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Abstract: In this paper, we determine the 2-rank of the class group of certain classes of real cyclic quartic number

fields. Precisely, we consider the case in which the quadratic subfield is Q(\/Z) with £ = 2 or a prime congruent to 1
(mod 8).
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1. Introduction

Let K be a number field and H its p-class group, that is the Sylow p-subgroup of the ideal class group Cl(K)
of K in the wide sense, where p is a prime integer. Class groups of number fields have been studied for a
long time, and there are many very interesting problems concerning their behavior. A particular quantity of
interest is the rank r,(H) of the p-class group H defined as the number of cyclic p-groups appearing in the
decomposition of Cl(K), i.e. the dimension of the F,-vector space Cl(K)/Cl(K)P, where F, is the field of p
elements.

For p = 2, many mathematicians are interested in determining ro(H) and the power of 2 dividing the
class number of K. Hasse [13], Bauer [5] and others gave methods for determining the exact power of 2 dividing
the class number of a quadratic numbers field. These methods were developed by C. J. Parry and his co-authors
to determine r3(H) and the power of 2 dividing the class number of some cyclic quartic numbers fields K
having a quadratic subfield k& with odd class number (e.g., [6, 7, 22-24]). To accomplish their task, they needed
a suitable genus theory convenient to their situation. Hence they showed that, the theory firstly developed
by Hilbert ([16]), assuming an imaginary base field k, can be adapted to the situation where K is a totally
imaginary quartic cyclic extension of a totally real quadratic subfield k. In reality, this theory can be applied
to any quartic number field K having a quadratic subfield & of odd class number ([22]).

The 2-rank of the class group of any biquadratic number field K is determined (partially or totally) in
many papers ([2, 3, 6, 7, 20, 21]) up to the case: K is a real quartic cyclic extension of the rational number
field Q. This paper is devoted to investigate the 2-rank of the class group of this class of number fields. We
will focus on the case where the unique quadratic subfield of K is k = Q(\/Z) with ¢ is a prime congruent to 1
(mod 8) or ¢ =2, and it is well known that the norm of the fundamental unit of k in these cases is —1. Note

that the case ¢ congruent to 5 (mod 8) is studied separately.
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An outline of the paper is as follows. In § 2 we summarize preliminary results on quartic cyclic number
fields and the ambiguous class numbers formula, and in § 3, we recall the definition of the quadratic norm residue

symbol and some of its properties. The main theorems are presented in § 4 and § 5. In § 6 we characterize, for

a prime £ congruent to 1 (mod 8) or ¢ = 2, all the real cyclic quartic number fields K = Q(v/negv/¢) whose

2-class group is trivial, cyclic, of rank 2 or 3.

Notations

Throughout this paper, we adopt the following notations.

e (Q: the rational field.

e /: a prime integer congruent to 1 modulo 8 or £ =2 .

o k= Q(\/Z): a quadratic field.

e ¢p: the fundamental unit of &.

e n: a square-free positive integer relatively prime to £.

e /=1 or 2.

o d= neox/z .

e K =k(/d): areal quartic cyclic number field.

e O (resp. Ok): the ring of integers of k (resp. K).

e H: the 2-class group of K.

e ro(H): the rank of H.

e 2, i€ {1;2}: the prime ideals of k above 2 if /=1 (mod 8).
e K*, k*: the nonzero elements of the fields K and k respectively.
e Ng,i(K): elements of & which are norm from K.

® D, q, p;, q;: odd prime integers.

e (%%): quadratic norm residue symbol over k.
° [%] quadratic residue symbol for k.

e (

): quadratic residue (Legendre) symbol.

e

e (%),: the rational 4-th power residue symbol.
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2. Preliminary results

Let K be a cyclic quartic extension of the rational number field Q. By [15, Theorem 1], it is known that K

can be expressed uniquely in the form K = Q(y/a(¢ + b\/?)), where a,b,c and /¢ are integers satisfying the

conditions: a is odd and square-free, ¢ = b? + ¢? is square free positive and relatively prime to a, with b > 0
and ¢ > 0. Note that K possesses a unique quadratic subfield k = Q(\/Z) Assuming the class number of £ is
odd and Ny /g(€o) = —1, where ¢ is the fundamental unit of &, then one can, by [17, 25|, deduce that there

exists an integer n such that K = Q(v/negv/f) and:

_— 2¢ if¢=1 (mod 4) and b=1 (mod 2)
o a otherwise.

We need also the following theorem which gives the conductor fx of K.

Theorem 2.1 ([15]) The conductor fx of the (real or imaginary) cyclic quartic field K = Q(y/a(f + bV{),

where a is an odd square-free integer, £ = b*> + ¢ is a square-free positive integer relatively prime to a, with

b>0 and ¢ >0, is given by fx = 2¢|all, where e is defined by:

3,if¢=2 (mod8)orf=1 (mod4)andb=1 (mod 2),
e=¢ 2,if =1 (mod4),b=0 (mod?2), a+b=3 (mod 4),
0,if =1 (mod4),b=0 (mod2),a+b=1 (mod4).

Recall that the extensions K/Q were investigated by Hasse in a paper ([14]) prior to that of Leopoldt ([19])
on the arithmetic interpretation of the class number of real abelian fields. They were also investigated by M.
N. Gras [10-12, ...] and others. By [14], the field K can be real as it can be imaginary. Precisely, we have
the following result that specify the number of real (resp. imaginary) cyclic quartic fields sharing the same

conductor and the same quadratic subfield.

Lemma 2.2 ([14]) For a given square-free positive integer £ = pop1 . ..Dpm , where p; is a prime integer for all

i, and for a given conductor fx , the number of real (resp. imaginary) cyclic quartic fields K having the same

conductor fx and the same quadratic subfield k = Q(\/€) is equal to 2™ if fx =0 (mod 8). But if fx # 0
(mod 8), then the number of real (resp. imaginary) cyclic quartic fields K with the conductor fx and the

same quadratic subfield k = Q(\/€) is equal to 2™ or 0 (resp. 0 or 2™). Moreover, a cyclic quartic field K is
p—1
real if and only if S = Hp\fx sp = +1, where sy = —1, s, = (—1) *» for odd prime integer p with e, is the

ramification index of p in K.

Remark 2.3 Keeping notations above, K is then real if and only if a > 0 (equivalently n > 0).

The field K also satisfies the following lemma.

Lemma 2.4 ([26]) Let a,b and ¢ be positive integers, £ = b*+c?, with a and ¢ odd, then Q(1/2a(f + bv/l) =
Q(y/alt +evD).
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We end this section by recalling the number of ambiguous ideal classes of a quadratic extension K/k. This

result will allow us to investigate the 2-rank of the class group of K.

Theorem 2.5 ([1, 23]) Let K/k be a cyclic extension of prime degree p. Denote by Ak, the number of

ambiguous ideal classes of K with respect to k, then:
AK/k — h(k,)p#+r*_(r+6+l)’

where:
r is the number of fundamental units of k,

W is the number of prime ideals of k (finite or infinite) which ramify in K,
P = [Nk /x(K*) N Ey, : EY] with Ey is the group of units of k,
c=1 if k contains a primitive p-th root of unity and ¢ =0 otherwise.

Furthermore, for p =2 and if the class number of k is odd, then the 2-rank of the class group of K is
w+r*—(r+c+1).

Remark 2.6 Since —1 and ey generate the unit group of the quadratic field k, so

o 7" =0, if —1,e0 and — €y are not in Ngp(K*).

o r*=1,4f (=1 € Nk (K*) and €y is not) or (=1 is not in Ng,(K*) and ey or —eg is).

o r*=2,4f =1 and € are in Nk, (K*).

To compute ro(H), the rank of the 2-class group H of K, we will distinguish many cases. For this, let pq,
P2,y Pty q1, -+, s be positive prime integers. Put 6 =1 or 2.

3. Quadratic norm residue symbol

Since we frequently use the quadratic norm residue symbol, we have to recall its definition and some of its

properties (cf. [9, Chapter II, Theorem 3.1.3]). Let k& be a number field and 8 € k* a square-free element in
k. Let f be the conductor of k(v/B3)/k. For any prime p of k (finite or infinite), we denote by f, the largest

power of p dividing f. Let a € k*, according to the approximation theorem there exists agy € k such that
ap =a (mod f,) and o9 =1 (mod %)

If (ap) =p™P with n € Z and (P,p) =1 (n =0 if p is infinite), set

(57 (%)

where (MT‘{E)) is the Artin map applied to B. For a € k* and a prime (finite or infinite) p of k, the quadratic

norm residue symbol is defined by

(5)- LA
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If the prime p is unramified in k(v/B)/k, we set

k(V/B)
(7)- W € (1),

Note that the norm residue symbol may be defined more generally for an extension k( %/3)/k, where
m € N* | k is a number field containing the m-th root of unity and 5 € k*.

The quadratic norm residue symbol verifies the following properties that we shall use later.

1. <(X1(¥275> — (Otlyﬁ) <a275>
P p p ’

3. If p is unramified in k(v/B3)/k and appears with exponent e in the decomposition of («), then <a;36) =
(5)
p )

4. If p is unramified in k(v/B)/k and does not appear in the decomposition of («), then (a;6> =1,

5. Hpepl (%ﬁ) =1, where PI is the set of all finite and infinite primes of k,

6. Let ki be a finite extension of k, a € k7 and S € k*. Denote by p a prime ideal of k¥ and by B a prime

ideal of k; above p. Thus
H M - Nkl/k(a)a B
B ) p '

Bp

4. The case ¢ =1 (mod 8)
Let ¢ be a prime integer congruent to 1 (mod 8) and n a square free positive integer relatively prime to £.

Let K = k(v/nepv/l) and k = Q(v¥), where ¢ is the fundamental unit of k.

Remark 4.1 As n is relatively prime to £, so the prime integers dividing n don’t ramify in k, and 2

splits completely in k since £ = 1 (mod 8). Moreover, ey, the ramification index of € in K, is 4. Thus,

£—1

852(—1) T =1.

Remark 4.2 In what follows, we consider £ = b? + ¢ where b and ¢ are two positive integers with ¢ odd. As

£=1 (mod 8), so b=0 (mod 4) (e.g., [8, page 2]). Recall, as mentioned in the beginning of section 2, that

there exists an odd square-free integer a relatively prime to ¢ such that K = Q(y/a(f + bV/0)) with

_J 5 ifft=1 (mod4) andb=1 (mod 2),
YT n otherwise.
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We also need the following lemma.

Lemma 4.3 ([4]) Let £ be a prime integer congruent to 1 (mod 8) and €y the fundamental unit of k = Q(\/7).
Then egv/f =1 (mod 4) in k.

4.1. Case n=1

Theorem 4.4 Let K = Q(\/neoV¥) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive

prime integer, n a square-free positive integer relatively prime to £ and o the fundamental unit of k = Q(v/1).
If n=1, then ro (H) = 0.

Proof Sincea=n=1,a+b=1+4+0=1 (mod 4), which implies, by Theorem 2.1, that fx = ¢ # 0 (mod 8).
But S = sy = +1, then Lemma 2.2 ensures the existence of real number field K having as conductor fx and

as quadratic subfield k. Moreover, the only prime ideal of k£ that ramifies in K is (\/Z)7 i,e. pw=1. To prove
the theorem, we have to compute the integer r* (see Theorem 2.5) by applying Remark 2.6, and then we call
the theorem 2.5. We have:

() =[] = D=1 wma (o) =[] = [ga] = = ® = () =1

indeed ¢y = u + vv?, so —1 = u? — v*¢ and thus v*¢ = 1 (mod u). Hence r* = 2, which implies that:
ro(H)=p+r*—3=14+2-3=0. O

4.2. Case n =2

Theorem 4.5 Let K = Q(v/negV/l) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive

prime integer, n a square-free positive integer relatively prime to £ and ¢y the fundamental unit of k = (@(\/Z)

For n =2, we have:

-1

L If(2),=(=1)F , then ry (H) = 2.

-1

2. If (3), # (=1) 5, then ry (H) = 1.

Proof Since n =2, n is even and according to Lemma 2.4 we get K = Q(1/2a(¢ + bW/l) = Q(y/a(l + cV/¥)
with a =% = 1. As ¢ =1 (mod 2), so, by Theorem 2.1, fg = 2%al = 2°¢ =0 (mod 8); thus, there exists as
many real cyclic fields as imaginary ones having as a conductor fx and as a quadratic subfield k. The prime

ideals of k& which ramify in K are (v/) and 2;, i € {1,2}, where 20; = 2125 is the decomposition of 2 in k,
ie. p=3. We have

—1,d\ _ [ —1d) _ (—12eVe\ _ [ —1,2 —1,e0vVlY _ [ =1 _ =1\ _ /—-1,2\ _
(21)_(7_2>_( 210 >_(21)< 210 >_|:2711}_<71)_(2)_1’
. —1, e0Ve vi1° : e
indeed ( —u ) = |«¥t] — ] since 2; don’t ramify in Q(v/egv/?) (see Theorem 2.1).

(1) = () 2 (mell) _ (sm2) () — (2) = (2), (-1)5" (e 2.

Using the previous results, we complete the following table:
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Unit\ Character +// 2;
-1 + +
—T
€0 + (%)4(_1)2:
—¢ + (3),(DF
a. If (%)4 = (—1)2%, then 7* = 2, which implies that: ro (H) =p+r*—3=34+2-3=2.
b. If (%)4 # (—1)%, then r* =1, which implies that: ro (H) =p+r*—-3=3+1-3=1. O

4.3. Case n=[[._, p; and, for all i, p; =1 (mod 4)

Theorem 4.6 Let K = Q(v/negV/l) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive
prime integer, n a square-free positive integer relatively prime to £ and o the fundamental unit of k = Q(v/1).

Let n = sz p; with p; =1 (mod 4) for all i € {1,...,t} and t is a positive integer.
L. If, for all i, (%)= —1, then ro(H) =t.

2. If, for all i, (5) =1, then:
a. If (%)4 + ) for at least one i € {1,...,t}, then ro (H) =2t — 1.
4

b If (3), = () Joralli€ (L.t} then vy (H) =21,

Moreover, for n = [['=% p; H;ztf qj with (%) =—(%)=—1 and p; =q; =1 (mod 4) for all i € {1,...,t;}
and for all j € {1,...,t2}, we have:

a. If (%)4 * <q%>4 for at least one j € {1,...,ta}, then ro (H) = t1 + 2t5 — 1.
b. If (%)4 = (%)4 forall j € {1,...,ta}, then ro (H) = t1 + 2ts.

Proof Note first that b = 0 (mod 2), and since £ = 1 (mod 8), so b

0 (mod 4) (see Remark 4.2).
On the other hand, n = szpi7 with p; = 1 (mod 4) for all ¢ = 1,...,¢, then n = a = szpl =1
(mod4),s0 a+b=1+0=1 (mod4). Thus, by Theorem 2.1, fx = af = sz pif, which implies that
fxk # 0 (mod 8). Thus, K is either real or imaginary cyclic quartic field. As the ramification index in K

i

of each prime p; is ey, = 2, then ’”;1 = 0 (mod 2), this implies that s,, = (—1)p2_1 = +1. Hence,

S = Hq‘f 8q = Hij sp,5¢ = +1, and Lemma 2.2 ensures the existence of real number field K, for all non-zero

positive integer ¢, having as conductor fx and as quadratic subfield k.

1. If (B) = —1, for all 4 = 1,...,¢, then the prime ideals of k which ramify in K are (v/0) and the prime
ideals p;, i = 1,...,t, where p; is the prime ideal of k above p;, this implies that the number of prime
ideals of k ramifying in K is u =1¢+ 1. Hence, for all, 1 =1,...,¢, we have

() =[] () 1o (59 -[2]- ()
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Since (z\b‘;) = (g&g) =1, so r* = 2, from which we infer that: ro(H) =p+r*—3=t+14+2-3=1.

2. If (5) =1, forall i = 1,...,t, then the prime ideals of k& which ramify in K are (v/?), and the prime ideals
p; and @; with p;Or = p;0;, 1 =1,...,t, in this case u = 2t + 1. Hence, for all, i = 1,...,t, we have

—-1.d —-1,d -1 -1
i i i Di
- ()£ (59) -, ()

Using the previous results, we get the table:

Unit\ Character Vi i Qi
—1 + + *
€0 + (%)4 (£)4 (%>4 (11%)4
—€o + (%)4 (£)4 (%)4 (17%)4

From which we infer that:

a. If (%)4 + (zi)4 for at least one 4 € {1,...,t}, then r* =1 and ro (H) = p+r*—3 = 2t+1+1-3 = 2¢t—1.

b. If (%)4: (;)4 forall i € {1,...,t},then r* =2 and ro (H) =p+r*—3=2t+142—-3 =2t

If n= Hiil Di ;:f qj with p; =¢; =1 (mod 4) and (5) = — (%) = —1 for all i € {1,...,t1} and for all

j€{1,...,ta}, then according to the two cases above we have:
a. If (%)4 + (qi) for at least one j € {1,...,ta}, then r* =1 and ro (H) = p+r*—3 =1+ 2to+14+1-3 =
7/ 4

th 42t — 1.
b It (%) = (qi) forall j € {1,... to}, then r* =2 and o (H) = p+1*—3 =t + 2o+ 1+2—3 = t; +2t,.
O

4.4. Case n = 2H§:1pi, and for all i, p; =1 (mod 4)

Theorem 4.7 Let K = Q(v/negV/{) be a real cyclic quartic number field, where ¢ = 1 (mod 8) is a positive
prime integer, n a square-free positive integer relatively prime to £ and €y the fundamental unit of k = Q(\/Z)

Let n = 2Hzi p; with p; =1 (mod 4) for all i € {1,...,t} and t is a positive integer.
1. Assume, for all i, (5) = —1, then:
a. If (%)4 = (—l)lsz1 , then ro(H) =1t + 2.

b. If (2), # (—=1)F, then ro(H) =t + 1.
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2. Assume, for all i, (B) =1, then

a. If (3), = (-1)F and (%)4 = (£_>4 forall i€ {1,...,t}, then ro(H) = 2t + 2.

£4—1

b. If (2),#(-1) = or (%) # (L) for at least one i € {1,...,t}, then ro(H) = 2t + 1.

Moreover, if n = 2[].=% pi jitf qj with p;=q; =1 (mod 4) and (B) = —(%)=—1 forall i € {1,...,t1}
and for all j € {1,...,ta}, then:

£—1

a. If (2),=(-1)F and (%)4 = (%)4 forall j € {1,...,ta}, then ro(H) = t1 + 2t2 + 2.

£—1

b. If (%)4 #(=1)5 or (%)4 * (q%_) for at least one j € {1,...,t2}, then ro(H) = t1 + 2t2 + 1.

Proof For n = 21_[23 pi, with p; = 1 (mod 4) for all ¢ = 1,...,t, we have, according to Lemma 2.4,

K = Q(y/2a(¢ 4+ bv?l) = Q(y/a(l + ¢Vl) with a = 2 = Hiipl As c=1 (mod 2) and a = § :H:ztlpZ =1

(mod 4), so, by Theorem 2.1, fx = 23af = 23¢[['=% p; = 0 (mod 8), this implies, by Lemma 2.2, that there

1=

are as many real cyclic fields as imaginary ones K having as a conductor fx and as quadratic subfield k.

L. If ()= —1,forall i =1,...,t, then the prime ideals of & which ramify in K are (V0), 25, i € {1,2},
and the prime ideals p;, ¢ = 1,...,t, where p; is the prime ideal of k above p; and 20, = 2125 is the
decomposition of 2 in k, this implies that the number of prime ideals of k ramifying in K is p =t + 3.
Therefore,

21 22

27
€, d) _ [e.d) _ (€02 Hlit picoV? _ [ €0,2 € ,H;it pieo Ve _ (e2\ _ (2 £—1
(97) = (1) = (wlgimeet) = (92) (M=) = (92) = ()L (-0

indeed 2; don’t ramifie in Q(1/T[.Z% picov/%).

(—1,d _(=-14d\ _ 71,21_[231)1'60\/2) (—1,2 —1,JT'Z! pseo V2 _(—1,2)_1
- - )

- - - 21 21

Using the above results, we get the table:

Unit \ Character N/

2;

—1 + + +
7—T
€0 + + (%)4 (71):
—€0 + 4+ (3),(DF

a. If (%)4 = (71)%, then r* =2, which implies that: ro(H)=p+r*—3=t+3+2-3=t+2.
b. If (%)4 # (—=1)%, then r* = 1, which implies that: ro(H) =p+r* —3=1t+3+1-3=1¢+1.
2. If (%) =1, forall i =1,...,t, then the prime ideals of & which ramify in K are (V0), 25, i € {1,2} and

the prime ideals p; and @; with p;Or = p;@;, ¢ = 1,...,t, in this case pu = 2t + 3. So using the results of
the above cases we get:
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Unit\ Character /¢ ©i Qi 2
—1 + + + +
0 L), (), GuenT
o+ (), 3.6), BT

0—

a If (), = (1) and (%), = (;%)4 for all i € {1,...,t} then r* = 2, s0: 79(H) = p+1r*—3 =
2t4+34+2-3=2t+2.

b. If (%)4 # (—1)15%1 or (%)4 # (é>4 for at least one ¢ € {1,...,t} then r* = 1, which implies that:
ro(H)=pu+r*—3=2t+3+1-3=2t+1.

Finally, if n = 21—[221 Di Hii’? g; with p; = ¢; =1 (mod 4) and (%) = - (%) =—1forall i € {1,...,%1}

and for all j € {1,...,t2}, then according to the two cases above:

a. If (2),=(-1)= and (%)4 = (%)4 for all j € {1,...,t2}, then r* =2 and ro (H) = t1 + 2t3 + 2-

b. If (%)4 #(=1)s or (%)4 # (5)4 for at least one j € {1,...,t2}, then r* =1 and ro (H) =t; +2t5+ 1-
O

4.5. Case n = 61_[23 p; with ¢ odd, and for all i, p; =3 (mod 4)

Theorem 4.8 Let K = Q( neox/Z) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive
prime integer, n a square-free positive integer relatively prime to ¢ and €y the fundamental unit of k = Q(\/Z)

Assume n = (51_[23 i, pi =3 (mod 4) for all i=1,...,t and t is a positive odd integer.
1. If, for all i, (%) =—1, then 1o (H) = t.
2. If, for all i, (5) =1, then ro (H) = 2t.

Moreover, if n = Hflzl Di H;il q; , where p; = ¢; =3 (mod 4) and (%) =— (%) =—1, forallie {1,...,t1},
and for all j € {1,...,ta} with t; + to is odd, then ro (H) = t1 + 2t5.

Proof Assume n = Hzi pi, since t is odd, we have a = H;z p; =3 (mod4),so a+b=34+0=3
(mod 4). Thus, by Theorem 2.1, fg = 2%al = 220[[.=% p; # 0 (mod 8). But S = sas; [[=) s, = +1. Indeed
for ¢ =1,...,t, we have e,, =2 and p; =3 (mod 4), then 1”'2—_1 =1 (mod 2), so s,, = —1. Therefore, the
real number field K having as a conductor fx and as quadratic subfield %k exists.

If n = QH;:jpi, p; = 3 (mod 4) for all ¢ = 1,...,t, with ¢ odd, then by Lemma 2.4 we get K =

Q(\/2a(£ +0v0) = Q(y/a(l + eVl) with @ = 2 = [[:Zipi. As ¢ = 1 (mod 2) and ¢ = 1 (mod 4), so

w3

fr = 23¢ Hi’i p; = 0 (mod 8), then there exist as many real cyclic quartic number fields as imaginary ones

sharing the conductor fx and the quadratic subfield k.
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1. If (1’71) =—1, forall i € {1,...,t}, then the prime ideals of k¥ which ramify in K are 2;, ¢ € {1,2}, p; and
(\/Z), where p; is the prime ideal of k above p; and 20y = 2125 the decomposition of 2 in k.

a. For the case n = szpl, i€ {l1,...,t}, we have:
€,d\ _ |eo| — (=1) _
Lo (39)=[p]-(5)=-1

()
pi
i=t (—1,p;
o Z) = Hi:l ( ilp ) = (_1)t =1,
(%) = (502?1) (50,7H2§5p160ﬂ> = (602’1*1> =1, since 2; don’t ramify in Q( —Hzi picoV0).

o
E
N—
—~~
L
™
o

Using the above results and the product formula, we get the following table:

Unit \ Character (V¢) p; 21 29

-1 + + - -
€0 + - + -
—€p + - - +

b. For the case n = QHEZpi, 1€ {l,...,t}, we have:

() - () - ()14 () () = 1=
<%> _ (—1,21_[%}1%60\/2) _ (%) (607— Hfi’imeo\/@) _ (%)4 (_1)%_

So we need just to change the two columns in the previous table:

Hence for the two cases we have: r* =0, which implies: ro (H) =p+r*—3=t+3+0-3 =t

2. If (%) =1 forall i € {1,...,t}, then the prime ideals of k& which ramify in K are 2;, i € {1,2}, (V¥), i
and @;, where p;Or = pip;, 1 =1,...,t and 20, = 2124.

a. For the case nzntipi, i1€{1,...,t}, we have for all ¢ € {1,...,t}:

(- () - [2)- () =1 o (9= [2).
©i i i Pi (23 £

. ho __ _ - _ . .
To compute the last unity, put p;° = @;0; and p; = a; + bl-\/z and @; = a; — bi\/z, for all 7. According

to [7] we have [“’p—ﬂ} = {60,—‘/?] = (&), Thus [60} = (&)4 l\/zl . On the other hand,

B ©i 14 o

5] - gt 3] () 1)
pi | ©i - ©i - Di pi )"

[ —

*l5

| IE—
I
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As pho = a2 —b20, 50 b2 = a? (mod p;). Since £ and p; are relatively prime, then b2¢% = fa? (mod p;),

o () = (3) = (50), = (57), = (), (3) - Fimane
B =, (3) () =@, () (5), () = -0, (),

. . e . —b2V7
Proceeding similarly, we get [5"] = (%)4 (17%)4 using the fact [g] = — {%} .
Then we get the following table by using the above results and the product formula.

Unit/Character N/ ©i o1 21 29
1 T _ —

o + <%>()4 5, G, + -
o+ (), (), - o

b. For the case n = 2]_[ 1pl, i €{1,...,t}, we need just to change the last two columns in the previous

—~

table by the following two ones:

21 23

(

%4( Y jl —\7)y4 _
()4 ( 4(71)T

Hence for the two cases —1,¢p and —ey are not norms in K, thus ro(H) = p+r*—3=2t+3+0—3 = 2t¢.

2

Finally, if n = 51_[?:1102' szzl qj, with p; =¢; =3 (mod 4) and (&) =— (%) =—1forall i€ {1,...,¢1} and
for all j € {1,...,t2} with t; + ¢2 is odd, then, according to the two cases above, there are t; + 2t + 3 prime
ideals of k which ramify in K and r* = 0. Thus, ro(H) =t1 +2to + 3+ 0—3 =t1 + 2ts. O

4.6. Case n = 5]_[::1 pi, With ¢ even, and for all i p; =3 (mod 4)

Theorem 4.9 Let K = Q(v/negV/l) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive
prime integer, n a square-free positive integer relatively prime to £ and o the fundamental unit of k = Q(v/7).

Let n = 61_[12 p; with p; =3 (mod 4) for all i € {1,...,t} and t is an even positive integer (6 =1 or 2).
L. If, for all i, (5 )= —1, then ro(H) =t —1+2(6 - 1).

2. If, for all i, (5) =1, then ro(H) =2t —2+2(0 — 1).

Moreover, for n = 5HL il Di Hﬁi? qj with (8:) = —(%) = -1 and p; = ¢; =3 (mod 4) foralliec{1,...,t1}

and for all j € {1,...,ta} with t1 + ta is even, we have ro(H) =1 + 2ta —2+2(0 — 1).

Proof For n = szi p; = 1 (mod 4), with p; = 3 (mod 4) for all ¢ = 1,...,t, it is easy to see that
fk =al = Hz "pil #0 (mod 8), and for n = 2[[.=" p;, we prove that fx = 28¢]['=ip; = 0 (mod 8) . We

proceed as in the cases above to prove, for any even nonzero positive integer ¢, the existence of real number
fields K having fx as a conductor and k as a quadratic subfield.
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1. Assume (5) = —1 for all 7.

e For § = 1, the prime ideals of k& which ramify in K are (v//) and p;, the prime ideals of k above p;, thus
pw=1t+1. As above we get the following table:

Unit \ Character N

-1 + +
€0 + -

Then r* = 1, from which we infer that: ro(H) =p+r*—3=t+1+1-3=t—1.

e For § = 2, the prime ideals of k ramifying in K are (v/), 24, i € {1,2}, and p,, the prime ideal of k

—1 ~1 —1, 2[[iZ} pieoV?
above p;, thus p =t + 3. We have: ( 7d> = < ’d) = ( 20y 60\[> = (~1)" =1. Using

21 22 21

the above results, we get the following table.

Unit/Character v/

2; Pi
-1 + + -
© o+ OLenT -
o + (%)4 *1)%

Hence r* =1, which implies that: ro(H) =pu+r*—3=t+3+1-3=t+1.
. Assume (%) =1 for all i.

e For § = 1, the prime ideals of k£ which ramify in K are (\/Z), p; and @; with p,O = p;0;, thus p = 2t+1.
As above, we have the following table:

Unit\ Character +// §i Pi
-1

+
“ RCICGEG)
+ @.6), -®.6),

So r* =0, from which we infer that: ro(H) =p+r*—3=2t+14+0—-3=2¢{—2.

—€p

e For § = 2, then the prime ideals of k ramifying in K are (vV¢), 25, i € {1,2}, @

and @;, where
PO = pip; and 20y = 2125. Using the above results we get:

Unit/Character /¢ Qi i 2
—1 n - - n
; ; -1
0 -0, (6), ®,G), (LS
N -

—€p

Hence r* =0, s0: ro(H) =p+7r*—3=2t+3+0—-3 =2t¢.
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According to previous cases, if n = 5]_[;1:1 Di H;2=1 g; with ¢ 4+ ¢2 even and p; = ¢; = 3 (mod 4), (%) =
- (%) =—1,forall i € {1,...,¢1} and for all j € {1,...,t2}, then r* =0 and ro (H) = t1 +2t2 —2+2(6 — 1).
O

4.7. Case n = 6Hi=§ D; H;zi ¢;, where p, = —¢; =1 (mod 4) for all (4,j) and s is odd

i=

Theorem 4.10 Let K = Q(\/negV/l) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive

prime integer, n a square-free positive integer relatively prime to £ and ¢y the fundamental unit of the quadratic
subfield k = Q(\/f). Assume n = 5]_[23 i Hjj q; with s odd, where p; = —q; = 1 (mod 4), for all
(i,7) € {1,...,t} x {1,...,s}, are prime integers. Denote by h the number of prime ideals of k above all the
pis, i €{l,...,t}.

L If, for all j, (%)= -1, then ro(H) =h+s.

2. If, forall j, (%) =1, then ra(H) = h+2s.

Moreover, Zf ngi q;j = Hg;iil ajr Hii? qj with (qé%) = — (qTJ) =-1, fOT all j/ =1,...,s1 and j=1,...,89,
with s1 + so is odd, then ro(H) = h + s1 + 2s2.

Proof Assume n = Hijplnjjqj, where p; = —q; =1 (mod 4), for s = 1,...,t and 5 =1,...,s. As
b=0 (mod?2) and a =n =3 (mod 4) (since s is odd), so a+b=3+0=3 (mod 4). Thus fx = 2%0a Z 0
(mod 8). But S = sas¢ [T.=% 5p, ;j S5q;, = +1, this implies that the real number K exists.

Assumen:2Hiipi gjqj,where pi =—qj =1 (mod 4), for i =1,...,¢t and j =1,...,s. Then

K =Q(y/2a(¢ +bVl) = Q(y/a(l + c/l) and a= 2. As c=1 (mod 2), so fx = 23a =0 (mod 8), and there

exists as many real cyclic quartic number fields as imaginary ones.

1. If (%) = (%) =—1,foralli=1,...,t and j=1,...,s, then the prime ideals of k which ramify in K are
2;, i€ {1;2}, (V¥), pi, q; and 20) = 212,.

=t i—s
a. For the case n = [[;Z pi [TjZ] ¢; we have:

T L
(M) _ (eoﬂ; ai HEmmﬂ) _ (Eo,fl) (eo,—ng ai Hzmem> .y

21 21 21 21

indeed 2; don’t ramify in Q (\/— I1; 4 B pieox/Z) since — [} ¢ [I!p: =1 (mod 4). The other charac-

ters are computed as above; using the product formula, we get the following table:

Unit/Character v/ 21 20 p;i qj
-1 ¥ - - F ¥
€0 + - + + B

—€p + - + +
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b. For the case n = 2[[.=} p; Hjj q; we have:

() - ()15 (22) (282) o,
(Eo,d) _ (072) (50,_1> (eo,—njqimmsoﬂ> _ (50,2) —(2), (-
27 21 21 21 21 )4

So we need just to change the two columns in the previous table:

21 23

NS X
“(3,c07 3,007

Hence, for the two cases we have: r* =0,s0 ro(H) =p+r*—3=1t+s+3+0—-3=1t+s.

(

:

2. If (%) = — (%) =1,forall i=1,...,t and j = 1,...,s, then, the prime ideals of £ which ramify in K
are 2;, i € {1;2}, (\/Z), ©i, ©; and q;, where p;Oy = p;p; and 20, = 2129.

1=t | = . .
a. For the case n = [[;Z} pi [Tj=] ¢;, proceeding as above, we obtain:

Unit/Character V¢ 2, 29 Qi i q;
—1 + - - + + +

0 o= 0,6, (),
W+ -+ @) o) -

b. For the case n = 2[[.=} p; H?: ¢; we need just to change the two columns in the previous table:

DT -(3),
%)4(_1)T (%

Hence for the two cases 7* = 0,80 ro(H) =p+r*—3=2t+s+3+0—-3=2t+s.

2
7
)4 1>T

3. If (%) =— (%) =—1;forall t=1,...,t and j =1,...,s, then, the prime ideals of k£, which ramify in K
are 2;, 1 € {1,2}, (\/Z), Pi, Pj, and ﬁj7 where quk = Pjﬁj and 20, = 2125.

= | = . .
a. For the case n = [[;Z) pi [Tj=] q;, proceeding as above, we obtain:

Unit/Character V¢ 21 20 p;
—1 + - - + - -

o v - -, (0), (),

w  + -+ + ®.0E) 0.0

b. For the case n = 2 sztl i ;z‘; g;j, we need just to change the two columns in the previous table:
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For the two cases we have: r* =0,s0 ro(H) =p+r*—3=1t+2s+2+0—-3=t+2s— 1.

J

(7) =1,forall i=1,...,t and j =1,...,s, then the prime ideals of k which ramify in K are
2;, i €{1;2}, (V¥), pi, §i, p; and p;, where p;Or = 0;@; and 20y = 2125, ¢;O0r = p;p; -

(a) For the case n = [['=% pi H;j q; , as above we get:

Unit/Char V¢ 2, 29 04 @i 0j p;

—1 + = - + + - -

o o+ o+ - @G, ®.6), -5.G), ®.6),
o+ -+ B.6), ®.6), ®.G), -®.6G),

21 23

(

%)4( 1) jl — (1), _
— (7). = (2), (=1

Hence for the two cases we have: r* =0,s0 ro(H) =p+r*—3=2t+2s+3+0—3=2t+ 2s.

In general, if H;zi q; = 3:11 q; J ‘;2 q; with (qJTl) = —(qTJ) = —1, for all j/: 1,...,s7and 5 =1,...,52,
with s1 + s9 is odd, then r* =0 and ro(H)=h+$1 +2s9+34+0—-3=h+s1+ 2ss. O

4.8. Case n = 5]_[1 " s HJ 1¢j, where p; = —¢; =1 (mod 4) for all (i,7) and s is even

Theorem 4.11 Let K = Q(\/negvl) be a real cyclic quartic number field, where ¢ = 1 (mod 8) is a

positive prime integer, n a square-free positive integer relatively prime to £ and €y the fundamental unit
of k= Q(\/¥). Assume n = Hl 110Z HJ 1q; with s an even positive integer and p; = —q; = 1 (mod 4), for

all (i,7) € {1,...,t} x {1,...,8} are prime integers. Denote by h the number of prime ideals in k above all
the pis, i€ {1,...,t}.

1. If, for all j, (%) =—1,then ro(H)=h+s—1+2(6—1).

2. If, for all j, (%) =1, then ro(H) =h+2s —2+2(6 — 1).

Moreover, if ng g = Hj,:l 4 HJ 2g; with (4) == (%) =—1, forall j=1,...,81 and j=1,..., 52,
S1+ so is even, then ro(H) =h+s1+2s0 —2+2(§ —1).

Proof We proceed as in the previous cases. O
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5. The Case ¢ =2

Let £ =2 and n a square-free positive integer relatively prime to 2. Let K = k(v/nepv/2) with k = Q(v/2),
where ¢ is the fundamental unit of k. Since ¢ = 2 we have fx = 23al = 23¢ Hzi pi, then fx =0 (mod 8),
which implies, by Lemma 2.2, that there are as many real cyclic fields as imaginary ones having as conductor

fx and as quadratic subfield k. On the other hand, the prime ideals of k, which ramify in K are (v/2) and

the prime ideals dividing n in k. Denote by p the number of prime ideals of k ramifying in K.

5.1. Case n =1

Theorem 5.1 Let K = Q(v/negv/2) be a real cyclic quartic number field, where €q is the fundamental unit of

the quadratic subfield k = Q(v/2) and n a square-free positive integer relatively prime to 2. If n = 1, then
T2 (H) =0.

Proof In this case only (v/2) ramifies in K, i.e. p = 1. Using the product formula, we must have:

(7\}’;) = (6\()/;) = 1. Hence r* =2, which implies that: ro (H) =p+r*—3=2+1-3=0. O

5.2. Case n = [['._, p; and, for all i, p; =1 (mod 4)

Theorem 5.2 Let K = Q(v/negv/2) be a real cyclic quartic number field, where eq is the fundamental unit of

the quadratic subfield k = Q(v/2) and n a square-free positive integer relatively prime to 2. Let n = Hii Di
with p; =1 (mod 4) for all i € {1,...,t} and t is a positive integer.

1. Assume, for all i, (pl) =—1, then ro(H) =t.

2. Assume, for all i, (%) =1.

a. If (1%)4 = (%)4, for all i, then ro(H) = 2t.

b. If (%)4 # (%)4 for at least one i, then ro(H) = 2t — 1.

Moreover, if n = Hi:l i ;32 q; with (%) =— (l> =—1foralli€{1,...,t1} and forall j € {1,...,t2},
then:

a. If (%)4 = (%), forall j€{1,... to}, then ro(H) = t1 + 2t5.

b. If (%)4 # (%), for at least one j € {1,... ta}, then ro(H) =ty + 2ty — 1.
Proof

1. If (%) =—1,forall i =1,...,¢, then u =t¢+ 1. Denote by p; the prime ideal of k£ above p;, hence, for all
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1=1,...,t, we get

(5)- -G (591 -(G) -
pi ) Pi Di 7 pi Pi pi
and <_\/’§ = (60’2 ) =1 by the product formula.

So r* = 2, from which we infer that: ro(H) =p+r*—3=t+14+2-3=1.

2. If (p%) =1, forall i =1,...,t, then u = 2t + 1. Let g; and @; be the prime ideals of k& above p;,

1=1,...,t. Hence

Ld) = <1’d> = [1} = 1) =1, foralli=1,...,¢t
i 4 25 Di

d d 2 i
€0, ) = (60’ ) = [60} = ( (12) (see [18, Proposition 5.8, p 160]).
Qi Qi ©i Pi)yN2/4

The following table is completed by using the product formula:

Unit\ Character /2 i Qi
1 + + +

0 + (1’%)4(%)4 (%
—< + (3).®0 (3,6,

So we have to discus two cases:
a. If (2) — (%), forall i =1,...,¢, then * =2, thus ro(H) = p+r* —3 =26 +1+2—3 = 2¢.
4

b. If (3) * (%)4 for at least one ¢ = 1,...,t, then r* =1, thuq ro(H) = p+r*—3 =2t+1+1-3 = 2t—1.
4

In general, if n = Hzilpi ;i? q; with (f) = —(%) = —1 for all ¢ € {1,...,#t1} and for all

j€{1,...,ta}, then according to the two cases above,
a. If (%)4 = (%)4 forall j =1,...,ts, then 7* = 2, thus ro(H) = u+7r*—3 = t1+2to+1+2—-3 = t1 +2ts.

b. If (%)4 #+ (%)4 for at least one j = 1,...,ty, then r* =1, thus ro(H) = p+r*—3 = t1+2t5+1+1-3 =

11+ 2ty — 1.

5.3. Case n = [['=% p; with p; =3 (mod 4) for all i

Theorem 5.3 Let K = Q(v/negv/2) be a real cyclic quartic number field, where €q is the fundamental unit of the
quadratic subfield k = Q(v/2) and n a square-free positive integer relatively prime to 2. Assume n = Hzi Di 5

p; =3 (mod 4) foralli=1,...,t and t is a positive integer.
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1. If, for all i, (%) =—1, thenro (H)=t—1.

2. If, for all 1, (pl) =1, then ro (H) =2t — 2.

Moreover, if n = Hflzl Di H;il q; , where p; = ¢; =3 (mod 4) and (

~—
I
\
~
S

% j):717f07'all7:€{1,...,t1}’

and for all j € {1,...,ta}, then ro (H) =1 + 2t5 — 2.

Proof

1. If (p%) =—1,forall i € {1,...,t}, then p=1¢+ 1. For p; the prime ideal of k above p; we have
—1,d\ _ | =1 _ 1 _ €o, d
(52) =7 =(G) =1 ma (%)

Using the product formula, we obtain the following table:

I
| —
t‘m
B =]
A

I
N
*u‘l
=L
N———

Il

|

—_

Unit\ Character V2 P;

—1 +  +
€0 (—l)t —
—€p (71)t -

Hence r* =1, which implies that: ro (H) =p+r*—-3=t+1+1-3=¢t—-1.

2. If (pl) =1 forall i € {1,...,t}, then the prime ideals of & which ramify in K are (v/2), @; and @;, where

2Ok = ©ifi, 1 =1,...,t. Hence for all i € {1,...,t}, we have:

()= (32) =[5 = (5) = -1 ana () =[] = [*54].

To compute the last unity, put p;O = @;@; and p; = a? — 2b? = 7 (mod 8) with @; = a; + b;/2 and

@i = a; — b;\/2, for all i (note that Oy, is a principal ring).

‘We have:
Gl = ()
Pi i Pi

()-GO = G (5) =G (57) - GO (557)

indeed: (a; — b;)(a; +b;) = a? —b? = a? — b? — p; = b? (mod p;). Then:

7 (3 (3 7

() (24)
Dbi DPi

Since p; = a? — 2b?, one gets ( Z) = <al> = (a> =(-1) = ([6, page 19]). Which implies:
4 4

1++2

%

b + biv2 — g
i .

So

b?
1) =1foralli=1,...,t.

Di
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Let a; + b; = 27¢ with ¢ an odd integer (a; and b; must be odd). So:
()= =) G- ()= ()
DPi Di Pi Di Di c '
2 _ 12 2 —bi b}
On the other hand, we have: (a; —b;)(a; +b;) = af — b7 = p; + b7, then =
c

o
that (b“> —1 and (€°’d> = <2> (—1)".

In the same way we have:

(5)- (8) [ () (52) - () oot
i p; 12 pi Di qi /) 4

Consequently, we have the following table.

) = 1, which implies

Unit\ Character /2 i Pi
1 ¥ — —

o (o (o

Hence r* = 0, and we infer that ro(H) = pu+r*—3=2t+1+0—-3 =2t — 2.

DPi

Finally, if n = H:lzl Di H;il gj, with p;, = ¢; =3 (mod 4) and (pl) =— (3) =—1forallie{l,...,t1} and

for all j € {1,...,t2}, then according to the two cases above, there are t; + 2t3 + 1 prime ideals of k& which
ramify in K and »* =0. Thus ro(H) =t +2to +14+0—3 =t1 + 25 — 2. O

5.4. Case n=[[Zy pi [[)=1 4> pi = —q; =1 (mod 4) ¥(i, )

Theorem 5.4 Let K = Q(\/negv/2) be a real cyclic quartic number field, where n a square-free positive
integer relatively prime to 2 and €y the fundamental unit of k = Q(\/2). Assume n = Hiﬁ Di Hii; q; with
pi = —¢; =1 (mod 4) for all (i,j) € {1,...,t} x {1,...,s}. Denote by h the number of prime ideals of k
dividing all the pis, i € {1,...,t}.

1. If, for all §, (ql) — 1, then ro(H) = h +5— 1.

2. If, for all 7, (%) =1, then ro(H) = h+2s — 2.

Moreover, if H;jqj = Hiil G jjz ¢; with ¢ = ¢; = 3 (mod 4) and (ql) = —(l) = —1,i €
{1,....s1},7 €{1,...,82}, then ro(H) = h+ s1 + 282 — 2.

Proof Proceeding as above and using the previous results, we prove the theorem. O
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6. Applications
In this section, we will determine the integers n such that ro(H), the rank of the 2-class group H of

K = Q(VneVe), is equal to 0, 1, 2 or 3. For this we adopt the following notations: p and p; (resp. ¢
and ¢;), i € N* are prime integers congruent to 1 (resp. 3) modulo 4. § =1 or 2. The following theorems
are simple deductions from the results of previous subsections. For all the examples below, we use PARI/GP
calculator version 2.11.2 (64bit), April 28, 2019.

6.1. Case £ =1 (mod 8)

Theorem 6.1 Let K = Q(v/negVl) be a real cyclic quartic number field, where £ = 1 (mod 8) is a positive

prime integer, n a square-free positive integer relatively prime to £ and o the fundamental unit of k = Q(v/7).
The class number of K is odd if and only if n=1.

Example 6.2 For n = 1 and ¢ = 257 = 1 (mod 8), we have the class number of the class group H of

K= Q(VeoVY) is 3.

Theorem 6.3 Let K = Q(\/negV{) be a real cyclic quartic number field, where ¢ =1 (mod 8) is a prime, n
a square-free positive integer relatively prime to £ and €y the fundamental unit of k = Q(\/Z) H is cyclic if

and only if one of the following assertions holds:

1. n=p and either ()= —1 or (§) =1 and (%)4 # (%)4'

£—1

2. n=2 and (%)47&(—1)7.

3. n=4q and (}) = —1.

4. n=qq and ()= -1 or (%)= -1.

Example 6.4

1. For n = p =89 =1 (mod4) and ¢ = 41 =1 (mod 8), (&) = —1 and H is cyclic of order 2. For

P

¢

n=p=97=1 (mod 4) and £ =89 =1 (mod 8), (%)4 =— (%) =1 and H is cyclic of order 2.
4

2. For n=2 and and £ =1913 =1 (mod 8), (%)4 = —(—1)/57T1 =1 and H is cyclic of order 2.

3. For n = q = 83 = 3 (mod 4) and £ = 137 = 1 (mod 8), (%) = —1 and H is cyclic of order 2. For
n=2q¢=283=2 (mod4) and { =97 =1 (mod 8), () =—1 and H is cyclic of order 2.

4. For n = qiq2 = 71.83 =1 (mod 4) and £ =97=1 (mod 8), (&) = (%) = -1 and H is cyclic of order 2.

For n = qi1q2 = 79.83 =1 (mod 4) and £ =41 =1 (mod 8), (%) = —(%) = —1 and H is cyclic of order
2.
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Theorem 6.5 Let K = Q(\/negV?) be a real cyclic quartic number field, where ¢ =1 (mod 8) is a prime, n

a square-free positive integer relatively prime to € and €y the fundamental unit of k = Q(v/f). The rank ro(H)

equals 2 if and only if n takes one of the following forms.

1. n=pips and
i. either (5) = —1 for all i € {1,2}
i oor (8) = (%) =1 and (%) # (pi) i#je{1,2}.

2. n=p, (5)=1and (2) = (f;)

3.n=2p, (5)=—-1and (3), # (—1)% .

4. n=2 and (%)4 = (—1)%,

5. n=0dq and ({)=1.

6. n=qq and (%)= (%) =1.

7. n=0pq and (§)=(}) =—1.

8. n=pqq, (§)=—-1and (4)=—1 or (%)=-1.

Example 6.6

1. For n = pips = 89.97 =1 (mod 4) and ¢ =41 =1 (mod 8), we have (5 ) = (8) = —1 and H is of type
(2,2). For n = pips = 97.89 = 1 (mod 4) and ¢ = 17 = 1 (mod 8), we have (8) = —(%) = —1 and
(”72)4 = - (%)4 =1, H is of type (2,2).

2. n=p=0613=1 (mod 4) and £ =17 =1 (mod 8), we have (§) =1, (%)4 = (%)4 =1 and H is of type
(4,4).

3. n=2p=21994 =2 (mod 4) and ¢ = 1753 = 1 (mod 8), we have (§) = -1, (%), = —(-1)F =1 and
H is of type (2,2).

4. For n =2 and and ¢ = 1889 =1 (mod 8), we have (%)4 = (—I)K;S1 =1 and H is of type (2,4).

5. For n =q =79 =3 (mod4) and { = 97 = 1 (mod 8), we have (%) =1 and H is of type (2,2). For
n=2q¢=271=2 (mod4) and { =73 =1 (mod 8), we have () =1 and H is of type (2,4).

6. For n = qiqz = 47.67 = 1 (mod 4) and £ = 17 = 1 (mod 8), we have (%) = (%) =1 and H is of type

(2,4).
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7. For n = pq = 73.79 = 3 (mod 4) and £ = 17 = 1 (mod 8), we have (§) = (%) = —1 and H is of type

q
[

(2,2). For n=2pq=2.41.79 =2 (mod 4) and { =17 =1 (mod 8), we have (§) = (%) = —1 and H is of

type (2,2).

8. For n = pqigz = 97.71.79 = 1 (mod 4) and ¢ = 41 = 1 (mod 8), we have (§) = (%) = (%) = -1
and H is of type (2,2). For n = pg1qga = 97.79.83 = 1 (mod 4) and ¢ = 41 = 1 (mod 8), we have
(5)=(%#)=—(%)=—1 and H is of type (2,2).

Theorem 6.7 Let K = Q(\/negV?) be a real cyclic quartic number field, where £ = 1 (mod 8) is a prime, n
a square-free positive integer relatively prime to £ and €y the fundamental unit of k = Q(v/f). The rank ro(H)

equals 3 if and only if n takes one of the following forms.

1. n=2p and one of the following cases holds:

i. either (5) =1, for alli € {1,2} and (%)4 # (é) for at least one i € {1,2} .

i oor (B) = —(2) = 1 and () = (pi)

£—1

3. n=2pipa, (B)=—1 forallie{1,2} and (3), # (-1)= .

4. n = pipaps and
i. either (5 )= —1 for all i {1,2,3},
i or (B) = () = —(8) = —1 and (%) # (pi)

5. n=0qiqaqs and (%) = —1 for all i € {1,2,3}

6. n = q1q2q3q4 and there exist at most one of symbols (%) for i € {1,2,3,4} equal 1.

7. n=2qq and (%)= —1 for at least one i € {1,2}.

8. n=0pipaq, (%) =—1 foralliec{1,2} and (%)= —1.

9. n=dpq and (§) # ().

10. n = pip2qige, (%) =—1 forall i € {1,2} and (%) =1 for at most one i € {1,2}.

11. n = pqiqs and one of the following cases holds:

i. (%) =1 and at most one of the symbols (%), i € {1,2}, is 1.
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ii. (§)=—1and (%)=1 foralliec{1,2}.

Example 6.8

1.

10.

For n = pipaps = 37.41.61 = 1 (mod 4) and ¢ = 89 = 1 (mod 8), we have () = () = (&) = -1
and H is of type (2,2,2). For n = pipsp3 = 89.97.73 = 1 (mod 4) and £ = 41

() =()=—(%)=—1 and (%3)4 = - (1)%)4 = —1, H is of type (2,2,2).

= 1 (mod 8), we have

For n = pips = 89.97 = 1 (mod 4) and £ = 73 = 1 (mod 8), we have (%) = () =1 and (%2)4 =

- (p%) =—1, H is of type (2,4,4). For n =p1ps =61.73 =1 (mod 4) and £ =89 =1 (mod 8), we have

4

(B) = —(3) = =1 and (1), = (&) =1, H is of type (2,2,4).

For n =2p =297 =2 (mod 4) and { =41 =1 (mod 8), we have (§) = —1 and (%) = (-1)F =1,
H is of type (2,2,2). For n = 2p = 297 = 2 (mod 4) and ¢ = 89 = 1 (mod 8), we have (§) =1,

(3, =—(DF =1 and (), == (&) =1. H is of type (2,4,4).

For n = 2pipo = 2.73.97 = 1 (mod 4) and ¢ = 17 = 1 (mod 8), we have () = (£2) = —1 and
£

(%)4 = 7(71)% =—1, H is of type (2,2,2).

For n = qiqaq3 = 67.71.83 = 3 (mod 4) and ¢ = 97 = 1 (mod 8), we have (%) = (%) = (§) = —-1
and H is of type (2,2,2). For n = 2q1q2q3 = 59.67.83 = 2 (mod 4) and £ = 97 = 1 (mod 8), we have
(%) =(%)=(L)=—1 and H is of type (2,2,2).

For n = q1g2q3qs = 11.23.31.7 =1 (mod 4) and £ =17 =1 (mod 8), we have (%) =
—1 and H is of type (2,2,2).

()= ()= () =

For n =2qiq2 = 71.83 =2 (mod 4) and ¢ =97 =1 (mod 8), we have (%) = (%) = —1 and H is of type
(2,2,4). For n =2q1q2 = 71.83 =2 (mod 4) and £ =41 =1 (mod 8), we have (%)= —(%)=—1 and H
is of type (2,2,2).

For n = pip2q = 89.97.79 = 3 (mod 4) and £ = 41 = 1 (mod 8), we have (%) = () = (}) = —1
and H is of type (2,2,2). For n = 2pi1paq = 2.89.97.79 = 3 (mod 4) and ¢ = 41
(%1) = (”72) = (%) = —1 and H is of type (2,2,2).

For n = pq = 61.47 = 3 (mod 4) and £ = 17 = 1 (mod 8), we have (§) = —(%) = —1 and H is of type

(2,4,8). For n=2pq=29747=2 (mod 4) and £ =17 =1 (mod 8), we have (§) = —(%) =1 and H is
of type (2,2,2).

=1 (mod 8), we have

For n = p1p2q1q2 = 61.73.71.79 = 1 (mod 4) and £ =17 =1 (mod 8), we have (&) =
—1 and H is of type (2,2,2). For n = pipaqiga = 61.73.67.79 = 1 (mod 4) and ¢ =
have (B) = () = —(%) = (%) = =1 and H is of type (2,2,2).

—
—
N"S
N
Il

(7)) =
17

|||
=)
9]
&
m ~—
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11. For n = pqiq2 = 97.83.79 = 1 (mod 4) and £ =89 =1 (mod 8), we have (§) = —(%4) = (%) =1 and H
is of type (2,2,2).

6.2. Case ¢ =2

Theorem 6.9 Let K = Q(\/negv/2) be a real cyclic quartic number field, n an odd square-free positive integer
and ¢q the fundamental unit of k = Q(\/2). The class number of K is odd if and only if n =1 or n is a prime

integer congruent to 3 (mod 4).

Example 6.10 For n = ¢ = 59 = 3 (mod 4), we have (%) = —1, H has order 5. For n = q¢ =631 =3

(mod 4), we have (%) =1, H has order 5.

Theorem 6.11 Let K = Q(v/neg \/5) be a real cyclic quartic number field, n an odd square-free positive integer
and €y the fundamental unit of k = Q(v/2). H is cyclic if and only if one of the following assertions holds:

1. n=p and either (%) =-—1 or (%) =1 and (%)4 #(8),-

2. n=qq and (qz—l) =-1lor(g)=-1.

3. n=pq and (%)z—l,

Example 6.12

1. Forn=p=61=1 (mod 4), we have (%) = —1 and H is cyclic of order 2. For n=p=89=1 (mod 4),

2=

1, (%)4 =— (§)4 =1 and H is cyclic of order 2.

2. Forn=qiq2 =59.83=1 (mod 4), (%)= (q%)

q1

(mod 4), (q%) = ,(q%) = —1 and H is cyclic of order 2.

—1 and H is cyclic of order 2. For n = q1q2 = 67.71 =1

3. For n = pg = 61.59 = 3 (mod 4), (%) = (%) = —1 and H is cyclic of order 2. For n = pqg = 61.47 =3

(mod 4), (%) = —(%) = —1 and H is cyclic of order 2.

Theorem 6.13 Let K = Q(\/negyv/2) be a real cyclic quartic number field, n an odd square-free positive integer
and € the fundamental unit of k = Q(v/2). The rank ro(H) equals 2 if and only if n takes one of the following

forms.

1. n=p with (127) =1 and (%)4 = (123)4

2. n=p1ps and:

a. either (p%) =(2)=-1
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[0

b. or (p%) = —(p%_) =—1 and (pj>4 + (%)4 for i #j in {1,2}.
n = qiqs with (q%) =(3)=1.

n = q1q2qs and at most one of the symbols (q%), (q%), (;—3) equals 1.

|
—
v
—
|
|
.

n=pipaq and (2)

n =pq and (%):1.

Example 6.14

1.

2.

For n=p=2881=1 (mod 4), (%)4: (5), =1 and H is of type (4,4).

For n = pips = 877.997 = 1 (mod 4), (%) =

p1

,(p%) =—1 and (%)4 =—(8),=-1, H is of type (2,2).

(p%) = —1 and H is of type (2,2). For n = p1ps =

941.977 =1 (mod 4), we have (p%)

For n=qqa =47.79 =1 (mod 4), we have (q%) =(2)=1 and H is of type (4,4).

q2

For n = q1q2q3 = 67.83.43 = 3 (mod 4), we have (q%) =(2) = (q%) = —1 and H is of type (2,2). For
n = q1gaqs = 67.83.47 = 3 (mod 4), we have (q%) =(%)= —(%) = —1 and H is of type (2,2).

q2

For n = p1paq = 53.61.83 = 3 (mod 4), we have (p%) =(2)=(2)=—1 and H is of type (2,2). For

P2 q3
n = pi1paqs = 53.61.71 = 3 (mod 4), we have (p%) = (p%) = —(q%) =—1 and H is of type (2,2).
For n = pg = 73.83 = 3 (mod 4), (%) = —(%) =1 and H is of type (2,4). For n = pq = 73.79 = 3
(mod 4), (%) = (%) =1 and H is of type (2,2).

For n = pq1qa = 61.43.67 = 1 (mod 4), we have (%) =(2) = (q%) = —1 and H is of type (2,2). For

n = pgi1ge = 61.59.71 =1 (mod 4), we have (%) = (q%) = —(2)=—1 and H is bicyclic and of type (2,2).

Theorem 6.15 Let K = Q(\/negv/2) be a real cyclic quartic number field, n an odd square-free positive integer
and ¢ the fundamental unit of k = Q(v/2). The rank ro(H) equals 3 if and only if n takes one of the following

forms.

1.

n = pipz and

a. either (p%)

I
—~
[0
—
I
—_
)
3
IS
—

1%)4 # (%), for at least one i € {1,2} .

b. or (2) = —(p%) =—1 and (1%_)4 = (%), fori#je{1,2}.
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2. n = pipaps and
a. either (1%) = -1 forall i € {1,2,3}.

b. or (p%) =(2)=—(2)=—1 and (10%)4 # (%’“)4 for i, j and k different two by two in {1,2,3}.

P
3. n = q1q2q3 and only one of the symbols (ql), i€{1,2,3}, equals —1.
4. n = q192q3q4 and at most one of the symbols (%), i€{1,2,3,4}, is 1.
5. n = p1p2p3q and (z%) =—1 for all 1 € {1,2,3}.
6. n = pqiqaq3 with (%) = —1 and at most one of the symbols (%), 1=1,2,3, equals 1.
7. n = p1p2qiqe with (pl) =—1 forall i € {1,2} and ((q%) or (Z2)=-1).
8. n =pqiq> and:

a. either (%) =1 and (q%) =-1 or (q%) =-1.

b. or (%) =—1 and (q&) =1 forall i € {1,2}.

9. n=pipaq with (2) # (Z).

Example 6.16

p1 P2 p1

1. For n = pips = 769.977 = 1 (mod 4), we have () = (2) =1, (2)4 = —(%1)4 = —1 and (1)4 =

P
- (%2)4 = —1 H is of type (2,2,4). For n = p1ps = 797.953 = 1 (mod 4), we have (p%) = —(p%) =-1

and (3)4 = (%"‘)4 =—1, H is of type (2,4,4).

P2
2. For n = p1psps = 37.53.61 = 1 (mod 4), we have (p%) =—1 forall i € {1,2,3} and H is of type (2,2,2).

For n = pi1paps = 53.61.89 = 1 (mod 4), we have (p%) =(2)=—(2)=—1 and (%)4 =— (%3)4 = -1,

P2 p3

H is of type (2,2,2).

3. For n = q1g2q3 = 71.79.67 = 3 (mod 4), we have (q%) =(2)= —(q%) =1 and H is of type (2,2,4).

q2

4. For n = q1q2q3qs = 59.67.83.43 = 1 (mod 4), we have (q%) = ( ) = (q%) = —1 and H is of type

(2,2,2). For n = q1G2q3qs = 59.67.83.79 = 1 (mod 4), we have ( )= (q%) = —(q%) =—1 and H is

of type (2,2,2).

5. For n = p1pap3q = 37.53.61.67 = 3 (mod 4), we have (p%) = (p%) = (p%) = (%) = —1 and H is of type
(2,2,2). For n = p1papsq = 37.53.61.71 = 3 (mod 4), we have (p%) = (p%) = (p%) = f(%) =—1 and H is

of type (2,2,2).
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6. For n = pq1q2q3 = 61.67.83.59 = 3 (mod 4), we have (%) = (%) = (q%) = (2) = —1 and H is of type
(2,2,2). For n = pqiqaqs = 61.67.83.71 = 3 (mod 4), we have (%) =(H)=(2)=—(2)=—1 and H is
of type (2,2,2).

7. For n = p1paqigs = 53.61.83.67 = 1 (mod 4), we have (p%) =(2)=(2)= (q%) = —1 and H is of type
(2,2,2). For n = p1p2qig2 = 53.61.83.79 = 1 (mod 4), we have (p%) =(X)=(2)=—(2)=-1and H

q1 q2
is of type (2,2,2).
8. For n = pq1go = 97.79.83 = 1 (mod 4), we have (%) = (=)= —(q%) =1 and H is of type (2,2,2). For

n = pgige = 61.47.71 =1 (mod 4), we have (%) =—(2)= —(q%) = —1 and H is of type (2,2,4).

2
q1

9. For n = p1p2q = 61.73.83 =3 (mod 4), we have (p%) =—(2)= (%) =—1 and H is of type (2,2,4).
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