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Abstract: In this work, we describe the category of categorical R-algebras and show that a categorical R-algebra is a
category object in C =Algy. By using this property of categorical R-algebras, we can give an equivalency between the
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1. Introduction

The category objects (or internal categories) are a generalisation of the notion of small category, and are defined
with respect to a fixed arbitrary category. If the arbitrary category is taken to be the category of sets then one
recovers the theory of small categories.

The idea is that given a category C, we obtain the definition of a ’category in C’ by expressing the
definition of a usual (small) category completely in terms of commutative diagrams and then interpreting those
diagrams in C.

Category objects were introduced by Ehresmann [9] in the 1960s, and by now they are an important part
of category theory [5]. Some other works about internal categories can be found in [4, 12].

Crossed module was defined as a model of homotopy 2-types by Whitehead [13]. In [6, 7], crossed
modules were considered as 2-dimensional groups. The commutative algebra version of this construction has
been adapted by Arvasi and Porter [1, 11].

Crossed modules have been applied in many areas such that group presentations, algebraic K-theory and
also homological algebra. In [8] and the study of Porter *, crossed module theory has been analysed with detail.
For the (commutative) algebraic version of crossed modules can be seen in [1, 10, 11]. Also, Arvasi and Odabasg
have given computing crossed modules in [2, 3].

In this paper, we give a notion called categorical R-algebra and show that a categorical R-algebra is
a category object in C =Algp and also a monoid object in C =Cat. After thinking a cetegorical R-algebra
as a category object and a monoid object, we give some equivalencies about crossed R-modules and simplicial

R-algebras.
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2. Preliminaries

We recall some standart definitions will be used in this work. See [1, 4, 10, 11] and the study of Porter.*

The category of category objects (Cat(C).):
Let C be any category. A category object in C consists of:

e An object of object O

e An object of morphism M
together with

e source and target morphisms s,t: M — O
e an identity morphism e: O — M

e a composition morphism c¢: M xo M — M

such that the following diagrams commute, expressing the usual category laws:

(i) laws specifying the source and target of composite morphisms

M<w—2""  MxoM—L1

O M 0]

(ii) laws specifying the source and target of identity morphism

0 ido 0 ido 0
¢ © s
M
(iii) the associative law for composition of morphisms
M xo M xo M exidar M xo M
idy Xe c
M xo M M
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(iv) the left and right unit laws for composition of morphisms

eXidM idMXe

OXOMHMXOM%MXOO

(&
PT‘2 PT1

The pullback M xo M is defined via the square:

MxoM~Z M

We denote this category object with C = (O, M, s,t,e,c).

A functor from C' to D consists of
e a morphism Fy:0 — O’
e a morphism F} : M — M’
such that

DtC

s%0 = msP, b

D

o=mt?, e“m = o0e? and ¢<“m = (mm)cP.

where C, D are category objectd in any category C.
Thus we have a category of category objects in C and this category is denoted by Cat(C).

Monoidal category:

A monoidal category is a category C equipped with
e a functor ® : C x C — C out of the product category of C with itself, called tensor product,
o an object I called the unit object

¢ a natural isomorphism
a: ()@ (=)e ()= (m)e (=) e(-)
with components of the form
gy (TRY) Oz 20 (y® 2)

called the associator,
¢ a natural isomorphism

with components of the form

called the left unitor, and
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e a natural isomorphism
p((=)@1) = (=)
with componets of the form
Pz (x®1) S

called the right unitor

such that the axioms known as triangle and pentagon axioms are satisfied.

Examples:

(i) C =Set is a cartesian monoidal category with the cartesian product and one-element sets serving as
the unit.

(ii) C = Cat is a cartesian monoidal category with the product category and the category with one
object and only its identity morphism serving as the unit.

(iii) ¢ = Modpgr (R is a commutative ring) is a monoidal category with the tensor product of modules
®p serving as the monoidal product and the ring R serving as the unit.

(iv) C =Algr (R is a commutative ring) is a monoidal category with the tensor product of algebras as

the monoidal product and R as the unit.

The category of monoid objects (Mon(C)):

A monoid object in a monoidal category (C,®,I) is an object E in C together with two morphisms

p: E®FE — FE called multiplication,
n: I — FE called unit,

such that the following diagrams commutative:
(i)

1®p

(EQE)Q E———>EQ(E®QE) ——>E®E
pe1 I
EQE E

IoE-L Ee <2 Eor

S

E

In the above notions, I is the unit element and a, A and p are respectively the associativity, the left
identity and right identity of the monoidal category C.

Examples:

(a) A monoid object in the category of sets C = Sets is a monoid.
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(b) A monoid object in the category of R-modules C = Modp is an R-algebra.
(¢) A monoid object in the category of simplicial R-modules C =sModpg, is a simplicial R-algebra.
(d) A monoid object in the category of categories C =Cat is a small category C with two functors

p:CxC—C and n:C® — C where C®° is a category with one object and only its identity morphism.

Let C' and D be monoid objects in C. A monoid morphism from C to D in C is a morphism C —2s D

that is compatible with the multiplication and unit, that is the diagrams

u

CC—C

12

and

nC
[ ——

!

are commutative. (¢ = (p ® p)uP and n% = nP)
Thus, we have a category of monoid objects which is denoted by Mon(C).

Crossed modules:
In this paper, all algebras will be commutative. Also, we accept that k is a commutative ring, R is a

k-algebra with identity.
A crossed module, (C, R, ), (or shortly crossed R-module) consists of an R-algebra C and a morphism
0: C — R with actions R on C, written (r,c) — r-c for r € R, ¢ € C, satisfying the following conditions:
(CM1)
O(r-c) =rd(c)
forall r€ R and ce C.
(CM2)

A(c) - =cd

for all ¢, € C.
A morphism, (a,8) : V — V' of crossed modules consists of morphisms o : C — C” and 5: R — R’
such that
(1) 98=ad
(i) a(r-c) = alc)- B(r)
forall ce C, r € R where V = (C,R,0) and V' = (C',R’, ') are crossed modules.
Thus, we have a category of crossed modules from the above definitions and it is denoted by XMod.
Examples:
(a) Let A be an R-algebra and I be an ideal of A. Then (I, A,i) is a crossed module with the
multiplication action of A on I. Conversely, we induce an ideal from a given crossed module. Indeed, for a
given crossed module (C, R, d), 0(C) is an ideal of R.
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(b) Let M be an R-module. Then (M, R,0) is a crossed module. Conversely, for a crossed module
(C, R, ), one can get that kerd is an R/J(C)-module.

(¢) Let 0: C — R be a surjective R-algebra homomorphism. Define the action of R on C by r-c =T7c
where 7 € 7!(r). Then, (C, R,d) is a crossed module with the defined action.

(d) Let C be an R-algebra such that Ann(C) = 0 or C? = C then (C, u(C),d) is a crossed module,

where p(C) is the algebra of multipliers of C' and 9 is the canonical homomorphism.

Simplicial algebras:

Let R be a commutative ring with identity. We will use the term commutative algebra to mean a
commutative algebra over R.

A simplicial (commutative) algebra E consists of a family of algebras {F,} together with face and
degeneracy maps d; =d : E, > E,—1, 0<i<n, (n#0)and s; =sP:E, » E,y1, 0<i<n,satisfying
the usual simplicial identities. It can be completely described as a functor A°? — Algg where A is the category
of finite ordinals [n] = {0 < 1 < --- < n} and increasing maps. We have a category of simplicial algebras the
above definitions and it is denoted by sAlggr. We have for each k& > 0 a subcategory A<j determined by the
objects [j] of A with 7 < k. A k-truncated simplicial commutative algebra is a functor from (A%p ) to Algg.

Consider the product A x A whose objects are pairs ([p],[¢]) and whose maps are pairs of weakly
increasing maps. A functor (A x A)°? — Algpg is called a bisimplicial algebra with value in Algg. This

functor consists of algebras E, , and homomorphisms

d? By — Ep_14
s?:Epyq%Epqu 1:0,...,p
di : Epq— Epq-1
sjtEpg— Epgt1 7:0,...,q

such that the maps d?,s” commute with dj, s and dh, sl (resp. dj, s;’) satisfy the usual simplicial identities.

Here let d?, s® denote the horizontal operators and let dj, sj denote the vertical operators. We have a category

of bisimplicial algebras from the above definitions and it is denoted by s2 Algg.

3. Categorical R-algebras as category objects
In this section, we give a notion called categorical R-algebra and show that a categorical R-algebra is a category
object in C =Algp.
Definition 3.1 A categorical R-algebra is a (small) category C equipped with
e R-algebras O = ObC and M = MorC ;

e a functor
pe:CeC—C

produced by the multiplication morphisms
pl:0x0— 0

and
pM M x M —s M.
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If C and D are categorical R-algebras, a morphism C—D is a functor. Then one has a category, of
course. It will usually be denoted by cAlgg.

Lemma 3.2 Let C be a categorical R-algebra.

(a) The source, target and identity morphisms

M (0]

S~ t

e

and the composition morphism
c: M xpo M—M

are R-algebra morphisms.

(b) If C*° is a small category with one object and only its identity morphism, then
n°:C% —¢

s a functor.

C
Proof (a) From C ® C2=C is a functor, we have the following commutative diagrams:

0O®O0

where a = Moru® and 8 = ObuC , that is
as = sf
at = tf
Be

\
)
Q

and

MXoM;M

M xo M ——> M

that is,

ca = (a x a)e.

where M =Mor(CQC).

So, we can write

vs = as

= (s®s)o
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and
¥y = ot
= (t®t)d
as well as

de = pe

where v =y and § = u©.

By considering the canonical isomorphism
EMxoM)®@(MxoM)— (MM) xo (MM)
we also have

e = &y X
= £(axa)c
= (ca

= (c®a,

where & = pM*oM Thus, s, ¢, e and c are R-algebra homomorphisms.

(b) According to (a), the structure morphisms s,¢, e and ¢ are R-algebra homomorphisms. Therefore,

we have
nMs = % =52 =,
oMt = O = 8000 — 0.
nCe = pM = 80pM _ opM
and
M xonM)e = MM,
= oM
= o,
that is, ¢ with Ob(n¢) := n® and Mor(n°) :=n™ is a functor. )

Thus, a categorical R-algebra is a category with R-algebras O and M such that the source and target
maps s,t : M — O, the identity map e : O — M, and the composition map ¢ : M xo M — M are

R-algebra morphisms.

Proposition 3.3 If C is a categorical R-algebra, then
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(i) the composition can be given as

c: MxoM — M
(m,n) +— m—(et)(m)+n

with an inverse of m up to composition is (et)(m) —m + (es)(m).
(i) KertKers = {0}.

Proof (i) ¢(m) = s(n) where m,n € M are composable morphisms. As ¢ and e are R-algebra homomor-

phisms, we can write

c(my,n) = c(m+0,0+n)
= c(m+0,(et)(m) — (et)(m) +n)
= c(m, (et)(m)) + (0, —(et)(m) + )
= m— (et)(m) + n.

On the other hand, as

t((et)(m) —m + (es)(m)) = t(et)(m) — t(m) + t(es)(m) = s(m)

also

while
c((et)(m) —m+ (es)(m),m) = (et)(m) — m + (es)(m) — (es)(m) + m = (et)(m),

we can get that (et)(m) —m + (es)(m) is the inverse of m.

(ii) Let m € Kert, n € Kers. Then we have t(m) = 0 = s(n) and according to (a) we can write

mn = m— (et)(m)+n
= m—(es)(n)+n
= n—(et)(m)+m
= n—(es)(n)+m
nm.
Thus, we have KertKers = {0}. O
Lemma 3.4 If M —————>0 s retraction (i.e, se =te =1id) and KersKert = {0}, then there exists

€

a categorical R-algebra C with ObC := O, MorC := M, and categorical structure morphisms s, t, e.
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Proof We have composite c(m,n) := m — (et)(m) + n, for elements m,n € M with ¢(m) = s(n). On the

other hand, for m,n,m’,n’ € M with t(m) = s(n) and ¢(m') = s(n’)
c(m,n)e(m’,n') = (m—(et)(m) +n)(m" — (et)(m) +n)
= (m—(et)(m))m’ +nm’ + (m — (et)(m))(n’ — (es)(n)) + n(n’ — (es)(n'))
= mm’ — (et)(m)m’ +nm' +mn’ — (et)(m)n’ —m(es)(n’) + (et)(mm’) + nn’
= c(mm/,nn')+ A+ B
where

A = mn' — (et)(m)n' —m(es)(n’) + (et)(m)(es)(n’)
= (m— (et)(m))(n' — (es)(n’)) € KertKers

and

B = nm' — (es)(n)m’ —n(et)(m’) + (es)(n)(et)(m’)
= (n—(es)(n))(m' — (et)(m')) € KersKert.

Since KersKert ={0}, A= B =0. So,
c(m,n)e(m’,n") = c(mm’,nn') = c((m,n)(m’,n’)).

That is, the morphism (R-module homomorphism) ¢ is an R-algebra homomorphism. Now, we check the
category axioms given in definition of category object in C.
(i) We have

and

(te)(m,n) = t

for all m,n € M with t(m) = s(n).

(ii) The identities se = te = id are given by assumption.
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(iii) We have

e(k,cm,m) = elk,m— (et)(m) +n)
= k—(et)(k)+m— (et)(m)+n
= k= (es)(m) +m— (es)(n) +n
= c(k—(es)(m) +m,n)
= ¢((k,m),n)

for all k,m,n € M with ¢t(k) = s(m) and t(m) = s(n), therefore the composition is associative.
(iv) We have

c((es)(m),m) = (es)(m) — (et)(es)(m) +m
= (es)(m)— (es)(m)+m
and
c(m, (et)(m)) = m—(et)(m)+ (et)(m)
for m € M.
Thus, C with ObC := O, MorC := M and s = s, t¢ =t, e =¢, € = ¢ is a category object in Algp.

O

Corollary 3.5 A categorical R-algebra is a category object in C =Algp.

Proof Let C be categorical R-algebra. Then C is a (small) category such that O and M are R-algebras.
According to Lemma 3.2 (a), the categorical structure morphisms s,t,e and ¢ are R-algebra morphisms. On

the other hand, from the Proposition 3.3, the composition morphism is defined as

c: MxoM — M
(m,n) +— m—(et)(m)+n.

We will show that this composition map satisfy the diagrams of the definition of category object. The proofs
of (i)-(iii)-(iv) are similar to the proofs given in Lemma 3.4. Hence we only show (ii).
(ii) For m: z — y, we have
cle(z),m) = e(z)—-es(m)+m

= e(x)—e(x)+m

and
c(m,e(y)) = m—es(e(y)) +e(y)
m —e(y) +e(y)
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4. Equivalence between categorical R-algebras and crossed R-modules

In this section, we show that the categories XMod and cAlgpr are equivalent. By using Corollary 3.5, we can
show this equivalency. Of course, this is the similar way of Porter works [11, 12].
Now, we remember that for the given crossed module (C, R, ), the semidirect product C x R is formed

using the action of R on C' the crossed module provides. Hence, we have
(c,m)(c,r") = (cc +er' +rc,rr)
for (¢,7),(d,r")e C xR .

Proposition 4.1 Given a crossed module (C,R,0), we have a categorical R-algebra C, in which the objects

and morphisms are given by
ObC := R and MorC :=C x R,

source, target and identity morphisms (R-module homomorphisms) are given by

s(e,r) = O(c)+r

tle,r) = r

e(r) = (0,r)
for (¢,r) € C x R and r € ObC, the R-algebra of composable morphisms is
{(c2,0(c1) + 1), (c1,71)) € MorCxMorC | ¢1,co € C, 1 € R}
and the composition in C is given by
c((e2,0(c1) +11), (c1,71)) = (2 + €1, 71)

for c1,c0€C, M €R .

Proof Since ObC = R and MorC =C x R are R-algebras, firstly we show that s,t and e are R-algebra
homomorphisms. We get
s((e,r)(c, ")) = s(ed +cr' +rd,rr')
= 9Occ +er' +rd)+rr’
= 9(cc)+d(er') +0(rc) + rr’

s(er)s(er) = (0(e) +r)(@() +r)
A(c)o(c) + a(c)r’ +ro(c') +rr’
Olec) + Bler) + Olre!) + o’

that is s((c,7)(c, ")) = s(e,7)s(c/,r") and

t((e,r)(c,r")) = tled +cr' +rd,rr')
= 7y

= tle,n)t(c,1)
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for (¢,r),(c',r") € MorC as well as

e(rr’) = (0,7r") = (0,7)(0,7") = e(r)e(r’)
for r, 7" € ObC.

The R-algebra of composable morphisms can be computed as follows:
MorC xo MorC = {((ca,r2),(c1,71)) EMorC x MorC | t(ca,12) = s(c1,71)}
= {((ca,m2),(c1,7m1)) EMorC x MorC | ro = 9(c1) + 11}
= {((c2,0(c1) +71),(c1,m1)) EMorC x MorC' | ¢1,c2 € C,7m1 € R}.

Thus ¢ is an R-algebra homomorphism since

c(((c2,0(c1) + 1), (e1,m1))((ch, 0(ch) +711), (c1,71)))
= c((e2,0(c1) +11)(c3,0(cy) + 1), (e, m1)(ch, 1))
= c((cacy + c2(9(ch) +17) + (Oer) +11)ch, (O(er) +11)(0(ch) +71)),
(crcy + erry + ric,mry))
= c((each + cad + cory + c1cy + 11y, 0(crcy) + A(erry) + O(ricy) + rirl),
(crc) + erry +rich,miry))
= (cachy + coc) + cary + 1y + 1rich + eicy + ey + rich, riry)
and on the other hand
c((c2,0(c1) + 1), (e1,m1))e((ch, () + 1), (e1,71)))

(e1 + c2,m1)(ch + c,77)

/ / / / / / / / /
= (c1€] + 165 + cac) + cach + ricy + rich + eary + eary, riry).

Now, we have to check that C satisfies the axioms for a category object in C =Algpr given in its definition.

(i) We have
(se)(r) =s(e(r)) =s(0,r) =00)+r=r
and
(te)(r) = t(e(r)) = t(0,r) =r
for r € ObC.
(ii) Given a pair of composable morphisms ((cz,9(c1) + 1), (¢1,71)) in C, we have
(sc)((e2,0(c1) +7r1), (c1,71)) = s(ca+ec1,7r1)
= 8(02 -+ Cl) —+ 71
= 9(c2) +9(c1) + 1
= 8(027 ( ) +r1>
and
(te)((ca, O(c1) +11), (e1,71)) = tlez +c1,m1)
= t(Cl,T‘l)
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(iii) We have

c((e3,0(c2) + O(cx) + 1), c((e2,0(cr) +11), (€1,71))))
= ¢((es,0(c2) +9(c1) +71), (ca + c1,71))
= (e3+catcr,m)
= ¢((es+c2,0(c1) + 1), (c1,71))
= c¢(c(es,0(c2) + 0(c1) + 1), (c2,0(c1) +71), (c1,71))

for ci,c2,c3 € C,1m € R.
(iv) We get

c((es)(e,r), (e,r)) = c(e(d(e) +1),(c,))
= ¢((0,9(c) + 1), (c,1))
= (0ten)=(or)

andy

c((e,r), (et)(e,r)) = c((e,7),(0,7))
(c+0,7) = (c,7)

for (¢,7) € MorC.
Thus, C is a category object in Alg . O

Corollary 4.2 We have a functor
F:XMod — cAlgp.

Proposition 4.3 For every categorical R-algebra C, we have a crossed module (C, R,0) with given by
C := Kert, R:=0bC
structure morphism 0 := $|kert, where the action of the R on C is given by r-c:=e(r)c forr € R, c€ C.

Proof Since MorC is an R-algebra and s is an R-algebra homomorphism, Kert is an R-algebra and s|kert
is an R-algebra homomorphism. There is a well defined ObC-action on Kert because of e is an R-algebra
homomorphism. Now, we will show that (CM1) and (CM?2).

(CM1) We have

s(r-c) = s(e(r)e)
= s(e(r))s(c)

= rs(c)
for r € R=0bC and all ¢ € MorC, and hence in particular
(3|Kert)(r . C) = 7n($|Ke7"t(c))
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for r € ObC, c € Kert.
(CM2) We have

s|kert(n) -m = s(n)-m

for all n,m € Kert.

Corollary 4.4 We have a functor

G : cAlgr — XMod.

Theorem 4.5 The categories XMod and c Algr are equivalent.

Proof For the functors XMochAlgR and cAlgp £, XMod , we show that GF = id.ag, and
FG = idxpoq- Let (C)R,0) be a crossed module. We have

FG(C,R,0) = F(R,CxR,s,te,c)

(r,(¢,0)) +—— 7-(c,0) =e(r)(c,0) = (0,7)(c,0) = (r-¢,0)

and
Kert

Also
Rx Kert — R

and

(Kert, R, s|kert)

{(e,r) [ #(e,r) = 0}

= {(er)[r=0}
= {(¢,0) | c€ C}
= Cx{0}.

s|kert(c,0) = s(c,0) = d(c) + 0 = 9(c).

That is we obtain FG(C, R,9) = (C x {0}, R, s|kert) = (C, R, 0) = idxn0a(C, R, 0).
On the other hand, let C'= (ObC, MorC, s, t,e,c) be a categorical R-algebra. We have

GF(C)

and for (m,o0) € Kert x ObC we can write

G(Kert,ObC, s|gert)
(ObC, Kert x ObC, s,t, e, c)

Slkert(m) +0=s(m) +o
0

(0,0).
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Now, we must show Kert x ObC =2 MorC'. Firstly, we define a function such that

p: MorC — Kertx ObC

m

Since

t(m — (e

—

t)(m))

(m — (et)(m), t(m)).

t(m) — t(et)(m)
t(m) —t(m) =0

m — (et)(m) € Kert, ¢ is well defined. Also since for m,n € MorC

p(mn) =

and

(mn — (et) (mn), t(mn))

(mn — (et)(m)(et)(n), t(mn))

p(m)p(n) = (m — (et)(m),t(m))(n — (et)(n), {(n))

= ((m = (et)(m))(n — (et)(n))

+ bl
= (mn —m(et)(n) — (et)(m)n + (et)(m)(et)(n) + (m — (et)(m))e(t(n)) + e(t

(-.action of ObC on Kert )
= (mn — (et)(m)(et)(n), t(mn),

@ is a homomorphism. Also, we have an antihomomorphism

e t: Kert x ObC —s MorC

)+ m — (et)(e(0) +m),t(e(0) +m))
0) +m — e(te)(0) — (et)(m), (te)(0) + t(m))
m,o) (" te = id and m € Kert)

(m, 0)
and since
et (m,0) = (e~ (m,0))

= ¢(e(o) +m)

= (e(o

= (e(

= (
and

¢ is an isomorphism. Thus GF = id.aigy, -
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5. Categorical R-algebras as monoid objects

Proposition 5.1 A categorical R-algebra is a monoid object in C = Cat.
Proof Let C be a categorical R-algebra. Then O and M are R-algebras, that is, we have

Qephpt = (peolu,
@) = Prgand (1®n*)u? = Pry,

for A € {O, M}, cf. definition of monoid object in C. Furthermore, by the definition of a categorical R-algebra,
we have a functor u¢ given by Ob(u€) := u® and Mor(uc) := p™. Additionally, Lemma 3.2 (b) tells us that
there is a functor n¢ where Ob(n°¢) :=7°, Mor(n°) := nM. This implies

Qe )ut = @ olus,
(n° ®1)u¢ = Pryand (1®n°)u = Pry,
that is, C together with the functors u€ and n° is an monoid object in Cat. O

Corollary 5.2 The followings are equivalent:

1) a crossed R-module (C, R, )

(1)
(2) a categorical R-algebra
(3) a monoid object in Cat
(4)

4) a simplicial R-algebra whose Moore complex is of lenght 1.

Proof (1) < (2) < (3) are clear from the Theorem 4.5 and Proposition 5.1. Now we will show that
(3) < (4). We obtain a simplicial R-module by taking the nerve. This simplicial R-module is a simplicial

R-algebra because the category is monoid object in Cat. Its Moore complex is
...1—1—C —R,

which is of lenght 1.

Suppose that there is a simplicial algebra E whose Moore complex is of lenght 1, that is
...1—1— kerdy — Ejy,

By choosing C = F; and R = image of Ey in F; by the degeneracy map and the structural morphisms s = d;
and t = dy, we get a categorical R-algabra. From the relations between face and degeneracy maps, we have
se = id = te. On the other hand, to prove KersKert = {0} it is sufficient to see that for * € Kerd; and
y € Kerdy the element [s,(z),s0(y) — s1(y)] of Es is in fact in Kerd; N Kerds and its image by dy is [z, y].
As Kerd; N Kerdy =0, we have [Kerdy, Kerd;] = 0.

Therefore, from the Lemma 3.4 , we have a categorical R-algebra and use of the previous equivalence
gives the monoid object in Cat with O = Ey and M = Ej. O
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