
Turk J Math
(2021) 45: 1120 – 1132
© TÜBİTAK
doi:10.3906/mat-2101-23

Turkish Journal of Mathematics

http :// journa l s . tub i tak .gov . t r/math/

Research Article

On ordered Γ-hypersemigroups and their relation to lattice ordered semigroups

Niovi KEHAYOPULU∗

Nikomidias 18, 16122 Kesariani, Greece

Received: 06.01.2021 • Accepted/Published Online: 13.03.2021 • Final Version: 20.05.2021

Abstract: The concept of Γ -hypersemigroup has been introduced in Turk J Math 2020; 44 (5): 1835-1851 in which
it has in which it has been shown that various results on Γ -hypersemigroups can be obtained directly as corollaries
of more general results from the theory of le -semigroups (i.e. lattice ordered semigroups having a greatest element)
or poe -semigroups. As a continuation of the paper mentioned above, in the present paper, the concept of ordered Γ -
hypersemigroups has been introduced, and their relation to lattice ordered semigroups is given. It has been shown that
although the results on ordered Γ -hypersemigroups cannot be obtained as corollaries to the corresponding results of le

or poe -semigroups, still the main idea comes from the le -semigroups or poe -semigroups, and the proofs go along the
lines of the le or poe -semigroups.
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1. Introduction

As we have already seen in [4], many results on hypersemigroups do not need any proof as they can be
obtained from results in the lattice ordered semigroup or poe -semigroup setting. Later in [5], the concept
of Γ -hypersemigroup has been introduced and it has been shown that many results on Γ -hypersemigroups as
well can be obtained from more general results on lattice ordered semigroups or poe -semigroups. It may be
instructive to prove them directly just to show how an independent proof works, but this direct, independent
proof will follow along the lines of le or poe -semigroups. It has been set, as a future work, in [5] the examination
of what happened in case of an ordered Γ -hypersemigroup. As a continuation of [5], in the present paper, the
concept of an ordered Γ -hypersemigroup has been introduced, and the aim is to show that, although this is
not exactly the case for ordered Γ -hypersemigroups, the idea of having various results comes from le or poe -
semigroups and direct proofs derived along the line of those in the le or poe -semigroups setting. In this respect,
we introduce the concepts of regular, intra-regular, left (right) regular ordered Γ -hypersemigroups as well, and
we prove the results on ordered Γ -hypersemigroups that correspond to the results on lattice ordered semigroups
in section 2 in [5]. Considering that every Γ-hypersemigroup with the order ≤:= {(a, b) | a = b} is an ordered
Γ-hypersemigroup, the results stated without proof in section 3 in [5], follow as application. For definitions,
notations, and results not given in the present paper, we refer to [5].
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2. Main results
If M is a Γ -hypergroupoid and “≤” is an order relation on M, denote by “⪯” the relation on the set of all
nonempty subsets P∗(M) of M defined by: A ⪯ B if for every a ∈ A there exists b ∈ B such that a ≤ b .
This is a transitive and reflexive relation on P∗(M) ; that is a preorder on P∗(M) .
Definition 2.1 A Γ-hypergroupoid M is called ordered Γ-hypergroupoid if there exists an order relation “≤”
on M such that

a ≤ b implies aγc ⪯ bγc and cγa ⪯ cγb for every γ ∈ Γ and every c ∈ M.

Lemma 2.2 If M is an ordered Γ-hypergroupoid, a ≤ b , c ≤ d and γ ∈ Γ , then aγc ⪯ bγd.

Proof Let a ≤ b , c ≤ d and γ ∈ Γ . Since a ≤ b and γ ∈ Γ , we have aγc ⪯ bγc . Since c ≤ d and γ ∈ Γ , we
have bγc ⪯ bγd . Since the relation “⪯” is a transitive relation on P∗(M) , we have aγc ⪯ bγd . 2

For a Γ -hypergroupoid M and a nonempty subset A of M, denote by (A] the subset of M defined by
(A] = {t ∈ M | t ≤ a for some a ∈ A} , and we have the following:

(1) If A ⊆ B , then (A] ⊆ (B] .
(2) If A is a left (right) ideal of M, then (A] = A .
(3) M = (M ] .
(4)

(
(A]

]
= (A] .

(5) (A ∪B] = (A] ∪ (B] .
(See, for example [3] -as the operation Γ does not play any role in them).

When is convenient and no confusion is possible, we identify the singleton {a} by the element a and
write, for example, MΓa instead of MΓ{a} , aΓaΓM instead of {a}ΓMΓ{a} .

We will give the theorems on ordered Γ -hypersemigroups that correspond to lattice ordered semigroups
in [5; Section 2] in the row appeared in [5]. So, we begin with the theorem on ordered Γ -hypersemigroup that
corresponds to [5; Theorem 2.2].

A natural extension of the concept of regular ordered semigroup [2] to regular ordered Γ -hypersemigroup
is given by the following definition.

Definition 2.3 An ordered Γ-hypersemigroup M is called regular if for every a ∈ M there exist x ∈ M and
γ, µ ∈ Γ such that {a} ⪯ (aγx)µ{a} ; in other words, there exist x, t ∈ M and γ, µ ∈ Γ such that

t ∈ (aγx)µ{a} and a ≤ t.

Proposition 2.4 Let M be an ordered Γ-hypersemigroup. The following are equivalent:
(1) M is regular.
(2) For any nonempty subset A of M, we have A ⊆ (AΓMΓA].

(3) For any a ∈ M , we have a ∈ (aΓMΓa] .

Proof (1) =⇒ (2) . Let A be a nonempty subset of M and a ∈ A . Since M is regular, there exist x, t ∈ M

and γ, µ ∈ Γ such that t ∈ (aγx)µ{a} and a ≤ t. Since a ∈ A , γ ∈ Γ , x ∈ M , by [5; Lemma 3.7(2)], we have
aγx ⊆ AΓM . Since aγx ⊆ AΓM and {a} ⊆ A , by [5; Lemma 3.6], (aγx)µ{a} ⊆ (AΓM)µ{a} . By [5; Def. 3.3],
(AΓM)µ{a} ⊆ (AΓM)Γ{a} . By [5; Lemma 3.8], (AΓM)Γ{a} ⊆ (AΓM)ΓA . Thus, we have a ≤ t ∈ AΓMΓA

and so a ∈ (AΓMΓA] and (2) holds.
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The implication (2) ⇒ (3) is obvious.
(3) =⇒ (1) . Let a ∈ M . By hypothesis, we have a ∈ (aΓMΓa] , that is a ≤ t for some t ∈ (aΓM)Γa . By [5;
Lemma 3.7(1)], t ∈ uµa for some u ∈ aΓM , µ ∈ Γ and u ∈ aγx for some γ ∈ Γ , x ∈ M . By [5; Lemmas 3.5
and 3.6], t ∈ uµa = {u}µ{a} ⊆ (aγx)µ{a} . We have x, t ∈ M , γ, µ ∈ Γ , t ∈ (aγx)µ{a} and a ≤ t , thus M is
regular. 2

Definition 2.5 If (M,Γ,≤) is an ordered Γ-hypergroupoid, a nonempty subset A of M is called a right (resp.
left) ideal of M if it is a right (resp. left) ideal of the Γ-hypergroupoid (M,Γ) (that is, if AΓM ⊆ A (resp.
MΓA ⊆ A)[5] and, in addition,

if a ∈ A and M ∋ b ≤ a, then b ∈ A; that is if (A] = A.

For a nonempty subset A of M, denote by R(A) , L(A) and I(A) the right ideal, left ideal, and ideal of M,
respectively, generated by A . For A = {a} , we write R(a) instead of R({a}) ; similarly, we write L(a) , I(a) .

Lemma 2.6 If M is an ordered hypergroupoid, then, for any nonempty subsets A ,B of M, we have

(A]Γ(B] ⊆ (AΓB].

Proof Let x ∈ (A]Γ(B] . By [5; Lemma 3.7(1)], x ∈ uγv for some u ∈ (A] , γ ∈ Γ , v ∈ (B] . We have u ≤ a

for some a ∈ A , v ≤ b for some b ∈ B and γ ∈ Γ . By Lemma 2.2, we have uγv ⪯ aγb . Since x ∈ uγv , there
exists y ∈ aγb such that x ≤ y . Since x ≤ y ∈ aγb , we have x ∈ (aγb] . Since a ∈ A , γ ∈ Γ , b ∈ B , by [5;
Lemma 3.7(2)], we have aγb ⊆ AΓB . Then, we have (aγb] ⊆ (AΓB] and so x ∈ (AΓB] . 2

Lemma 2.7 If M is an ordered Γ-hypersemigroup, then, for any nonempty subset A of M, we have
(1) R(A) = (A ∪AΓM ] .
(2) L(A) = (A ∪MΓA] .
(3) I(A) = (A ∪MΓA ∪AΓM ∪MΓAΓAΓM ] .

Proof (1) The set (A ∪AΓM ] is a right ideal of M containing A . In fact, we have

(A ∪AΓM ]ΓM = (A ∪AΓM ]Γ(M ] ⊆
(
(A ∪AΓM)ΓM

]
(by Lemma 2.6)

=
(
(AΓM ∪AΓ(MΓM)

]
= (AΓM ]

⊆ (A ∪AΓM ]

and
(
(AΓM ]

]
= (AΓM ] as it holds for any ∅ ̸= X ⊆ M . If T is a right ideal of M such that T ⊇ A , then

(A ∪AΓM ] ⊆ (T ∪ TΓM ] = (T ] = T , and property (1) is satisfied.
The proof of properties (2) and (3) is similar. 2

It might be mentioned that I(A) = R
(
L(A)

)
= L

(
R(A)

)
.

Lemma 2.8 If M is an ordered hypergroupoid, then, for any nonempty subsets A, B of M, we have

(AΓB] =
(
AΓ(B]

]
=

(
(A]ΓB

]
=

(
(A]Γ(B]

]
.
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Proof Since A ⊆ (A] and B ⊆ (B] , we have AΓB ⊆ (A]Γ(B] and so (AΓB] ⊆
(
(A]Γ(B]

]
. On the other

hand, by Lemma 2.6, we have
(
(A]Γ(B]

]
⊆

(
(AΓB]

]
= (AΓB] and so (AΓB] =

(
(A]Γ(B]

]
.

Clearly, (AΓB] ⊆
(
AΓ(B]

]
. Let now x ∈

(
AΓ(B]

]
. Then, x ≤ t for some t ∈ AΓ(B] , t ∈ aγu for some

a ∈ A , γ ∈ Γ , u ∈ (B] and u ≤ b for some b ∈ B . By Lemma 2.2, aγu ⪯ aγb and since t ∈ aγu , there exists

v ∈ aγb such that t ≤ v . We have x ≤ v ∈ aγb ∈ AΓB and so x ∈ (AΓB] ; and (AΓB] =
(
AΓ(B]

]
. The

remainder equality can be proved at a similar way. 2

The theorem on regular ordered Γ -hypersemigroups that corresponds to Theorem 2.2 in [5] is the
following.

Theorem 2.9 Let M be an ordered Γ-hypersemigroup. The following are equivalent:
(1) M is regular.
(2) A ∩B = (AΓB] for every right ideal A and every left ideal B of M.
(3) A ∩B ⊆ (AΓB] for every right ideal A and every left ideal B of M.

Proof (1) =⇒ (2) . Let A be a right ideal and B be a left ideal of M. By [5; Proposition 3.12], the set

A ∩ B is nonempty. Since M is regular, by Proposition 2.4, we have A ∩ B ⊆
(
(A ∩ B)ΓMΓ(A ∩ B)

]
. Since

A ∩B ⊆ A,B , by [5; Lemma 3.8], (A ∩B)ΓMΓ(A ∩B) ⊆ AΓMΓB . Thus we have

A ∩B ⊆
(
(AΓM)ΓB

]
⊆ (AΓB] ⊆ (AΓM ] ∩ (MΓB]

⊆ (A] ∩ (B] = A ∩B.

Then we have A ∩B = (AΓB] and property (2) is satisfied.
The implication (2) =⇒ (3) is obvious.
(3) =⇒ (1) . Let A be a nonempty subset of M. By hypothesis, we have

A ⊆ R(A) ∩ L(A) ⊆
(
R(A)ΓL(A)

]
=

(
(A ∪AΓM ]Γ(A ∪MΓA]

]
(by Lemma 2.7)

=
(
(A ∪AΓM)Γ(A ∪MΓA)

]
(by Lemma 2.8)

=
(
AΓA ∪AΓMΓA ∪AΓ(MΓM)ΓA

]
= (AΓA ∪AΓMΓA].

Then we have

AΓA ⊆ (AΓA ∪AΓMΓA]Γ(A] ⊆
(
(AΓA ∪AΓMΓA)ΓA

]
(by Lemma 2.6)

=
(
AΓAΓA ∪AΓ(MΓA)ΓA

]
⊆ (AΓMΓA].

Then A ⊆
(
(AΓMΓA]

]
= (AΓMΓA] and, by Proposition 2.4, M is regular. 2

A natural extension of the concept of intra-regular ordered semigroup [3] to intra-regular ordered Γ -
hypersemigroup is given by the following definition.
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Definition 2.10 An ordered Γ-hypersemigroup M is called intra-regular if, for every a ∈ M , there exist
x, y ∈ M and γ, µ, ρ ∈ Γ such that {a} ⪯ (xγa)µ(aρy) ; in other words, there exist x, y, t ∈ M and γ, µ, ρ ∈ Γ

such that
t ∈ (xγa)µ(aρy) and a ≤ t.

Proposition 2.11 Let M be an ordered Γ-hypersemigroup. The following are equivalent:
(1) M is intra-regular.
(2) For any nonempty subset A of M, we have A ⊆ (MΓAΓAΓM ].

(3) For every a ∈ M , we have a ∈ (MΓaΓaΓM ] .

Proof (1) =⇒ (2) . Let A be a nonempty subset of M and a ∈ A . Since M is intra-regular, there exist
x, y, t ∈ M and γ, µ, ρ ∈ Γ such that t ∈ (xγa)µ(aρy) and a ≤ t . Since x ∈ M , γ ∈ Γ and a ∈ A , by [5; Lemma
3.7(2)], we have xγa ⊆ MΓA ; and since a ∈ A , ρ ∈ Γ and y ∈ M , we have aρy ⊆ AΓM . Since xγa ⊆ MΓA ,
aρy ⊆ AΓM and µ ∈ Γ , by [5; Lemma 3.6], we have (xγa)µ(aρy) ⊆ (MΓA)µ(AΓM) . By [5; Definition 3.3],
(MΓA)µΓ(AΓM) ⊆ (MΓA)Γ(AΓM) . By [5; Proposition 3.17], (MΓA)Γ(AΓM) = MΓAΓAΓM . Hence we
obtain a ≤ t ∈ MΓAΓAΓM , that is a ∈ (MΓAΓAΓM ] and property (2) holds.
The implication (2) ⇒ (3) is obvious.
(3) =⇒ (1) . Let a ∈ M . By hypothesis, a ∈ (MΓaΓaΓM ] , then a ≤ t for some t ∈ (MΓa)Γ(aΓM) . By [5;
Lemma 3.7(1)], t ∈ uµv for some u ∈ MΓa , µ ∈ Γ , v ∈ aΓM , u ∈ xγa for some x ∈ M , γ ∈ Γ and v ∈ aρy

for some ρ ∈ Γ , y ∈ M . By [5; Lemmas 3.5 and 3.6], we have t ∈ uµv = {u}µ{v} ⊆ (xγa)µ(aρy) . We have
x, y, t ∈ M , γ, µ, ρ ∈ Γ , t ∈ (xγa)µ(aρy) and a ≤ t and so M is intra-regular. 2

The theorem on intra-regular ordered Γ -hypersemigroups that corresponds to Theorem 2.4 in [5], is the
following.

Theorem 2.12 An ordered Γ-hypersemigroup M is intra-regular if and only if for every right ideal A and
every left ideal B of M, we have

A ∩B ⊆ (BΓA].

Proof =⇒ . Let A be a right ideal and B be a left ideal of M. By [5; Proposition 3.12], the set A ∩ B is
nonempty. Since M is intra-regular, by Proposition 2.11, we have

A ∩B ⊆
((

MΓ(A ∩B)
)
Γ
(
(A ∩B)ΓM

)]
.

Since A ∩ B ⊆ B,A , by [5; Lemma 3.8], we have MΓ(A ∩ B)Γ(A ∩ B)ΓM ⊆ (MΓB)Γ(AΓM) ⊆ BΓA and so
A ∩B ⊆ (BΓA] .
⇐= . Let a ∈ M . By hypothesis, we have

a ∈ R(a) ∩ L(a) ⊆
(
L(a)ΓR(a)

]
=

(
(a ∪MΓa]Γ(a ∪ aΓM ]

]
(by Lemma 2.7)

=
(
(a ∪MΓa)Γ(a ∪ aΓM)

]
(by Lemma 2.8)

= (aΓa ∪MΓaΓa ∪ aΓaΓM ∪MΓaΓaΓM ]

= (aΓa] ∪ (MΓaΓa] ∪ (aΓaΓM ] ∪ (MΓaΓaΓM ].
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If a ∈ (aΓa] , then we have

aΓa ⊆ (aΓa]Γ(aΓa] ⊆ (aΓaΓaΓa] (by Lemma 2.6)

⊆ (MΓaΓaΓM ],

so a ∈ (aΓa] ⊆
(
(MΓaΓaΓM ]

]
= (MΓaΓaΓM ] .

If a ∈ (MΓaΓa] , then we have

MΓaΓa ⊆ MΓ(MΓaΓa]Γa ⊆ (M ]Γ(MΓaΓa]Γ(a]

⊆ (MΓMΓaΓaΓa] (by Lemma 2.6)

=
(
(MΓM)Γ(aΓaΓa)

]
⊆

(
MΓ(aΓaΓM)

]
.

Then a ∈ (MΓaΓa] ⊆
(
(MΓaΓaΓM ]

]
= (MΓaΓaΓM ] .

If (aΓaΓM ] , then in a similar way we prove that a ∈ (MΓaΓaΓM ] . In each case, we have a ∈ (MΓaΓaΓM ]

and, by Proposition 2.11, M is intra-regular.
The natural extension of the notion of right (left) regular ordered semigroup [1] to right (left) regular

ordered Γ -hypersemigroup is given by the following definition.

Definition 2.13 An ordered Γ-hypersemigroup M is called right regular if, for every a ∈ M , there exist
x ∈ M and γ, µ ∈ Γ such that {a} ⪯ (aγa)µ{x} ; in other words, there exist x, t ∈ M and γ, µ ∈ Γ such that

t ∈ (aγa)µ{x} and a ≤ t.

It is called left regular if for every a ∈ M there exist x ∈ M and γ, µ ∈ Γ such that {a} ⪯ {x}γ(aµa) ; in other
words, there exist x, t ∈ M and γ, µ ∈ Γ such that

t ∈ {x}γ(aµa) and a ≤ t.

Proposition 2.14 Let M be an ordered Γ-hypersemigroup. The following are equivalent:
(1) M is right regular.
(2) For every nonempty subset A of M, we have A ⊆ (AΓAΓM ].

(3) For every a ∈ M , we have a ∈ (aΓaΓM ] .

Proof (1) =⇒ (2) . Let A be a nonempty subset of M and a ∈ A . Since M is right regular, there exist
x, t ∈ M and γ, µ ∈ Γ such that t ∈ (aγa)µ{x} and a ≤ t . By [5; Definition 3.3], (aγa)µ{x} ⊆ (aγa)Γ{x} . By
[5; Lemma 3.7(2)], aγa ⊆ aΓa and, by [5; Lemma 3.8 and Prop. 3.17], (aγa)Γ{x} ⊆ (AΓA)ΓM = AΓAΓM .
We have a ≤ t ∈ AΓAΓM and so a ∈ (AΓAΓM ] .
The implication (2) ⇒ (3) is obvious.
(3) =⇒ (1) . Let a ∈ M . By hypothesis, we have a ∈ (aΓaΓM ] . By [5; Prop. 3.17], a ≤ t for some
t ∈ (aΓa)ΓM . By [5; Lemma 3.7(1)], t ∈ uµx for some u ∈ aΓa , µ ∈ Γ , x ∈ M and u ∈ aγa for some
γ ∈ Γ . By [5; Lemmas 3.5 and 3.6], we get t ∈ uµx = {u}µ{x} ⊆ (aγa)µ{x}. We have x, t ∈ M , γ, µ ∈ Γ ,
t ∈ (aγa)µ{x} , a ≤ t and so M is right regular. 2
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In a similar way the following proposition holds.

Proposition 2.15 An ordered Γ-hypersemigroup M is left regular if and only if, for every nonempty subset A
of M, we have A ⊆ (MΓAΓA] , equivalently, for every a ∈ M , we have a ∈ (MΓaΓa] .

Definition 2.16 An ordered Γ-hypergroupoid M is called right duo if the right ideals of M are at the same
time left ideals of M ; that is, ideals of M. It is called left duo if the left ideals of M are ideals of M.

Lemma 2.17 Let M be an ordered Γ-hypersemigroup. Then, for every nonempty subsets A,B,C of M, we
have

(AΓBΓC] =
(
AΓ(B]ΓC

]
.

Proof Since B ⊆ (B] , we have AΓBΓC ⊆ AΓ(B]ΓC and so (AΓBΓC] ⊆
(
AΓ(B]ΓC

]
. On the other hand,

AΓ(B]ΓC ⊆ AΓ
(
(B]Γ(C]

)
⊆ AΓ(BΓC] (by Lemma 2.6)

⊆ (A]Γ(BΓC] ⊆
(
AΓ(BΓC)

]
(by Lemma 2.6)

= (AΓBΓC]

and so
(
AΓ(B]ΓC

]
⊆

(
(AΓBΓC]

]
= (AΓBΓC].

The theorem on right regular and right duo ordered Γ -hypersemigroups that corresponds to Theorem
2.7 in [5], is the following.

Theorem 2.18 An ordered Γ-hypersemigroup M is right regular and right duo if and only if, for every right
ideals A and B of M, we have

A ∩B = (AΓB].

Proof =⇒ . Let A , B be right ideals of M. Then AΓB ⊆ AΓM ⊆ A ; since M is right duo, B is a left ideal
of M as well, that is AΓB ⊆ MΓB ⊆ B . Thus we have (AΓB] ⊆ (A] = A and (AΓB] ⊆ (B] = B and so
(AΓB] ⊆ A ∩ B . Since A is a right ideal and B is a left ideal of M, by [5; Proposition 3.12], the set A ∩ B is
nonempty. Since M is right regular and A ∩B ̸= ∅ , by Proposition 2.14, we have

A ∩B ⊆
(
(A ∩B)Γ(A ∩B)ΓM

]
.

Since A ∩B ⊆ A,B , by [5; Lemma 3.8], (A ∩B)ΓM ⊆ AΓM ∩BΓM ⊆ A ∩B . Then we have

A ∩B ⊆
(
(A ∩B)Γ(A ∩B)

]
⊆ (AΓB],

and so A ∩B = (AΓB] .

⇐= . Let A be a right ideal of M. Since M is a right ideal of M, by hypothesis, we have A = M ∩A = (MΓA] ,
so A is a left ideal of M and M is right duo.
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Let now a ∈ M . By hypothesis, we have

a ∈ R(a) ∩R(a) =
(
R(a)ΓR(a)

]
=

(
(a ∪ aΓM ]Γ(a ∪ aΓM ]

]
(by Lemma 2.7)

=
(
(a ∪ aΓM)Γ(a ∪ aΓM)

]
(by Lemma 2.8)

= (aΓa ∪ aΓMΓa ∪ aΓaΓM ∪ aΓMΓaΓM ]

= (aΓa] ∪ (aΓMΓa] ∪ (aΓaΓM ] ∪ (aΓMΓaΓM ].

If a ∈ (aΓa] , then aΓa ⊆ (aΓa]Γa ⊆ (aΓa]Γ(a] ⊆ (aΓaΓa] ⊆ (aΓaΓM ] . Then

a ∈ (aΓa] ⊆
(
(aΓaΓM ]

]
= (aΓaΓM ].

Let a ∈ (aΓMΓa] . Then

a ∈
(
aΓMΓ(aΓMΓa]

]
=

(
(aΓM)Γ(aΓMΓa)

]
(by Lemma 2.8)

=
(
(aΓM)Γ(aΓM)Γa)

]
=

(
(aΓM)Γ(aΓM ]Γa

]
(by Lemma 2.17)

=
(
aΓMΓ(aΓM ]Γa

]
.

The set (aΓM ] is a right ideal of M. Since M is right duo, it is a left ideal of M as well, that is, MΓ(aΓM ] ⊆
(aΓM ] . Thus we have

a ∈
(
aΓ(aΓM ]Γa

]
=

(
aΓ(aΓM)Γa

]
(by Lemma 2.17)

=
(
aΓaΓ(MΓa)

]
⊆ (aΓaΓM ],

and so a ∈ (aΓaΓM ] .

Let a ∈ (aΓMΓaΓM ] . By Lemma 2.8, a ∈
(
(aΓM)Γ(aΓM ]

]
. Since (aΓM ] is a right ideal of M and M is

right duo, it is a left ideal of M as well and so MΓ(aΓM ] ⊆ (aΓM ] . Thus we have a ∈
(
aΓ(aΓM ]

]
= (aΓaΓM ]

by Lemma 2.8.
In each case, we have a ∈ (aΓaΓM ] and, by Proposition 2.14, M is right regular. 2

In a similar way, we prove the following theorem that corresponds to [5; Theorem 2.8].

Theorem 2.19 An ordered Γ-hypersemigroup M is left regular and left duo if and only if, for every left ideals
A and B of M, we have

A ∩B = (BΓA].

Definition 2.20 Let M be a Γ-hypersemigroup. A nonempty subset T of M is called semiprime if for any
nonempty subset A of T such that AΓA ⊆ T , we have A ⊆ T.

Equivalent Definition: For every a ∈ M such that aΓa ⊆ T , we have a ∈ T .
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The theorem on ordered Γ -hypersemigroups that corresponds to [5; Theorem 2.10] is the following:

Theorem 2.21 An ordered Γ-hypersemigroup M is intra-regular if and only if the ideals of M are semiprime.

Proof =⇒ . Let T be an ideal of M and A be a nonempty subset of T such that AΓA ⊆ T . Since M is

intra-regular, by Proposition 2.11, we have A ⊆ (MΓAΓAΓM ] =
(
MΓ(AΓA)ΓM

]
. Since AΓA ⊆ T , we have

MΓ(AΓA)ΓM ⊆ MΓTΓM ⊆ T . Thus we have A ⊆ (T ] = T and so M is semiprime.
⇐= . Let a ∈ M . The set I(aΓa) is an ideal of M such that aΓa ⊆ I(aΓa) . Since I(aΓa) is semiprime, we
have

a ∈ I(aΓa) = (aΓa ∪MΓaΓa ∪ aΓaΓM ∪MΓaΓaΓM ].

Then M is intra-regular (see the proof of the “⇐ ” -part of Theorem 2.12). 2

The proposition on ordered Γ -hypersemigroups that corresponds to [5; Proposition 2.11] is the following.

Proposition 2.22 If an ordered Γ-hypersemigroup M is right (or left) regular, then it is intra-regular.

Proof Let M be right regular and A a nonempty subset of M. By Proposition 2.14, we have A ⊆ (AΓAΓM ] .
Moreover,

AΓAΓM ⊆ AΓ(AΓAΓM ]ΓM ⊆ (A]Γ(AΓAΓM ]Γ(M ]

⊆
(
AΓ(AΓAΓM)ΓM

]
(by Lemma 2.6)

=
(
(AΓA)ΓAΓ(MΓM)

]
⊆ (MΓAΓM ] ⊆

(
MΓ(AΓAΓM ]ΓM

]
=

(
MΓ(AΓAΓM)ΓM

]
(by Lemma 2.17)

=
(
MΓ(AΓA)Γ(MΓM)

]
⊆ (MΓAΓAΓM ].

Thus we have A ⊆
(
(MΓAΓAΓM ]

]
= (MΓAΓAΓM ] and, by Proposition 2.11, M is intra-regular. 2

The following proposition, corresponds to [5; Proposition 2.12].

Proposition 2.23 Let M be an ordered Γ-hypersemigroup. The following are equivalent:
(1) M is right regular.
(2) R(A) = R(AΓA) for every nonempty subset A of M.
(3) R(A) ⊆ R(AΓA) for every nonempty subset A of M.

Proof (1) =⇒ (2) . Let A be a nonempty subset of M. We have R(A) = (A∪AΓM ] . Since M is right regular,
by Proposition 2.14, we have A ⊆ (AΓAΓM ] . Then we have

A ∪AΓM ⊆ (AΓAΓM ] ∪ (AΓAΓM ]ΓM = (AΓAΓM ] ∪ (AΓAΓM ]Γ(M ].

Since (AΓAΓM ]Γ(M ] ⊆
(
AΓAΓ(MΓM)

]
⊆ (AΓAΓM ] , we have A ∪AΓM = (AΓAΓM ] . Then we have

R(A) = (A ∪AΓM ] =
(
(AΓAΓM ]

]
=

(
(AΓA)ΓM

]
⊆

(
AΓA ∪ (AΓA)ΓM

]
= R(AΓA).
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On the other hand,

R(AΓA) =
(
AΓA ∪ (AΓA)ΓM

]
= (AΓA] ∪

(
AΓ(AΓM)

]
⊆ (AΓM ]

⊆ (A ∪AΓM ] = R(A).

Thus we have R(A) = R(AΓA) .
The implication (2) =⇒ (3) is obvious.

(3) =⇒ (1) . let A be a nonempty subset of M. By hypothesis, we have

A ⊆ R(A) ⊆ R(AΓA) =
(
AΓA ∪ (AΓA)ΓM

]
= (AΓA] ∪

(
AΓ(AΓM)

]
⊆ (AΓM ],

from which AΓA ⊆ AΓ(AΓM ] . Then we have (AΓA] ⊆
(
(AΓ(AΓM ]

]
= (AΓAΓM ] and so A ⊆ (AΓAΓM ] .

By Proposition 2.14, M is right regular. 2

The following corresponds to [5; Proposition 2.13].

Proposition 2.24 An ordered Γ-hypersemigroup M is left regular if and only if, for any nonempty subset A

of M, we have
L(A) = L(AΓA), equivalently, L(A) ⊆ L(AΓA).

The following corresponds to [5; Theorem 2.14].

Proposition 2.25 An ordered Γ-hypersemigroup M is right regular if and only if the right ideals of M are
semiprime.
Proof =⇒ . Let T be a right ideal of M and A a nonempty subset of M such that AΓA ⊆ T . Since M

is right regular, by Proposition 2.14, we have A ⊆
(
(AΓA)ΓM

]
⊆ (TΓM ] ⊆ T, then A ⊆ T and so T is

semiprime.
⇐= . Let A be a nonempty subset of M. Since R(AΓA) is a right ideal of M, by hypothesis, it is semiprime.
Since AΓA ⊆ R(AΓA) and R(AΓA) is semiprime, we have

A ⊆ R(AΓA) =
(
AΓA ∪ (AΓA)ΓM

]
= (AΓA] ∪

(
AΓ(AΓM)

]
⊆ (AΓM ].

Then AΓA ⊆ AΓ(AΓM ] ⊆ (A]Γ(AΓM ] ⊆ (AΓAΓM ] and so A ⊆ (AΓAΓM ] . By Proposition 2.14, M is right
regular. 2

In a similar way, we get the following proposition that corresponds to [5; Theorem 2.15].

Proposition 2.26 An ordered Γ-hypersemigroup M is left regular if and only if the left ideals of M are
semiprime.

Definition 2.27 An ordered Γ-hypergroupoid M is called right (resp. left) simple if M is the only right (resp.
left) ideal of M. That is, if A is a right (resp. left) ideal of M, then A = M .

The following corresponds to [5; Proposition 2.17].
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Proposition 2.28 Let M be an ordered Γ-hypersemigroup. The following are equivalent:
(1) M is right (resp. left) simple.
(2) (AΓM ] = M (resp. (MΓA] = M ) for every nonempty subset A of M.
(3) (aΓM ] = M (resp. (MΓa] = M ) for every a ∈ M .

Proof (1) =⇒ (2) . Assuming M is right simple, let A be a nonempty subset of M. Since (AΓM ] is a right
ideal of M and M is right simple, we have (AΓM ] = M .
The implication (2) ⇒ (3) is obvious.
(3) =⇒ (1) . Suppose (aΓM ] = M for every a ∈ M and let T be a left ideal of M. Then T = M .
Indeed: Let a ∈ M . Take an element b ∈ T (T ̸= ∅) . By hypothesis, we have (bΓM ] = M . Then,
a ∈ (bΓM ] ⊆ (TΓM ] ⊆ (T ] = T and so a ∈ T . 2

The following proposition corresponds to [5; Proposition 2.19].

Proposition 2.29 If an ordered Γ-hypersemigroup M is both right and left simple, then it is regular.

Proof Let A be a nonempty subset of M. Since M is right simple, by Proposition 2.28, we have (AΓM ] = M ;
since M is left simple, we have (MΓA] = M . Then we have

A ⊆ (AΓM ] =
(
AΓ(MΓA]

]
=

(
AΓ(MΓA)

]
= (AΓMΓA],

and by Proposition 2.4, M is regular. 2

Definition 2.30 A nonempty subset A of an ordered Γ-hypersemigroup M is called a bi-ideal of M if we have
the following:

(1) BΓMΓB ⊆ B and
(2) if a ∈ B and M ∋ b ≤ a , then b ∈ B .

By a subidempotent bi-ideal of M we mean a bi-ideal A of M such that AΓA ⊆ A (in other words a bi-ideal of
M that is at the same time a Γ-subsemihypergroup of M).

The theorem on ordered Γ -hypersemigroups that corresponds to [5; Theorem 2.20] is the following.

Theorem 2.31 An ordered Γ-hypersemigroup M is both left and right simple if and only if M does not contain
proper bi-ideals; equivalently, if M does not contain proper subidempotent bi-ideals.
Proof =⇒ . Let B be a bi-ideal of M. Since S is left simple, by Proposition 2.28, we have (MΓB] = M ; since
M is right simple, we have (BΓM ] = M . Thus we have

M = (MΓB] =
(
(BΓM ]ΓB

]
= (BΓMΓB] ⊆ (B] = B,

and so B = M .
⇐= . Let A be a left ideal of M. Then, A is a subidempotent bi-ideal of M. By hypothesis, we have A = M ,
so M does not contain proper left ideals and so it is left simple. Similarly, M is right simple. 2

Theorem 2.31, in case of an ordered semigroup, has been proved in [5]. Using the methodology given
in Theorem 2.31, the proof in [5] can be simplified. However, based on [5], we can give a second proof of
the “⇒”-part of Theorem 2.31 which, though more technical, is interesting giving further detailed information
about the techniques in ordered Γ -hypersemigroups.
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For this proof, we need the following lemma.

Lemma 2.32 If M is a regular Γ-hypersemigroup and A a bi-ideal of M, then AΓA ⊆ A .

Proof Since A is a bi-ideal of M, we have AΓMΓA ⊆ A , and then (AΓMΓA] ⊆ (A] = A . Since M is regular,
we have A ⊆ (AΓMΓA] and so A = (AΓMΓA] . Then we get

AΓA ⊆ (AΓMΓA]Γ(A] ⊆
(
AΓ(MΓA)ΓA

]
⊆ (AΓMΓA] = A,

and so AΓA ⊆ A . 2

Second proof of the “⇒”-part of Theorem 2.31

=⇒ . Let A be a bi-ideal of M. Then A = M . In fact: Let a ∈ M . Take an element b ∈ A (A ̸= ∅) . Consider
the left ideal L(b) of M generated by b , that is the set L(b) = (b ∪ MΓb] . Since M is left simple, we have
L(b) = M . Since a ∈ L(b) , we have a ≤ t for some t ∈ b ∪MΓb .
(A) If t = b , then t ∈ A . Since M ∋ a ≤ t ∈ A and A is a bi-ideal of M, we have a ∈ A and the proof is
complete.
(B) If t ∈ MΓb , then t ∈ xγb for some x ∈ M , γ ∈ Γ . We consider the right ideal of M generated by b , that
is the set R(b) = (b ∪ bΓM ] . Since M is right simple, we have R(b) = M . Since x ∈ R(b) , we have x ≤ k for
some k ∈ b ∪ bΓM .

(B1 ) If k = b , then x ≤ b , so xγb ⪯ bγb and since t ∈ xγb , there exists u ∈ bγb such that t ≤ u . Since
M is right and left simple, by Proposition 2.29, it is regular. Since M is regular and A is a bi-ideal of M, by
Lemma 2.32, have AΓA ⊆ A . Since u ∈ bγb ⊆ AΓA ⊆ A , we have u ∈ A . Since M ∋ a ≤ t ≤ u ∈ A and A is
a bi-ideal of M, we have a ∈ A and the proof is complete.

(B2 ) Let k ∈ bΓM . Then k ∈ bµy for some µ ∈ Γ , y ∈ M . Since x ≤ k , we have xγb ⪯ kγb and since
t ∈ xγb , there exists u ∈ kγb such that t ≤ u . We have

u ∈ kγb = {k}γ{b} ⊆ (bµy)γ{b} ⊆ AΓMΓA ⊆ A,

therefore u ∈ A . Since M ∋ a ≤ t ≤ u ∈ A and A is a bi-ideal of M, we have a ∈ A and the proof is complete.

Note It might be mentioned that the Γ -hypersemigroup given in Example 3.24 in [5], endowed with the order
relation ≤:= {(a, a), (a, c), (b, b), (b, c), (c, c)} is an example of an ordered Γ -hypersemigroup that is regular,
right (resp. left) regular, and, by Proposition 2.22, intra-regular as well. Moreover, it is right simple and left
simple. It is duo as well. So, the results of the paper can be applied.

With my thanks to the anonymous referees for their time to read the paper.
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