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1. Introduction
The fractional calculus becomes now a very attractive subject to mathematicians, as an important field of
investigation due to its extensive applications in numerous branches of physics, chemistry, aerodynamics,
electrodynamics of a complex medium, polymer, rheology, etc., one can consult [3, 25, 38, 42] and references
therein. Some authors proposed a new type of fractional derivatives possessing different kernels, because the
most used definitions proposed by Riemann–Liouville and the first Caputo version has the weakness that their
kernel had singularity [8]. Definition of Hadamard’s fractional derivative introduced in 1892 differs significantly
from both the Riemann–Liouville type and the Caputo type [24] . In particular, the integral’s kernel in the
definition of Hadamard’s fractional derivative contains a logarithmic function of so-called arbitrary exponent.
There are several articles describing the properties and applications of Hadamard derivative [10–12, 33, 37, 47].
A recent new definition of fractional derivative has been provided by modifying the Hadamard derivative with
the Caputo one, known as Caputo–Hadamard derivative, which was first studied by Jarad et al. [19], it is
obtained from the Hadamard derivative by changing the order of its differentiation and integration [1], in
addition, existence and uniqueness of solutions of fractional differential equations involving Caputo–Hadamard
were considered, see for examples [2, 16].

The classical Banach contraction principle is a very useful tool in nonlinear analysis with many appli-
cations to operational equations, fractal theory, optimization theory and other topics. The classical Banach
contraction principle was extended for contractive maps on spaces endowed with vector-valued metrics by Perov
in 1964 [40] and Perov and Kibenko [41]. In 1966 Perov formulated a fixed point theorem which extends the
well-known contraction mapping principle for the case when the metric d takes values in Rm , that is, in the
case when we have a generalized metric space.
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Another important aspect of the research was that which attracted researcher’s attention is Ulam stability
and their various types. The abovementioned stability was first introduced by Ulam [27] in 1940 and then
was confirmed by Hyers in 1941 [28]. Rassias generalized the Ulam–Hyers stability by considering variables.
Thereafter, mathematicians extended the work mentioned above to functional, differential, integrals and FDEs.
Wang [48] was the first mathematician who investigated the Ulam–Hyers stability for the impulsive ordinary
differential equations in 2012. In the same line, he also obtained the aforesaid stability for the evolution equations
[49]. For more details on the recent advances on the Ulam–Hyers stability and the Ulam–Hyers–Rassias stability
of differential equations, one can see the monographs [14, 20] and the research papers [21, 26, 31, 35, 44, 50, 51].
We also note that Ulam stability has excellent applications in numerical analysis, optimization, economic,
physics, biochemistry, and biological phenomena, and it does provide an effective way to seek the exact solution
for the original equation.

Ali et al. [6] studied the Ulam–Hyers stability of the following
cDpy(t)− f(t, z(t)) = 0; t ∈ [0, 1],
cDqz(t)− g(t, y(t)) = 0; t ∈ [0, 1],

y(t)|t=0 = 0, y(t)|t=1 = 0, IγTh(y) =
1

Γ(γ)

∫ T
0
(t− ς)γ−1h(y(ς)) dς,

z(t)|t=0 = 0, z(t)|t=1 = 0, IδT j(z) =
1

Γ(δ)

∫ T
0
(t− ς)δ−1j(z(ς)) dς,

where p, q, γ, δ ∈ (1, 2], h, j ∈ L[0, 1] are boundary functions and f, g : [0, 1]×R → R are continuous functions.
Ali et al. [5] studied the Ulam–Hyers stability of the following

cDpy(t)− f(t, z(t),cDpy(t)) = 0; p ∈ (2, 3]; t ∈ J ,
cDqz(t)− g(t, y(t),cDpz(t)) = 0; q ∈ (2, 3]; t ∈ J ,
y

′
(t)|t=0 = y

′′
(t)|t=0 = 0, y

′
(t)|t=1 = λy(η), λ, η ∈ (0, 1),

z
′
(t)|t=0 = z

′′
(t)|t=0 = 0, z

′
(t)|t=1 = λz(η), λ, η ∈ (0, 1),

where J = [0, 1] and f, g : J × R× R → R are continuous functions.
Zada et al. [52] studied the Ulam–Hyers stability of the following

cDαx(t) + h(t,cDax(t),cDby(t)) = 0; t ̸= tm, m = 1, 2, . . . n,
cDβy(t) + w(t,cDax(t),cDby(t)) = 0; t ̸= tm, m = 1, 2, . . . n,

∆x|t=tm =M1m(x(tm)), ∆x
′ |t=tm = N1m(x(tm)), ∆x

′′ |t=tm = O1m(x(tm)),

∆y|t=tm =M2m(x(tm)), ∆y
′ |t=tm = N2m(x(tm)), ∆y

′′ |t=tm = O2m(x(tm)),
x(0) = x′(0) = 0, cDϵx(Ω) = x′′(1),
y(0) = y′(0) = 0, cDpy(Φ) = y′′(1),

where t ∈ J = [0, 1], 2 < α, β ≤ 3, 0 < a, b, ϵ, Ω, p,Φ < 1 , and h,w : J × R3 → R are continuous functions.
M1m,M2m, N1m, N2m, O1m, O2m ∈ C(R,R) .

In this paper, we study the existence, uniqueness and Ulam’s type stability of a impulsive coupled system
of fractional differential equations of the form :

(
Dα
t x
)
(t) = f1(t, x, y) t ∈ [a, T ], t ̸= tk, k = 1, ...,m,(

Dβ
t y
)
(t) = f2(t, x, y) t ∈ [a, T ], t ̸= tk, k = 1, ...,m,

∆x(tk) = Ik(x(t
−
k ), y(t

−
k )), k = 1, ...,m,

∆y(tk) = Ik(x(t
−
k ), y(t

−
k )), k = 1, ...,m,

x(a) = xa,
y(a) = ya,

(1.1)
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where Dα
a , Dβ

a , are the Caputo–Hadamard fractional derivative of order α and β , 0 < α, β < 1 , a > 0 . Here
a = t0 ≤ t1 ≤ · · · ≤ tm ≤ tm+1 = T , ∆x(tk) = x(t+k )−x(t−k ) , x(t+k ) = lim

h→0
x(tk+h) and x(t−k ) = lim

h→0
x(tk−h)

represent the right and left limits of x(t) at t = tk respectively. xa, ya ∈ R , f1, f2 : J × R × R → R are
continuous functions and Ik , Ik ∈ C(R× R,R) are a given functions.
The plan of the paper is as follows. In Section 2, some definitions, theorems, lemmas and results are given which
will be required for the later sections. In Section 3, we built up some appropriate conditions for the existence
and uniqueness of solutions to the considered problem (1.1) using the Perov fixed point theorem. In Section 4,
we study the Ulam–Hyers stability. In the last section, an example is given to demonstrate our main theoretical
result.

2. Preliminaries
Definition 2.1 [9, 25] The Hadamard fractional integral of order α for a function h : [a; b] → R where a, b ≥ 0

is defined by

Iαa h(t) =
1

Γ(α)

∫ t

a

(
ln
t

s

)α−1
h(s)

s
ds, Re(α) > 0, (2.1)

provided the integral exists.

Definition 2.2 [9, 19] Let ACnδ [a, b] =
{
g : [a, b] → C |δn−1g ∈ AC[a, b]

}
where δ = t ddt , 0 < a < b < ∞

and let α ∈ C, such that Re(α) ≥ 0. For a function g ∈ ACnδ [a, b] the Caputo type Hadamard derivative of
fractional order α is defined as follows:

(i) if α ≤ N, then for n− 1 < [Re(α)] < n, where [Re(α)] denotes the integer part of Re(α) ,

Dα
a g(t) =

1

Γ(n− α)

∫ t

a

(
ln
t

s

)n−α−1

δn
g(s)

s
ds, (2.2)

(ii) if α ∈ N, then (Dα
a g)(t) = δng(t).

Lemma 2.3 [4] Suppose that f is continuous. Then the initial value problem (IVP){
Dα
ax(t) = f(t, x, y), t > a, a > 0, 0 < α < 1

x(a) = xa,

is equivalent to the following Volterra integral equation

x(t) = xa +
1

Γ(α)

∫ t

a

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds.

Lemma 2.4 Let 0 < α < 1 and let f ∈ AC[J × R × R] , a function x is a solution of the fractional integral
equation

x(t) =


xa +

1
Γ(α)

∫ t
a

(
ln t

s

)α−1 f(s,x(s),y(s))
s ds if t ∈ [a, t1]

xa +
1

Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f(s,x(s),y(s))
s ds

+ 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1 f(s,x(s),y(s)
s ds+

k∑
i=1

Ii(x(t
−
i ), y(t

−
i )) if t ∈ (tk, tk+1], k = 1, ...,m.

(2.3)
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if and only if x is a solution of the impulsive fractional IVP

(Dα
ax
)
(t) = f(t, x, y) for each t ∈ J, (2.4)

∆x(tk) = Ik(x(t
−
k ), y(t

−
k )), k = 1, ...,m, (2.5)

x(a) = xa, (2.6)

Proof Assume x satisfies (2.4)–(2.6). Using conditions (2.5), (2.6) and Lemma 2.3, we obtain:
If t ∈ [a, t1] , then

x(t) = xa +
1

Γ(α)

∫ t

a

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds.

If t ∈ (t1, t2] , then

x(t) = x(t+1 ) +
1

Γ(α)

∫ t

t1

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds

= ∆x(t1) + x(t−1 ) +
1

Γ(α)

∫ t

t1

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds

= I1(x(t
−
1 ), y(t

−
1 )) + xa +

1

Γ(α)

∫ t1

a

(
ln
t1
s

)α−1
f(s, x(s), y(s))

s
ds

+
1

Γ(α)

∫ t

t1

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds.

If t ∈ (t2, t3] , then

x(t) = x(t+2 ) +
1

Γ(α)

∫ t

t2

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds

= ∆x(t2) + x(t−2 ) +
1

Γ(α)

∫ t

t2

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds

= xa + I1(x(t
−
1 ), y(t

−
1 )) + I2(x(t

−
2 ), y(t

−
2 )) +

1

Γ(α)

∫ t1

a

(
ln
t1
s

)α−1
f(s, x(s), y(s))

s
ds

+
1

Γ(α)

∫ t2

t1

(
ln
t2
s

)α−1
f(s, x(s), y(s))

s
ds+

1

Γ(α)

∫ t

t2

(
ln
t

s

)α−1
f(s, x(s), y(s))

s
ds.

Repeating the same process for t ∈ [tk, tk+1] and k = 3, ...,m , then we get

x(t) = xa +
1

Γ(α)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)α−1
f(s, x(s), y(s))

s
ds+

1

Γ(α)

∫ t

tk

(
ln
t

s

)α−1
f(s, x(s), y(s)

s
ds

+

k∑
i=1

Ii(x(t
−
i ), y(t

−
i )).

Conversely, assume that x satisfies the impulsive fractional integral equation (2.3). If t ∈ [a, t1] then x(a) = xa

and using the fact that Dα
a is the left inverse of Iαa and using the fact that Dα

aC = 0 , where C is a constant,
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we obtain
Dα
ax(t) = f(t, x, y) for all t ∈ [a, t1] ∪ [tk, tk+1], k = 1, . . . ,m.

Also, we can easily show that ∆x|t=tk = Ik(x(t
−
k , y(t

−
k )) for k = 1, . . . ,m . 2

In the following, we define generalized metric space (or vector metric spaces) and prove some properties.
If, x, y ∈ Rn, x = (x1, . . . , xn), y = (y1, . . . , yn) , by x ≤ y we mean xi ≤ yi for all i = 1, . . . , n . Also
|x| = (|x1|, . . . , |xn|) and max(x, y) = max(max(x1, y1), . . . ,max(xn, yn)) . If c ∈ R , then x ≤ c means xi ≤ c

for each i = 1, . . . , n . For x ∈ Rn, (x)i = xi, i = 1, . . . , n .

Definition 2.5 [32] Let X be a nonempty set. By a generalized metric on X (or vector-valued metric) we
mean a map d : X ×X → Rn with the following properties:

(i) d(u, v) ≥ 0 for all u, v ∈ X ; if d(u, v) = 0 then u = v .

(ii) d(u, v) = d(v, u) for all u, v ∈ X.

(iii) d(u, v) ≤ d(u,w) + d(w, v) for all u, v, w ∈ X.

Note that for any i ∈ {1, . . . , n} (d(u, v))i = di(u, v) is a metric space in X .

We call the pair (X, d) a generalized metric space. For r = (r1, r2, . . . , rn) ∈ Rn+ , we will denote by

B(x0, r) = {x ∈ X : d(x0, x) < r}

the open ball centered at x0 with radius r and

B(x0, r) = {x ∈ X : d(x0, x) ≤ r}

the closed ball centered at x0 with radius r = (r1, . . . , rn) > 0, ri > 0, i = 1, . . . , n.

Remark 2.6 In generalized metric space in the sense of Perov, the notions of convergence sequence, Cauchy
sequence, completeness, open subset and closed subset are similar to those for usual metric spaces.

Definition 2.7 [32] A square matrix A of real numbers is said to be convergent to zero if and only if An → 0
as n→ ∞ .

Lemma 2.8 (see [17]) Let A ∈ Mm,m(R+) . Then the following statements are equivalent:

• A is a matrix convergent to zero;

• The eigenvalues of A are in the open unit disc, i.e. |λ| < 1 , for every λ ∈ C with det(A−λI) = 0 ; where
I denote the unit matrix of Mm,m(R+) ,

• The matrix I −A is nonsingular and (I −A)−1 = I +A+ · · ·+An + · · · ;

• The matrix I −A is nonsingular and (I −A)−1 has nonnegative elements;

• Anq → 0 and qAn → 0 as n→ ∞ , for any q ∈ Rm .
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Definition 2.9 Let (X, d) be a generalized metric space. An operator N : X → X is said to be contractive if
there exists a matrix A convergent to zero such that

d(N(x), N(y)) ≤ Ad(x, y), ∀x, y ∈ X

Theorem 2.10 [39, 40](Perov’s fixed point theorem) . Let (X, d) be a complete generalized metric space and
N : X → X be a contractive operator with Lipschitz matrix A . Then N has a unique fixed point x∗ and for
each x0 ∈ X we have

d(Nk(x0), x
∗) ≤ Ak(I −A)−1d(x0, N(x0)) ∀k ∈ N.

3. Existence and uniqueness solution

For a given T > a > 0 , let Jk = (tk, tk+1] , k = 1, 2, · · · ,m . In order to define a solution for problem (1.1),
consider the following space of picewise continuous functions

PC(J,R) =
{
y : [a, T ] → R, yk ∈ C(Jk,R) for k = 0, . . .m+ 1,
and there exist y(t−k ) and y(t+k ) with y(tk) = y(t−k ), k = 1, · · · ,m

}
.

This set is a Banach space with the norm ∥y∥PC = supt∈[a,T ] |y(t)|.

Set J ′ = J\{t1, . . . , tm} .

Definition 3.1 A function (x, y) ∈ PC(J,R)× PC(J,R) is said to be a solution of (1.1) if and only if



x(t) = xa +
1

Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f1(s,x(s),y(s))
s ds

+ 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1 f1(s,x(s),y(s))
s ds+

k∑
i=1

Ii(x(ti), y(ti)), t ∈ (tk, tk+1], k = 1, ...,m.

y(t) = ya +
1

Γ(β)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)β−1 f2(s,x(s),y(s))
s ds

+ 1
Γ(β)

∫ t
tk

(
ln t

s

)β−1 f2(s,x(s),y(s))
s ds+

k∑
i=1

Ii(x(ti), y(ti)), t ∈ (tk, tk+1], k = 1, ...,m.

(3.1)

The following assumptions are needed in the sequel.

(H1) There exist constants ki > 0 , i = 1, · · · , 4 , such that

|f1(t, x, y)− f1(t, x, y)| ≤ k1|x− x|+ k2|y − y|, for all x, x, y, y ∈ R,

and
|f2(t, x, y)− f2(t, x, y)| ≤ k3|x− x|+ k4|y − y|, for all x, x, y, y ∈ R.

(H2) There exist constants a1i , a2i , b1i , b2i ≥ 0 , i = 1, · · · ,m , such that

|Ii(x, y)− Ii(x, y)| ≤ a1i|x− x|+ a2i|y − y|, for allx, x, y, y ∈ R,

and
|Ii(x, y)− Ii(x, y)| ≤ b1i|x− x|+ b2i|y − y|, for allx, x, y, y ∈ R.

1373



BELBALI and BENBACHIR/Turk J Math

We will use the Perov fixed point theorem to prove the existence of a solution of the problem (1.1).

Theorem 3.2 Assume that (H1 )–(H2 ) are satisfied and the matrix

A =

 Aαk1 +
k∑
i=1

a1i Aαk2 +
k∑
i=1

a2i

Aβk3 +
k∑
i=1

b1i Aβk4 +
k∑
i=1

b2i

 , k = 1, ...,m (3.2)

converges to zero. Then the problem (1.1) has a unique solution.

Proof First, we put Aα = 2
Γ(α+1)

(
ln T

a

)α
, Aβ = 2

Γ(β+1)

(
ln T

a

)β .

Consider operator T : PC × PC → PC × PC defined by

T (x, y) = (T1(x, y), T2(x, y)),

where

T1(x, y)(t) =xa +
1

Γ(α)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)α−1
f1(s, x(s), y(s))

s
ds

+
1

Γ(α)

∫ t

tk

(
ln
t

s

)α−1
f1(s, x(s), y(s))

s
ds+

k∑
i=1

Ii(x(ti), y(ti)), t ∈ (tk, tk+1], k = 1, ...,m

and

T2(x, y)(t) =ya +
1

Γ(β)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)β−1
f2(s, x(s), y(s))

s
ds

+
1

Γ(β)

∫ t

tk

(
ln
t

s

)β−1
f2(s, x(s), y(s))

s
ds+

k∑
i=1

Ii(x(ti), y(ti)), t ∈ (tk, tk+1], k = 1, ...,m.
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Now, we first show that T is well defined. Given (x, y) ∈ PC × PC , t ∈ [a, T ] , we have

∥T1(x, y)∥PC ≤|xa|+
1

Γ(α)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)α−1
(k1∥x∥PC + k2∥y∥PC)

s
ds

+
1

Γ(α)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)α−1 ∥f1(s, 0, 0)∥∞
s

ds

+
1

Γ(α)

∫ t

tk

(
ln
t

s

)α−1
(k1∥x∥PC + k2∥y∥PC)

s
ds

+
1

Γ(α)

∫ t

tk

(
ln
t

s

)α−1 ∥f1(s, 0, 0)∥∞
s

ds

+

k∑
i=1

|Ii(x(ti), y(ti)|

≤ |xa|+
2

Γ(α+ 1)
(ln

T

a
)α((k1∥x∥PC + k2∥y∥PC) +M1) +

k∑
i=1

[a1i∥x∥PC + a2i∥y∥PC ],

where M1 = ∥f1(s, 0, 0)∥ and k = 1, ...,m.

and, we can also proof as below that:

∥T2(x, y)∥PC ≤ |ya|+
2

Γ(β + 1)
(ln

T

a
)α((k3∥x∥PC + k4∥y∥PC) +M2) +

k∑
i=1

[b1i∥x∥PC + b2i∥y∥PC ],

where M2 = ∥f2(s, 0, 0)∥ and k = 1, ...,m.

Thus

(
∥T1(x, y)∥PC
∥T2(x, y)∥PC

)
=

(
|xa|+AαM1

|ya|+AβM2

)

+

 Aαk1 +
k∑
i=1

a1i Aαk2 +
k∑
i=1

a2i

Aβk3 +
k∑
i=1

b1i Aβk4 +
k∑
i=1

b2i

( ∥x∥PC
∥y∥PC

)
, k = 1, ...,m.

This implies that T is well defined.
Clearly, fixed points of T are solutions of problem (1.1). We show that T is a contraction. Let
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(x, y), (x, y) ∈ PC × PC . Then (H1 ) and (H2 ) imply

∥T1(x, y)− T1(x, y)∥PC ≤ 1

Γ(α)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)α−1 |f1(s, x(s), y(s))− f1(s, x(s), y(s))|PC
s

ds

+
1

Γ(α)

∫ t

tk

(
ln
t

s

)α−1 |f1(s, x(s), y(s))− f1(s, x(s), y(s))|PC
s

ds

+

k∑
i=1

|Ii(x(ti), y(ti)− Ii(x(ti), y(ti))|PC

≤ 1

Γ(α)
(k1∥x− x∥PC + k2∥y − y∥PC)

k∑
i=1

∫ ti

ti−1

(
ln
ti
s

)α−1
ds

s

+ (k1∥x− x∥PC + k2∥y − y∥PC)
1

Γ(α)

∫ t

tk

(
ln
t

s

)α−1
ds

s

+

k∑
i=1

(a1i∥x− x∥PC + a2i∥y − y∥PC)

≤

(
Aαk1 +

k∑
i=1

a1i

)
∥x− x∥PC +

(
Aαk2 +

k∑
i=1

a2i

)
∥y − y∥PC ,

where t ∈ (tk, tk+1], and k = 1, ...,m.

Similarly, we have

∥T2(x, y)− T2(x, y)∥PC ≤

(
Aβk3 +

k∑
i=1

b1i

)
∥x− x∥PC +

(
Aβk4 +

k∑
i=1

b2i

)
∥y − y∥PC .

where t ∈ (tk, tk+1], and k = 1, ...,m.

It follows that

∥T (x, y)− T (x, y)∥PC ≤ A

(
∥x− x∥PC
∥y − y∥PC

)
, for all (x, y), (x, y) ∈ PC × PC.

Hence, by Theorem (2.10), the problem (1.1) has a unique solution.
2

4. Ulam–Hyers stability

In this section, we introduce Ulam’s type stability concepts for Eq. (1.1). Let ϵ = (ϵα, ϵβ) > 0, ψα,β =

(ψα, ψβ) ≥ 0 and φα,β = (φα, φβ) ∈ PC(J,R+) is nondecreasing. We consider the following inequalities


|
(
Dα
t u
)
(t)− f1(t, u, v)| ≤ ϵα t ∈ J ′

|∆u(tk)− Ik(u(tk), v(tk))| ≤ ϵα, k = 1, ...,m,

|
(
Dβ
t v
)
(t)− f2(t, u, v)| ≤ ϵβ t ∈ J ′

|∆v(tk)− Ik(u(tk), v(tk))| ≤ ϵβ k = 1, ...,m,

(4.1)
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
|
(
Dα
t u
)
(t)− f1(t, u, v)| ≤ φα(t) t ∈ J ′

|∆u(tk)− Ik(u(tk), v(tk))| ≤ ψα, k = 1, ...,m,

|
(
Dβ
t v
)
(t)− f2(t, u, v)| ≤ φβ(t) t ∈ J ′

|∆v(tk)− Ik(u(tk), v(tk))| ≤ ψβ k = 1, ...,m,

(4.2)

and 
|
(
Dα
t u
)
(t)− f1(t, u, v)| ≤ ϵαφα t ∈ J ′

|∆u(tk)− Ik(u(tk), v(tk))| ≤ ϵαψα, k = 1, ...,m,

|
(
Dβ
t v
)
(t)− f2(t, u, v)| ≤ ϵβφβ t ∈ J ′

|∆v(tk)− Ik(u(tk), v(tk))| ≤ ϵβψβ k = 1, ...,m,

(4.3)

We adopt the following definitions from [45]

Definition 4.1 Eq. (1.1) is Ulam–Hyers stable if there exists a real number λα,β = (λα, λβ) > 0 such that
for each ϵ = (ϵα, ϵβ) > 0 and for each solution (u, v) ∈ PC1(J,R) of inequality (4.1) there exists a solution
(x, y) ∈ PC1(J,R) of Eq. (1.1) with

|(u, v)− (x, y)| ≤ ϵ.λα,β

Definition 4.2 Eq. (1.1) is generalized Ulam–Hyers stable if there exists φα,β = (φα, φβ) ∈ C(R+,R+), φα,β(0) =

0 such that for each solution (u, v) ∈ PC1(J,R) of inequality (4.1) there exists a solution (x, y) ∈ PC1(J,R)
of Eq. (1.1) with

|(u, v)− (x, y)| ≤ φα,β(ϵ)

Definition 4.3 Eq. (1.1) is Ulam–Hyers–Rassias stable with respect to (φα,β , ψα,β) if there exists λφ,ψ > 0 ,
such that for each ε > 0 and for each solution (u, v) ∈ PC1(J,R) of inequality (4.3) there exists a solution
(x, y) ∈ PC1(J,R) of Eq. (1.1) with

|(u, v)− (x, y)| ≤ ϵ.λφ,ψ(φα,β(t) + ψα,β)

Definition 4.4 Eq. (1.1) is generalized Ulam–Hyers–Rassias stable with respect to (φα,β , ψα,β) if there
exists λφ,ψ > 0 , such that f for each solution (u, v) ∈ PC1(J,R) of inequality (4.2) there exists a solution
(x, y) ∈ PC1(J,R) of Eq. (1.1) with

|(u, v)− (x, y)| ≤ λφ,ψ(φα,β(t) + ψα,β) t ∈ J

Lemma 4.5 A function (u, v) ∈ PC1(J,R) is a solution of inequality (4.1) if and only if there is (g1, g2) ∈
PC(J,R) and a sequence g1k, g2k , k = 1, 2, . . . ,m (which depend on (u, v)) such that

(i) |g1(t)| ≤ ϵα, |g2(t)| ≤ ϵβ , |g1k(t)| ≤ ϵα, |g2k(t)| ≤ ϵβ , k = 1, 2, . . . ,m,

(ii) 
(Dα

t u(t) = f1(t, u, v) + g1(t) t ∈ J ′(
Dβ
t v
)
(t) = f2(t, u, v)|+ g2(t) t ∈ J ′

∆u(tk) = Ik(u(tk), v(tk)) + g1k, k = 1, ...,m,
∆v(tk) = Ik(u(tk), v(tk)) + g2k k = 1, ...,m,

1377



BELBALI and BENBACHIR/Turk J Math

Proof According to (ii), we have
|(Dα

au(t)− f1(t, u, v)| = |g1(t)| t ∈ J ′

|
(
Dβ
av
)
(t)− f2(t, u, v)| = |g2(t)| t ∈ J ′

|∆u(tk)− Ik(u(tk), v(tk))| = |g1k|, k = 1, ...,m,
|∆v(tk)− Ik(u(tk), v(tk))| = |g2k| k = 1, ...,m,

By using (i), we have 
|(Dα

au(t)− f1(t, u, v)| ≤ ϵα t ∈ J ′

|
(
Dβ
av
)
(t)− f2(t, u, v)| ≤ ϵβ t ∈ J ′

|∆u(tk)− Ik(u(tk), v(tk))| ≤ ϵα, k = 1, ...,m,
|∆v(tk)− Ik(u(tk), v(tk))| ≤ ϵβ k = 1, ...,m,

Then , (u, v) is a solution of inequality (4.1). 2

One can have similar lemma for inequalities (4.2) and (4.3).

Lemma 4.6 Suppose (u, v) is the solution of the inequality (4.1), then we have the system of inequalities given
as

∣∣∣u(t)− ua − 1
Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f1(s,u(s),v(s))
s

ds− 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1 f1(s,u(s),v(s))
s

ds−
k∑

i=1
Ii(u(ti), v(ti))

∣∣∣ ≤ λαεα,∣∣∣v(t)− va − 1
Γ(β)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)β−1 f2(s,u(s),v(s))
s

ds− 1
Γ(α)

∫ t
tk

(
ln t

s

)β−1 f2(s,u(s),v(s))
s

ds−
k∑

i=1
Ii(u(ti), v(ti))

∣∣∣ ≤ λβεβ ,

where t ∈ (tk, tk+1]and k = 1, ...,m.

Proof By using Lemma 4.5, we have

(
Dα
t u
)
(t) = f1(t, u, v) + g1(t) t ∈ J ′(

Dβ
t v
)
(t) = f2(t, u, v) + g2(t) t ∈ J ′

∆u(tk) = Ik(u(tk), v(tk)) + g1k, k = 1, ...,m,
∆v(tk) = Ik(u(tk), v(tk)) + g2K k = 1, ...,m,

(4.4)

Then, the solution of (4.4) is given by



u(t) = ua +
1

Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f1(s,u(s),v(s))+g1(s)
s ds+ 1

Γ(α)

∫ t
tk

(
ln t

s

)α−1 f1(s,u(s),v(s))+g1(s)
s ds

+
k∑
i=1

Ii(u(ti), v(ti)) + g1i, t ∈ (tk, tk+1] and k = 1, ...,m,

v(t) = va +
1

Γ(β)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)β−1 f2(s,u(s),v(s))+g2(s)
s ds+ 1

Γ(α)

∫ t
tk

(
ln t

s

)α−1 f2(s,u(s),v(s))+g2(s)
s ds

+
k∑
i=1

Ii(u(ti), v(ti)) + g2i, t ∈ (tk, tk+1] and k = 1, ...,m.

(4.5)

From first equation of the system (4.5), we have

∣∣u(t)− ua − 1
Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f1(s,u(s),v(s))
s ds− 1

Γ(α)

∫ t
tk

(
ln t

s

)α−1 f1(s,u(s),v(s))
s ds−

k∑
i=1

Ii(u(ti), v(ti))
∣∣

≤ 1
Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 |g1(s)|
s ds+ 1

Γ(α)

∫ t
tk

(
ln t

s

)α−1 |g1(s)|
s ds+

k∑
i=1

|g1i|

≤ 2εα
Γ(α+1)

(
ln T

a

)α
+ kεα

≤
(

2
Γ(α+1)

(
ln T

a

)α
+ k
)
εα = λαεα, k = 1, ...,m.

1378



BELBALI and BENBACHIR/Turk J Math

Repeating the same procedure for second equation of the system (4.5), we have

∣∣v(t)− va −
1

Γ(β)

k∑
i=1

∫ ti

ti−1

(
ln

ti

s

)β−1 f2(s, u(s), v(s))

s
ds−

1

Γ(α)

∫ t

tk

(
ln

t

s

)β−1 f2(s, u(s), v(s))

s
ds−

k∑
i=1

Ii(u(ti), v(ti))
∣∣ ≤ λβεβ .

where 2
Γ(β+1)

(
ln T

a

)β
+ k = λβ , k = 1, ...,m. 2

Let us set

Λ1 := Aαk1 +
k∑
i=1

a1i, Λ2 := Aαk2 +
k∑
i=1

a2i,

Λ∗
1 := Aβk3 +

k∑
i=1

b1i, Λ∗
2 := Aβk4 +

k∑
i=1

b2i.

Theorem 4.7 If the assumptions (H1)–(H2) hold, and suppose that

Λ1 < 1, Λ∗
2 < 1 and Λ := 1− Λ2Λ

∗
1

(1− Λ1)(1− Λ∗
2)

̸= 0.

Then (1.1) is Ulam–Hyers and generalized Ulam–Hyers stable.

Proof Let (u, v) ∈ PC1(J,R) be any solution of the inequality (4.1) and let (x, y) ∈ PC1(J,R) be the unique
solution of the following:



(
Dα
t x
)
(t) = f1(t, x, y) t ∈ [a, T ], t ̸= tk, k = 1, ...,m,(

Dβ
t y
)
(t) = f2(t, x, y) t ∈ [a, T ], t ̸= tk, k = 1, ...,m,

∆x(tk) = x(t+k )− x(t−k ) = Ik(x(tk), y(tk)), k = 1, ...,m,
∆y(tk) = y(t+k )− y(t−k ) = Ik(x(tk), y(tk)), k = 1, ...,m,
x(a) = xa,
y(a) = ya,

(4.6)

Then, in view of Lemma 2.4, the solution of (4.6) is provided by



x(t) = ua +
1

Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f1(s,x(s),y(s))
s ds

+ 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1 f1(s,x(s),y(s))
s ds+

k∑
i=1

Ii(x(ti), y(ti))

y(t) = va +
1

Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f2(s,x(s),y(s))
s ds

+ 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1 f2(s,x(s),y(s))
s ds+

k∑
i=1

Ii(x(ti), y(ti))

Hence for each t ∈ (tk, tk+1] , it follows
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∥∥∥u− x
∥∥∥
PC

≤
∣∣∣u(t)− ua − 1

Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1 f1(s,u(s),v(s))
s

ds− 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1 f1(s,u(s),v(s))
s

ds

−
k∑

i=1
Ii(u(ti), v(ti))

∣∣∣+ 1
Γ(α)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)α−1
∣∣f1(s,u(s),v(s))−f1(s,x(s),y(s))

∣∣
s

ds

+ 1
Γ(α)

∫ t
tk

(
ln t

s

)α−1

∣∣f1(s,u(s),v(s))−f1(s,x(s),y(s))
∣∣

s
ds+

k∑
i=1

∣∣Ii(u(ti), v(ti))− Ii(x(ti), y(ti))
∣∣

≤ λαεα +Aα (k1∥u− x∥PC + k2∥v − y∥PC) +
k∑

i=1
(a1i∥u− x∥PC + a2i∥v − y∥PC)

≤ λαεα +

[
Aαk1 +

k∑
i=1

a1i

]
∥u− x∥PC +

[
Aαk2 +

k∑
i=1

a2i

]
∥v − y∥PC

≤ λαεα + Λ1∥u− x∥PC + Λ2∥v − y∥PC

Thus, we get

∥∥u− x
∥∥
PC

≤ λαεα
1− Λ1

+
Λ2

1− Λ1
∥v − y∥PC . (4.7)

In addition, for each t ∈ (tk, tk+1] , it follows

∥∥v − y
∥∥
PC

≤
∣∣∣v(t)− va − 1

Γ(β)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)β−1 f2(s,u(s),v(s))
s

ds− 1
Γ(β)

∫ t
tk

(
ln t

s

)β−1 f2(s,u(s),v(s))
s

ds

−
k∑

i=1
Ii(u(ti), v(ti))

∣∣∣+ 1
Γ(β)

k∑
i=1

∫ ti
ti−1

(
ln ti

s

)β−1
∣∣f2(s,u(s),v(s))−f2(s,x(s),y(s))

∣∣
s

ds

+ 1
Γ(β)

∫ t
tk

(
ln t

s

)β−1

∣∣f2(s,u(s),v(s))−f2(s,x(s),y(s))
∣∣

s
ds+

k∑
i=1

∣∣Ii(u(ti), v(ti))− Ii(x(ti), y(ti))
∣∣

≤ λβεβ +Aβ (k3∥u− x∥PC + k4∥v − y∥PC) +
k∑

i=1
(b1i∥u− x∥PC + b2i∥v − y∥PC)

≤ λβεβ +

[
Aβk3 +

k∑
i=1

b1i

]
∥u− x∥PC +

[
Aβk4 +

k∑
i=1

b2i

]
∥v − y∥PC

≤ λβεβ + Λ∗
1∥u− x∥PC + Λ∗

2∥v − y∥PC .

Thus, we get

∥∥v − y
∥∥
PC

≤ λβεβ
1− Λ∗

2

+
Λ∗
1

1− Λ∗
2

∥v − y∥PC . (4.8)

The equivalent matrix of Eqs. (4.7) and (4.8) is given as:

 1 − Λ2

1−Λ1

− Λ∗
1

1−Λ∗
2

1


∥u− x∥PC

∥v − y∥PC

 ≤


λαεα
1−Λ1

λβεβ
1−Λ∗

2



Solving the above inequality, we get

∥u− x∥PC

∥v − y∥PC

 ≤

 1
Λ

Λ∗
1

Λ(1−Λ∗
2)

Λ2

Λ(1−Λ1)
1
Λ



λαεα
1−Λ1

λβεβ
1−Λ∗

2


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Further simplification of above system gives

∥u− x∥PC ≤ λαεα
Λ(1− Λ1)

+
Λ∗
1λβεβ

Λ(1− Λ∗
2)

2
,

∥v − y∥PC ≤ λβεβ
Λ(1− Λ∗

2)
+

Λ2λαεα
Λ(1− Λ2

1)
,

from which we have

∥u− x∥PC + ∥v − y∥PC ≤ λαεα
Λ(1− Λ1)

+
Λ∗
1λβεβ

Λ(1− Λ∗
2)

2
+

λβεβ
Λ(1− Λ∗

2)
+

Λ2λαεα
Λ(1− Λ2

1)
. (4.9)

Let ε = max{εα, εβ} , then from (4.9) we have

∥(u, v)− (x, y)∥PC ≤ λα,βε,

where

λα,β =

[
λαεα

Λ(1− Λ1)
+

Λ∗
1λβεβ

Λ(1− Λ∗
2)

2
+

λβεβ
Λ(1− Λ∗

2)
+

Λ2λαεα
Λ(1− Λ2

1)

]
.

Hence, problem (1.1) is Ulam–Hyers stable.
Over and above, if we write

∥(u, v)− (x, y)∥PC ≤ λα,βψ(ε), where ψ(0) = 0

then problem (1.1) is generalized Ulam–Hyers stable. 2

5. Example

Example 5.1 Consider the following differential equation system



(
D

1
2
t x
)
(t) = sin(x+y)

20(ln t+1) , t ∈ [1, e], t ̸= 5
3 ,(

D
1/2
t y

)
(t) = arctan t

3+|x+y| , t ∈ [1, e], t ̸= 5
3 ,

∆x( 53 ) = exp−
5
3

(
sinx( 53 ) + y( 53 )

)
,

∆y( 53 ) =
|x( 5

3 )+y(
5
3 )|

10 ,
x(1) = 1

2 ,
y(1) = 3

2 ,

(5.1)

Here, we have

f1(t, x, y) =
sin(x+ y)

20(ln t+ 1)
, f2(t, x, y) =

arctan t

3 + |x+ y|

and we simply check that

∀x, y, x, x ∈ R;
∣∣∣f1(t, x, y)− f1(t, x, y)

∣∣∣ ≤ 1

20

∣∣∣x− x
∣∣∣+ 1

20

∣∣∣y − y
∣∣∣, ∀t ∈ [1, e],
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∀x, y, x, x ∈ R;
∣∣∣f2(t, x, y)− f2(t, x, y)

∣∣∣ ≤ π

18

∣∣∣x− x|+ π

18

∣∣∣y − y
∣∣∣, ∀t ∈ [1, e],

∣∣∣∣∣I
(
x(

5

3
), y(

5

3
)

)
− I

(
x(

5

3
), y(

5

3
)

) ∣∣∣∣∣ ≤ e
−5
3

∣∣∣x− x
∣∣∣+ e

−5
3

∣∣∣y − y
∣∣∣,

∣∣∣∣∣I
(
x(

5

3
), y(

5

3
)

)
− I

(
x(

5

3
), y(

5

3
)

) ∣∣∣∣∣ ≤ 1

10

∣∣∣x− x
∣∣∣+ 1

10

∣∣∣y − y
∣∣∣.

Therefore the matrix

A =

(
0.23. 0.23
0.3 0.3

)

converges to zero since its eigenvalues are
∣∣∣λ∣∣∣ = √

0.5 =< 1 . From Theorem (3.2), the problem (5.1) has a

unique solution.
On the other hand, we have Λ2 = Λ1 = 0.24, Λ∗

1 = Λ∗
2 = 0.31. Therefore

Λ = 1− 0.24 ∗ 0.31
(1− 0.24)(1− 0.31)

= 0.86 ̸= 0

Therefore, the coupled system (5.1) is Ulam–Hyers stable, generalized Ulam–Hyers stable.
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