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Abstract: In this paper, we classify relatively minimal genus-1 holomorphic Lefschetz pencils up to smooth isomor-
phism. We first show that such a pencil is isomorphic to either the pencil on P! x P! of bidegree (2,2) or a blow-up
of the pencil on P? of degree 3, provided that no fiber of a pencil contains an embedded sphere (note that one can
easily classify genus-1 Lefschetz pencils with an embedded sphere in a fiber). We further determine the monodromy

factorizations of these pencils and show that the isomorphism class of a blow-up of the pencil on P? of degree 3 does
not depend on the choice of blown-up base points. We also show that the genus-1 Lefschetz pencils constructed by

Korkmaz-Ozbagci (with nine base points) and Tanaka (with eight base points) are respectively isomorphic to the pencils

on P? and P! x P! above, in particular these are both holomorphic.
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1. Introduction
Classification problems of Lefschetz fibrations up to smooth isomorphism have attracted a lot of interest since
around 1980. The first result concerning the problems was given in [13, 18], in which Kas and Moishezon
independently classified genus-1 Lefschetz fibrations over the 2-sphere. This classification result was extended
to more general genus-1 fibrations: those with general base spaces and achiral singularities [12, 15, 16].
Furthermore, Siebert and Tian [28] classified genus-2 Lefschetz fibrations over the 2-sphere with transitive
monodromies and no reducible fibers by showing that such fibrations are always holomorphic. Classifications
up to stabilizations by fiber sums were also studied in [1-5].

Whereas there are various results on classifications of Lefschetz fibrations, very little is known about the
corresponding results on Lefschetz pencils, aside from the classification of genus-0 pencils implicitly given in
[26]. In this paper, we will deal with the classification problem of genus-1 Lefschetz pencils. We first show that

a genus-1 holomorphic Lefschetz pencil is isomorphic to either of the standard ones given below:

Theorem 1.1 Let f: X --» P! be a genus-1 relatively minimal holomorphic Lefschetz pencil. Suppose that
no fibers of f contain an embedded sphere. Then either of the following holds:

L] 18 SMoo Y 1s0morpnic 1o € one ootarne Y owmng-up € eJjscnetz penct n - - , which 18
; thly i hic to th btained by blows the Lefschet il P2 PL, which i

the composition of the Veronese embedding vs : P2 < P9 of degree 3 and a generic projection P° --» PL.
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o f is smoothly isomorphic to the Lefschetz pencil fo: P1 x P! ——s P!, which is the composition of the Segre
embedding o : P! x P! < P3| the Veronese embedding vy : P2 < P? of degree 2, and a generic projection
P? - PL.

The subscripts "n” and ”s” for the Lefschetz pencils f, and fs represent the properties "nonspin” and "spin”,
respectively. Note that, needless to say, the blow-ups of f also give Lefschetz pencils. Theorem 1.1 implies that
such pencils are isomorphic to the blow-ups of f,,. The assumption of relative minimality and the additional
requirement that no fibers contain an embedded sphere with any self-intersection number should not be confused.
The latter is required to exclude inessential Lefschetz pencils. For more detail, see Remark 3.2.

Although the isomorphism classes of the pencils f, and fs; do not depend on the choice of generic
projections PY --» P! (cf. Remark 2.2), one cannot deduce immediately from Theroem 1.1 that the isomorphism
class of a blow-up of f, does not depend on the choice of blown-up base points (one can indeed find in [10]
examples of a pair of nonisomorphic pencils that are obtained by blowing-up a common pencil at the same
number but different combinations of base points). We next address this issue by examining the monodromies
of f, and fs.

It is a standard fact in the literature that there is one-to-one correspondence between the isomorphism
classes of genus-g Lefschetz pencils with m critical points and k base points and the Hurwitz equivalence
classes of factorizations

te, -+ te, =15, - ts

k

m

of the boundary multitwist s, - - - ts5, as products of positive Dehn twists in the mapping class group of a k-holed

k
surface of genus g. Here, J; stands for a simple closed curve parallel to the i-th boundary component. Such
a factorization is called a monodromy factorization in general, or also a k-holed torus relation when g = 1.
Relying on the theory of braid monodromies due to Moishezon-Teicher [19-23] we determine the monodromy
factorizations of f, and fs. We further analyze the Hurwitz equivalence classes of the factorizations, and

eventually show the following:

Theorem 1.2 Let f: X --+ P! be a relatively minimal genus-1 holomorphic Lefschetz pencil without embedded
spheres in fibers. The monodromy factorization of f is Hurwitz equivalent to that of one of the pencils in Table
1 (the curves in the table are given in Figure 1). In particular, the isomorphism class of a blow-up of f, does

not depend on the choice of blown-up base points.

Note that according to the aforementioned works of Kas and Moishezon [13, 18] the only genus-1 Lefschetz
fibration that admits a (—1)-section is the well-known rational elliptic fibration F(1) — P!, whose monodromy
factorization is (tqt,)® = 1, where a is the meridian and b is the longitude of the torus. Thus, any genus-1
Lefschetz pencil, even a nonholomorphic one (if exists), must descend to this fibration after blowing-up all the
base points. This is clearly reflected in Table 1, where once more blowing-up of the pencil f,#8P? results in
E(1) = P2§9P? and (t.t,)% = 1.

Examples of explicit k-holed torus relations have also been discovered in purely topological and combina-
torial ways, without relying on the knowledge from complex geometry. Korkmaz and Ozbagci [14] systematically
constructed k-holed torus relations up to the largest possible £k = 9 for the first time. Then an 8-holed torus
relation was constructed by Tanaka [31]. In both of the studies, the authors obtained those relations by com-

bining certain known relations (i.e. the 2-chain relation and the lantern relation) in the mapping class groups.
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Table 1. Classification of the genus-1 holomorphic Lefschetz pencils. The boundary multitwist ¢s, - - - ts
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. is represented

by O .

Pencil | Number of base points | Monodromy factorization Total space

fn 9 taytoitoytbstastostostostastotosts, = 0o | P2

fs 8 tar by tostastosthstas tosthgtarth tos = O | P x P!

fofP? | 8 taytistastostostastbatvstogtarto tvs = Og | P2HP?

fofi2P? | 7 tartortastbstasthsthstastostogtasty, = 07 | P242P?

fni3P? | 6 tarth, tastbytastbstastvatastvstastss, = O | P243P?

fnfdP? | 5 12 by, t2 thytagtostasto,tastos = Os P244P?

fni5P? | 4 t2 12 by, b2t t2 by, = Oy P245P2
~ (taytastotastasty)? = Oa

fnt6P? | 3 t3 3 by, t3 th, = O3 P246P2
~ (tastastasts)® = 03

fnfTP? | 2 (tastotay )t = 0o P247P?

fnf8P? | 1 (ta,ts)® = 01 P248P2

Figure 1. The curves on the k-holed torus E¥.

Ozbagci [25] later observed that the two 8-holed torus relations by Korkmaz-Ozbagei and by Tanaka are not

Hurwitz equivalent. Some other 8-holed torus relations are also constructed in [9, 10], though it turns out that

they are Hurwitz equivalent to either Korkmaz-Ozbagci’s or Tanaka’s. We will show that the k-holed torus

relations of Korkmaz-Ozbagci and Tanaka are Hurwitz equivalent to the monodromy factorizations in Table 1,

in particular we conclude that the Lefschetz pencils associated with their relations are holomorphic (Theorems

5.1 and 5.2).

The virtue of our presentations of the k-holed torus relations in Table 1 is that the curves involved are

remarkably simple as they are well-organized lifts of the meridian and longitude of a closed torus. As the
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k-holed torus relations are fundamentally important to construct relations in the mapping class groups of even
higher genera, having simpler expressions may help those who try to use them.

As our results in the present paper take care of holomorphic pencils, the next step shall be the ultimate
classification of genus-1 smooth Lefschetz pencils. Although we speculate that any genus-1 Lefschetz pencil
is isomorphic to one of the holomorphic ones, we do not have the machinery to prove this. This leaves the

following open question.

Question 1.3 Is there a nonholomorphic genus-1 Lefschetz pencil? In other words, is there a k-holed torus

relation that is not Hurwitz equivalent to any of the k-holed torus relations in Table 17

The paper is organized as follows. In Section 2, we briefly review basic properties of holomorphic Lefschetz
pencils and monodromy factorizations. Section 3 is devoted to proving Theroem 1.1. In Section 4, we determine
monodromy factorizations of the pencils f,, and f,. We analyze combinatorial properties of the monodromy
factorizations of f,, and fs in Section 5, completing the proof of Theorem 1.2. Finally in Section 6, we discuss

some additional topics related to the pencils and k-holed torus relations.

2. Preliminaries

Throughout this paper, we will assume that manifolds are smooth, connected, oriented, and closed unless
otherwise noted. We denote the n-dimensional complex projective space by P™. Let X be a 4-manifold. A
Lefschetz pencil on X is a smooth mapping f : X \ B — P! defined on the complement of a nonempty finite
subset B C X satisfying the following conditions:

« for any critical point p € X of f, there exists a complex coordinate neighborhood (U,p : U — C?)
(resp. (V,9: V — C)) at p (resp. f(p)) compatible with the orientation such that 1 o f o o =1(2z,w) is

equal to 22 + w?,

o for any b € B, there exists a complex coordinate neighborhood (U, ¢) of b compatible with the orientation

and an orientation preserving diffeomorphism & : P! — P! such that £ o f o p~1(z,w) is equal to [z : w],
e the restriction f|crie(y) is injective.

The set B is called the base point set of f. In this paper we will use the dashed arrow --+ to represent
Lefschetz pencils, e.g., f: X --+ P!, when we do not need to represent the base point set explicitly (note that
this symbol will be also used to represent meromorphic mappings). For a Lefschetz pencil f, the genus of the
closure of a regular fiber is called the genus of f.

A Lefschetz pencil f is said to be relatively minimal if no fiber of f contains a (—1)-sphere. Let
f:+ X --» P! be a Lefschetz pencil, X be a blow-up of X at a point and 7 : X — X be the blow-down
mapping. One can construct a Lefschetz pencil f : X —-» P! so that f = f om on the complement of the
exceptional sphere. Conversely, any relatively nonminimal Lefschetz pencil can be obtained from a relatively
minimal one by this construction. In particular, relatively nonminimal Lefschetz pencils are inessential in the
context of classification, and thus, we will assume that Lefschetz pencils are relatively minimal unless otherwise

noted.
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2.1. Holomorphic Lefschetz pencils
A Lefschetz pencil f : X --» P! is said to be holomorphic if there exists a complex structure of X such that f is

holomorphic and we can take biholomorphic ¢, %, and £ in the conditions in the definition above. A Lefschetz
pencil on a complex surface S is said to be holomorphic if it is holomorphic with respect to the given complex
structure. For a complex surface S, it is well-known that a divisor D € Div(S) gives rise to a line bundle over
S, which we denote by [D] (see [8] for details).

Proposition 2.1 Let S be a complex surface, f:S --+ P! be a holomorphic Lefschetz pencil, and F C S be
the closure of a fiber of f.

1. The genus of f is equal to (24 F? + Kg(F))/2, where Kg € H?(S;Z) is the canonical class of S and
F € Hy(S;Z) is the homology class represented by F.

2. There exist sections sg,s1 of the line bundle [F)] such that f is equal to [so :s1]: S --+ PL.

8. Let C' C S be an irreducible curve. The intersection number C - F is greater than or equal to 0.

Furthermore, it is equal to 0 if and only if C' is a component of a fiber of f without base points.

Proof (1) is merely a consequence of the adjunction formula, and we can prove (2) in the same way as that
for [11, Lemma 3.1]. In what follows we will prove (3). Let S be the complex surface obtained by blowing-up
S at all the base points of f and C € S (resp. F C S) be the proper transform of C' (resp. F'). The pencil f
induces a fibration f: S — P'. Without loss of generality we can assume that F' does not contain any singular
point of C' and any critical point of f\é Since F is a fiber of f, the intersection number F - C is equal to

4(F N C). Hence, we obtain:
F.-C=F-C+4CnB)=#FnNC)+4CNB)>0.

Moreover, the equality holds only if C N B = () and f | is a constant map. The latter condition implies that
C is contained in a fiber of f. O

Remark 2.2 For a line bundle L over a complex surface S with sections, we can define a meromorphic
mapping o1, : S --+ P71 as follows:

pr(r) = [s1(z) - si(a)],
where s1,...,s; is a basis of H°(S;L). The statement (2) of Proposition 2.1 implies that f is the composition
of prpy S —=» Pt (where m = dim H°(S; [F]) ) and a projection P™~' --» P!, Note that the composition of
1, and a projection P' —-» P! is not always a Lefschetz pencil. It is known, however, that the composition is a

Lefschetz pencil provided that L is very ample and the projection is generic. Moreover, the smooth isomorphism

class of the Lefschetz pencil does not depend on the choice of this projection (see [11, 32]).

2.2. Monodromy factorizations

For a compact oriented connected surface ¥ (possibly with boundaries), we denote by Diff(X) the set of
self-diffeomorphisms of ¥ preserving the boundary pointwise, endowed with the Whitney C°°-topology. Let
MCG(X) = m(Diff(¥)), which has the group structure defined by the composition of representatives.
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Let f: X\ B — P! be a genus-g Lefschetz pencil with & base points and @ = {q1,...,qn} C P! be
the set of critical values of f. We take a point gy € P\ Q and a path a; C P! (i =1,...,m) from ¢y to ¢;

satisfying the following conditions:

e 1,...,q,, are mutually distinct except at the common initial point go,

e Qi,...,0,;, appear in this order when we go around ¢g counterclockwise.

The system of paths (aq,...,q,,) satisfying the conditions above is called a Hurwitz path system of f. Let
~vi C P! be a based loop with the base point gy obtained by connecting gy with a small circle oriented
counterclockwise by «;. It is known that the monodromy along ~; is the Dehn twist along some simple closed
curve ¢; C fT(c]o), called a vanishing cycle of f with respect to the path «;. Furthermore, we can obtain the

following relation in MCG(f~1(qo) \ ¥B):

tc ..tcl :tél...tém (21)

m

where vB is a tubular neighborhood of B C f~1(qy) and 61,...,0, C f~1(qo) \ ¥B are simple closed curves
parallel to the boundary components. We call this relation a monodromy factorization of f. Conversely, let
ZS be a genus-g compact surface with & boundary components, and ¢y, ...,¢n C Eg be simple closed curves
satisfying the relation (2.1) in MCG(X}). We can construct a genus-g Lefschetz pencil f: X \ B — P with k

base points and vanishing cycles ¢i, ..., ¢n, under some identification of the complement f~1(go) \ ¥B of the

closure of a regular fiber with E’g.

3. Complex surfaces admitting genus-1 Lefschetz pencils

This section is devoted to proving Theroem 1.1, which one can easily deduce from the following theorem.

Theorem 3.1 Let S be a complex surface, f:S --+ P! be a genus-1 holomorphic Lefschetz pencil, and F be
the closure of a fiber of f. Suppose that no fibers of f contain an embedded sphere. Then either of the following
holds:

o the complex surface S can be obtained by blowing-up P? at | < 8 points and F is linearly equivalent

to 3H — Zi’:l E;, where H is the total transform of a projective line H' in P? and E1,...,E; are the

exceptional spheres.

o the complex surface S is P! x P! and F is linearly equivalent to 2F, + 2F,, where F; is a fiber of the

projection m; : P! x P — P! onto the i-th component.

Remark 3.2 This remark concerns the assumption that no fibers of a pencil contain an embedded sphere, which
1s required in not only the theorem above but also the main theorems in the paper. Even if a Lefschetz pencil is

relatively minimal, a fiber of it might contain an embedded sphere. For example, let us consider the Lefschetz

pencil for: Xgx -—» PY with the following monodromy factorization:
ts, -+ ts, =5, - L5, in MCG(ES) (3.1)
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The total space X4 1 is a ruled surface and the pencil fy 1 has k critical (resp. base) points corresponding to the
twists in the left-hand (resp. right-hand) side of (3.1). This pencil is relatively minimal but each singular fiber of
it contains a sphere. Furthermore, there exist other types of such Lefschetz pencils with genus-0: the pencils of
degree 1 and 2 curves in P?. The former (resp. the latter) gives rise to the trivial relation 1 = t5 in MCG(D?)
(resp. the lantern relation) as the monodromy factorization. Such pencils, however, are not important in the
context of classification; if a (not necessarily holomorphic) relatively minimal Lefschetz pencil has an embedded
sphere in a fiber, it is isomorphic to one of the examples given here. This follows from the observation in [26,

Remark 2.4] for genus-0 and the lemma below for higher genera.

Lemma 3.3 Let f: X --» P! be a relatively minimal Lefschetz pencil with genus-g > 1. Suppose that there

exists an embedded sphere in a fiber of f. Then a monodromy factorization of f is ts, ---ts, =ts5, - - ts, -

Proof [Proof of Lemma 3.3] Let m and k be the numbers of critical points and base points of f, respectively,
and t.,, - te, =15, -+ -ts5, be a monodromy factorization of f, where ¢q,...,¢, C E’g“ be simple closed curves
in 2’;. By capping the boundary of E’; by disks, we can regard Z’g“ as a subsurface of the closed surface ¥, .
By the assumption, one of the vanishing cycles of f, say ci, is not essential in ¥,. Let S be the closure
of the genus-0 component of the complement E’; \ ¢1. Since f is relatively minimal, S contains a boundary
component of E’g“. By capping all the boundary components of E’g“ except for one in S, we obtain the following
relation in MCG(Eé):

by tey  te, =ts=>toy - te =1

Cm Cm

If one of the curves co, ..., ¢, is essential in E;, the equality above implies that there exists a relatively minimal
nontrivial genus-g Lefschetz fibration with a square-zero section, contradicting [29, Proposition 3.3] and [30,
Lemma 2.1]. Thus, all the curves ¢y, ..., ¢, bounds a genus-0 subsurface in Z’;. We can also deduce from the
observation above that the fundamental group of X is isomorphic to that of 3.

Let S; be the genus-0 component of Z’g \ ¢;. Suppose that S; contains more than one component of 82’;
for some i. Then X has a symplectic structure such that there exists an embedded symplectic sphere C' with
positive square. Since X is not rational, one can verify in the same way as that in the proof of [17, Theorem
1.4 (ii)] that X is an irrational ruled surface, C' is away from a maximal disjoint family of exceptional spheres,
and after blow-down C' becomes a fiber of a P!-bundle. However, this contradicts that C' has positive square.
We can eventually show that S; contains only one component of 82’; for each i = 1,...,m, in particular each
c; is isotopic to some ;. The lemma then follows from the fact that the subgroup of MCG(Z’;) generated by

ts,,---,ts, is isomorphic to the free abelian group ZF. O

Proof [Proof of Theorem 3.1] Let f : S --» P! be a genus-1 holomorphic Lefschetz pencil and f .S — P!
be the Lefschetz fibration obtained by blowing-up all the base points of f. By Lemma 3.3 and the assumption,
f is relatively minimal. We can deduce from the classification of genus-1 Lefschetz fibrations in the smooth
category (given in [18]) that S is diffeomorphic to P2#9P2. Thus, applying [6, Corollary 2], we can show that
S is a rational surface, in particular S is either P2 or a blow-up of the Hirzebruch surface S, for some n > 0
(for the definition of S, , see [8, Chap. 4, §.3]). Suppose that S is the projective plane. Then the number of the
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base points of f is equal to 9; thus, the self-intersection of F' is also equal to 9. Since the line bundle [F] has
at least two linearly independent sections by (2) of Proposition 2.1, F' is linearly equivalent to aH for some
a > 0 (note that the linear equivalence class of a divisor of a simply connected Kéhler manifold is uniquely
determined by the corresponding second cohomology class). The self-intersection of aH is equal to a?. Hence,
we can conclude that F' is linearly equivalent to 3H .

In the rest of the proof, we assume that S can be obtained by blowing-up the Hirzebruch surface S,
(n>0) 1 times (0 <" < 7). Let E\, C S, be a section of S,, (as a P!-bundle) with self-intersection —n
(which is unique when n > 0), and C’ C S, be a fiber of the same P!-bundle on S,,. We denote the total
transforms of E/_ and C’ by E., and C, respectively. Let E; C S be the total transform of the exceptional
sphere appearing in the i-th blow-up of S,,. Since S is simply connected and Kéhler, we can assume that F'
is linearly equivalent to the following divisor:

Y
0B +0C = > ciE; (a,b,c; € 7).

i=1

All the components of F,,C and E; are spheres. Since no fiber of f contains a sphere, we can deduce the

following inequality from (3) of Proposition 2.1:
a>0, b>na,and ¢; >0 (i=1,...,1). (3.2)

Since the number of base points of f is equal to the self-intersection of F', we obtain the following equality:
l/
8 —1' = —na® + 2ab — Z . (3.3)
i=1

The canonical class of S, is represented by the divisor —2F., — (2+ n)C (see [8, Chap. 4, §.3]). Thus, we can
deduce the following equality from (1) of Proposition 2.1:

v I
1
8—l'+(n—2)a—2b+§_1:ci:0<:>b:§ 8—l/+(n—2)a+§_16i : (3.4)

Combining the equalities (3.3) and (3.4), we obtain:

v v
—na®+a (n—2)a+8—l’+ZCi —Zc?—(S—l’):O
' i=1

i=1

-2+ 8-+ ci|a=) ¢ —-(B8-1)=0. (3.5)

i=1 i=1

We can regard (3.5) as a quadratic equation on a, whose discriminant must be nonnegative. Thus, the following

inequality holds:
v 4
8=+ e =8> d+@B-1)]>0
i=1 i=1
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U 2 U U

S| +28-10> -8 G —18-1)>0. (3.6)

=1 =1

Applying the Cauchy-Schwarz inequality to the vectors (Zi/:l Ciyer ey Zi,:l cz-> and (c1,...,cr), we obtain the

following inequality:

(3.7)

Since I’ is less than 8, we can deduce from this inequality that the sum Zilzl ¢? is equal to I’. This equality

together with the inequality in (3.2) implies that cq,...,¢p are all equal to 1. By substituting 1 for all the
¢i’s in (3.5), we obtain:

—2a°> +8a—-8=0=a=2.
We can further deduce from (3.4) that b is equal to n + 2. Since b is greater than na, n is equal to 0 or 1.

If n is equal to 1, the complex surface S is a blow-up of S, which is a blow-up of P? at a single point.

In other words, there is a sequence of blow-up from P? to S
SO =P SV =5 « @ ... S = 5 where | =1'+1. (3.8)

We denote the exceptional sphere in ¥; by E'6 The divisors E/_ and C’ are respectively linearly equivalent to
E(’) and H' — E(’) Let Ey C S be the total transform of E(’J The closure of a fiber F' of f is linearly equivalent
to aFs + bC — Zi/:l Ei =3H — 2221 FE;, where E; = EAi,l. Suppose that the j-th blow-up in the sequence
(3.8) is applied at a point on the exceptional sphere appearing in the i-th blow-up for some ¢ < j. Then the
divisor E; — E; would be linearly equivalent to a positive linear combination of spheres. By (3) of Proposition
2.1, the self-intersection (E; — E;) - F' would be positive, but this is not the case since F is linearly equivalent
to 3H — Zizl E;. We can eventually conclude that S is obtained from P? by blowing-up [ points.

Finally, suppose that n is equal to 0. The complex surface S is Sp = P! x P}, and E’_ and C’ are
respectively equal to F;, and Fy. Since the blow-up of P! x P! at a single point is biholomorphic to the surface
obtained by blowing-up P? at two points, we can assume that [ is equal to 0 without loss of generality. The

closure of a fiber F' is then linearly equivalent to aF} +bFy = 2F5 + 2F,. This completes the proof of Theorem
3.1. O

Proof [Proof of Theroem 1.1] We first observe that the Veronese embedding vs and the composition vg 00 are

embeddings corresponding to the very ample line bundles [3H]| and [2F; 4 2F3], respectively. Thus, according
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to Remark 2.2, the corollary holds if S is either P2 or P! x P'. Suppose that S is obtained by blowing up P?
[ times. We can regard the Lefschetz pencil f as a projective line in the complete linear system P(H°(S;[F])).
Let F = 22:1 E; be the exceptional divisor, 7 : S — P? be the blow-down mapping and s € H°(S;[E]) a

nontrivial section. We can then define the following linear mapping:
¢: HO(S;[F]) — H(S; [F] ® [E]) = H*(S; 7*[3H]), &(1) =T @ s.

Since the blow-down mapping 7 is birational, we can identify H(S; [F|®[E]) with H°(P?;[3H]) via 7. Under
this identification, the image £(f) is a genus-1 Lefschetz pencil defined on P?, which is smoothly isomorphic
to f, by Remark 2.2, and f can be obtained by blowing-up &£(f). O

4. Vanishing cycles of genus-1 Lefschetz pencils

As we have shown, any genus-1 Lefschetz pencil can be obtained by blowing-up either of the pencils f,, or f;
in Theroem 1.1. In this section we will determine vanishing cycles of these pencils relying on the theory of braid
monodromies due to Moishezon and Teicher. Throughout this section, we denote the projective varieties vz (IP?)

and vy o (Pt x PY) by U, and U, respectively.

4.1. Braid monodromy techniques
In this subsection, we will give a brief review on the theory of braid monodromies. We will first explain how
the theory is related with vanishing cycles of Lefschetz pencils appearing as generic pencils of very ample line
bundles, and then recall several facts we need to obtain monodromies of f, and fs;. The reader can refer to
[20-23] for more details on this subject.

Let V C P" be a nonsingular projective surface. Restricting a generic projection P" --» P2, we obtain
a regular mapping 7 : V — P? whose critical value set C' is a curve with nodes and cusps. We further take a
generic projection 7’ : P2 --» P! with base point py € P? so that the composition f := 7' o7m:V --» P! is
a Lefschetz pencil. The critical point set of f is equal to the set of critical points of m whose image by = is
a branch point of the restriction 7’'|. We can obtain the monodromy (or equivalently, vanishing cycles) of f
from the braid monodromy of C' (around branch points of 7’| ) explained below.

Let Q := {q1,...,qm} C P! be the set of images (by 7’) of branch points of 7’|c. Take a reference
point gy € P!\ Q. The closure of the preimage ©'~1(go) (which is equal to 7'~!(go) U {po}) is a line in P?
intersecting C' at d := deg C points. We take d + 1 points vg,v1,...,vq € S? and fix an identification of the

triple (7/=1(qo), ™~ 1(q0) N C, {po}) with (S?,{v1,...,va},{vo}). Note that we can also identify the restriction

7T|m : f~1(q0) — 7™1(qo) with a simple branched covering § : ¥ — S? branched at vy,...,vq (where a

simple branched covering is a branched covering such that all the branched points have degree 2). We next
take a Hurwitz path system (aq,...,q,) of f with the base point ¢go, and the corresponding loops ~; for
1=1,...,m as we took in Section 2.2. Taking the isotopy class of a parallel transport along ~; preserving C',

we obtain a sequence of elements 71, ..., 7, of the braid group B, defined as follows:
By := mo(Diff(S?, {v1,...,va},v0)),

where we denote by Diff(S?, {v1,...,v4},v0) the group of orientation-preserving self-diffeomorphisms of S2

preserving vy and the set {v1,...,vq4}. It is easy to see that each element 7; is a half twist along some
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path 3; C S? between two points in {vy,...,vq}. The path f; is called a Lefschetz vanishing cycle of the
corresponding branched point of 7’|c. The preimage 0~1(3;) has the unique circle component ¢; C ¥, and

this circle is a vanishing cycle of a Lefschetz singularity of f in f~1(g;) with respect to the path «;.

Remark 4.1 In the series of papers of Moishzon—Teicher, a Lefschetz vanishing cycle and a braid monodromy
are defined not only for branched points of the restriction of a projection on the critical value set, but also for
multiple points and cusps of a general curve in P?. The reader can refer to [21], for example, for details of this
subject. Note that we will deal with braid monodromies of multiple points (which is a Dehn twist along some

simple closed curve in a punctured sphere) in order to determine vanishing cycles of f, and fs.

Remark 4.2 Although the product t., ---t., in MCG(f~1(qo)) is equal to the unit, the product T, ---11 is

not equal to the unit since we do not consider braid monodromies of nodes and cusps of the critical value set C'.

In summary, we can get vanishing cycles of the Lefschetz pencils f, and fs; in Theroem 1.1 once we
obtain Lefschetz vanishing cycles of the branch points of the critical value sets of generic projections from U,
and U, to P? (and the monodromies of simple branched coverings defined over a line in P?, which can be
obtained easily in our situations). Moishezon and Teicher [23] obtained the Lefschetz vanishing cycles for U,
by giving a projective degeneration of U, to a union of planes, and then analyzing how Lefschetz vanishing
cycles are changed in the regeneration (the opposite deformation of the degeneration). As we will observe below,
the Lefschetz vanishing cycles for U, can also be obtained in the same way. In what follows, we will review the
definition of a projective degeneration and those for U,, and U given in [22] and [19], respectively.

An algebraic set Uy C P™ is said to be equivalent to another algebraic set U; C P™ if there exist
an algebraic set W C PV and projections w9 : PV --» P" and m; : PV --s» P™ such that the restriction
milw @ W — U; is an isomorphism for ¢ = 0,1. An algebraic set U’ C P™ is a projective degeneration of
U C P" if there exists an algebraic set W C PV x C such that W N (PY x {0}) is equivalent to U’ and
W N (PN x {€}) is equivalent to U for any ¢ with sufficiently small |¢| > 0. In this paper, we mean by U ~ U’
that U’ is the result of a projective degenerations from U. Following the notations in [22], we will describe

components of algebraic sets as follows:

o A surface equivalent to the image of the Veronese embedding of degree d on P2 is denoted by V;, and

described by a triangle in figures.

» A surface equivalent to the image of the embedding ¢z_4ic) on Si (I > 1) is denoted by T;, and

described by a trapezoid in figures.

A surface equivalent to the image of the embedding ¢(qr, +5r,) On P! x P! (a,b>0) is denoted by Uy,

and described by a square in figures.
Theorem 4.3 ([22]. A projective degeneration of U, .) There exists a sequence of projective degenera-

tions Uy, = YO o YO s ... ws YO from U, to a union of 9 planes Y®) . The intermediate algebraic sets

are described in Figure 2.
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Ty T;
V3
Vs T
Vi
(@) YO b)) YO . () Y® .
Vi Vi Vi Vi
U T U U
1,1 2/ 1,1 1,1 v W
Ui Vi Ui Vi Vi Vi
Wi
Vi Vi Vi
(d YO . (e) Y@ . 6 YO .

Figure 2. A sequence of projective degenerations of U, .

Theorem 4.4 ([19]. A projective degeneration of U.) There exists a sequence of projective degenera-

tions Uy =: ZO) ~s Z() s Z2) s ZOB) from U, to a union of 8 planes Z3) . The intermediate algebraic sets

are described in Figure 3.

U1,2 Ul,l Ul,l Vl Vl
) Vi 1%
Us o
Vi Vi
U U U
1,2 1,1 1,1 v, Vi
(a) 2O | (b) zM . (c) 2@ | (d) z® .

Figure 3. A sequence of projective degenerations of Us.

Remark 4.5 In each of the intermediate algebraic sets in Figure 2 and 3, any two components adjacent to

each other intersect on a rational curve, and the configuration of these curves are the same as that of the

segments between two regions in the figures. For example, in the algebraic set Y ®) | there are 9 lines appearing

as intersections of two adjacent components, and 7 multiple points in the line arrangement (see Figure J).

According to the observation in Remark 4.5, the sets of singular points of the algebraic sets Y®) and

Z®) are unions of lines, and so are the images of them by projections to P?. The braid monodromies of these

line arrangements in P? are completely determined in [20, Theorem 1X.2.1]. We will next review the relation

between these braid monodromies and those for the original varieties U,, and U, discussed in [21, 23].
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Ps P Fy

r, /|p,
Py

Py

Figure 4. Planes, lines, and multiple points in Y®

In the sequences of regenerations given in Theorems 4.3 and 4.4, the line arrangement in Y (%) (resp. Z ®) )
is also regenerated to the critical value set of the restriction of a generic projection on U, (resp. Ug). In this
regeneration process, each line in the arrangement is “doubled” in the following sense: if some small disk D
intersects a line in the arrangement at the center of D transversely, this disk intersects the critical value set of
the restriction of a generic projection at two points (note that, without loss of generality, we can assume that the
critical value set is sufficiently close to the line arrangement. See [19, §.1]). Furthermore, taking account of the
plane arrangement and its regeneration, we can observe that each of the multiple points of the line arrangement
has either of the following two properties:

e Three planes Pj, P», P3 go through this point. Among the three planes, P; and P;y; (i = 1,2) intersect
on a line, while P; and Pj5 intersect only at the point, in particular two lines Py N P, and P, N P3 go

through the point. In the regeneration process the line P; N P, regenerates before the regeneration of
PN Ps

o Six planes Pi,...,FPs go through this point. Among the six planes, P; and P; intersect on a line if
|7 — k| = 1 modulo 6, or intersect only at the point otherwise. Among six lines P, N Py,...,Ps N Py,
Py NP, and Py N Ps regenerate first at the same time, P, NP3 and Ps N P then regenerate at the same
time, and lastly Ps,NP, and Ps N P; regenerate at the same time.

In [19], the former multiple point is called a 2-point, while the latter one is called a type M 6-point.
Following the rules below, we can determine the braid monodromies of branch points appearing around these

points after the regeneration:

Theorem 4.6 (/23, Lemma 1]) One branch point appears around a 2-point after the regeneration. Suppose
that the Lefschetz vanishing cycle of the 2-point is a path B shown in Figure 5a, where v; is the intersection
of the reference fiber and the line P, N P;y1 (i =1,2). Then the Lefschetz vanishing cycle of the branch point

appearing after the regeneration is the path 8’ shown in Figure 5b.

v @————9 U2

B

(a) (b)

Figure 5. Lefschetz vanishing cycles of (a) a 2-point and (b) the branch point around a 2-point.
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Theorem 4.7 ([23, Lemmas 5, 6, 7 and 8]) Siz branch points appear around a type M 6-point after the
regeneration. Suppose that the Lefschetz vanishing cycle of the type M 6-point is a system of paths shown in
Figure Ga, where v; is the intersection of the reference fiber and the line P; N Piyq1 (taking indeces modulo 6 ).
Then there exists a system of reference paths (a1, ...,ag) for the six branch points, which appear in this order
when we go around the reference point counterclockwise, such that the Lefschetz vanishing cycle associated with
«; 1s the path B;, where B1 and Bg are shown in Figures 6b and 6c, while 8o, B3, B4, B5 are defined as:

Bo=PB, Bs=1."11(B), Ba=1,"7."(B), Bs =77, (B

(Here we denote the positive half twist along v; by 7, .)

[ L 4 L 4 L 4 L 4
U1 V2 Ve U3 Us V4

(a) The Lefschetz vanishing cycle of a type M 6-point.

(c) The Lefschetz vanishing cycle fg .

o o *—o *—o *—o *—o o o
94! V3 V4 V2
(d) The paths yi,...,

@\@

) The path f.

Figure 6. The paths around a type M 6-point.

Remark 4.8 In general, a generic projection on a regenerated surface to P2 might have branch points which do
not appear around multiple points of the original line arrangement. Such branch points are called extra branch
points in [19, 27]. According to Proposition 3.3.4 in [27], there are no extra branch points in U, , while there
are two extra branch points in U, (cf. [19, Proposition 5.2.4]). We will explain how to determine the braid

monodromies of these branch points in Section /.3.

4.2. Vanishing cycles of a pencil of degree-3 curves in P?

We will first calculate vanishing cycles of the Lefschetz pencil f,, : U, --+ P! given in Theroem 1.1. As shown
in Theorem 4.3, we can take a sequence of projective degenerations from U,, to a union of 9 planes Y®) . Let
C,, be the union of all the lines in Y®) appearing as intersections of two planes in Y®). We denote the planes
in Y the lines in C,, and the multiple points in C,, by {Pi}?_,, {1;}9-1 and {ay}{_, , respectively, as shown
in Figure 4. Note that all the multiple points in C,, are 2-points except for the unique type M 6-point ay.
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We can assume that Y®) and V() = U,, are both contained in PV and these are sufficiently close (cf. [19,
§.1]). Take generic projections 7 : PN --» P2 and 7/ : P2 -—» P'. Let 7 : U, — P? be the restriction of 7
on U, and a; = 7" o7(a;). As observed in [23], we can regard C,, as a subarrangement of a line arrangement
dual to generic introduced in [20, Section IX]. By [20, Theorem IX.2.1], we can take a point aj € P! away
from daf,...,a, and a simple path o} from aj to al so that «a}’s are mutually disjoint except at the common
initial point a(, the paths of,...,a% appear in this order when we go around af counterclockwise, and the

Lefschetz vanishing cycles associated with the paths of,...,a% are as shown in Figure 7, where the points

labeled with i is the intersection between the fiber 7/~ !(aj) € P? and the line n(l;) (i =1,...,9). We next

apply Theorems 4.6 and 4.7 in order to obtain the braid monodromies of the branch points of the restriction

7’ l& 6’; — P!, where 6’; is the critical value set of 7 : U, — P2. We eventually obtain a Hurwitz path system

(a1,...,012) of f,, (= 7' o7) such that the Lefschetz vanishing cycles of the branch points associated with
Q1,...,04,0Q9,...,012 are as shown in Figure 8, while those associated with as, ..., ag are respectively equal
to B, 7 M (B), 7, (B), e e (B), where the paths 8,741,y are given in Figure 9 and 7, is

the half twist along ~;.

1 2 3 4 5 6 7 8 9
.T. ( (] [ J [ (] .T.

(a) The LVCs associated with a} and a .

1 2 3 4 ) 6 7 8 9
o o (] ® ® o— ® ®

(b) The LVC associated with a, .

1 2 3 4 ) 6 7 8 9
[ ] (] [ ] [ ] [ ] [ ] [ ]

(c) The LVC associated with aj .

3 4 ) 6 7 8 9
® ® .\.-/.—. ®

(d) The LVC associated with a .

[ J
[ AW

1 2 3 4 ) 6 7 8 9

L] [ ] L J .\.-/. ® ® L]

(e) The LVC associated with a .

1 2 3 4 5 6 7

.\.-/. L] L] L] L] % ®

(f) The LVC associated with a .
Figure 7. The Lefschetz vanishing cycles (LVC) of a line arrangement dual to points in general position.

In order to obtain vanishing cycles of f, , we have to take the circle components of the preimages of the

Lefschetz vanishing cycles under the branched covering

7l fat(ah) = 7'~ (ap) (4.1)

Fal(ap) I
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22 33 44 55 6 6 77T 8¢

o o o o o o o o 2 o6
(a) The Lefschetz vanishing cycles associated with a; and a5 .

22 33 44 55 66 77T 8¢

1

99

(b) The Lefschetz vanishing cycle associated with a3 .
2 2 33 4 4 5 5 6 6 7T 8 &

e o e o e o e o e o ../.

(c) The Lefschetz vanishing cycle associated with a4 .

22 33 44 5 5 6 6 TT7T 8¢

(d) The Lefschetz vanishing cycle associated with ag .

22 3% 4 4 55 6 6 77 8 &

11 10

(e) The Lefschetz vanishing cycles associated with a9 and ay; .

(f) The Lefschetz vanishing cycle associated with a1z .

Figure 8. The Lefschetz vanishing cycles of branch points of the restriction 7r’|5;

1 v

2 2 33 4 4 55 6 6 7T 8 &
o(go Eo;o : o N\_ o m /e zo ;.)o

(a) The path B.

2 2 33 4 4 5 5 6 6 7T 8 8
o o o o o —o ° o

Y1 73 V4 V2

(b) The paths y1,y2,Y3,V4-

Figure 9. Paths in 7'~ !(a}).
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branched at 7'~ (a}) N C,. We denote the closure 7~ *(a}) by S, the intersection 7/~ (af) N C, by Q. We
take a point go € S\ Q and regard an element o in the symmetry group &g as a self-bijections of 77 1(qp)

sending the point in 771(go) close to P; to that close to P,(; for each i = 1,...,9 (note that we assumed

that U, is sufficiently close to Y(5)). Let o : m1(S\ Q,q) — &g be the monodromy representation of the
branched covering (4.1). As shown in Figure 10, we take a system of oriented paths 71,7, ..., 79,79 such that

the common initial point of them is gy and the end point of #; (resp. 7;) is the points labeled with 4 (resp. i').

11 22 33 4 4 55 6 6 v 8 & 99

do

Figure 10. The paths 71,71,...,19,m% in S. In this figure, these paths appear in this order when we go around gqo
clockwise.

Let 7; be a based loop in S\ @ with the base point gy which can be obtained by connecting gy with a
small clockwise circle around the point label with ¢ using 7;. We also take a based loop 77; in a similar manner.

The images o([7;]) and Q([TZD are easily calculated as follows:

o([m]) = o([m]) = (12), o([2]) = o)) = (23), o([7]) = e([H4]) = (24),
o([ia]) = o([n4]) = (35), o([)) = o([h)) = (47), o([76)) = e([m]) = (56),

o([ii7]) = o([n]) = (58), o([]) = (k) = (78), o([io)) = e([m]) = (79).

Note that all of these images are transpositions. We can thus describe the branched covering (4.1) as shown in
Figure 11. In this figure, the red circles in the upper surface m are the circle components of the preimages
of the red paths between branch points in the lower sphere WT(%)- The point represented by x in the lower
sphere is the base point of 7/, while those in the upper surface are the preimages of it. As described in Figure

12, the complement of small disk neighborhoods of the base points of f,, in the closure f, 1((16) is a nine-holed
torus. One can shrink the subsurfaces of the surface in Figure 12a labeled with 1,6, and 9 to obtain that in
Figure 12b. Those in Figures 12b and 12c¢ are homeomorphic to each other. Taking the preimages of the paths
described in Figure 8 and 9 under the branched covering described in Figure 11, we can eventually obtain a

monodromy factorization t.,,0---ot., =ts5 0---ots, of f,, where the simple closed curves ci,...,cs,co,...,C12
are given in Figure 13, while cg, ¢7, cs are respectively equal to ¢ 't (cs), ¢y o (cs),t5 ey, (c5) , where

the simple closed curves di,ds,ds and d4 are given in Figure 13d.

4.3. Vanishing cycles of a pencil of curves with bi-degree-(2,2) in P! x P!

We will next calculate vanishing cycles of the Lefschetz pencil f, : U, --+ P'. Again, let Cs be the union of
all the lines in Z(3) appearing as intersections of two plane components, and denote the planes in Z(®) | the

lines in Cy and the multiple points in Cs by {Ps}5_,, {l; }3';:1 and {a;}{_,, respectively, as shown in Figure

14. We further take points a; and a7 on lg and [, respectively. Suppose that Z(3) and U, = Z(©) are both
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Q}_,I D
0 \L{: ;’D2
I D

\l' ﬁ|f7771((1(/))

Figure 11. The branched covering given in Equation 4.1.

! z —)2 . ' o O
Al rym— o [ N
Al ) S—]b ):
Q A=) @ 01— L] Jeo
C— e =) 5
4 ] ( d ): —°

(a) (b) (0)

Figure 12. The complement of neighborhoods of the base points in f *(aj).

contained in PV and these are sufficiently close. Moreover, without loss of generality, we can assume that the
line arrangement Cy is the same as that given in [20, Theorem IX.2.1] and the order of the lines in Cy (given
by indices) is the same as that in [20, Theorem 1X.2.1] (meaning that the order of the vertices in Cs is opposite
to that in [20, Theorem IX.2.1]). As in the previous subsection, let 7 : PV --s P2 and 7’ : P? --» P! be generic
projections, 7 : U, — P2 be the restriction of =, 6‘; be the critical value set of 7 and a, = 7’ o7(a;). Applying
[20, Theorem IX.2.1], we take a reference point af, € P! and reference paths o from a to a} (i =2,...,6) so
that the the corresponding Lefschetz vanishing cycles are as shown in Figure 15.

As observed in Remark 4.8, there are branch points of 7| o 6’; — P! which are not close to multiple

points of Cs. We take the regeneration from Z®) to Z(?) so that the planes Py and Py (resp. P, and Ps) are
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L

C

Oy ) Y
B ]

e -

(a) The vanishing cycles ¢; and c; .

(%

(b) The vanishing cycle c3 . (f) The vanishing cycles ¢y and ¢y

(c) The vanishing cycle c4 .

(d) The vanishing cycle cs.

Figure 13. Vanishing cycles of the Lefschetz pencil f, .
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Py Py /] 2

o 1n
P P, 6N I/
ly l57
Py Py 1 s
P2 Pl a6

Figure 14. Planes, lines and multiple points in Z® .

(a) The LVCs associated with a), aj, ag and ag.

1 2 3 4 5 6 7 8
[ ] [ ]

(b) The LVC associated with o .

Figure 15. The Lefschetz vanishing cycles (LVC) of a line arrangement dual to points in general position.

regenerated to Uy going through the points a1, as,as,as (resp. aq,as,a6,a7). (See [22, §.3.5] for the detail
of this regeneration.) Analyzing the model of such a regeneration given in the proof of [22, Proposition 14], we
can verify that the two extra branch points of 7| &, appear around a; and a7. We can further show that, for
suitable reference paths a; and ajz from afy to the images of the branch points near a; and a7, respectively,
the Lefschetz vanishing cycles of the two extra branch points associated with «; and «12 are as shown in
Figure 16 (cf. [27, §.3.3]). By applying Theorems 4.6 and 4.7, we can take reference paths «; (i =2,...,11)
so that (aq,...,a12) is a Hurwitz path system of f,, and the Lefschetz vanishing cycles of branch points of

7~T|5 associated with «s, ag, a4, ag, a1g, @11 are as shown in Figure 17, while those associated with as, ..., as

are respectively equal to 3, ,Ysl ;41(5), »?11 7;1(5)7 {11 ,;21 %177741(5), where the paths 5,7v1,...,74 are given

in Figures 17f and 17g. As in the previous subsection, we next consider the following branched covering:
11 2 2 33 4 4 5 5 6 6 77 8 &

*—o e o e o o o e o e o e o *—o

12 1

Figure 16. The Lefschetz vanishing cycles associated with a; and ai2.

Al Jo @) — 7 (ap). (42)

By calculating the monodromy representation of this covering, we can describe this branched covering as shown
in Figures 18 and 19. Taking the preimages of the paths described in Figure 17 under the branched covering

described in Figure 18, we can obtain a monodromy factorization t.,, o ---ot,, =ts5 o---ots, of fs, where
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the simple closed curves ci,...,cs5,c9,...,c12 are given in Figure 20, while cg, c7, cg are respectively equal to
tg;t;f(%), t;lltg; (c5), t;llt;;tg;t;f(%), where the simple closed curves di,ds,ds, and d4 are given in Figure

20e.

11 22 33 44 5 5 6 6 T 8%

oo@ LI ) LI ) 2 o0 LI )

(a) The Lefschetz vanishing cycles associated with o, and ai; .
11 2 2 33 4 4 55 6 6 7T 8 8
o o e o e o e o e o o o e o

(b) The Lefschetz vanishing cycle associated with o .
171 2 2 33 4 4 55 6 6 7T 8 &

o o o o o o o o o o o o ../.

(c) The Lefschetz vanishing cycle associated with ay .

171 2 2 33 4 4 55 6 6 77 8 8

.\.. o o o o o o o o o o o o

(d) The Lefschetz vanishing cycle associated with ayg .

11 2 2 33 4 4 5 5 6 6 77 8 8
o o o o o o o o o o o o o

(e) The Lefschetz vanishing cycle associated with aj .

171 2 2 33 4 4 55 6 6 77 8 &

(f) The path B.

11 22 33 44 55 6 6 T 8%

o o *—o o o *—o *—o o o *—o o o
71 V3 V4 V2
(g) The paths y1,y2,y3, V4.

Figure 17. The Lefschetz vanishing cycles of branch points of the restriction 7r'|55 :Cy — P,
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Figure 18. The branched covering given in Equation 4.2.
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Figure 19. The complement of neighborhoods of the base points in f;l(a{)).

5. Combinatorial structures of genus-1 pencils

In this section we study the combinatorial structures of the monodromy factorizations associated with the genus-
1 holomorphic Lefschetz pencils. We will simplify those factorizations and show that they are Hurwitz equivalent
to the known k-holed torus relations, which were combinatorially constructed by Korkmaz-Ozbagci [14] and
Tanaka [31]. In particular, we will see that a genus-1 holomorphic Lefschetz pencil obtained by blowing-up
another holomorphic pencil is uniquely determined by the number of the blown-up points and independent of
particular choices of such points. Thus, we complete the classification of genus-1 holomorphic Lefschetz pencils

in the smooth category.
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=

[

Q =

(b) The vanishing cycles ¢; and cy; . (f) The vanishing cycle cq .

(d) The vanishing cycle c4. (g) The vanishing cycle cyo .

Figure 20. Vanishing cycles of the Lefschetz pencil fs.
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In the remainder of the paper, we simplify the notations regarding Dehn twists as follows. We will denote
the right-handed Dehn twist along a curve « also by «, and its inverse, i.e. the left-handed Dehn twist along
a, by @. We continue to use the functional notation for multiplication; Sa means we first apply « and then 5.
In addition, we denote the conjugation afSa& by o8), which is the Dehn twist along the curve ¢,(5). Finally,

we use the symbol J; to denote the boundary multitwist 6195 - - - dy .

5.1. Monodromies of the minimal pencils

We first deal with the minimal holomorphic Lefschetz pencils f,, and fs; as they are the base cases in the sense

that the other holomorphic pencils are obtained by blowing-up those two pencils.

5.1.1. Monodromy of f,

In Section 4.2 we obtained a monodromy factorization of f,,

€12C11€10C9C8CTCEC5C4C3C2C1 = 010203040506070809

with the vanishing cycles computed in Figure 13 where ¢ = g,4,(cs5), ¢7 = 4,4,(cs), and ¢cs = 7, 4,4,4,(c5). The

curves are redrawn on a standardly positioned torus in Figure 21. We further reposition the surface by pushing

Figure 21. Redrawing of the vanishing cycles of f, on a standard 9-holed torus XY .

the boundary components as indicated in Figure 22; we first swap §; and 3, also d7 and dg, then push the
boundary components except for do and d3 along the meridian in the indicated directions. Accordingly, the

vanishing cycles are now configured as in Figure 23. We further modify the factorization by Hurwitz moves.
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Figure 23. Vanishing cycles after repositioning the surface 7.

010203040506070809 = C12€11C10C9C8CTCEC5C4C3C2CT

~ C11C9Cg C7CC5C12C4C3C1C2C10
/ /
~ C11C8C9C126,,(C7)15(Co ) C5CaCsCrCac10
/ /!
~ C11C8C9C125,,(€7)1,(Co ) CyChCaC1 Cac10
/ / /
~ C110869012512(C7)0453512(06)05030102010
/ / 1/
~ C11Cg09012512(67)04030151535;1512(66)05 C2C10
/! / s
~ C5C11C9C1261,(C7)€4C3C1C5 CoCaCo0
/ / / /! /
~ Cger (Co)ChiCrze,(c7)er(ca)chcrcs (ca)cscio

1103

~ Cger (€9)C12815(Ch1)enn(€7)ey(€3)C1e,(Ch) 5 ep(C2) Cr02,0(Ch)
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/ / / /! / / / 3 3
where g = 69(08) ) C5 = aa(C5), €y = cg(04) » €5 = E153(65) » €11 = ¢ (c11), C6 = ciey 535f4512(c6) . It is routine to
observe that the resulting curves are as depicted in Figure 24a and the last expression is a1b1b2b3a4b4b5bga7b7bgbg

up to labeling and a permutation. Thus, we obtain the simpler monodromy factorization of f,,:

(a) The simplified relation Ng = dg. (b) The original relation.

Figure 24. The curves for Korkmaz-Ozbagci’s 9-holed torus relation.

a1b1b2b3a4b4b5b6a7b7bgbg = 515253545556575859; (5].)

We refer to this relation as Ng = 0y .

We are now ready for proving the following:

Theorem 5.1 The monodromy factorization N9 = 0y is Hurwitz equivalent to Korkmaz-Ozbagci’s 9-holed

torus relation given in [14].

Proof With the curves shown in Figure 24b, Korkmaz and Ozbagci [14] gave the 9-holed torus relation
Bao3o6sS1040702 37050808 = 010203040506070809, (5.2)

where B4 = o,(8), 81 = o,(8) and B7 = 4,(5). We modify this relation as follows:

010203040506070809 = B403060531040702 7050808

~ 8.(03).(06) Bacis p,(04) g, (07) Brva p(05) p08) Bras
~ .03)5.(06)5.85(B1) ,(04) ,(07) 0285 81) (05 ) (8 ) s 2 B7)

~ Qs 075(,34)[31(04)/31(07)042 072(61 )B7(05)ﬁ7(08)a8&8(57)ﬁ4(03)ﬁ4(06) :

It is straightforward to see that the last expression coincides with the factorization Ny . O
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5.1.2. Monodromy of f;

A monodromy factorization of f, was computed in Section 4.3 as

€12€11C10C9C8CTCC5CAC3C2C1 = 0102030405060708

with the vanishing cycles found in Figure 20 where cs = 4,4,(c5), ¢7 = 4,4,(c5), and ¢cs = g, 4,4,4,(c5). The
curves are redrawn on a standardly positioned torus in Figure 25. We perform the global conjugation by didsds
to put the vanishing cycles as in Figure 26. For simplicity, we keep using the same labeling ¢; for the resulting

curves. We then transform the factorization as follows.

Figure 26. Vanishing cycles after the global conjugation by didads .
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0102030405060708 = €12€11C10C9C8CTCEC5C4C3C2CT

~ €C4C1C2C€10C9C8C7CC5C12C3C11

/ /

~ 0401C2Cgc10cQ(C7)C100966012C3C5011
/ / /

~ C4C7C1 * C2CgC10 * C9CpC12 * C3C5C11

~ 0,701616’7(04) : 0/80106106’8(62) : 0601251266(09) : C/50115116’5(03)

where ¢ = ,6,,(C5); €5 = c1000(C8) 5 €7 = ¢reacheroes(C7) - The resulting curves are as depicted in Figure 27a and

the last expression is a1b1bza3b3bsasbsbgarbrbs up to labeling and a permutation. Thus, we obtain the simpler

(a) The simplified relation Sg= 0ds . (b) The original relation.

Figure 27. The curves for Tanaka’s 8-holed torus relation.

monodromy factorization of fs:

a1b1baazbsbsasbsbgarbrbg = 0102630405066703, (5.3)

We refer to this relation as Sg = 0s.

Theorem 5.2 The monodromy factorization Sg = Og is Hurwitz equivalent to Tanaka’s 8-holed torus relation
given in [31].

Proof With the curves shown in Figure 27b, Tanaka [31] gave the 8-holed torus relation

a7 BgBe020100 0385860407 = 0102030405066708, (5.4)
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where B = a4(8), B2 = ax(8), Pz = a,(B), and B = o4(8). We modify this relation as follows:

0102030405060708 = a5 BgB20201 10385860407

~ aras B Ba0201a3a1 B3 Bs0407

)5 5,(02) 8,(01) B2 3.0, (B2) 1 go(04) o 07) B
02)52(01 )%al(ﬁi)a1ﬂ6(04)ﬁ6(0—7)@a5(56)
)8:(01)Q3.a5(B2) 0 (B2) 1 (04) e 07) 7 (86 ) o5 B5) -

The last expression coincides with Sg. O

5.2. Monodromy and uniqueness of the nonminimal pencils

By blowing-up some of the base points of f, or fs; we obtain a nonminimal holomorphic Lefschetz pencil. In
terms of monodromy factorization this corresponds to capping boundary components of Ng = 99 or Sg = 0g
with disks and obtaining a k-holed torus relation with smaller k. The question is whether the resulting pencil
is (smoothly) determined only by the number of blow-ups and independent of a particular set of base points
that we blow-up. We prove that the answer is affirmative by providing a “standard” k-holed torus relation
Ny, = 0y for each k < 8 and showing the blow-up of any one base point of Ny = 0k, or additionally Sg = 0g
when k = 8, is Hurwitz equivalent to Ni_1.

The next lemma summarizes the techniques that we will repeatedly use in the Hurwitz equivalence

computations.

Lemma 5.3 Consider the curves a;,b;,b in the k-holed torus X% as in Figure 1. Then the following relations

between Dehn twists in MCG(XX) are achieved by Hurwitz moves.
1. bb; ~ b;b, a;a; ~ aja;.
2. a;ba; ~ ba;b.
3. ba;b; ~ a;b;a;+1 ~ bja;4+1b ~ a;y1ba; .

Here the indices are taken modulo k.

The verification is easy.

5.2.1. One-time blow-up of f, and the 8-holed torus relation Ng = 0g

We consider the 9-holed torus relation Ng = J9 with the curves in Figure 24a (or Figure 1) and cap one of the
boundary components.

Case 1: Capping dg. This yields the relation

a1b1b2b3a4b4b5b6a7b7bgb = 5152535455565758 (55)

in MCG(X%) where the curves are now understood to lie in 3§ as in Figure 1 with k& = 8 (see also Figure 28).

Notice that the curve bg becomes the central longitude b as the boundary &g disappears. We modify the
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Figure 28. The relation Ng = 0Js.

relation as follows.
6162635465666768 = a1b1b2b3a4b4b5b6a7b7bgb

~ ba1 b1b2b3a4b4b5b6a7b7bg
~ a1b1a2b2b3a4b4b5b6a7b7b8.

Thus, we have the 8-holed torus relation
a1b1a2b2b3a4b4b5b6a7b7bg = (5152535455(56(576& (56)

to which we refer as Ng = Js.
Case 2: Capping dg or 7. Instead of g, we now cap dg or d7 of Ng = Jg. Then, after relabeling the curves
so that they match the curves in Figure 1 with & = 8, we have

a1b1b2b3a4b4bsbgarbrbby = 610203640506070s,

a1 bl b2b3 a4b4b5b6 (L7bb7b8 = 51 52(5354(55 56 5768 .

Both of them are clearly equivalent to the relation (5.5), and hence to Ng = s, since b commutes with b7 and
bs .

Case 3: The other boundary components d1,d2, -+ ,06. We can take advantage of the symmetry that the
relation Ng = Oy possesses and reduce to the cases we have already discussed. In Figure 24a, consider the
clockwise rotation r by 27/3 about the axis perpendicular to the page and through the center of the figure.
This diffeomorphism maps (a;, b;, ;) to (a;+3,bit3,;+3), where the indices are taken modulo 9. Then, via the
rotation r the relation Ng = 09 becomes

040506070809010203 = asbsbsbsarbrbgbga;bibabs,

which is just a permutation of N9 = 09. Therefore, capping g of Ng = Jy is the same as capping &g of

Ng = 09 after applying r; hence, it results in the relation Ng = dg. In the same way, capping d4 or 5 reduces

1

to capping d7 or Jg, respectively. If we consider the counterclockwise rotation =" we can reduce the cases of

41, 02, and &3 to the cases of d7, dg, or dg, respectively.
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5.2.2. Two-time blow-up of f,, and the 7-holed torus relation N; = 0y

We take the 8-holed torus relations Ng = 0g and Sg = Js and cap each one of the boundary components.

Case 1: Capping dg or d7 of Ng = 0s. They give
(51(52(53(54555667 = a1b1a2b2b3a4b4bsb6a7b7b,

01020304050607 = a1b1azbabzasbsbsbgarbby,

which are clearly equivalent as b commutes with b7. Then, from the second

51525354555657 = a1b1a2b2b3a4b4b5b6a7bb7

~ a1 bl a9 b2 b3a4b4b5 asbﬁ a7b7

~ a7b7a1 b1a2b2b3a4b4b5a6b6.

Then perform the clockwise rotation by 27/7, which shifts all the indices by 1. This results in the following

7-holed torus relation N; = 07:
a1b1a2b2a3bgb4a5b5b6a7b7 = 51525354655657.

Case 2: Capping dg, 05, or 64 of Ng = Jdg. They respectively give
615263645556(57 = a1b1a2b2b3a4b4b5ba6b6b7,

5152(53646556(57 = a1b1a2b2b3a4b4bb5a6b6b7,

51525354556667 = a1b1a2b2b3a4bb4b5a6bﬁb7,

which are equivalent to each other. From the first,

61525354555657 = a1b1a2b2b3a4b4b5ba666b7

~ a1biazbabsasbsbsasbsarby,

which is the same as the one in Case 1 right before applying the rotation.

Case 3: Capping 6o or 93 of Ng = Js. They give the equivalent relations
01020304050607 = a1b1azbabazbsbibsagbebr,
(51(52(53(54555667 = a1b1a2@a3b3b4b5a6b6b7.

From the first,
61526364555657 = alblagbgba3b3b4b5a6b6b7

~ a1b1a2b2a3b3a4b4b5a666b7.

(5.7)

By the counterclockwise rotation by 27/7 we can shift the indices by —1, which results in N; = d; up to a

permutation.
Case 4: Capping 6; of Ng = Jg. This yields
(51(52(5364556657 = alba1b1b2a3b3b4b5a6b6b7

~ Qalbbl bg as b3b4 b5 Qg b(,’ b7

~ albleba3b3b4b5agbb6b7

~ a1b1b2a3b3a4b4a5b5a6b6b7.
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Shifting the indices by —3 (or +4) by rotation we see that this is equivalent to N7 = d;.
Case 5: Capping dg or 7 of Sg = dg. They yield the equivalent relations

01020304050607 = a1b1b2asbzbsasbsbgarbrb,
5152(5354555667 = a1b1b2a3b3b4a5b5b6a7%.

From the first,
51625354555657 = b&1b1b2a3b3b4a5b5b6a7b7

~ a1brasbaasbsbsasbsbsarby,

which is exactly the expression N7.

Case 6: The other boundary components 01,2, ,0¢ of Sg = 0Jg. Observe that the relation Sg = 0g is
symmetric with respect to the rotation by 27/4. Therefore, in the similar way as Case 3 in Section 5.2.1, we
can reduce to the cases of capping dg or 7.

Note that from the argument so far we deduce that the blow-up of any two base points of f,, and the

blow-up of any one base point of f; are isomorphic.

5.2.3. Three-time blow-up of f, and the 6-holed torus relation Ng = Jg

We cap each one of the boundary components of N; = 0.

Case 1: Capping 67. We get
61(5253545556 = a1b1a2b2a3b3b4a5b5b6a1b

~ a1b1a2b2a3b3b4a5b5a6b6a1

~ a1b1a2b2a3b3b4a5@a6b6

~ a1b1a2b2a3b3b4a5bb5a6b6

~ a1b1a2b2a3b3a4b4a5b5a6b6.
Thus, we obtain the following 6-holed torus relation Ng = 0g:
a1b1a2b2a3b3a4b4a5b5a6b6 = 515253546556' (58)
Case 2: Capping dg or d5. They give the equivalent relations
010203040506 = a1biasbrazbsbsasbsbagbs,
615253646556 = a1b1a2b2a3b3b4a5b&a6b6.

From the second,

515253645556 = a1b1a2b2a3b3b4a5bb5a6b6

~ a1b1a2b2a3b3a4b4a5b5a6b6 = N6.

Case 3: Capping d4 or d3. They give the equivalent relations
010263040506 = a1biazbrazbsbasbibsacbs,

616253545556 = a1b1a2b2a3@a4b4b5a666.

1110



HAMADA and HAYANO/Turk J Math

From the first,

(5152(5354(556@ = a1b1a2b2a3b3ba4b4b5a6b6,

~ a1b1a2b2a3b3a4b4a5b5a6b6 = N@.

Case 4: Capping J5. We get
010203040506 = a1b1a2basbabzasbibsacbs
~ a1b1basbbabzasbybsagbe
~ a1b1bazbabzasbsasbsasbs

~ a1b1a262a363a4b4a5b5a6b6 = N6.

Case 5: Capping 6;. We get
010203040506 = a1ba,biasbabsasbsbsacbs
~ ba1bbiasbabsasbibsagbe
~ a1b1bagbabsasbsbsasbbs

~ a1b1a2b2a3b3a4b4a5b5a6b6 = Nﬁ.

5.2.4. Four-time blow-up of f,, and the 5-holed torus relation N5 = 05

We cap each one of the boundary components of Ng = 05 .

Case 1: Capping Jg. We get
5152535455 = a1b1a2b2a3b3a4b4a5b5a1b

~ a1baibiasbaaszbsasbiasbs
10a101G202a30304040505

~ a1a1b1a2a2b2a3b3a4b4a5b5.
We denote the resulting 5-holed torus relation by N5 = Js:
a1a1b1a2a2b2a3b3a4b4a5b5 = 51525354(55. (59)

Case 2: The other boundary components d1,ds,--- ,d5. Observe that the relation Ng = Jg is symmetric with

respect to the rotation by 27/6. Therefore, we can reduce all the other cases to Case 1.

5.2.5. Five-time blow-up of f,, and the 4-holed torus relation Ny, = 0,

We cap each one of the boundary components of N5 = 05 .

Case 1: Capping 65. We get
01020304 = ajaibiasasbyasbsasbsardb
~ ai1bajaibiasasbsazbzasby
~ baibaibiazasbraszbzasby
~ ai1baibiazazbrazazbzasby

~ a1a1b1a2a2b2a3a3b3a4a4b4.
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We take the last expression as the 4-holed torus relation Ny = Oy:

a1a1b1a2a2b2a3a3b3a4a4b4 = (51(526364. (510)

Case 2: Capping 64. We get

51(52(5354 = a1a1b1a2a2b2a3b3a4ba4b4

~ aiaibiasasbsasazbsasasby = Ny.

Case 3: Capping d3. We get

51(52(5354 = a1a1b1a2a2b2a3bagb3a4b4

~ a1a1b1a2a2b2a3a3b3a4a4b4 = N4.

Case 4: Capping J2. We get

(51625354 = alalblagagba2b2a363a4b4

~ alalblagbagbb2a3b3a4b4
~ alalblagba2b2a3b3a4a4b4

~ a1a1b1a2a262a3a3b3a4a4b4 = N4.

Case 5: Capping 6;. We get
01020304 = ajaibaiaibyiasbaazbsasby
~ aibaibaibiasbrazbsasby
~ a1bbaibbiasbsazbsasby
~ ajbaibiazbrazazbzasasby
~ aiaibiasasbsasazbsasasby = Ny.
Remark 5.4 The 4-holed torus relation Ny = 04 has a different but equally symmetric expression, which is
given in [14]. We can relate the two relations as follows.
01020304 = N4 = aja1brasasbsasasbsasasbs

~ aibiaz agbaas azbzay asbsan

~ ba1b1 ba2b2 ba3b3 ba4b4

~ agbalagba2a4ba3a1ba4

~ (a1a36a2a4b)2.

The last expression is Korkmaz-Ozbagci’s 4 -holed torus relation.

5.2.6. Six-time blow-up of f, and the 3-holed torus relation N3 = 03

We need to cap each one of the boundary components of Ny = 05. However, noticing that N, = 0, is symmetric

with respect to the rotation by 27 /4, it is clear that any capping gives an equivalent 3-holed torus relation.
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For reference, we give a symmetric expression. By capping 4, we get
(51(5253 = alalblagagbgagagbgalalb

~ alalbalalblagagbgagagbg

~ albalba1b1a2a2b2a3a3b73

~ a1a1a1b1a2aga2bga3a3a3b3.

We take the last expression as the 3-holed torus relation N3 = 053:

a1a1a1b1a2a2a2b2a3a3a3b3 = 615253.

(5.11)

Remark 5.5 The 3-holed torus relation N3 = 03 also has an alternative nice expression, which is called the

star relation [7]. Here we show the equivalence explicitly.
010203 = N3 = ara1a1b1aza2a2b2a3a3a3bs

~ a1a1b1a2a2a2b2a3a3a3b3a1

~ (11(121)(11(12@3[)&2(13(11[)(13
3
~ (a1a2a3b) .

The last expression gives nothing but the star relation.

5.2.7. Seven-time blow-up of f, and the 2-holed torus relation N, = 0

Since N3 = 03 is symmetric with respect to the rotation by 27/3 it is obvious that capping any one boundary

component of N3 = J3 yields an equivalent 2-holed torus relation.
Capping d3 of N3 = 03 gives

(51(52 = a1a1a1bla2a2a2b2a1a1a1b

~ ﬂalblagbagalbagalalb
~ balblagbagalbagalbal
~ asbaiasbasaibasabaq

~ (alba2)4.

Thus, we get the 2-holed torus relation No = Js:

(a1bag)* = 6102,

which is also known as the 3-chain relation.

5.2.8. Eight-time blow-up of f, and the 1-holed torus relation N; = 0;

Capping either §, or §; of Ny = 0y gives
51 = (alba1)4

= albalalbalalbalalbal

~ albalbalbalbalbalb = (alb)G.

(5.12)
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Writing a = a1, we get the 1-holed torus relation Ny = 0;:

(ab)® = 6y, (5.13)
which is also known as the 2-chain relation.

Remark 5.6 Our nonspin k-holed torus relations Ny = Oy are all Hurwitz equivalent to Korkmaz-Ozbagci’s
k-holed torus relations. The latter were constructed in the way that the 9-holed torus relation is a lift of the
smaller k-holed torus relations; hence, conversely, they can be obtained by capping boundary components of the
9-holed torus relation.

6. Final remarks
In this section, we discuss two additional topics related to the genus-1 holomorphic Lefschetz pencils and the k-
holed torus relations. We first present handle diagrams associated with the genus-1 pencils using the simplified

k-holed torus relations. We then summarize the contact topological aspect of the k-holed torus relations.

6.1. Handle diagrams
As we have shown, the relations Ng = dy and Sg = Jg correspond to the minimal holomorphic Lefschetz pencils
fn on P2 and f, on P! x P!, respectively (while the others Ny = ) (k < 9) are just blow-ups of them). In

Figure 29, we draw two handle diagrams of the elliptic Lefschetz fibration F(1) = P?#9P? — P! and locate
the (—1)-sections corresponding to Ng = J9 and Sg = Js. In each of the diagrams (with k¥ = 9 or 8), we

© ® @

(a) The nine (- 1)-sections corresponding to Ng = dg . (b) The eight (- 1)-sections corresponding toSg = Jg .

Figure 29. Handle diagrams of the elliptic Lefschetz fibration FE(1) = P?#9P? — P! with configurations of (—1)-
sections.The circled numbers indicate the location of the intersection points of the regular fiber and sections.
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first construct the trivial T2-fibration over D? by attaching two 1-handles to a 0-handle and then attaching
a 2-handle with framing 0. We fix k& points on the fiber that correspond to the boundary components of the
k-holed torus. On this fiber with %k fixed points, we attach twelve more 2-handles with framing —1 along the
vanishing cycles of the respective monodromy factorization, which describes a Lefschetz fibration over a disk
D3 . If we ignore the fixed points we can attach 2-, 3-, and 4-handles to build up the elliptic fibration E(1).
The meridians around the 2-handle with framing 0 that pass through the k fixed points are sections of the
fibration restricted over S' = dD?% . The sections can be extended to sections of the entire fibration over S2.
Blowing-down those sections must yield the 4-manifolds P? and P! x P!, respectively, and the exceptional

spheres become the base points of the Lefschetz pencils f,, and fs.

6.2. Stein fillings and k-holed torus relations

Positive Dehn twist factorizations (with homologically nontrivial curves) of elements in mapping class groups
of holed surfaces also provide positive allowable Lefschetz fibrations over D?, which in turn represent Stein
fillings of contact 3-manifolds. There is another elegant interpretation of the k-holed torus relations in this
point of view. In this subsection, we summarize the role of the k-holed torus relations in contact topology as
the intersection of various fields of study. More detailed discussion and relevant references can be found in [25].

A simple elliptic singularity of degree k is an isolated singularity such that the exceptional divisor of
its minimal resolution consists of a nonsingular elliptic curve of self-intersection number —k. Let (My, &) be
the link of the simple elliptic singularity of degree k£ with the contact structure given by the maximal complex
tangencies. The contact 3-manifold (M, &) can also be viewed as the unit circle bundle of a complex hermitian
line bundle Lj, — T2 over a 2-torus with ¢;(Lg) = —k where the contact structure is the horizontal distribution
given by a connection on the line bundle.

The contact 3-manifold (My, &) is Stein fillable and we present some natural examples of a Stein filling

of it as follows.

e The minimal resolution of the simple elliptic singularity of degree k provides a Stein filling of (My,&).
This filling can also be described as the unit disk bundle of the line bundle L — T?. Let Dj, denote this
(equivalent) Stein filling.

e For 0 < k <9, the singularity of degree k has a smoothing that is simply connected. Let Aj denote this
Stein filling.

e When k = 8, the singularity has another smoothing that is not simply connected. Let Bg denote this
Stein filling.

In fact, the above examples exhaust all the minimal Stein fillings of (M, &) up to diffeomorphism as the
strong symplectic fillings (underlying structures of Stein fillings) of the link of the simple elliptic singularity are
classified by Ohta and Ono [24].

Theorem 6.1 ([24]) Suppose that X is a minimal Stein filling of (My,&).
1. If k > 10 then X is diffeomorphic to Dy .

2. If k<9 but k #8 then X is diffeomorphic to either Dy or Ay.
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8. If k=8 then X is diffeomorphic to either one of Dg, Ag, or Bs.
In [24], the diffeomorphism types of the smoothings are also described as follows;

« Consider the blow-up of P? at (9— k)-points on a nonsingular cubic curve. The filling Aj, is diffeomorphic

to the complement of the proper transform of the cubic curve in P24(9 — k)P2.

o The filling By is diffeomorphic to the complement of a holomorphically embedded 2-torus in P! x P!
which is linearly equivalent to 2F, + 2F,, where F; is a fiber of the projection m; : P! x P! — P! onto

the i-th component.

Therefore, we can view the smoothings of the simple elliptic singularities as the complements of a regular fiber

in the genus-1 pencils.
o Ay is diffeomorphic to the complement of a regular fiber of f,#(9 — k)P? in P24(9 — k)P2.
o By is diffeomorphic to the complement of a regular fiber of f, in P! x P!.

Now we turn to the description of (M, &) and its Stein fillings in terms of an open book and positive
allowable Lefschetz fibrations. The contact 3-manifold (My, &) indeed has the open book decomposition
whose page is a k-holed torus and monodromy is the boundary multitwist i, = ts, ---t5, in MCG(Z¥).
Then, the positive allowable Lefschetz fibration over D? associated with the obvious Dehn twist factorization
Y = ts, - -ts, prescribes a Stein filling of (Mjy, ;). This filling is nothing but the disk bundle Dy. If the
open book monodromy v, has another factorization (i.e. a k-holed torus relation) it also gives a Stein filling of
(Mg, &) . The relationship between those Stein fillings and the positive allowable Lefschetz fibrations associated

with the k-holed torus relations is observed in [25] as follows (see also Table 2).

Table 2. Classification of the Stein fillings of the link of the simple elliptic singularity of degree k and corresponding
genus- 1 positive allowable Lefschetz fibrations.

Degree of singularity | Monodromy factorization Stein filling

k>1 Y =15, - ts, Dy, Minimal resolution

9 VYo = ta,ty, toytostasto,tostostarto tosts, | Ao Smoothing (7 = 1)

8 V8 = ta,th, thytastvstostastostostarto-tvs | Bs Smoothing (71 # 1)

8 V8 = ta,th, tastiatbstastbatostostartoatss | As Smoothing (7 = 1)

7 V7 = ta, toy tastbotastostbatasthsthgtasts, | A7 Smoothing (7; = 1)

6 V6 = tayth, tastiotastistastbstastostastvs | A6 Smoothing (7 = 1)

5 Vs =12 by, b2 thytasthstastv,tastes As Smoothing (71 = 1)

4 4 =12 by 12 To, 2 Ly, t2 T, Ay Smoothing (71 = 1)
~ (tastagtotastasts)”

3 g =13 by, 13 ty,t3 ty, Az Smoothing (71 = 1)
~ (ta,tartasts)®

2 o = (ta,tota,)? Ay Smoothing (71 = 1)
1 = (to, )8 Ay Smoothing (7 = 1)
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Theorem 6.2 ([25]) The Stein fillings of the link of the simple elliptic singularity of degree k are realized as

genus-1 positive allowable Lefschetz fibrations except for D1. More explicitly,

1. For 1 < k, the positive allowable Lefschetz fibration associated with monodromy factorization 1, =

ts, - - - ts, prescribes the Stein filling Dy, .

2. For 0 < k <9, the positive allowable Lefschetz fibration associated with monodromy factorization ¥y = Ny,
prescribes the Stein filling Ay, .

8. For k = 8, the positive allowable Lefschetz fibration associated with monodromy factorization g = Sy

prescribes the Stein filling Bs .

Note that the factorization ¢, = t5, does not provide an allowable Lefschetz fibration since the vanishing
cycle 47 is homologically trivial on the fiber. This is why the filling D; is excluded in Theorem 6.2. The fact
that (My, &) has a unique Stein filling for k > 10 reflects that there is no k-holed torus relation for k > 10.
This can also be seen from the fact that E(1) = P?(9P? can admit no more than nine (—1)-sections. The
distinction between Ng and Sg up to Hurwitz equivalence is once again verified in this Theorem. This can be
independently confirmed by computing the first homology groups of the positive allowable Lefschetz fibrations
associated with Ng and Ss as demonstrated in [25] (Ozbagci used Korkmaz-Ozbagci’s and Tanaka’s 8-holed

torus relations but the computation would be more straightforward if one uses our simplified expressions).
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