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Abstract: The concept of I'-hypersemigroup has been introduced in Turk J Math 2020; 44 (5): 1835-1851 in which
it has in which it has been shown that various results on I'-hypersemigroups can be obtained directly as corollaries
of more general results from the theory of le-semigroups (i.e. lattice ordered semigroups having a greatest element)
or poe-semigroups. As a continuation of the paper mentioned above, in the present paper, the concept of ordered I'-
hypersemigroups has been introduced, and their relation to lattice ordered semigroups is given. It has been shown that
although the results on ordered I'-hypersemigroups cannot be obtained as corollaries to the corresponding results of le
or poe-semigroups, still the main idea comes from the le-semigroups or poe-semigroups, and the proofs go along the

lines of the le or poe-semigroups.
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1. Introduction

As we have already seen in [4], many results on hypersemigroups do not need any proof as they can be
obtained from results in the lattice ordered semigroup or poe-semigroup setting. Later in [5], the concept
of I'-hypersemigroup has been introduced and it has been shown that many results on I'-hypersemigroups as
well can be obtained from more general results on lattice ordered semigroups or poe-semigroups. It may be
instructive to prove them directly just to show how an independent proof works, but this direct, independent
proof will follow along the lines of le or poe-semigroups. It has been set, as a future work, in [5] the examination
of what happened in case of an ordered I'-hypersemigroup. As a continuation of [5], in the present paper, the
concept of an ordered I'-hypersemigroup has been introduced, and the aim is to show that, although this is
not exactly the case for ordered I'-hypersemigroups, the idea of having various results comes from le or poe-
semigroups and direct proofs derived along the line of those in the le or poe-semigroups setting. In this respect,
we introduce the concepts of regular, intra-regular, left (right) regular ordered I'-hypersemigroups as well, and
we prove the results on ordered I'-hypersemigroups that correspond to the results on lattice ordered semigroups
in section 2 in [5]. Considering that every I'-hypersemigroup with the order <:= {(a,b) | a = b} is an ordered
I-hypersemigroup, the results stated without proof in section 3 in [5], follow as application. For definitions,

notations, and results not given in the present paper, we refer to [5].
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2. Main results

If M is a T'-hypergroupoid and “<7” is an order relation on M, denote by “=" the relation on the set of all
nonempty subsets P*(M) of M defined by: A < B if for every a € A there exists b € B such that a < b.
This is a transitive and reflexive relation on P*(M); that is a preorder on P*(M).

Definition 2.1 A T -hypergroupoid M is called ordered T -hypergroupoid if there exists an order relation “<”
on M such that

a < b implies ayc < byc and cya < cyb for every v € I' and every ¢ € M.

Lemma 2.2 If M is an ordered T -hypergroupoid, a < b, ¢ <d and v € ', then ayc = byd.
Proof Let a <b, c<dand y€I. Since a <b and v €I, we have ayc = byc. Since c < d and v €I', we
have byc < byd. Since the relation “ =<7 is a transitive relation on P*(M), we have ayc < byd. O

For a I'-hypergroupoid M and a nonempty subset A of M, denote by (A] the subset of M defined by
(A]={t € M |t < a for some a € A}, and we have the following;:

(1) If A C B, then (4] C (B].

(2) If A is a left (right) ideal of M, then (A] = A.

(3) M = (M].

(4) ((A]] = (4.

(5) (AuB] = (AJuU (B].

(See, for example [3] -as the operation I' does not play any role in them).

— ~— ~— ~—

When is convenient and no confusion is possible, we identify the singleton {a} by the element a and
write, for example, MTa instead of MT'{a}, al'al'M instead of {a}T'MT{a}.

We will give the theorems on ordered I'-hypersemigroups that correspond to lattice ordered semigroups
in [5; Section 2] in the row appeared in [5]. So, we begin with the theorem on ordered I'-hypersemigroup that
corresponds to [5; Theorem 2.2].

A natural extension of the concept of regular ordered semigroup [2] to regular ordered I'-hypersemigroup

is given by the following definition.

Definition 2.3 An ordered I'-hypersemigroup M is called reqular if for every a € M there exist x € M and
v, b €T such that {a} = (ayz)i{a}; in other words, there exist x,t € M and v, € I such that

t € (ayx)i{a} and a < t.

Proposition 2.4 Let M be an ordered I -hypersemigroup. The following are equivalent:
(1) M is regular.
(2) For any nonempty subset A of M, we have A C (AT MT A].
(8) For any a € M, we have a € (aI'MTa].

Proof (1) = (2). Let A be a nonempty subset of M and a € A. Since M is regular, there exist x,t € M
and 7, € T' such that t € (ayx)f{a} and a < t. Since a € A, v € I', x € M, by [5; Lemma 3.7(2)], we have
ayxr C ATM . Since ayr C ATM and {a} C A, by [5; Lemma 3.6], (ayz)i{a} C (ATM)u{a}. By [5; Def. 3.3],
(ATM)i{a} C (ATM)T'{a}. By [5; Lemma 3.8], (ATM)I'{a} C (ATM)T'A. Thus, we have a <t € ATMTA
and so a € (ATMTA] and (2) holds.
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The implication (2) = (3) is obvious.

(3) = (1). Let a € M. By hypothesis, we have a € (aI'MTa], that is a <t for some t € (aI'M)T'a. By [5;
Lemma 3.7(1)], ¢t € upa for some v € al'M, p € I' and u € ayx for some v € I', x € M. By [5; Lemmas 3.5
and 3.6], t € upa = {u}p{a} C (ayzr)a{a}. We have z,t € M, y,p €T, t € (ayx)f{a} and a < t, thus M is

regular. O

Definition 2.5 If (M,T',<) is an ordered I -hypergroupoid, a nonempty subset A of M is called a right (resp.
left) ideal of M if it is a right (resp. left) ideal of the T -hypergroupoid (M,T') (that is, if ATM C A (resp.
MTA C A)[5] and, in addition,

ifa€ Aand M >b<a, then b€ A; that is if (4] = A.

For a nonempty subset A of M, denote by R(A), L(A) and I(A) the right ideal, left ideal, and ideal of M,
respectively, generated by A. For A = {a}, we write R(a) instead of R({a}); similarly, we write L(a), I(a).

Lemma 2.6 If M is an ordered hypergroupoid, then, for any nonempty subsets A, B of M, we have
(A]T'(B] C (AT'B].

Proof Let x € (AJT'(B]. By [5; Lemma 3.7(1)], « € uyv for some u € (A], y €T, v € (B]. We have u < a
for some a € A, v < b for some b € B and v € I'. By Lemma 2.2, we have uyv < ayb. Since x € u~yv, there
exists y € ayb such that = < y. Since z < y € ayb, we have = € (ayb]. Since a € A, v €', b € B, by [5;
Lemma 3.7(2)], we have ayb C AT'B. Then, we have (ayb] C (AT'B] and so x € (AT'B]. O

Lemma 2.7 If M is an ordered I -hypersemigroup, then, for any nonempty subset A of M, we have
(1) R(A) = (AU AT M].
(2) L(A) = (AU MTA].
(8) I(A) = (AUMTAUATM U MT AT AT M].

Proof (1) The set (AU AT'M] is a right ideal of M containing A. In fact, we have

(AU ATM|TM

(AU ATMT(M] C ((A U APM)FM] (by Lemma 2.6)

= ((arauarran] = (4aru)

C (AUATM]

and ((ATM]] = (AT'M] as it holds for any () # X C M. If T is a right ideal of M such that T D A, then

(AUATM] C (TUTTM] = (T] =T, and property (1) is satisfied.

The proof of properties (2) and (3) is similar. O
It might be mentioned that I(A) = R(L(A)) = L(R(A)).

Lemma 2.8 If M is an ordered hypergroupoid, then, for any nonempty subsets A, B of M, we have
(ATB] = (AF(B]] - ((A]FB} - ((A]P(B]].
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Proof Since A C (A] and B C (B], we have AT'B C (AJ['(B] and so (AT'B] C ((A]F(Bﬂ On the other
hand, by Lemma 2.6, we have ((A]F(B]] c ((APB]] = (AT'B] and so (ATB] = ((A]F(B]].

Clearly, (AT'B] C (AF(B]} . Let now = € (AF(B]] . Then, x <t for some t € AT'(B], t € ayu for some
a€A, veTl', ue (B] and u <b for some b € B. By Lemma 2.2, ayu =< ayb and since t € ayu, there exists
v € avyb such that t < v. We have < v € ayb € AI'B and so = € (AI'B]; and (AT'B]| = (AI‘(B]]. The

remainder equality can be proved at a similar way. O
The theorem on regular ordered I'-hypersemigroups that corresponds to Theorem 2.2 in [5] is the

following.

Theorem 2.9 Let M be an ordered T -hypersemigroup. The following are equivalent:

(1) M is regular.

(2) AN B = (AT'B] for every right ideal A and every left ideal B of M.

(8) AN B C (AT'B] for every right ideal A and every left ideal B of M.
Proof (1) = (2). Let A be a right ideal and B be a left ideal of M. By [5; Proposition 3.12], the set
AN B is nonempty. Since M is regular, by Proposition 2.4, we have AN B C ((A NB)TMT(ANB)|. Since

ANB C A, B, by [5; Lemma 3.8], (AN B)I'MTI'(ANB) C ATMTB. Thus we have

ANB

N

((AFM)FB} C (ATB] C (ATM] N (MTB]
C (An(B]=AnNB.

Then we have AN B = (AT'B] and property (2) is satisfied.
The implication (2) = (3) is obvious.
(3) = (1). Let A be a nonempty subset of M. By hypothesis, we have

A

N

R(A)N L(A) C (R(A)FL(A)} - ((A U ATMID(AU MT A]| (by Lemma 2.7)
((
(4

= (ATAUATMTA].

AUATM)T(AU MFA)] (by Lemma 2.8)

TAUATMTAU AF(MFM)PA]

Then we have
ATA C (ATAUATMTA|(A] C ((APA UATMTA)TA| (by Lemma 2.6)
= (APAFA U AP(MFA)FA] C (ATMTA].

Then A C ((AI‘MFA]] = (ATMT A] and, by Proposition 2.4, M is regular. O

A natural extension of the concept of intra-regular ordered semigroup [3] to intra-regular ordered TI'-

hypersemigroup is given by the following definition.
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Definition 2.10 An ordered T'-hypersemigroup M 1is called intra-regqular if, for every a € M, there exist
x,y € M and v,p,p € T such that {a} < (zya)i(apy); in other words, there exist x,y,t € M and v,pu,p €T
such that

t € (zya)u(apy) and a < t.

Proposition 2.11 Let M be an ordered I'-hypersemigroup. The following are equivalent:
(1) M is intra-regular.
(2) For any nonempty subset A of M, we have A C (MT AT AT'M].
(8) For every a € M, we have a € (MT'al'al' M].

Proof (1) = (2). Let A be a nonempty subset of M and a € A. Since M is intra-regular, there exist
x,y,t € M and v, u, p € " such that t € (zya)m(apy) and a < t. Since x € M, v € " and a € A, by [5; Lemma
3.7(2)], we have xya C MT'A; and since a € A, p €T and y € M, we have apy C ATM . Since zya C MTA,
apy C ATM and p € T, by [5; Lemma 3.6], we have (zvya)u(apy) C (MTA)u(AT'M). By [5; Definition 3.3],
(MTAYET(ATM) C (MTA)T(ATM). By [5; Proposition 3.17), (MTA)T(ATM) = MTATATM. Hence we
obtain a <t € MTATAT M, that is a € (MT AT AT M| and property (2) holds.

The implication (2) = (3) is obvious.

(3) = (1). Let a € M. By hypothesis, a € (MTal'al' M], then a < ¢ for some ¢t € (MT'a)I'(aI'M). By [5;
Lemma 3.7(1)], t € uuv for some v € MTa, p €T, v € al'M, u € zya for some © € M, vy €' and v € apy
for some p € I', y € M. By [5; Lemmas 3.5 and 3.6, we have ¢t € upv = {u}n{v} C (zvya)i(apy). We have
x,y,t € M, v,u,p e, t € (xya)fi(apy) and a <t and so M is intra-regular. O

The theorem on intra-regular ordered I'-hypersemigroups that corresponds to Theorem 2.4 in [5], is the

following.

Theorem 2.12 An ordered T -hypersemigroup M is intra-regular if and only if for every right ideal A and
every left ideal B of M, we have

AN B C (BTA].

Proof —. Let A be a right ideal and B be a left ideal of M. By [5; Proposition 3.12], the set AN B is

nonempty. Since M is intra-regular, by Proposition 2.11, we have
ANBC ((MF(A N B))F((A N B)FM)}

Since AN B C B, A, by [5; Lemma 3.8], we have MT'(ANB)I'(ANB)I'M C (MI'B)I'(AT'M) C BT'A and so
AN B C (BT4].
<. Let a € M. By hypothesis, we have

a € R(a)NL(a)C (L(a)FR(a)] = ((a UMTa]l'(aU aI‘M]} (by Lemma 2.7)

= ((a UMTa)'(aU al"M)} (by Lemma 2.8)

= (al'aU MTal'aUal'al' M U MTal'al' M]
= (al'a] U (MTal'a]U (aT'al' M| U (MTal'aI' M].
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If a € (aT'a], then we have

al’a

N

(aT'a]T'(al'a] C (al'al’al'a] (by Lemma 2.6)
(MTal'al'M],

N

s0 a € (al'a] C ((MrararM] = (MTalal'M].
If a € (MTal'a], then we have

MTal'a

N

MT(MTal'a]Ta C (M]T'(MTal'a]T'(a]
(MT'MTaI'al'a] (by Lemma 2.6)

N

((MFM)F(aFaFa)]

N

(MF(aFaFM)} .

Then a € (MTala] C ((MFaFaFM]} = (MTalal' M].

If (aT'al'M], then in a similar way we prove that a € (MTal'al'M]. In each case, we have a € (MTal'al' M]
and, by Proposition 2.11, M is intra-regular.

The natural extension of the notion of right (left) regular ordered semigroup [1] to right (left) regular

ordered I'-hypersemigroup is given by the following definition.

Definition 2.13 An ordered T -hypersemigroup M is called right regular if, for every a € M, there exist
x €M and v,pu €T such that {a} = (aya)u{x}; in other words, there exist x,t € M and v, € T such that

t € (aya)p{z} and a <t.

It is called left reqular if for every a € M there exist v € M and v,u € T such that {a} < {z}7(apa); in other
words, there exist x,t € M and v,u € ' such that

t € {z}¥(apa) and a < 1.

Proposition 2.14 Let M be an ordered I'-hypersemigroup. The following are equivalent:
(1) M is right regular.
(2) For every nonempty subset A of M, we have A C (AT AT M].
(3) For every a € M, we have a € (al'al'M].

Proof (1) = (2). Let A be a nonempty subset of M and a € A. Since M is right regular, there exist
xz,t € M and ~,p € T such that ¢ € (aya)i{z} and a <¢. By [5; Definition 3.3], (aya)u{z} C (aya)['{z}. By
[5; Lemma 3.7(2)], aya C al'a and, by [5; Lemma 3.8 and Prop. 3.17], (aya)I'{z} C (ATA)T'M = ATAT'M .
We have a <t € ATAT'M and so a € (ATAT'M].

The implication (2) = (3) is obvious.

(3) = (1). Let a € M. By hypothesis, we have a € (al'aI'M]. By [5; Prop. 3.17], a < t for some
t € (al'a)TM. By [5; Lemma 3.7(1)], t € uux for some v € al'a, p € I', z € M and u € aya for some
v € I'. By [5; Lemmas 3.5 and 3.6], we get ¢t € upuz = {u}u{z} C (aya)i{z}. We have z,t € M, v,u €T,
t € (aya)f{z}, a <t and so M is right regular. O
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In a similar way the following proposition holds.

Proposition 2.15 An ordered I -hypersemigroup M is left reqular if and only if, for every nonempty subset A
of M, we have A C (MT AT A], equivalently, for every a € M, we have a € (MTala].

Definition 2.16 An ordered T -hypergroupoid M is called right duo if the right ideals of M are at the same
time left ideals of M ; that is, ideals of M. It is called left duo if the left ideals of M are ideals of M.

Lemma 2.17 Let M be an ordered I'-hypersemigroup. Then, for every nonempty subsets A, B,C of M, we
have

(ATBTC] = (AF(B}FC].

Proof Since B C (B], we have ATBT'C C AT'(B]I'C and so (AT'BT'C] C (AF(B]FC] . On the other hand,

N

AD(B]LC ( ) ['(BIC] (by Lemma 2.6)
c

C (AJN(BIC] ( (BFC)} (by Lemma 2.6)

= (ATBIC|

and so (AF(B]FC} - ((AFBI‘C]} = (ATBIC).

The theorem on right regular and right duo ordered I'-hypersemigroups that corresponds to Theorem
2.7 in [5], is the following.

Theorem 2.18 An ordered T'-hypersemigroup M is right reqular and right duo if and only if, for every right
ideals A and B of M, we have

ANB = (ATB].

Proof =. Let A, B be right ideals of M. Then AT'B C ATM C A; since M is right duo, B is a left ideal
of M as well, that is ATB C MT'B C B. Thus we have (AT'B] C (4] = A and (AT'B] C (B] = B and so
(ATB] C AN B. Since A is a right ideal and B is a left ideal of M, by [5; Proposition 3.12], the set AN B is
nonempty. Since M is right regular and AN B # (), by Proposition 2.14, we have

ANBC ((A N B)L(AN B)PM} .
Since AN B C A, B, by [5; Lemma 3.8], (ANB)I'M C ATM N BT'M C AN B. Then we have
ANBC ((A NB)I(AN B)] C (ATB,

and so ANB = (AI'B].

<. Let A be a right ideal of M. Since M is a right ideal of M, by hypothesis, we have A = M NA = (MTA4],
so A is a left ideal of M and M is right duo.
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Let now a € M. By hypothesis, we have
a € R(a)NR(a) = (R(a)FR(a)} = ((a Ual'MI'(a Ual'M]| (by Lemma 2.7)

= ((a Ual'M)T'(aU aI‘M)} (by Lemma 2.8)

alaUal'MTaUal'al' M U o' MT'al’ M|

(
(aT'a) U (aI'MTa] U (aT'al’' M| U (al' MTaI' M].
If a € (al'a], then al'a C (al'a]T'a C (al'a]T'(a] C (al'al'a] C (al'al’M]. Then

a € (al'a] C ((aFaFM}] = (al'aI'M].

Let a € (aI'MT'a]. Then
ae (arMT(@'MTa)| = ((@aPM)D(al'MTa)| (by Lemma 2.8)

(arM)r(arM)ra)}

I
/N VS VS

(aFM)F(aFM]Fa} (by Lemma 2.17)

(aer(arM]Fa} .

The set (aI'M] is a right ideal of M. Since M is right duo, it is a left ideal of M as well, that is, MT(aI'M] C
(aT'M]. Thus we have

a€ (ar(arM]Fa] (af(aFM)Fa} (by Lemma 2.17)

- (aFaF(MFa)} C (al'al'M],

and so a € (al'al'M].
Let a € (aT’'MTal'M]. By Lemma 2.8, a € ((aI‘M)F(aFM]] Since (aI'M] is a right ideal of M and M is

right duo, it is a left ideal of M as well and so MT'(aI'M] C (aI'M]. Thus we have a € (al"(al"M]} = (al'aT'M]

by Lemma 2.8.
In each case, we have a € (al'al'M| and, by Proposition 2.14, M is right regular. O

In a similar way, we prove the following theorem that corresponds to [5; Theorem 2.8].

Theorem 2.19 An ordered I'-hypersemigroup M is left reqular and left duo if and only if, for every left ideals
A and B of M, we have
AN B = (BTA].

Definition 2.20 Let M be a I -hypersemigroup. A nonempty subset T of M is called semiprime if for any
nonempty subset A of T such that ATA C T, we have A CT.
Equivalent Definition: For every a € M such that al'a C T, we have a € T.
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The theorem on ordered I'-hypersemigroups that corresponds to [5; Theorem 2.10] is the following:
Theorem 2.21 An ordered I' -hypersemigroup M is intra-reqular if and only if the ideals of M are semiprime.
Proof =. Let T be an ideal of M and A be a nonempty subset of T" such that AI'A C T'. Since M is
intra-regular, by Proposition 2.11, we have A C (MTATATM| = (MF(AFA)I’M} . Since ATA C T, we have

MT(ATA)TM C MTTTM CT. Thus we have A C (T] =T and so M is semiprime.
<. Let a € M. The set I(al'a) is an ideal of M such that al'a C I(al'a). Since I(al'a) is semiprime, we

have
a € I(al'a) = (aT'aU MTal'aUal'al' M U MTal'al' M].

Then M is intra-regular (see the proof of the “< ”-part of Theorem 2.12). a

The proposition on ordered I'-hypersemigroups that corresponds to [5; Proposition 2.11] is the following.
Proposition 2.22 If an ordered T -hypersemigroup M is right (or left) regular, then it is intra-regular.

Proof Let M be right regular and A a nonempty subset of M. By Proposition 2.14, we have A C (AT AT M].

Moreover,

ATATM C AT(ATATM|TM C (AT (AT AT MIT(M]

N

(AF(AFAFM)FM} (by Lemma 2.6)

((AFA)FAF(MFM)}

N

(MTATM] C (MF(AFAFM]FM]

(MF(AFAFM)FM} (by Lemma 2.17)

(MI‘(AFA)F(MFM)} C (MTATATM].

Thus we have A C ((MFAFAFM]] = (MT AT AT M] and, by Proposition 2.11, M is intra-regular. O
The following proposition, corresponds to [5; Proposition 2.12].

Proposition 2.23 Let M be an ordered T -hypersemigroup. The following are equivalent:
(1) M is right regular.
(2) R(A) = R(AT'A) for every nonempty subset A of M.
(3) R(A) C R(AT'A) for every nonempty subset A of M.

Proof (1) = (2). Let A be a nonempty subset of M. We have R(A) = (AUAT'M]. Since M is right regular,
by Proposition 2.14, we have A C (ATAT'M]. Then we have

AUATM C (ATATM]U (ATATM|TM = (ATATM] U (AT AT M]T(M].

Since (ATATMIT(M] C (AFAF(MPM)} C (ATATM], we have AU ATM = (ATATM]. Then we have

R(A) = (AUATM]= ((AFAFM}} - ((AFA)FM]

N

(AFA U (APA)PM] = R(ATA).
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On the other hand,
R(ATA) = (AFAU (AFA)FM} = (ATA] U (AF(AFM)} C (AT M]
C (AUATM] = R(A).

Thus we have R(A) = R(AT'A).
The implication (2) = (3) is obvious.

(3) = (1). let A be a nonempty subset of M. By hypothesis, we have

A C R(A) C R(ATA) = (ArAu(ArA)rM]

(ATA] U ( APM} )] € (ArMmy,

from which ATA C AT(ATM]. Then we have (AT'A] C ((AF(AFM]] — (ATACM] and so A C (ATATM].
By Proposition 2.14, M is right regular. O
The following corresponds to [5; Proposition 2.13].

Proposition 2.24 An ordered I'-hypersemigroup M is left reqular if and only if, for any nonempty subset A
of M, we have
L(A) = L(AT'A), equivalently, L(A) C L(AT A).

The following corresponds to [5; Theorem 2.14].

Proposition 2.25 An ordered T -hypersemigroup M is right regular if and only if the right ideals of M are

semiprime.

Proof =—. Let T be a right ideal of M and A a nonempty subset of M such that ATA C T'. Since M
is right regular, by Proposition 2.14, we have A C ((AFA)FM} C (ITM] C T, then A C T and so T is

semiprime.
<. Let A be a nonempty subset of M. Since R(AT'A) is a right ideal of M, by hypothesis, it is semiprime.
Since ATA C R(AT'A) and R(AT'A) is semiprime, we have

A C R(ATA) = (AFA U (AFA)FM} = (AT AU (AF(AFM)} C (AT M].

Then AT'A C AT (AT'M] C (A]I'(AT'M] C (ATAT'M] and so A C (AT'AT'M]. By Proposition 2.14, M is right
regular. O

In a similar way, we get the following proposition that corresponds to [5; Theorem 2.15].

Proposition 2.26 An ordered T -hypersemigroup M is left regular if and only if the left ideals of M are
semiprime.

Definition 2.27 An ordered T -hypergroupoid M is called right (resp. left) simple if M is the only right (resp.
left) ideal of M. That is, if A is a right (resp. left) ideal of M, then A= M.
The following corresponds to [5; Proposition 2.17].
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Proposition 2.28 Let M be an ordered T -hypersemigroup. The following are equivalent:
(1) M is right (resp. left) simple.
(2) (ATM] =M (resp. (MTA] = M) for every nonempty subset A of M.
(8) (aTM]) =M (resp. (MTa) =M ) for every a € M.

Proof (1) = (2). Assuming M is right simple, let A be a nonempty subset of M. Since (AT'M] is a right

ideal of M and M is right simple, we have (ATM] = M.

The implication (2) = (3) is obvious.

(3) = (1). Suppose (aI'M] = M for every a € M and let T be a left ideal of M. Then T = M.

Indeed: Let a € M. Take an element b € T (T # (). By hypothesis, we have (bI'M] = M. Then,

a€ ('M]C (ITM]C (T)=T andso a € T. O
The following proposition corresponds to [5; Proposition 2.19].

Proposition 2.29 If an ordered T -hypersemigroup M is both right and left simple, then it is regular.

Proof Let A be a nonempty subset of M. Since M is right simple, by Proposition 2.28, we have (AT'M] = M;
since M is left simple, we have (MT A] = M. Then we have

A C (ATM]= (AF(MFA]} - (AF(MFA)} — (ATMT A,

and by Proposition 2.4, M is regular. O

Definition 2.30 A nonempty subset A of an ordered I"-hypersemigroup M is called a bi-ideal of M if we have
the following:

(1) BTMTB C B and

(2)if a€ B and M >b<a, then b€ B.
By a subidempotent bi-ideal of M we mean a bi-ideal A of M such that ATA C A (in other words a bi-ideal of
M that is at the same time a T -subsemihypergroup of M).

The theorem on ordered I'-hypersemigroups that corresponds to [5; Theorem 2.20] is the following.

Theorem 2.31 An ordered I"-hypersemigroup M is both left and right simple if and only if M does not contain
proper bi-ideals; equivalently, if M does not contain proper subidempotent bi-ideals.

Proof —. Let B be a bi-ideal of M. Since S is left simple, by Proposition 2.28, we have (MT'B] = M ; since
M is right simple, we have (BI'M] = M. Thus we have

)

M = (MT'B] = ((BFM]FB} — (BTMT'B] C (B] = B

and so B=M.
<. Let A be a left ideal of M. Then, A is a subidempotent bi-ideal of M. By hypothesis, we have A = M,
so M does not contain proper left ideals and so it is left simple. Similarly, M is right simple. O

Theorem 2.31, in case of an ordered semigroup, has been proved in [5]. Using the methodology given
in Theorem 2.31, the proof in [5] can be simplified. However, based on [5], we can give a second proof of
the “="-part of Theorem 2.31 which, though more technical, is interesting giving further detailed information

about the techniques in ordered I'-hypersemigroups.
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For this proof, we need the following lemma.
Lemma 2.32 If M is a reqular T -hypersemigroup and A a bi-ideal of M, then ATA C A.

Proof Since A is a bi-ideal of M, we have ATMT'A C A, and then (ATMT A] C (A] = A. Since M is regular,
we have A C (A'MT A] and so A = (A'MT A]. Then we get

ATA C (ATMTAJD(A] C (AF(MPA)FA] C (ATMTA] = A,

and so ATAC A. O

Second proof of the “="-part of Theorem 2.31

= . Let A be a bi-ideal of M. Then A = M. In fact: Let a € M. Take an element b € A (A # (). Consider
the left ideal L(b) of M generated by b, that is the set L(b) = (b U MTb]. Since M is left simple, we have
L(b) = M. Since a € L(b), we have a <t for some t € bU MTb.
(A)If t = b, then t € A. Since M > a <t € A and A is a bi-ideal of M, we have a € A and the proof is
complete.
(B) If t € MTb, then t € zyb for some x € M, v € I'. We consider the right ideal of M generated by b, that
is the set R(b) = (bUMI'M]. Since M is right simple, we have R(b) = M. Since x € R(b), we have = < k for
some k€ bUbI'M .

(B1) If k=0, then = <b, so xvb < byb and since t € xyb, there exists u € byb such that ¢t < u. Since
M is right and left simple, by Proposition 2.29, it is regular. Since M is regular and A is a bi-ideal of M, by
Lemma 2.32, have ATA C A. Since u € byb C ATAC A, we have u € A. Since M 3a<t<ué€ A and A is
a bi-ideal of M, we have a € A and the proof is complete.

(Bs) Let k € b'M . Then k € buy for some p €', y € M. Since x < k, we have zvb < kvb and since
t € x~yb, there exists u € kyb such that t < u. We have

u € kyb = {k}y{b} C (buy)7{b} € ATMT'A C A,
therefore u € A. Since M > a <t <wu € A and A is a bi-ideal of M, we have a € A and the proof is complete.

Note It might be mentioned that the I'-hypersemigroup given in Example 3.24 in [5], endowed with the order
relation <:= {(a,a), (a,c), (b,b), (b,c),(c,c)} is an example of an ordered I'-hypersemigroup that is regular,
right (resp. left) regular, and, by Proposition 2.22, intra-regular as well. Moreover, it is right simple and left

simple. It is duo as well. So, the results of the paper can be applied.

With my thanks to the anonymous referees for their time to read the paper.
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