0)] = max |p()]

[2|<[20

then there is a real number n, n > m > 1, such that

/"
————= =n and Re{lJrZO(p(ZO)}zn

¢'(20)
Lemma 2.4 If F € Rg(\,d) with A > >0 then Re{F'(z)} > 0; hence, F is close-to-convezx in U.
Proof Suppose F € Rs(A,6) and F'(z) + Az2F"(2) + §22F"(2) = ¥(z). Then Re{¥(2)} > 0 for z € U.

Consider an analytic function ¢ in U with ¢(0) =0 and

)= 150 e 21

We need to prove that |p(z)| <1 for all z € Y. Then we have
U(z) = F'(2)+X2F"(2) +02°F"(2)

L+o(z) | 2Az¢'(2) 202¢'(2) 2¢"(2) | 48(2¢'(2))?
L—p(z)  (1-9(2)?  (1-9(2))? ¢(2)  (1-¢(2))*

Since ¢ is analytic in & and ¢(0) = 0, if there is 2o € U such that

max |p(z)] = |p(20)] =1,

[2]<] 20|
then by Lemma 2.3, we can write
w(z0) = eie, 200" (20) = np(zo) = new, (n>1,0<86 < 2m).

and

Rof 2 50

For such a point zy € U, we obtain

1+ e 2 net? 20ne’ 2o (20)  46(ne?)?
v = - - - -
Re{ (ZO)} Re { 1 — et + (1 _ 619)2 + (1 _ 61‘9)2 QD,(ZO> (1 _ 619)3}
B —An_ dn Re 209" (20) on?
~ 1—cosf 1—cosf ' (20) 1 —cosf

(6—=Mn < (6—Xn

<0
1—cosf — 2 -
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which contradicts the hypothesis. Hence, there is no zo € U such that |p(zp)| = 1, which means that |p(z)| <1
for all z € U. Therefore, we obtain that Re{F’(z)} > 0. O

Theorem 2.5 The functions in the class RY(\,8) are close-to-convez in U.

Proof Referring to Lemma 2.4, we derive that functions F,, = h + pg € Rg(A,d) are close-to-convex in U
for each pu(|u| = 1). Now in view of Lemma 2.1 and Theorem 2.2, we obtain that functions in RY(),d) are

close-to-convex in U. O

Theorem 2.6 Let f=h+ge RY(\J) then for m > 2,

1
14+ (m—-1)A+d(m—2))]

< 1
om < — (2.1)

. . . . _ 1 —m
The result is sharp and the equality is held for the function f(z) =z + AT =D O m=2)] % -
Proof Suppose that f =h+ g€ R%Y (), ). Using the series representation of g(z), we derive

™ m 4 dm(m — 1) 4+ dm(m — 1) (m — 2)] |bp|

1 ) ) . ) )
27 / |g’(re’0) + )\releg”(reze) + 5T2e2109///(r610)| do
i
0

IN

2m
1 , . . | ,
< 5 /Re {0 (re®) + Are®n (re?) + 572 n" (re') } o
0

27

= ! 3 m—1_i(m—1)60

= %/Re{l—k Z[”H')‘m(m—1)+5m(m—1)(m—2)]amr e do
0

m=2
= 1.

The desired bound obtained by allowing » — 1~ . Moreover, it is easy to verify that the equality is held for the

function f(z) =z + 2™ O

1
m[l+(m—1)(A+d(m—2))

Theorem 2.7 Let f =h+ g€ RY% (X, ). Then for m > 2, we have

2
1+ (m—1)A+d(m—2))]

|am| + [bm| <
m

This result 18 sharp and the equality 18 held for the function

o0

f(z) = 2+ mZ;Z m[1+(m—1)%>\+6(m—2))] 2"

Proof Suppose that f=h+ g€ RY (A, J), then from Theorem 2.2, F,, = h+ pug € Rs(A,0) for p (Ju| =1).

Thus, for each |u| =1, we have

Re{(thug)/ +)\Z(h+ug)//+522(h+ug)///} <0
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for z € U. Then there exists an analytic function p of the form p(z) =14+ > p,,2™, with Rep(z) > 0 in U
m=1

such that
W (2) + Azh'" (2) + 6220 (2) + p(g' (2) + Azg" (2) + 629" (2)) = p(2). (2.2)

Comparing coefficients on both sides of (2.2) we have
m[l+(m—1)A+d(m—2))] (am + pbm) = pm—1 for m > 2.

Since |pm| < 2 for m > 1, and p(Jp| =1) is arbitrary, proof is complete. The function f(z) = z+

oo}

> m[1+(m—1)%/\+6(m—2))] 2™ shows that the result is sharp. O
m=2

The following result gives a sufficient condition for a function to be in the class R%Y (), ).

Theorem 2.8 Let f =h+ g € H° with

oo

S m {4 (m— 1) A+ 6 (m—2)]} (Jan| + bul) < 1, (2.3)

m=2

then f € RY(A,9).

Proof Suppose that f = h+ g€ H®. Then using (2.3),

Re {h'(z) + Azh"(2) + 62°h""(2)}

= Re{1+ im{qu(m—l) [)\+5(m2)]}amzm1}

> 1—gm{1+<m—1)[A+6<m—2>]}|am
> gm{lﬂmww(mawm
o S e O S m - )b
= |g’;z) + Xzg" (2) + 62’29’”(2')‘ )
Hence, f € R% (A, 6). 0

Corollary 2.9 Let f=h+ge H°. If
Yo m*B=m+A(m = D] (Jan| + |bnl) < 2,
m=2

then f € Ry (N, 252) with A > 1.

2
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Example 2.10 (i) If we set A\ = 0.5 and § = 0.05, in view of Theorem 2.8, the harmonic polynomial
fi(z) = 2+ 0.152% and fao(z) = z — 0.0792% + 0.0792% belong to RY;(0.5,0.05). The images of concentric

circles inside the unit disk U under f, and fo are shown in Figures 1a and 1b.

2

I
-
I
(]

Figure 1. (a) Image of fi(U), (b) image of f2(Uf).

(ii) Let X = 3 and § = 1, in view of Theorem 2.8, the harmonic polynomial fs(z) = z — {52° + 52°

belong to RY(3,1). The images of concentric circles inside the unit disk U under fs is shown in Figure 2.

Theorem 2.11 Let f =h+ g€ RY (), 6) with A\ > 6 > 0. Then

- (=)™ te™
12 +2n;2 5% + (7 38)m2 + (1 — A+ 20)

— <1/,

2™

<
) < +2£5m3 Y W e By e w7 e

Inequalities are sharp for the function f(z) =z + m[1+(m_1)3([>\+6(m_2))]§m.

Proof Let f=h+ge RY%(\J). Then using Theorem 2.2, F, € Rg(\,8) and for each |u| =1 we have
Re{®(z)} > 0 where
®(z) = F},(2) + X2F) (2) + 5z2F/L”(z).
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]

172
&

Figure 2. Image of f3(U).

Then using the method of Rosihan et al. [18, Sect. 2], we have
_ 2
O(z) = Fu(2) + (p(1+n) +n)2F/(z) + pmz"F] (2)
1—1 1+l 172 L !
= nz " n (pz i (z) + Z”F#(Z)>
!
= 0 e T R

where p = (A=9)=y 975)2745, n+p=XA—24, pn=23, Rep >0, Ren > 0.
Then integrating (2.4) gives

sz%**(z E(2)) /19771

Making substitution ¢ = u"z and simplifying yields

1

z%_l/q)(u"z)du.

0

(Z%Fli(z))/ = %

Now, integrating (2.5) and making substitution & = vz gets

11

zpF' /{7_1/4) u"€) du dé = %// (u"vP 2)dudv

00

684
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which simplifies to

11
2//<I> (uv? z)dudv. (2.6)
00

On the other hand, since Re {®(z)} > 0 then ®(z) < %2 where < denotes the subordination [7, 8].
Let

11
= z™ dvdu
= 1 = _—
#(2) + mzzl (L+nm)(1 4 pm) // 1—utvrz

and Q(z) = = > 2z™. Then, from (2.6) we have
m=0
F(2) < (p*xQ)(2)
= + Z ) * (1 + Z 22"‘)
< = 1—1—77m (14 pm) —
o0
= 1 z™m.
+ 2:21 1+ ( m+5m2
Since
|F(2)] = [W(2)+ng'(2)|
2™
< 142
- + Z 14+ (A= 98)m+ om?
and
[F(2)] = [W(2)+nd'(2)]
N 1"

1+2
+ Z 1+ )\ 8)m + dm?2’

in particular we have

2™

! /
<
FE 16 €142 3 S g

and

, § "I
[W(2)] = 1g'(2)] 1+221+>\ S)ym + om?’
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Let T' be the radial segment from 0 to z, then

sl = | [ e+ Gad < [+ g ©n]ad

r r

2|

/<1+QZ 1+ (A — 6m+5m2>d8

| ‘m-&-l
= 2
2+ Z YL+ Oh—8)m + om?|

IA

IZI

'Z|+225 5 (A—30)m2 + (1 A1 20)m

and

f) = /(Ih’(c)l—lg'(<)l)ld€|
r

2
(=)™ |s]
2 /<1+22 1+ (A — §)m+5m2d5>

0

_ (=)™ ™
= ‘Z|+225 51 (N —30)mZ + (L— A+ 20)m

O

Remark 2.12 (i) Our results, obtained in this section, yield the results of the classes RY(0,0) and RY(),0)
which are defined and studied in [12, 13, 15] and [5], respectively.

(ii) The class Rs(X,252) with A > 1 is a particular case of the class defined by Al-Refai [17] and our results
yield the results of [17].

3. Convex combinations and convolutions
In this section, we prove that the class RY (), 4) is closed under convex combinations and convolutions of its

members.

Theorem 3.1 The class RY (N, 8) is closed under convex combinations.

Proof Suppose f; = h;+7; € RY (), 6) for i = 1,2,...,m and .thi =1 (0 <t; <1). The convex combination

of functions f; (1 =1,2,...,m) may be written as

thz ) = h(z) +g(2),
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where
z) = Ztihi(z and ¢g(z Ztlgl
i=1

Then both h and g are analytic in & with h(0) = g(0) = A’'(0) — 1 = ¢’(0) = 0 and
Re{l (2) + \zh"(2) + 62°h""(2)} = Re {Zt (Ri(2) + Azh} (2) + 5z2h;»"(z))}

> Zt l9i(2) + Azg] (2) + 62%g!" (2)]

Y

|9 (2) + Azg" (2) + 02°9"" (2)|

showing that f € R%(\,9). O

A sequence {gm}2_, of nonnegative real numbers is said to be a convex null sequence, if ¢, — 0 as

m—oo,and qo—q1 > @1 —q¢2>q2—qG3 > ... > ¢m—1 — Gm > ... > 0. To prove results for convolution, we shall
need the following Lemma 3.2 and Lemma 3.3.

Lemma 3.2 [}] If {qgn}>_, is a convex null sequence, then function

SIS P

m=1

is analytic and Re{q(z)} > 0 in U.

Lemma 3.3 [19] Let the function p be analytic in U with p(0) =1 and Re{p(z)} > 1/2 in U. Then for any

analytic function F in U, the function px F takes values in the convex hull of the image of U under F.

F
Lemma 3.4 Let F € Rg(\,9), then Re{(z)} >

1
z 2’

Proof Suppose F € Rg(),d) be given by F(z) =z+ Y-, Aypz™, then

Re{l—l— im[l—i—(m—l) (A—i—é(m—?))]Amzm_l} >0 (zel),

m=2

which is equivalent to Re{p(z)} > 3 in U, where

—_

p(z) =1 ,Z [T+ (m—1)(A+d(m —2))] Apz™ L.

[\

Now consider a sequence {gn, }5°_, defined by

2
=1and ¢,—1 = f > 2.
o= A = T m— (A +om—2)] "=
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It can be easily seen that the sequence {gm }5°_, is convex null sequence and using Lemma 3.2, the function

- 2
=1 m—1
a(z) *%MH (m—1) (A +0(m —2))]
is analytic and Re{q(z)} > % in U. Writing

F(2) S 2 "
: p(z)*(HmZ:Qm[H<m—1>(A+6<m—2>>f 1)’

F 1
and making use of Lemma 3.3 gives that Re { (2) } > 5 for z € U. O
z

Lemma 3.5 Let F; € Rg(\,9) fori=1,2. Then Fy * Fy € Rg(\,0).

Proof Suppose Fi(z) =z+ Y v 5 Anz™ and Fy(z) = 2+ Y o _, Byz™. Then the convolution of Fi(z)
and F5(2) is defined by

F(z) = (Fyx Fy)(2) = 2+ > ApBmz™

m=2

Since F'(z) = F{(z) * F2Z(Z), 2F"(2) = zF{'(2) * FQT(Z) and 22F"(z) = 22F]"(z2) * FQT(Z), then we have

FQ(Z) )

F'(2) + A2F"(2) + 62°F" (2) = (F{(2) + A2 F{'(2) + 62 F{"(2)) * z

Since Fy € Rg(A,d),
Re {F{(z) + \2F{'(2) + 62°F{"(2)} > 0 (2 €U)

F 1
and using Lemma 3.4, Re {22(2)} >3 in Y. Now making use of Lemma 3.3 to (3.1) yields Re (F'(z) + AzF" (z)

+02z2F"(z)) > 0 in U. Thus, F = Fy x F» € Rs(\,0). O

Now using Lemma 3.5, we prove that the class R} (), d) is closed under convolutions of its members.

Theorem 3.6 Let fi € RY(N\,8) for i =1,2. Then fi* fa € RY(\,0).

Proof Suppose f; = h; + g € R%(X\,d) (i = 1,2). Then the convolution of f; and fy is defined as
fi%fo = hixha+g1 * g2. In order to prove that fixfy € R(}I()\, d), we need to prove that F,, = hyxho+u(g1*g2) €
Rs(A,d) for each p(|p| = 1). By Lemma 3.5, the class Rg(A, ) is closed under convolutions for each p(|u| = 1),
hi + pug; € Rg(\,6) for i = 1,2. Then both F; and Fy given by

Fy = (h1 — g1) % (ha — pg2) and Fy = (hy + g1) * (ha + pug2),

belong to Rs(A,d). Since Rg(A, ) is closed under convex combinations, then the function
1
F= §(F1 + Fy) = hy * hy + pu(g1 * g2)
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belongs to Rs(A, ). Hence, RY (), ) is closed under convolution. O

Now we consider the Hadamard product of a harmonic function with an analytic function which was
defined by Goodloe [6] as

fob=hx+ g,

where f = h 4+ g is harmonic function and v is an analytic function in U.

Theorem 3.7 Let f € RY(N,8) and ¢ € A be such that Re (¢(Zz)

1 ~
> > 3 for z €U, then fxp € RY (N, 0).
Proof Suppose that f=h+ge RY (X, 6), then F, = h+ pg € Rs(A,d) for each p(|p| =1). By Theorem
2.2, in order to show that f¥ € R%(\,6), we need to show that G = h* ¢ + u(g* 1) € Rg(), ) for each
p(ju] =1). Write G as G = F), x 1, and

G/ () + NG (2) + 526" (2) = (BL(2) + Aol (=) + 627 (2)) w 22

1
Since Re <1/)(ZZ)> >3 and Re{F) (z)+\zF)/(2)+02°F}/"(z)} > 0 in U, Lemma 3.3 proves that G' € Rg(), ).

O
Corollary 3.8 Let f € RY% (N d) and ¢ € K, then fxp € RY(N,9).

1 -
Proof Suppose i € K, then Re (M) > 3 for z € U. Theorem 3.7 concludes that ¥y € RY()\,§). O
z

4. Applications

In this section, we consider the harmonic mappings whose coanalytic part involves the Gaussian hypergeometric
function o Fy(a,b,c; z), which is defined by

oF1(a,b,¢;2) = F(a,b,c; 2) = Z (@Dm(b)m 2™ (z€el), (4.1)

where a,b,c € C,c#0,—1,-2, ... and (a), is Pochhammer Symbol defined by (a),, = a(a+1)(a+2)...(a+m—1)
and (a)o =1 for m € N. The series (4.1) is absolutely convergent in U/. Moreover, if Re(c—a—b) > 0, then the
series (4.1) is convergent in |z| < 1. Furthermore, for z = 1, we have the following well-known Gauss formula
120)

T(e)T(c—a—1b)

F(a,b,c;1) = T(c—al(c—b) < 0. (4.2)

To prove our result we need the following lemma.
Lemma 4.1 [11] Let a,b € C\ {0}, ¢ > 0. Then the following holds:
(i) For a,b>0, ¢c>a+b+1,

s ()  D()T(c—a—b—1
2 (m+1) EZ))((lg = (I‘C()cf(Z)I?(cfb) Lab+c—a—b-1).

m=0

689



YASAR and YALCIN/Turk J Math

(it) For a,b>0, ¢ >a+b+ 2,
S (@m()m _ LT (c=a=b) [ (a)y(b), ab
mgo(ﬂﬂ' 1)2(C)m(1)m = T(c—a)T(c—b) ((c b, T 2t 1)'

(iii) For a,b>0, ¢>a+b+ 3,

[ee]
3(@)m®)m _ I(c)I'(c—a—b) (a)s(b)s G(G) (b) Tab
mE::o(m+ DY G20 = Fe—a)temD) |:(c acb=3); T (omab=2); T c=acb=1 T+ 1} :
(iv) For a,b,c # 1, with ¢ > max{0,a +b— 1},
(a)m (b)m 1 L(l(c—a=b+1) _
mZO (@)m (1) m+1 (a—l)(b—l) |: I'(c—a)T'(c—b) (C 1):| .

Theorem 4.2 Suppose t1(z) = z + 22F(a,b,c;2), t2(2) = z 4+ z(F(a,b,¢;2) —1) and t3(z) = z +

Zfo (a,b,c;6)ds, where ¢ is a positive real number and either a,b € (—1,00) with ab >0 or a,b € C\ {0}

with b=1a.
(i) If ¢ > Re(a+b)+3 and

ab (a)g(b)z
21+ A) + (1+ 40 +66) ——— +(/\+65)m
—&-(5(0(2)3(2)33)3] F(a,b,c;1) <1, (4.3)
then t1 € RY (N, 6).
(i) If ¢ > Re(a +b) +3 and
{1 (142N ——— a“fb ) 7(3)3(2% 5
+5(C_(Z)i(z)i3)3 F(a,b,c;1) <2, (4.4)
then ta € RY (N, 6).
(iii) If a,b,c # 1 and ¢ > Re(a+ b) + 2
c—a—> ab
S VR OR D P
(a)2(b)2 c—1
+6m F(a,b C; 1)<1+m, (45)

then t3 € RY (X, 0).

Proof (i) Let ¢1(z) =2+ zF(a,b,¢;2) = 2+ >, Q1,mz™ where

m=2

(@)m—2(b)m—
(©)m—2(m —1)

for m > 2.

Ql,m =
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In view of Theorem 2.8, to prove that t; € RY (A, d), we need to show that

oo

Y mA{l+ (m = DA +d(m = 2)]}Qim| < 1.

m=2

Then, using Lemma 4.1 and the Gauss formula (4.2) we observe that

S {14 (m— DA+ 60m — 2]} Q1

m=2
N (e P () P ()
_ W; {1+ (m—1)[A+6( 2)]}(c)m_2(m_2)'
_ i (m+2)[1+ (m+1)(A + m)]%’;%”
= (@) > (@)m (b)m
- X ot mm' +(1+A— 57;0 m+1) ot

+/\Zm+1 ‘(l +5§: +1)3 ‘(1)(?“

C(L—l)—1+1:| F(a,b,c;1)

(C _(Z)i(z)i 2)2 + C — agibb — 1 + 1:| F(a” ba C; 1)
(a)3(b)s 6(a)2(b)2 N Tab
(c—a—b—-3)3 (c—a—0b—-2)2 c—a—-b—-1

Hence, the result follows from the given condition (4.3).

(i)Let to(z) =z + 2z(F(a,b,c;2) = 1) = 2+ > Q2,mz™, where

m=2

(@)m-1(0)m

mform>2

QQ,m =

In view of Theorem 2.8, to prove that t2 € RY (A, d), we need to show that

o0

> omA{l+ (m = 1D)A+5(m - 2)]}Qam| < 1.

m=2

+ 1] F(a,b,c;1).
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Then, using Lemma 4.1 and the Gauss formula (4.2) we observe that

- _ oy Wm=1(b)m-1_
Zm{l—i—( — DA+ 0(m —2)]} (©)m-1(m —1)!

m=2
— i@w—w (1_'_2)\)2%

m=0 C)m+1 m+ 1) m=0 (C)m+1m!
— () (a)
)\ + 3(5 m+1 m+1 + (5 m+1 rrL+1
mzzzl () m+1 Z ()mg1(m — 2)!

b
= F(a,b,c;l)—1+(1+2>\)%F(a+1,b+1,c+1;1)

+(\ + 36) (“)Z(b)zF(a F2.b+2,c4+2:1)

(©)2
15l 0s o s g e n i),
(c)s

Condition (4.4) concludes that ¢t € RY (), 9).
(iif) Let

t3(z) =z + z/ F(a,b,c;q)ds = z + Z Q3,mz™,

0 m=2

where

(@)m—2(b)m—2
(€)m—2(m —1)!

Using a similar approach to the proof of (ii), we have

for m > 2.

Q37m =

im{1+(m—1)[/\+6(m—2)}}w

=, (€)m—2(m —1)!
-2 G0 Y ‘ZZ i
0+ 39) mi Dol (5:2 e
= m [Fla—1,b—1,c—1;1) — 1] + (1 + 2)\)F(a, b, ¢; 1)
+ A+ 36)%1?((1, be;1) + 5%1?(@, b,c;1).

Condition (4.5) completes the proof.
Note that for p € C\ {—1,-2,---} and m € NU {0}, we have

(D™ (=0 _ (9) __ Tle+1)

m! m) mT(o—m+1)
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In particular, when o =1 (l € N, I > m), we have

_=nmu
(=D = T—m

Now, using the above relation in Theorem 4.2, we construct the following harmonic polynomial which is in the

class RY (A, 6).

Example 4.3 Let a = b= —3 and ¢ be a positive real number. Then using the above relation, Theorem 4.2

(i) yields the following: If

—c® + (18X 4 15) ¢® + (162X + 1085 + 106) ¢ + (324 + 3605 + 168) < 0 (4.6)

then

TQ(Z)

For instance, setting A = 3,

circles inside the unit disk U

cle+ 1)Z + cle+1)(c+ 2)24 € Ry (A, 9).

0 =1, and ¢ = 78.2, condition (4.6) is satisfied and the images of concentric

under Ty with ¢ = 78.2 are shown in Figure 3.

2

(%]

\Z

Figure 3. Image of T>(U) with ¢ = 78.2.
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