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Abstract: In this paper,we define a class of analytic functions Fig xy (H, , d, 1), satisfying the following subordinate

condition associated with Chebyshev polynomials

g ’ 123
+(1-a) [g‘(())]

where G (2) = A82%f (2)+ A =B)2f (2)+ (1 =A+B8)f(2), 0<a<1, 1<6§<2 0<pu<1, 0<B<A<I and

t € (3,1]. We obtain initial coefficients |az| and |as| for this subclass by means of Chebyshev polynomials expansions

1—p

2G (2)
G (2)

2G (2)
G (2)

< H(z1),

of analytic functions in D. Furthermore, we solve Fekete-Szegd problem for functions in this subclass.We also provide
relevant connections of our results with those considered in earlier investigations. The results presented in this paper

improve the earlier investigations.

Key words: Analytic and univalent functions, subordination, Chebyshev polynomials, coefficient estimates, Fekete—

Szegd inequality

1. Introduction
Let D be the open unit disc D = {z € C: |z| < 1} and A be the class of functions analytic in D, satisfying
the conditions f(0) =0 and f/(0) = 1.

Then each functions f in A has the following Taylor expansion
f(z) :z—&—Zanz". (1.1)
n=2

Furthermore, by & we shall denote the class of all functions A that are univalent in D.
Let f and g be analytic functions in D. We define that the function f is subordinate to g in D and
denoted by

f(z) <g9(z) (2€D),
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if there exists a Schwarz function w, which is analytic in D with w(0) =0 and |w(z)| <1 (z € D) such that
f(z) =g(w(z)) (2€D). (1.2)
If g is a univalent function in D, then
f(z) < 9(2) & f(0) = g(0) and f(D) C g(D).

A function f € A maps D onto a starlike domain with respect to wg = 0 if and only if

zf'(2) 1-—=z
f (2 = 1+2

(z€D). (1.3)

A function f € A maps D onto a convex domain if and only if

z2f"(z) 1—=z
) 1w

1+ (z€D). (1.4)

It is well known that if a function f € S satisfies (1.3) and (1.4), then f is starlike and convex in D, respectively.
Let 8 €[0,1). A function f € A is said to be starlike of order 8 and convex of order S, respectively, if

zf'(2) 1—(1-20)z
f(2) = 142

(z € D)

and
2f"(z) 1-(1-20)=

e Itz

(z € D) (1.5)

are satisfied.
The aritmetic means of some functions and expressions is very frequently used in mathematics, specially in

geometric functions theory. Making use of the arithmetic means Mocanu [14] introduced the class of a—convex

(0 < a <1) functions as follows

s {rensfveo (£82) o+ £ o veo)

which, in some special cases, reduced the class of starlike and convex functions. In general, the class of a— convex

functions determines the arithmetic bridge between starlikeness and convexity.
Using the geometric means, Lewandowski et al. [12] defined the class of p—starlike functions (0 < p < 1)
consisting of the functions f € A that satisfy the inequality to

%Kﬂ?Y@+?8§WL”<*m-

We note that the class p—starlike functions constitutes the geometric bridge between starlikeness and convexity.

There is a close relationship between the above classes. For example, 0—convex (or 1—starlike) and

1—convex (or 0—starlike) functions are, respectively, starlike and convex functions.
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In 1933, Fekete and Szegd [9] obtained a sharp bound of the functional |ag — pa3|, withreal p (0 < p < 1)
for a univalent function f. Since then, the problem of finding the sharp bounds for this functional of any compact
family of functions or f € A with any complex p is known as the classical Fekete—Szegd problem or inequality.

Chebyshev polynomials have greater importance in numerical analysis and, more generally, in applications
of mathematics. There are four kinds of Chebyshev polynomials. The majority of books and research papers
dealing with specific ortogonal polynomials of the Chebyshev family contain mainly results of Chebyshev
polynomials of the first and second kinds T, (t), U, (¢t) and their numerous uses in different applications;
see, for example, Doha [7] and Mason [13].

The Chebyshev polynomials of the first and second kinds are well known. In the case of a real variable ¢

n (—1,1), they are defined by
T, (t) = cosnyp,

sin(n+1) ¢
sin ¢

Uy (t) =

where n denotes the polynomial degree and ¢ = cos ¢. For a brief history of Chebyshev polynomials of the first
kind T, (t), the second kind U, (t) and their applications one can refer ([1]-[5], [7], [8], [18]-[20]).

We consider that if ¢t = cos ¢ (‘T’T <p< g) , then

1 1
H(z,t = =
(z%) 1—2tz+22 1—2cospz+ 22
L sin(n4 1)
= 1 —_— " eD).
+; sin ¢ N (2 )
Thus, we have
H(z,t)=1+2cospz + (3cos’ p —sin® ) 2> + -+ (2 € D).

So, according to [20], we write the Chebyshev polynomials of the second kind as following:

H(z,t) =14+ U1(t)z+Us(t)2* +--- (=1<t<1, z€D)

where U,_1(t) = % (n € N) and we have

Un(t) = 2tUp_1(t) — Un—a(t),

Up(t) = 1,

Ui (t) = 2t

Uy (t) = 4t -1,

Us(t) = 8t —4t,

Uy(t) = 16t* — 12t + 1. (1.6)

The Chebyshev polynomials T, (t), ¢t € [—1, 1] of the first kind have the generating function of the form

s 1—tz
T,()" = ——2 _ (zeD).
; 0" =1 on 12 (D)
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There are the following connections by the Chebyshev polynomials of the first kind 7;,(¢) and the second kind
Un(t) :
dT,(t)
dt

=nUp_1(t), Tn(t)=Un(t) —tUn—1(t), 2T,(t) =Un(t) — U,—a(t).
Now, we define a subclass of analytic functions in D with the following subordination condition:

Definition 1.1 Let 0<a <1, 1<§<2, 0< <1, 0<p8<2<1 andte(%,l]. We say that f € A of
the form (1.1) belong to f € Fg xy (H,a,0, ) if

o[e] oo e [ ] et o

where 2 € D and G (2) = AB22f" (2) + A= B) 2f' (2) + (1 =X+ B) f (2).

Taking a =6 =t =1, § =X =0 and w(z) = z (in (1.2)) in Definition 1.1, we obtain the following

example.

Example 1.2 The function
z

f(z) = €=

with the series expansion f(z) = z + 222 + %zs + -+ belongs to Fo oy (H,1,1,p).

Remark 1.3 Note that for restricted values of the parameters involved in the class Fg xy (H,a,0, 1) gives the
following special subclasses:
i) A function f € A is said to be in the class Fg ) (H,1,1,u) = N (\,B,1), 0<B <AL, te (%,1] ,

if the following subordination holds:

ABZ3 " (2) + (2AB+ A — B) 22f" (2) + 2f' (2)
AB2f" (2) + (A= B)zf" (2) + (1 = A+ B) f(2)

< H(z,1t) (2€D).

This class was introduced and studied by Caglar et al. [5].
ii) A function f € A is said to be in the class F oy (H, o, 6,p) = F (H,o,6,p), 0 <a<1, 1<0 <2,
0<u<l, te (%, 1] , if the following subordination holds:

° (ijcl(;(z;))é +(1-a) (ij/(ij))lt (1 + Z}C,”(S)y_“ < H(zt) (2€D).

This class was introduced and studied by Szatmari and Yalgin [19].
i) A function f € A is said to be in the class Fig oy (H,0,0,1) = L(p,t), p >0, t € (%, 1] , if the

following subordination holds:

(z}{’(S))H (1 + Z;/"(ij))l_lL <H(zt) (2€D).
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This class was introduced and studied by Altinkaya and Yalgin [2].
iv) A function f € A is said to be in the class Fg ) (H,1—n,1,0) = K(n,t), n>0, t € (%, 1] , if the

following subordination holds:

2f (2) ( 2f (z))
1—n +n(1+ < H (2,1t z€D).
This class was introduced and studied by Altinkaya and Yalgin [1].
v) A function f € A is said to be in the class Fo ) (H,1—-1,1,0) = GJ(t), n>0,0< A< 1, te (%, 1] ,
if the following subordination holds:

1—7) <Zg(S)) +1 <1 + Zg&?) < H(zt) (D).

where G (z) = Azf' (2) + (1 = X) f (2). This class was introduced and studied by Bulut et al. [3].

vi) A function f € A is said to be in the class Fo ) (H,0,0,0) = H(t), t € (%,1] , if the following
subordination holds:
2" (2)
f(z)

1+ < H (z,1).

This class was introduced and studied by Dziok et al. [8].

Many studies have been conducted on different classes defined by many mathematicians on different dates
and various results have been obtained ([4], [6], [10], [15]-[18]).

In this paper, we obtain initial coefficients |az| and |as| for subclass Fig ) (H,a,0, ) by means of
Chebyshev polynomials expansions of analytic functions in D. Also, we solve Fekete—Szego problem for functions

in this subclass.

2. Coefficient bounds for the function class F3 ) (H,, 0, 1)
We begin with the following result involving initial coefficient bounds for the function class F(z ) (H,a,d,p) .
Theorem 2.1 Let the function f(z) given by (1.1) be in the class Fg xy (H,,d, ). Then,

2t
ab+(1—a)2—w)]2A\B+A—F+1)

las] < [

and

1
2[ad+ (1—a)(3=2w)] 2B+ X = B) + 1]

y 2[a5+(1fa)(2fu)}2fa6(573)f(lfa)(u2+5u*8)4t2_1
2[ad + (1 —a) (2 — p)? '

laz| <
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Proof Let the function f(z) given by (1.1) be in the class Fig x) (H,,d, ). From (1.7), we have

2G' (2) o . 2G ()" 2G (z)]
[Ge] - Ee e
= 1+ Op() + T2 ()p (2) +--

for some analytic functions

p(z) =crz+c2® +c32® + - (€ D),
such that p(0) =0, |p(z)] <1 (z € D). For such functions, it is well known that (see [11])
el <1 (j eN)

and for all v € C

|e2 — vei| < max {1,[v]}.

Therefore from (2.1) and (2.2) we have

LG5 oo (&S] [+ 58]

= 1+U1 (t)012+ [Ul (t)CQ"_UQ(t)C%:I Z2+"'
where G (2) = \822f" (2) + A= B) zf' (2) + (1 —= X+ ) f (2). It follows from (2.5) that
a6+ (1= ) 2~ w)] (AB+ A~ B+ ) as = Us (t)cx

and

5 (065 —3)+ (1) (42 + 50— 8)] (203 + A~ 5+ 13
120ad 4+ (1—a) (3— 2] [2BAB+ A— ) + 1] as

= Ui(t)ea +Ua(t) .
From (1.6), (2.3) and (2.6), we have

2t
S I =} @A =G+ 1)

By using (2.6), we can rewrite the equaliy (2.7) as follows
2[ad + (1 —a) (3 —=2w)][2(BAB+ A — B) + 1] a3
1
= Ui(t)eo+ Uz (t) e} — 3 [ad (6 —3) + (1 —a) (u* + 5u —8)]

U1 (t) C1

X(Q/\B—F)\_/B"'l)Q {a5+(1_a)(Q—Iu)}(Q)\ﬁ'F/\_B""'l)

1200
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If we consider (1.6) and (2.3) in last equality, we obtain
2[ad + (1 —a) (3 =2u)][2(BAE+ A=) +1]as

2t02+{2[a5+(1—a)(2—u)]2—a5(6—3)—(12—a)(u2+5u—8)4t2_1}ci
2[ad + (1 — @) (2= p)]

_ %{@_;t0_2h6+“aﬂ2mfa“5@ﬂzaNf+5ﬂ@%ﬂcﬁ.
2[ad + (1 - ) (2 — o)

Thus, from (2.4), we have

2t
2[ad+ (1 —a)(B3—=2w)][2BA\B+ A= 8) + 1]

laz| <

emax d 1 1|20+ (A=) @ =" ~ad (6 =3) — (1= a) (4 + 51 = §)
E 2[ad+ (1—a) (2= )P

42 -1

} |

By using Mathematica (version 8.0), we find that

2[ad + (1 —a) (2 —p)]> —ad (6 —3) — (1 — ) (u + 51 — 8)
2[ad + (L —a)(2— )

>1

for0<a<l,1<i<2and 0<pu<1.

Consequently, we obtain

1
2/ad + (1—a) (3 —20)] 2B+ A—B) + 1]

2t -0 —ad(-8) (o) (k245 =8)
2[ad + (1 —a) (2 - p)? '

las] <

The proof of Theorem 2.1 is completed. O
Taking A =0, =0 in Theorem 2.1, we obtain the following Corollary 2.2.

Corollary 2.2 Let the function f(z) given by (1.1) be in the class F (H,«,d, ). Then,

2t
ad+(1—a)(2—p)

las| <

and
1
2[ad 4+ (1 —a) (3 —2u)]

X{2[@54—(1—&)(2—#)}2—a5(5—3)—(1—0¢)(,u2+5u—8)4t2_1}.
2[ad+(1-a)(2—p)

laz| <

Remark 2.3 The estimate of |as| which obtained in Corollary 2.2 is better than the corresponding estimate in
Szatmari and Altinkaya [19].
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Taking « =0, A =0 and 8 =0 in Theorem 2.1, we obtain the following Corollary 2.4.

Corollary 2.4 Let the function f(z) given by (1.1) be in the class L (u,t). Then,

and
16 — 13 + p?) t2 1
|a3|§( K ”)2 . .
B-2m)(2-p* 2B-2u

Remark 2.5 The estimate of |as| which obtained in Corollary 2./ is better than the corresponding estimate in
Altinkaya and Yalgin [2].

Taking a=1—1n, 6 =1, u =0, 8 =0 in Theorem 2.1, we obtain the following Corollary 2.6.

Corollary 2.6 Let the function f(z) given by (1.1) be in the class G (t). Then,

|aﬂ§$
(I+m)(L+A)

and

as] < 1 A (m* +5m+2)
o2 (1+2)) (1+n)2

Remark 2.7 The estimate of |as| which obtained in Corollary 2.6 is better than the corresponding estimate in
Bulut et al. [5].

Taking a=1—1n, =1, p =0, A=0, =0 in Theorem 2.1, we obtain the following Corollary 2.8.

Corollary 2.8 Let the function f(z) given by (1.1) be in the class K(n,t). Then,

2t
las] < ——
1+n
and
1 462 (n* + 50 + 2)
las| < 5 -
2(1+2n) (1+mn)

Remark 2.9 The estimate of |as| which obtained in Corollary 2.8 is better than the corresponding estimate in
Altinkaya and Yalgin [1].

Taking a =1, § =1 in Theorem 2.1, we obtain result of Caglar et al. [5] the following Corollary 2.10.

Corollary 2.10 Let the function f(z) given by (1.1) be in the class N (X, B,t). Then

2t
las] < 7
MB+A—pB+1
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and
8t —1
2[6M\3 +2)\ —26+1]

las| <

Taking 4 =0, a =0, A =0, 8 =0 in Theorem 2.1, we obtain result of Dziok et al. [8] the following
Corollary 2.11.

Corollary 2.11 Let the function f(z) given by (1.1) be in the class H (t). Then,

|a2|§t
and

|as] ﬁ_l

31=73 6

Taking «a =0, 6 =1, u=1, A=1, 8 =1 in Theorem 2.1, we obtain the following Corollary 2.12.

Corollary 2.12 Let the function f(z) given by (1.1) be in the class F(y 1y (H,0,1,1). Then,

2t
|a2|§§
and
as| 42 1
a _——
M AV

3. Fekete—Szego inequality for the function class Fs ) (H,a,0d, 1)

Now, we are ready to find the sharp bounds of Fekete—Szego functional |a3 — §a§’ defined for f € Fig ) (H,, 0, 1)
given by (1.1).

Theorem 3.1 Let the function f(z) given by (1.1) be in the class Fz ) (H, o, 6, ). Then for some £ € R,

% for £ € 61,8
— 2 2 K
|a3 50}2} = { % 4t2;1 B % _53(2/\5?/\}{—1%1)2 for £¢ 16,86 3.1)

where & = {2(2371%2]}(1””3} 2A\B+A—B+1), & = {2(23712:2;((17%)3} (2\3 4+ X — B+1)° such that

B a8 + (1 — ) (2= w)?,
K = 2[ad+(1—-a)B3=2u)]20@N+X—8)+1],
R ad (6 —3)+ (1 —a) (p® +5u—8).

Proof Let f € Fg ) (H,a,d,u) and

B = [ad+(1-a)2-p)],
2[ad+ (1—a)(B3=2u)][2(BA8+ 1= 8) +1],
R = ad(6—3)+(1—a)(u*+5u—28).

=
I
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From (2.6) and (2.7) for some £ € R, we can easily see that

U2(t) R B Uy () K 2
CQ+{U1(t) 25 () gB(2Aﬁ+A—6+1)Q} N

Ui (t)
K

}03 - §a§| =

Then, in view of (2.4), we conclude that
Ui (t Us (t R U1 (t) K
‘ag—fagyg 1()max{1, 2 (t) 1)

Uit) 28" (t)_§3(2w+x—5+1)2

K

} . (3.2)

Finally, by using (1.6) in (3.2), we get

42 -1 Rt 2tK
2t B "BEAB+A-B+1)

’ag —§a§| < i{t_max{l,

Because t > 0, we have

4>2—1 Rt 2tK

% B SBEE- AT )
o {2(2BfR£2;((1+2t)B} 2N+ A — B+ 1)2 <e< {2(2371%41;2;((17215)3} 2B+ A — B+ 1)2
& & << .

<1

Thus, the proof of theorem is completed. O

Taking o =1, § =1 in Theorem 3.1, we obtain result of Caglar et al. [5] the following Corollary 3.2.

Corollary 3.2 Let the function f(z) given by (1.1) be in the class N (X, B,t). Then for some £ € R,

s — €a3| < YT Jor €€ [&1,8)]
3 — > 2_ 41(6AB+22—28+1
? 6>\,6+2>t\—25+1 ’&21& - £ ((2A5+,\_5+1)2) for & 55 [51752]
where
£ = (82 —2t — 1) (2AB+ A — B+ 1)°
e 8t2 (6AB +2X — 28+ 1)
and
¢ (882 +2t —1) (2A8+ A — B+ 1)°
2 =

8t2 (6AB+2XA—28+1)

Taking A = 0, 8 =0 in (3.2), we obtain result of Szatmari and Altinkaya [19] the following Corollary

Corollary 3.3 Let the function f(z) given by (1.1) be in the class F (H,«,6, ). Then for some & € C,

|

|as — 03] < Crra=SEman
26[ad+(1—a)(3—2u)] 3a6+(17a)(875/1,)701(52*#2)*!’«2 4t2—1
xmax {1, |2t ot (—a)C—mF 2[ad+(1—a)(2—p)]? T
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Taking « =1-—n, § =1, p =0, 8 =0 in Theorem 3.1, we obtain result of Bulut et al. [3] the following
Corollary 3.4.

Corollary 3.4 Let the function f(z) given by (1.1) be in the class G1(t). Then for some & € R,

|as — €a3
< Ty for & €61,
NS 2_ 2(1437)t 4t(142n) (14+2))
TR |2 T e~ Sy for &£ ¢ 161, &)
where
4(n2+5m+2)2 — (1+2t)(14n)?
PO Ui el k) Ll U DY Gl ) WU
8(1+2n) (1+2\)¢t
and

4 (2 +5n+2) 12— (1—2t) (14 ) )
&Z{ S(1+2n) (1+2) 12 }(HA) '

Taking a =1—n, §=1, u =0, A=0, =0 in Theorem 3.1, we obtain result of Altinkaya and Yalgin
[1] the following Corollary 3.5.

Corollary 3.5 Let the function f(z) given by (1.1) be in the class K(n,t). Then for some £ € R,

|as — €a3
< ﬁ Jor €€ [&1,8)]
> 2_ 2(1+3n)t 4t(14+2 )
1+t2n ’4t2t o+ EH#’) —¢ (§+n)g) for £ & [&, 6]
where
£ = A(? +5n+2) 1 — (1+2t) (1 +17)°
' 8(1+2n) 2
and
‘ 42 +5n+2) 12— (1—2t) (1 +7)°
y =

8 (1 +2n)t2

Taking « = 0, A = 0 and 8 = 0 in Theorem 3.1, we obtain result of Altinkaya and Yalgin [2] the
following Corollary 3.6.

Corollary 3.6 Let the function f(z) given by (1.1) be in the class L (u,t). Then, for some & € R,

2 3j2p fOT f € [§1a§2]
az — &asy| < _ 2 45u—8)t _
‘ 3 f 2| 3—tQp 4t;t 1 (; (27/;)2 ) _ 5425;?)7“2)5;) for ¢ ¢ [51’62]

where
2 (u2 —13u+16) 2 — (2 — p)® (1 + 2t)

b= 8(3— 2u) 12

1205
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and

L2 (p? =13+ 16) 12 — (2— u)® (1 — 2t)
b2 = 8(3—2u)t2 '

Taking « = 0 in Theorem 3.1, we obtain following Corollary 3.7.

Corollary 3.7 Let the function f(z) given by (1.1) be in the class F(z ) (H,0,0,u). Then for some § € R,

|a — &3
Rl for & €61,
< 2_ (u?+5u—8)t 44(3—241) (6AB+2A—25+1) ,
L2 421
B=2w)(6XB+2X=23+1) | 2t ~— = (2-w)?* 3 (Q,M;(2A3+,\—ﬂ+1)z for &€ [&,8)]
where
2 (42 — 13 +16) 1 — (1+20) (2~ p)? :
- 2\ \— 1
‘ { 8(3—2u) (6AB+2)A =28 +1)12 @EAB+A—-B+1)
and

. {2(u2—13u+16)t2—(1—2t)(2—u)2
, =

2
8(3—2#)(6)\ﬁ—|—2)\—2ﬁ+1)t2 }(2>‘ﬁ+/\_6+1) .

Taking « =0, A =0, 8 =0 in Theorem 3.1, we obtain the following Corollary 3.8.

Corollary 3.8 Let the function f(z) given by (1.1) be in the class F (H,0,0,u). Then, for some £ € R,

) o for €€ 61,6
az —§az| < 2_ 245,-8)t -
‘ 3 2‘ (3_152H) 4t2t 1 (N (271‘02 ) _ 5425;37#2),1;) for & ¢ [51’52]

where

Cf2(u® - 13u+16) 12 — (1+2t) (2 — p)°
b= 8(3 —2u) 12

and

2 —13p+16) 82 — (1—2t) (2 — p)?
f2 = 8(3—2u)t2 '

Taking 41 =0, a =0, A =0, 8 =0 in Theorem 3.1, we obtain result of Dziok et al. [8] the following
Corollary 3.9.

Corollary 3.9 Let the function f(z) given by (1.1) be in the class H (t). Then for some £ € R,

t 8t2—2¢t—1 8t242t—1
3 fOT § S 612 ) 612

8t2—1 8t2—2t—1 8t242t—1
‘T - §t2‘ fO’I" é‘ ¢ 612 ) -gt2

las — Eaj| <
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