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Abstract: The purpose of this paper is to introduce and study 3-Hom-Lie bialgebras, which are a ternary version of Hom-
Lie bialgebras introduced by Yau (2015). We provide their properties, some key constructions and their 3-dimensional
classification. Moreover we discuss their representation theory and their generalized derivations and coderivations.

Furthermore, a more generalized notion called generalized 3-Hom-Lie bialgebra is also considered.
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1. Introduction

The notion of n-Lie algebra was introduced by Filippov in 1985 ([24]). The n-Lie algebras are a kind of
multiple algebraic systems appearing in many fields in mathematics and mathematical physics. The first in-
stances of 3-Lie algebras appeared in Nambu mechanics [39], for which an algebraic formulation was provided
by Takhtajan [45]. Moreover, they were used in string theory and M-branes. The structure of 3-Lie algebras
is applied to the study of the supersymmetry and gauge symmetry transformations of the world-volume the-
ory of multiple coincident M2-branes. Bagger and Lambert found in [8] a maximally supersymmetric three
dimensional conformal field theory as a candidate description of the low energy world volume theory of multiple
coincident M2-branes. In the study of supergravity solutions describing M2-branes ending on M5-branes, Basu
and Harvey [9] suggested lifted Nahm equations based on 3-Lie algebras. The structure of n-Lie algebras was
also explored from the algebraic point of view in various papers, see [6, 12, 32]. The Zs-graded case, motivated

by supersymmetry in physics, was considered in [1-3].

Hom-type generalizations of n-Lie algebras, called n-Hom-Lie algebras, were introduced by Ataguema,
Makhlouf, and Silvestrov in [7]. Each n-Hom-Lie algebra has n — 1 linear twisting maps, which appear in a
twisted generalization of the n-Jacobi identity called the n-Hom-Jacobi identity. If the twisting maps are all
equal to the identity, one recovers n-Lie algebras. The twisting maps provide a substantial amount of freedom

in manipulating Lie algebras.

The first instances of Lie bialgebras appeared first as the classical limit of mathematical structures un-

derlying the quantum inverse scattering method developed by Faddeev [23] when studying quantum integrable
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systems. The theory of Lie bialgebras dates back to the early 80th and is mostly due to Drinfeld [21] and
Semenov-Tian-Shansky [42], who introduced the Poisson-Lie groups and discussed the relationships with the
concept of a classical r-matrix, which were introduced earlier by Sklyanin [? |, see also for concepts of Lie coal-
gebras and Lie bialgebras ([20, 38]). The generalization to twisted situation was considered in several papers,
among them the study of purely Hom-Lie bialgebra by Cai and Sheng in [18] and the approach provided by

Yau in [46] which we aim to extend to ternary algebras.

The class of 3-Lie bialgebras were studied first in [10]. In [22] the authors study local cocycle 3-Lie bialge-
bras and double construction 3-Lie bialgebras which were introduced in the study of the classical Yang—Baxter
equation and Manin triples for 3-Lie algebras. Two types of 3-Lie bialgebras whose compatibility conditions
between the multiplication and comultiplication are given by local cocycles and double constructions are also
considered in [13]. One may mention also the work about 3-Leibniz bialgebras in [41]. An attempt to define

3-Hom-Lie bialgebras, in terms of Manin triple of 3-Hom-Lie algebras, was given recently in [29].

Derivations of different algebraic structures are an important subject of study in algebra and other areas.
They appeared in many fields of mathematics and physics. In particular, they appear in representation theory
and cohomology theory among other areas. They have various applications such as relating algebra to geometry
and also allow the construction of new algebraic structures. There are many generalizations of derivations
(for example, Leibniz derivations [33]). The notion of §-derivations appeared in the paper of Filippov [25], he
studied d-derivations of prime Lie and Malcev algebras [26, 27]. The notion of generalized derivation is a gener-
alization of J-derivation. The most important and systematic research on the generalized derivations algebras
of a Lie algebra and their subalgebras was due to Leger and Luks [34]. In their article, they studied properties
of generalized derivation algebras and their subalgebras, for example, the quasi-derivation algebras. They have
determined the structure of algebras of by quasi-derivations and generalized derivations. They proved that the
quasi-derivations algebra of a Lie algebra can be embedded into the derivations algebra of a larger Lie algebra.
Derivations and generalized derivations of n-ary algebras were considered in [40, 48] and some other papers.
For example, Williams proved that, unlike the case of binary algebras, for any n there exists a non-nilpotent
n-Lie algebra with invertible derivation, [48]. Generalized derivations for n-ary algebras and their Hom-type

were considered in [15, 17, 31].

The aim of this paper is to introduce and study 3-Hom-Lie bialgebras, generalizing the Hom-Lie bialgebras
introduced by Yau. In Section 2, we recall the basics about Hom-Lie bialgebras and then, in Section 3, we
introduce and study various types of 3-Hom-Lie bialgebras: 3-Hom-Lie algebras, multiplicative 3-Hom-Lie
algebras and generalized multiplicative 3-Hom-Lie algebras. We describe a twist construction and discuss their
dualization. In Section 4, we provide a 3-dimensional classification of multiplicative 3-Hom-Lie bialgebras and
point out the ones coming from 3-Lie bialgebras. Section 5 deals with a construction by an extension of a
Hom-Lie bialgebras with a symmetric invariant nondegenerate bilinear form. In Section 6, we establish the
representation theory of multiplicative 3-Hom-Lie bialgebras and in Section 7 we deal with their generalized

derivations, coderivations and biderivations.

2. Hom-Lie bialgebras

In this section we recall some basic definitions and properties concerning Hom-Lie bialgebras introduced in [46].

Let K be a commutative field of characteristics zero.
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Definition 2.1 A Hom-Lie algebra is a triple (g,],],a) consisting of a K-vector space g, a bilinear map
[,]:9®9g— g and a linear map o : g — g satisfying :

[z,y] = —[y,z] (skew symmetric), (2.1)
O,z (), [y, 2] =0, V z,y,z€g (Hom-Jacobi identity), (2.2)

where O,y denotes summation over the cyclic permutation on x,y,z. A Hom-Lie algebra is called

multiplicative if ao [, ] =[,]o(a®a).

Let (g,[-,:],@) and (¢,[,]',a’) be two Hom-Lie algebras. A homomorphism f : g — ¢’ is said to be a

Hom-Lie algebra morphism if
f(zy])) = [f(@), f(y)), ¥V z,y€g, and foa=a'of.

Definition 2.2 A Hom-Lie coalgebra is a triple (g,/\,«) consisting of a K-vector space g, a linear map

A:g—g®g and a linear map «: g — g satisfying

Im(A) C gAg, (2.3)
(id+&+E)o(a®A)oA =0, (2.4)

where id, & : g®% — g®3, are defined for all x,y,z € g by id(rRyY®z2) =r10YyRz, ((r1QYR2) =yRzQx and
2 =¢o¢.

A Hom-Lie coalgebra is called multiplicative if Aoa =a®? o A.

Let (g,A,a) and (g’,A’,a’) be two Hom-Lie coalgebras. A homomorphism f :g — g’ is said to be a

Hom-Lie coalgebra morphism if
ANof=f%ocAand foa=a of.

Definition 2.3 A Hom-Lie bialgebra is a quadruple (g, [, ], A, «) such that:

(1) (g,[+], ) is a Hom-Lie algebra,

(2) (g,A,«) is a Hom-Lie coalgebra,

(3) A and [-,] satisfy, for all x,y € g, the condition :

Alz,y] = [a(z), Ay] — [a(y), Azx] (compatibility condition), (2.5)

where [z, Ay] = (ad; @ v+ a ® ad;) o Ay and ad, : g — g is the adjoint map defined by ad,(y) = [x,y].

Let (g,[, ], A,«) and (¢, [, -], A’, &) be two Hom-Lie bialgebras. A homomorphism f: g — ¢’ is said to be
a Hom-Lie bialgebra morphism if it is both a Hom-Lie algebra morphism and a Hom-Lie coalgebra morphism.
The Hom-Lie bialgebra is said multiplicative if it is multiplicative with respect to the bracket and the

cobracket.
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3. 3-Hom-Lie bialgebras

In this section, we introduce various type of 3-Hom-Lie bialgebras : 3-Hom-Lie algebras, multiplicative 3-Hom-
Lie algebras and generalized multiplicative 3-Hom-Lie algebras. We aim to generalize 3-Lie bialgebras studied
in [10] and follow the approach given by Yau for binary Hom-Lie bialgebras [46]. We provide some properties,

key constructions and study their dualization.

Definition 3.1 ([7]) A 3-Hom-Lie algebra is a quadruple (L, u,«, 3) consisting of a K-vector space L, two
linear maps o, : L — L and a trilinear skew-symmetric multiplication p : L x L x L — L satisfying the

3-Hom-Jacobi identity: for x,y,z,u,v in L
plalu), B), p(z,y,2)) = plp(u,v,2),a(y), B(2)) + plelx), p(u, v, y), 5(2))
+ wle(z), B(y), w(u, v, 2)). (3.1)
Remark 3.2
1. A 3-Hom-Lie algebra (L, p, o, ) is called multiplicative if o = 3 and a o = po a®3.
2. A multiplicative 3-Hom-Lie algebra (L, u, @) is called regular if « is bijective.
3. We recover the classical 3-Lie algebra when o = 3 =1d.

Let (L,p,a,B) and (L', 1/, o', B') be two 3-Hom-Lie algebras. A homomorphism f: L — L’ is said to

be a 3-Hom-Lie algebra morphism if
foa=da'of, foB=@ofand fou= o[
It is called 3-Hom-Lie algebra isomorphism if f is bijective.

Proposition 3.3 Let (L,u) be a 3-Lie algebra and o : L — L be an algebra morphism. Then (L, fiq, ),

where po, = o p, is a multiplicative 3-Hom-Lie algebra.

Remark 3.4 More generally, if (L,p,a, ) is a 3-Hom-Lie algebra and y : L — L is an algebra morphism,
then (L, puy,vyoa,yo ), where iy =you, is a 3-Hom-Lie algebra.

Remark 3.5 In order to dualize the structure 3-Hom-Lie algebra, we consider its following equivalent descrip-
tion. Given a permutation o € S3, we consider the map p, : L% — L% defined for all x1,x9,73 € L by
Do (21, T2, 23) = sign(0) Ton) @ To2) ® Tez). We denote by idg : L®® — L®* the identity map. We drop the
subscript s when there is no ambiguity. In the sequel T;; stands for the transposition in Ss flipping the element
at positions i and j.

A 3-Hom-Lie algebra (L, u,a,B) is a K-vector space L with three linear maps p : L®® — L and
a, B L — L satisfying

M(idg - pa) =0 VoeSs, (32)
Mo (O[ ® /8 (024] ’LL) [¢] (’Ld5 — T13 0 T24 © (Zd5 + §/ + T34 © §/2)) = 0, (33)

where &' : L% — L®5, defined as £ = id ®@id @ & with & defined above. We have £? = ¢ o€ =id®id ® £2.
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In the case of multiplicative 3-Hom-Lie algebra (L, p, ) condition (3.3) becomes
Mo (a Ra® /1,) e} (Zd5 — T13 0 To4 © (Zd5 + f/ + 6/2)) =0. (34)

Definition 3.6 A 3-Hom-Lie coalgebra is a quadruple (L, A, a, ) consisting of a K-vector space L with two
endomorphisms o, 8 : L — L and a linear map A: L - L ® L ® L satisfying

Im(A) C LALAL, (3.5)

(id — 1307240 (id+ & +13408?)) o (a®@BRA)0A=0 (3-Hom-co-Jacobi identity). (3.6)

A 3-Hom-Lie coalgebra (L,A,«, 3) is called multiplicative if « = 8 and Aoa = a® o A. In this case the

3-Hom-co-Jacobi identity reduces to
(id— T30 T200 (id+ & + %) o (a®@a®A) o A =0.

Let (LA, a, 8) and (L', A, o/, ") be two 3-Hom-Lie coalgebras. A homomorphism f: L — L' is said

to be a 3-Hom-Lie coalgebra morphism if
foa=dof foB=Fof and f* oA=ANof.
It is called 3-Hom-Lie coalgebra isomorphism if f is bijective.

Remark 3.7

1. We recover 3-Lie coalgebras when o = 8 = id.

2. A multiplicative 3-Hom-Lie coalgebra (L, A, ) is called reqular if « is bijective.

Definition 3.8 A 3-Hom-Lie bialgebra is a 5-tuple (L, p, A, a, B) consisting of a K-vector space L such that
1) (L,u,a,B) is a 3-Hom-Lie algebra,
2) (L,A,«, ) is a 3-Hom-Lie coalgebra,

3) A and p satisfy the following compatibility condition:
Nop(w,y,2) = ad) (a(z), B(y)) ea,s A(2) +ad P (a(y), B(2)) 8,5 A(x) —ad P (a(x), B(2)) 00,5 Aly), (3.7)

where

adP) (z,y) e (u@VRW) = (ady(z,y)®a®B)(uRv@ W)+ (a® ad,(z,y) @ B)(uR v w)
+ (a®pB®ad,(z,y))(u®vw)
(@, y,u) @ a(v) ® B(w) + afu) @ p(z, y,v) @ Bw)
+ a(u) ® B(v) ® ulz,y,w) (3.8)

and ad, : LAL — End(L) : z — ad,(z,y)(2) = w(x,y, 2), for x,y,z,u,v,w € L.
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A 3-Hom-Lie bialgebra (L, i, A, a, 3) is called multiplicative if « = 3, aop = poa®® and
a® o A = Aoa. In this case the compatibility condition, Eq. (3.7), reduces to

Aouw,,2) = ad®(a(z),ay)) sa AR) +ad®(a(y), a(2)) ea Al) + ad®(a(2), a(z)) oa Aly)
= Opy.: ad) (a(z), 0(y)) o0 A(2), (3.9)

where z,y,2 € L and e, := e, 4.
A multiplicative 3-Hom-Lie bialgebra (L, u, A, «) is called regular if « is bijective.

Remark 3.9 We say that the 3-Hom-Lie bialgebras and multiplicative 3-Hom-Lie bialgebras defined above are
of Yau-type in contrast with 3-Hom-Lie bialgebras defined using Manin triples, see [13, 29]. The two approaches

are not equivalent.

Definition 3.10 Let (L,u, A, o, 8) and (L' p/', A’ o, ") be two 3-Hom-Lie bialgebras. A homomorphism
f: L — L' is said to be a 3-Hom-Lie bialgebra morphism if it both a 3-Hom-Lie algebra and 3-Hom-Lie

coalgebra morphism. It is a 3-Hom-Lie bialgebra isomorphism if in addition f is bijective.

Remark 3.11 We recover 3-Lie bialgebras when o = 8 =id (see [10]).

In the following, we define Yau-type generalized multiplicative 3-Hom-Lie bialgebras that generalize

slightly the concept of multiplicative 3-Hom-Lie bialgebra and allow to consider two twist endomorphisms.

Definition 3.12 A generalized multiplicative 3-Hom-Lie bialgebra is a tuple (L, p, a1, A, an) such that
1) (L,p,aq) is a multiplicative 3-Hom-Lie algebra,
2) (L, A, «a3) is a multiplicative 3-Hom-Lie coalgebra,
3) the following compatibility conditions hold:

afPoA=Aocay, asop=poad® ajoar=asoa,
Ap(,y,2) =COuy,. ady (as(x), 02(y)) oa; A(2)
forall x,y,z € L , where

adl(f’)(a:,y) o, A= (ad,(z,y) ®o1 ® a1 + a1 ®ad,(z,y) ® a1+ 01 @ g @ ady,(x,y)) o A.

Remark 3.13 When a1 = as, we recover Yau-type multiplicative 3-Hom-Lie bialgebras.

3.1. Twist constructions

In this section, we describe a way to construct a 3-Hom-Lie algebra along algebra homomorphisms.

Proposition 3.14 Let (L,A,«,B) be a 3-Hom-Lie coalgebra and ~ : L — L be a 3-Hom-Lie coalgebra
morphism. Then L, = (L,A,,yoa,vo ) is a 3-Hom-Lie coalgebra, where A, = Ao~y =~®30A.
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Proof Using Definition 3.6, we have Im(A,) C ImA C LALA L.
(id — T3 0 o4 0 (id + & 4+ 1346*)) o (o @) @ (Yo B) ® A,) 0 A,
= (id = mis 0 mag 0 (id + € + T51€))((yo @) @ (0 ) @ (1% 0 A)) 0 (¥ 0 A)
= (id— 715024 0 (id + € + m018”)) (Yo @) 07 @ (y0 f) 0y @717 0 Aoy) 0 A)
= (id — 13 0 Tog 0 (id + & + 134E”)) (P ca®@7* 0 F® (170)®? 0 A) o A

= (72)®5 o (Zd— T13 O T4 O (Zd+£/ +7'34€/2))(O¢ ®ﬂ®A) oA
=0.

Then (L,A,,yo«,vof) is a 3-Hom-Lie coalgebra. O
Theorem 3.15 Let (L,pu, A, o, 8) be a 3-Hom-Lie bialgebra and ~v : L — L be a 3-Hom-Lie bialgebra
morphism. Then L. = (L, py, Ay, vy 0 o,y 0 ) is a 3-Hom-Lie bialgebra, where Ay = Ao~y and piy =yo pu.

Proof According to Propositions 3.3 and 3.14, one needs only to show that the compatibility condition (3.7)
holds. Indeed, we have

Ay oy (2,y,2) =A 0y o p(w,y,2) = (v*)*% 0 Ao p(z,y, 2),

where v2 = yo .

Now for z,y,z € L, we have
ad®) (y 0 a(x),7 0 B(Y)) ®100,708 By (2) = iy (v 0 (), 70 B(y),7(2V)) @ yo a0 y(z?) @y 0 Bory(2)
+yoa0y(zV) @y (voalz),y o By),1(2*)) @yo Boy(z?)
+yoaoqy(zV) @0 Boy(z?) @y (voal@),yoBy)(z?))
= u(7* o a(x),7% 0 B(y), ¥ (zM)) @ 7?0 a(z1Y) @77 0 B(=P)
+7% 0 a(z)) @ u(y* o alz),7” 0 B(y),7* (1)) ® 1% 0 B(z1¥))
+7%0a(zV) ®9% 0 B(zY) @ u(y® 0 a(z),? 0 B(y),v*(2'V))
= ()P (@), By), () ® a(z1?) @ B(=)
+a(z) @ pla(z), By), () @ B(zP)) + a(zV) @ B(z) @ p(a(z), B(y), 2V))
= (v")% 0 ad}y a2 () %08 A(2)-

Then

Ay o py(z,y, 2) adP) (y 0 a(x),7 0 B(Y)) ®y0aros Ay (2) — adP) (v 0 a(z),y 0 B(2)) ®100.708 vy (y)
+ adP(voa(y),y o B(2)) ®r0ay0s Ary(2)

= (V)% 0 adyya(a) sy a8 A2) = (V)% 0 adyaa) () ®as AY)

+ (V)% 0 adyay),50)) S8 Al)

= (72)®SOAO‘LL(£L',y,Z).
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O

Definition 3.16 Let (L,u, A, «) be a multiplicative 3-Hom-Lie bialgebra. If there exists a 3-Lie bialgebra
(L,p/,A") such that p=caop' and A= a® oA’ then (L,p, A, ) is said to be of 3-Lie-type and (L, u', A")
is called the induced 3-Lie bialgebra of (L, p, A, ).

Remark 3.17 Let (L, p, A, «) be a regular multiplicative 3-Hom-Lie bialgebra. Then (L, u, A, a) is of 3-Lie-
type with the induced 3-Lie bialgebra (L, ', A"), where y' = a topu and A" = Aoa~t.

Example 3.18 Let (L, 1, A) be a 3-dimensional 3-Lie bialgebra, where the multiplication and comultiplication
are defined with respect to a basis {e1,ea,e3} by p(er,ea,e3) =ey and Aer) =e; Aea Aes.

The linear map «: L — L defined by a(e1) = —e1, a(es) = biey +boes, ales) =creq — é@g +coe3, by # 0.
is a 3-Lie bialgebra morphism.

Using Theorem 3.15, the quadruple (L, i, Ao, ) is a multiplicative 3-Hom-Lie bialgebra.

We have pq(e1,ea,e3) = —er and A,(e1) = —ep Aea Aes.

Example 3.19 Let (L,pu, A) be a 4-dimensional 3-Lie bialgebra, where the multiplication and comultiplication
are defined with respect to a basis {e1,e2,e3,e4} by pler,es,eq) = e1, plea,es,eq) = ez, Aler) = eg Aea A
es, Aes) =e1 ANea Aeyg. The linear map o : L — L defined by a(er) = aje; + azea, ales) = ajes, ales) =
ages — ajes + ageq, aleq) = aseq — a%e‘lv a1 # 0, is a 3-Lie bialgebra morphism.

Using Theorem 3.15, the quadruple (L, o, Ao, @) is a multiplicative 3-Hom-Lie bialgebra. We have

tale1,e3,eq) = arer + azea, pales,es, eq) = are,

Ay(er) =ares Nea Aey, Ag(es) = —are; Aea Aey.

Proposition 3.20 Let (L,u,A) be a 3-Lie bialgebra and ay,as : L — L be two commuting 3-Lie bialgebra
morphisms. Then (L, po, , 01, Ao, , 2) is a generalized multiplicative 3-Hom-Lie bialgebra, where i, = a0,
and Ay, = Ao as.

Proof Using Propositions 3.3 and 3.14, we have that (L,u, 1) is a 3-Hom-Lie algebra and (L, A, a3) and
(L, A, a) is a 3-Hom-Lie algebra, respectively.
Now, let z,y,z € L,

ad;?) (az(2), a2(y)) ea; Day(2) + adyiy) (az(x), a2(2)) ea; Aoy (y) + adfl) (az(y), a2(2)) ea; Ao, (2)

Moy

(adyig, (@2(2), 02(y)) @ a1 ©® 1 + a1 @ adyu,, (2(2), 2(y)) @ 1 + 1 @ a1 © ady,,, (a2(2), @2(y))) © Aa, (2)
(2))) © Aa, (2)

(), @2(2)) ® a1 ® a1 + a1 ® ady,,, (@2(y), @2(2)) ® a1 + a1 ® a1 @ ady,, | (@2(y), a2
) ®@ a1+ o1 ® a1 ® ady,, (2(2), a2(z))) 0 Aa, (y)

adﬂal (a
(%

S

( 2
(adpq, (2(2), a2(2)) ® a1 ® o1 + a1 ® ady,,, (@2(2), a2(z

+
. )

= (102 @ 12 @ a1az)(ad,(z,y) @ A(z) + ad,(y, z) ¢ A(z) + adyu(z, z) @ A(y))
= (a2 @ aroe ® ara2)Ap(z,y, )

= Aamual ($, Y, Z)
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Example 3.21 Let (L,pu, A) be a 4-dimensional 3-Lie bialgebra, where the multiplication and comultiplication
are defined with respect to a basis {e1,ea,e3,e4} by pler, es,eq) = arey + asea, ules,es,eq) = area, ay #0,
and Ae1) =esANeaNey, Ales) =e1 NeaAey.

We consider the linear map o« : L — L defined by ai(e1) = ajer + ages, ai(es) = ajes, ag(es) =
azes —ajes + ageq, ai(eq) = ases — a—1164, a1 # 0.

Then (L, o, = a1 0 p, 1, Ayid) is a generalized multiplicative 3-Hom-Lie bialgebra.

Remark 3.22 Similarly to Proposition 3.15, one may construct a new generalized 3-Hom-Lie bialgebra starting

with a given generalized 3 -Hom-Lie bialgebra and a pair of commuting generalized 3-Hom-bialgebra morphisms.

3.2. Dualization of multiplicative 3-Hom-Lie bialgebras

In this section, we give the relationships between multiplicative 3-Hom-Lie bialgebras and their dual. In the

following, we consider L to be a finite dimensional vector space.

Proposition 3.23 A triple (L, A, «) defines a multiplicative 3-Hom-Lie coalgebra if and only if (L*, A*, a*)
s a multiplicative 3-Hom-Lie algebra, where L* is the dual space of L and A* and o* are the dual mapping
of p and a respectively (i.e. <A (x@n®(),z>=<x@n®(A(x) > and < a*(x),z >=<x,a(zx) >) for
all x,n,( € L* and x € L.

Proof Let f,g9,x,n,( € L* and « € L. Then we have
<A*o(a*®a*®A*) o (ids — T30 Te40 (ids + & +E*N(fRgOx @7 (), x>
=< (" ®a*@A%)o(ids —mzomao (ids +& + &) (fRgox@n©(),Ar) >
=< fRgdxDN®C (ids — T3040 (ids + & + %)) o(a®@a® A) o A(z) > .
O

Proposition 3.24 Let (L1,A1,a1) and (L2, Ag,a9) be two multiplicative 3-Hom-Lie coalgebras. Then ¢ :
Ly — Ly is a 3-Hom-Lie coalgebra isomorphism from (L1,A1,a1) to (La, Ao, as) if and only if the dual
mapping ©* : Ly — L is a 3-Hom-Lie algebra isomorphism from (L3, A% ab) to (L7, AT, af), where
< p*(x),v >=< x,p(v) > for every x € L5 and v € Ly.
Proof

Let (L1,A1,a1) and (Le, Ay, as) be two multiplicative 3-Hom-Lie coalgebras. Then, using Proposition
3.23, (L}, A%,a7) and (L3, Al a3) are two multiplicative 3-Hom-Lie algebras. Let ¢ : L1 — Lo be a
multiplicative 3-Hom-Lie coalgebra isomorphism from (L;, A1, 1) and (Lg, Ag, a3). Then, the dual mapping
@* : Lj — L7 is a bijective linear map. For every x,n,( € L5 and x € L;, we have

<@roaz(x),r >=<x, 2 09(x) >=<x,pom(z) >=<ajop’(x),z >,

and

<@ oAs(xmQ)r> = <XONOCAp(7) >=<Xx OV (PR P ¢)oA(z) >

= <@ () @¢ () @ (), A(r) >=< AT(¢"(X), ¥" (1), ¥7(C), = > .

Then ¢* o A5 = Af o (¢* ® p* ® ¢*), that is ¢* is a 3-Hom-Lie algebra isomorphism. O

1217



ABDAOUI et al./Turk J Math

Theorem 3.25 Let (L,u, A, ) be a multiplicative 3-Hom-Lie bialgebra. Then (L*, A*, u*, ) is a multi-
plicative 3-Hom-Lie bialgebra, which is called the dual multiplicative 3-Hom-Lie bialgebra of (L, u, A, ).

Proof As (L,pu,A,a) is a multiplicative 3-Hom-Lie bialgebra, by Proposition 3.23, (L*, A*,a*) is a mul-
tiplicative 3-Hom-Lie algebra, and (L*, u*,*) is a multiplicative 3-Hom-Lie coalgebra. Now, we prove that

(A*, u*) satisfy the compatibility condition (3.9), that is the following identity holds for every x,n,{ € L*,

PH(A (1, 0) = ad%) (@ (x), a* (1)) eax 1 (C) + ad) (a* (1), a*(C)) ®ax 1 (x) + ad (@ (), @ (X)) 0 1 ().
(3.10)
Let z,y,z € L and x,n,( € L*, we have

<pt oA (x,n, (), z @Yz >=< x@n®(Ap(z,y, 2) >
=< x®1® ( ad) (a(x),a(y) ea A(2) > + < x @10 ® (,adP (al2), o)) o0 Aly) >
+<x@n®(adP (a(y),a(2)) ea Alz) > .

Without loss of generality, suppose that A(z) = )", a; ® b; ® ¢;, where a;,b;,¢; € L. Then,

<X®77®C,ad£3)(a(x),a(y))o Az) >= <X®77®C7ad Zal®b ®ci) >

=<X®n®, Z ad,(a(z), a(y))(a:) @ a(b) @ afe)

+alai) @ ady(a(z), a(y))(b:) @ ale) + ala;) @ a(bi) @ ady(az), aly))(e) >

= —Z < ady,(« (¥)x @ ™ (n) © a™(¢) + o (x) © ady, (a(z), a(y))(n) ® a”(C)

+a’(x) © o™ (n) @ ady, (a(z), a(y))(, a; © b @ ¢; >
= — <ad;(a(z),a(y)) () @ a*(n) ® a(() + a™(x) ® adj,(a(z), a(y)) (1) @ a* ()
+a” () ® " (n) @ adj, (), a(y)) (€), A(2) >
= — < A%(ad;, (a(z), a(y)) (x), o (n),a*(¢)) + A" (" (x), ad, (a(x), ay)) (n), a"(C))
+ A%a*(x), " (n), ady, (a(z), a(y)) (), 2
= — <ada-(a”(n),a"(¢))(ad),((z), a(y)) (X)) + ada- (" (C), a" (x))(ad;,(a(x), a(y)) (1))
+ada-(a*(x), " () (adj,(a(z), (y))(C)), 2 > -

Similarly, we have

<x®n® (¢ ad) (a(2),a(x)) 8o Aly) >= — < ada-(a*(n), o (¢))(ady (a(2), o)) (x))
+ada-(a™(C), " (x))(ady,(a(2), a(2))(n)) + ada- (o (x), " (1) (ad),(a(2), a(2))(C)), y >,

and

<x®n® ¢ ad) (a(y),a(2) ea Alr) >= — < ada-(a* (n), o (¢))(ady (a(y), a(2)) ()
+ada-(a™(C), & (X)) (ad;,(a(y), a(2))(n)) + ada-(a(x), o™ (1)) (ady,(a(y), a(2))(()), x > .
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As well as
— <ada-(a*(n), 2 (¢))(ad), (a(z), (y)) (X)), 2 > — < ada-(a”(n), " (¢))(ady (a(y), a(2)) (X)), z >
— < ada~(a”(n),a" () (ady,(a(2), a(2)) (X)), y >= — < X, ple(x), a(y), adp- (o™ (), @ (())z) >
— < x, pladp. (a*(n), @™ (Q)z, a(y), a(z)) > — < x, pla(z), adx- (" (n), @ (())y, a(z)) >

= < 1" (x), ad;Z (@ (), @ (O)) (& @ y @ 2) >=< adQ) (a* (1), a*(()) ®as 1 (X), T Y @ 2 >,

— < ada-(a"(C),a"(x)(ady,(a(x), a(y))(n), 2 > — < ada-(a™(C), a” (x))(ad, ((y), a(2)) (1)), © >
~ < ada-(a*(C), & (X)) (ad;,(a(2), a(@) (), y >= = < p*(n), ad\ (@*(Q), 0" () (z @ y @ 2) >

=< adg’z (a*(C)aa*(X)) ® u*(n),x YRz >,

— < ada-(a"(x),a"(n)(ad; (a(z), (y))(€)), 2 > — < ada-(a™(x), a" (n))(ad;,(a(y), a(2))(()), z >
~ < ada-(a*(x), " () (ad} (a(2), a(2))(C)), y >= — < p* (1), adn> (@*(C), 0" (N))(z @ y ® 2) >
=< ady) (2" (C), a* (X)) ®aw " (), 2 DY @ 2 > .

Therefore, the identity (3.10) holds, which completes the proof. O

Similarly to Theorem 3.25, we get the following duality Theorem for generalized multiplicative 3-Hom-Lie

bialgebras.

Theorem 3.26 Let (L, p, a1, A, ) be a generalized multiplicative 3-Hom-Lie bialgebra.
Then (L*, A*, o, u*, aF) is a generalized multiplicative 3-Hom-Lie bialgebra and it is called the dual generalized

multiplicative 3-Hom-Lie bialgebra of (L, u, a1, A, a9).

4. Classification of 3-dimensional multiplicative 3-Hom-Lie bialgebras

In this section, we provide the classification up to isomorphism of 3-dimensional multiplicative 3-Hom-Lie
bialgebras over complex numbers. Moreover, we point out multiplicative 3-Hom-Lie bialgebras which are of
3-Lie-type.

Let L be a 3-dimensional vector space generated by {ej,esz,es}. In the sequel, we will consider the
structure linear map under the diagonal and Jordan forms with respect to a suitable basis. First, we deal with
diagonal case and then with Jordan case. Notice that the Jordan case splits into the case where there is two

eigenvalues and the case with only one eigenvalue.

The structure of the bracket [-,-,-] is given by
le1, e2,e3] = biey + baeg + baes,
where by, bs, b3 are parameters in K. The structure of the cobracket A is given by
Ae;) =cie1 Nea Aes, Ales) =coeg ANea Aes, Ales) = czer Aeg Aes,

where ¢y, co, c3 are parameters in K.
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1) Diagonal case : We consider the linear map «, corresponding with respect to a suitable basis to the

a 00
matrix of the form: o = 0b 0
00 c

Table 1 provides a classification of 3-Hom-Lie bialgebras up to isomorphism where the structure map has

the previous form with respect to the given basis.

Table 1. Classification of 3-Hom-Lie bialgebras- Diagonal case.

Bracket Cobracket Linear map
(1) | [e1,e2,e3] =e1+ea | Aler) =e1 Aea Aes, Alea) = caer Aea Aes, aler) = aer, «afes) = aea,
Ae3) =0, ca #0. ales) = +ez, a £ 0
(2) | [er,e2,e3] =e1+ea | Aler) =0, Aez) = caeg Aea Aes, Aes) =0, aler) = aey, «afes) = aea,
co #0. ales) = se3, a #0
(3) | [e1,e2,e3] = €1 Ae;) =0, A(eg) =e3 Aea Aes, Ales) =0, aler) = aey, «afes) = aea,
ales) = zez, a #0
(4) | [er,e2,e3] = €3 Ae;) =cieg Nea Aes, ,Ales) = Aeg) =0 ale1) = aey, a #0,
c1 #0. alez) =b, ales) = ges,
b # 0.
(5) | [e1,e2,e3] =e1+ea | Aler) =cre1 Aea Aes, Ales) = —cre; Aea Aes, | aler) = aler) =0,
Ae3) =0, ¢; #0. afes) = cez,c £ 0
(6) | [e1,e2,e3] = €1 Aer) = Aeg) =0, A(ea) = e1 Aea Aes, aler) = alea) =0,
ales) =cez, ¢#0.
(7) | e, e2,e3] = €1 Aer) = cre1 ANea Aes, Aler) =0, Aez) =0, aler) =0, afez) = bea,
c1 #0. ales) = _7163, b#0.
(8) | le1,€2,e3] =e3 Aer) = Aez) =0, A(es) = caer Aea Aes, aler) = aey, afez) = Sea,
c3 # 0. ales) =0, a #0.

Remark 4.1 The 3-Hom-Lie bialgebras (1) — (4) are of 3-Lie-type.

1) Jordan case with two eigenvalues: Now, we consider the linear map « corresponding with respect to a

al O
suitable basis to the matrix of the form a = 0 a O
0 0 b

We obtain the following classification of 3-Hom-Lie bialgebras up to isomorphism where the structure

map has the previous form with respect to the given basis.

Remark 4.2 In this case the multiplicative 3-Hom-Lie bialgebras (7) and (8) are of 3-Lie-type, (9) is of
3-Lie-type if ay = a1 and (10) is of 3-Lie-type if az = —ay .

1) Jordan case with one eigenvalue: Now, we consider the linear map « where the corresponding matrix

is of the form a =

S O QR

10
a 1
0 a
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Table 2. Classification of 3-Hom-Lie bialgebras- Jordan form 1 case.

Bracket Cobracket Linear map

(1) [e1, €2, €3] = e1. Ale;) = Ales) =0, A(eg) =cge1 Aea Aes, | aler) =0, ales) = e,

ca #0 a(es) = bes

(2) [e1, ea,e3] = e1. Ae1) =0, A(ez) =e1 Aeg Aes, aler) =0, alex) =eq,

Alez) =e1 Aea Aes. alesz) = 0.

(3) [e1,e2,e3] = e1 — ea + e3. Aer) = Ale2) =0, aler) = e,

Aleg) = cser ANeg Aes, c3 #0,1. ae2) = e1 + ea,
a(es) = 0.
(4) [e1,e2,e3] = e1 —iea —e3 Aer) = Ale2) =0, aler) = ieq,
Alesz) = czer ANes ANes, c3 #£ 0. ale) = e + ieq,
ales) = 0.
(5) [e1, €2, e3] = e1 + iea — e3. Aler) = Ae2) =0, Aes) =czer Nea Aes, | aler) = —ie;
c3 £ 0. yafeg) = e —ieg,
ales) = 0.
(6) [e1,e2,e3] = e1 + ea + e3. Aler) = Ae2) =0, A(es) = czer Nea Aes, | aler) = —eq,
c3 #0,1. aley) = e1 — ea,
ales) = 0.

(7 [e1, e2,e3] = aie. Ale1) =0, Aeg) = A(ez) = e1 Aea Aes. aley) = —ey,
aley) =e1 — ea,
afes) = —es.

(8) [e1, e2,e3] = aqe;. Ae1) =0, Aes) = A(es) = e1 Aea Aes. aler) = e,
a(ez) = e1 + ez,
afes) = es.

(9) | [e1,e2,e3] = arer + agzes + %637 Aler) = Aez) =0, Aes) =e1 ANea Aes. ale1) = —er,

ai.az # 0. ale2) = e1 — ea,
afes) = (g2 — e
(10) | [e1,e2,e3] = are1 + agzes + %637 Aler) = Aez) =0, Aes) =e1 Aea Aes. aler) = e,
ay.az # 0. ale2) = e1 + ea,
afes) = (g2 +1es

Table 3 provides a classification of 3-Hom-Lie bialgebras up to isomorphism where the structure map has

the previous form with respect to the given basis.

Remark 4.3 In this case all multiplicative 3-Hom-Lie bialgebras are of 3 -Lie-type.

5. Construction of 3-Hom-Lie bialgebras by two-dimensional extensions

In this section, we construct 3-Hom-Lie bialgebras by two dimensional extensions from a given quadratic multi-
plicative Hom-Lie bialgebras, that is multiplicative Hom-Lie bialgebras with symmetric invariant nondegenerate

bilinear forms, see [14] for the classical case.

Let (L, u,«) be a multiplicative Hom-Lie algebra with a basis {z1, -+ ,z,,} and B: L L — K be a
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Table 3. Classification of 3-Hom-Lie bialgebras- Jordan form 2 case.

Bracket Cobracket Linear map

(1) | [e1,e2,e3] =€e1+e3. | Aler) = Alea) =0, Ales) =czer Aea Aes, | aler) = —e1, alex) =e1 —ea,
C3 7& 0. 04(63) = €2 — €3

(2) | [e1,e2,e3] =e1+e3. | Aler) = Aea) =0, Ales) =cze; AeaAes, | aler) =e1, alea) =e + e,
c3 # 0. ales) =es +e3

(3) | [e1,e2,e3] = e;. Ale1) = Aea) =0, A(es) =cses ANea Nes | aler) =e1, ales) =e1 + ea,
c3 # 0. ales) =ex+es

(4) | [e1,e2,e3] = e1. Ale1) = Alez) =0, Aeg) =cser Aea Aes, | aler) = —e1, alez) =e; —ea,
cg # 0. afes) = ey —es

nondegenerate bilinear symmetric form which is ad, -invariant, that is for all z,y,z € L
B(uly, ), z) + B(z, u(y, 2)) = 0, (5.1)
and a-symmetric, that is for all z,y € L
B(a(zr),y) = B(z,a(y)). (5.2)

The quadruple (L, u, «, B) is called a quadratic multiplicative Hom-Lie algebra, see [16].

A 3-Hom-Lie algebra (L, u,«a) is called quadratic, see [4], if there exists a nondegenerate bilinear

symmetric form which is ad, -invariant, that is for all x,y,2 € L

B(M(x,y,z),t) + B(Z7:U’(‘r>y7t)) =0,

and a-symmetric, that is for all z,y € L

Fix z¢,z_1 to be elements not contained in L. Set L = L & Kz ® Kz_; (direct sum of vector spaces).

With the above notations, we have the following result.

Theorem 5.1 Let (L, u, v, B) be an m-dimensional quadratic multiplicative Hom-Lie algebra and let {z1, -+ ,xm}

be with a basis of L and A\, € K. Then the vector space L = L& Kxo®Ka_1 with the following skew-symmetric

multiplication i and linear map &, defined with respect to the basis {x_1,x0,21, " ,Tm} by :
A(zo, i, x5) = plas, z5), 1 <4,5 <m, (5.3)
pr_1,z,2;) =0, 0<14,5<m, (5.4)
iz, x5, x,) = B(u(xi, x5), xp)e—1, 1 <14,5,k <m. (5.5)
a(z) =alx), if v €L, a(xg) =zo+ Mx_1, alx_q)=2x_1, (5.6)

is a 3-Hom-Lie algebra.
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Proof Since the multiplication p of the Hom-Lie algebra L is skew-symmetric and the nondegenerate bilinear
form B satisfies identity (5.1), the multiplication fi on L is well defined and is skew-symmetric. Now we prove
that it satisfies the 3-Hom-Jacobi identity (3.1). For arbitrary x;,, z;,, i, ©;,, 25, € L , 1 <dq,42,13, 51,752 < m,
by identities (5.4) and (5.5), we have

ﬂ(ﬂ(mll y Ligs mi3)7 d(zh )a &(mh )) = /:L(B(,“(xn ) %;2), xis)m—lv a(mjl )7 a(ij)) =0,

ﬂ(ﬁ(ximxjnxh)a(xlé) (£C13)) +N’( (xi1)na(xi2»xj1’ij)va(xlé)) +/J‘( (1'21) (xlfz) ﬁ(ng,leal'jg)) =0.
Using identities (5.3) and (2.2), we have
(1o, Tiy s T4y ), @wo), () = fi(p(wiy, T4y ) o + Mz -1, (g, ))
= :a(:u(xil ’ xiz) Zo, & (le)) = _N(U(xh ’ xiz)a a(xh))

= *H(H(l’iu%)a a(‘rh)) - H’(O‘(Ih)a M(xiz7zj1))

= p(a(wo), fi(wo, Tj,, iy ), a(Ti,)) + f(a(z0), a(wiy ), (w0, T4y, T4y ), A4, )
—‘rﬂ(ﬂ(l‘mxh,l'o) (xll) d(xh))‘

By identities (5.1) and (5.5), we get

= [i(f(wo, 5y, 5 ), &2, ), (i, ) = (@i, ), @iy ), ilwo, 5,5 25,))

= fia(@i,), 0wy ), plwj, wj,)) = Bple(wi,), awiy)), wlx),, 25,))2 1

= Bla(p(wiy, @iy)), gy, w5,))w—1 = B(p(@i,, 4,), 0 s, , 25,)) 1
= Blavo @)y, @), @iy iy ) )T -1

Therefore, the multiplication i satisfies identity (2.2). The proof is completed.

Corollary 5.2 Let (L,u,a, B) be a quadratic Hom-Lie algebra and o be an involution, i.e. o = id. Then
the 3-Hom-Lie algebra (L, ji, &) is multiplicative.
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Proof One has to show that & is an algebra morphism. Indeed, let xg, x_1, 24, , Ty, Tiy € L, 1 <'iy,in,i3 < m,

@0 fi(T0, Tiy, Tip) = @0 (T4, Tiy) = a0 pu(xiy, i,) = pla(zs,), a(xiy)))

Define the symmetric bilinear form, B : L ® L — K, by: B(xz,y) = B(z,y), B(xo,z0) =1, B(z_1,10) = —1,

B(z_1,y) = B(z—1,z_-1) = B(xg,y) =0, for all z,y € L.

Proposition 5.3 With the above notations B is an invariant, &-symmetric bilinear form on the 3-Hom-Lie

algebra (L, i, &@).

Proof We only need to prove B satisfying Eqs. (5.1) and (5.2), for all z;,,z;,,z;, € L.

B(fi(xs,, iy, i), 1) = B(B(p(2i,, %4y), T3 )z _1,2-1) = 0

B(fi(wi,, iy, i), 20) = B(B(u(wi,, 24,), iy )01, 20) = B(w_1, 20) B(pu(ws, , iy ), i)

= 7B(ﬁ(x07xilaxi2)7xi3) = 7B(ﬂ($i1a$iz,$0),xi3) = 7B(Ii37.a(xi1axizax0))'

B((wiy, iy, i)y wx) = B(B(pa(2iy, 2iy), Tig )T -1, x3) = By, 24,), x35) B(w -1, 21) = 0
= _B(xiwx—l)B(M($i1’xi2))$k) = _B(xisaB(M(xinxiz)vxk)x—l) = _B(xigvﬂ(xinxizvxk))'

We check the second condition for different pairs.

1) B(a(z),y) = B(a(x),y) = B(z,a(y)) = B(z,a(y)),
(

(
(2) B(d xo),xo) = B(Io,@(l’o)),
(3) B(a(xr_1),20) = B(z_1,70) = B(x_1,70) + B(x_1,\1x_1) = B(x_1,a(z0)) = B(x_1, a(zo)),
(4) B(a(z-1),y) = B(z_1,y) = 0= B(z_1,a(y)) = B(z_1,a(y)),
(5) B(a(z—1),x-1) = B(z_1,a(z_1)),
(6) B(d(xo)ay) = B(x() + )‘lel7y) = B(x07y) + )\13(.%,17:[/) =0= B(‘rO?a(y))
O
Corollary 5.4 Let (L,u,a) be an m-dimensional Hom-Lie algebra with a basis {x1, --+ ,om}. Then (L =
Lo Kzy @ Kz_y1,f1,a) where i is defined in Eqs. (5.3) and (5.4), & is defined in Eq.(5.6) and satisfying
ﬂ(xiaxj7xk) =0, 1< i7j7k7 <m, (57)

is a 3-Hom-Lie algebra.
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Theorem 5.5 Let (L, u, A, «) be an m-dimensional Hom-Lie bialgebra. Let xo,x_1 be elements not contained
in L. Let B: L®L — K be a bilinear symmetric, a-symmetric and ad, -invariant form. Then (L, i, A, @)
with L = L © Kxog ® Kx_q, i defined by Egs. (5.3)~(5.5), a defined by Eq. (5.6) and A defined as

Alzg) = A(z_1) =0, A(xg) =2_1 AA(xp), (5.8)
is an (m + 2)-dimensional 3-Hom-Lie bialgebra.

Proof Let {z_1,70,21, -+ ,%} be a basis of L and {z~!,2% 2!,--- 2™} be the dual basis of (L)*. By

Lemma 5.4 and by means of structure constants, we can suppose

m

A(zy) = Z bPe g ANag, Ay, 1 < gt <o <my (e, x,) = (Zc§2j3xt>.

J1.J2 t=1

Then, we need to prove that i and A satisfy Eq. (3.9). Therefore we divide the computations into four
cases.

(1) Set j1 = —1 and 1 < jo, j3 < m. By Theorem 5.1, we have Afi(z_1,zj,,z;,) = A(0) =

adP (a(z_1), &(x,)) ®a Azjs) — ady (@(z-1), &(xj,)) oo Alzjy) + adl ((xs,), @(z),)) 0o Alz_1)
= adi—?’(r—ua(%)) oo A(zsy) — ad? (-1, a(z5,)) o0 Azj,)

:ad (x-1,(zj,) Zb T_ 1/\901/\:1:;c)fad< (x-1,(zj5) Zngfl/\ml/\xk),
1k

Since for all —1 < t1,t9,t3 < m,

ad(ﬂ?’)(x-l, (w),))(Te, Ny N a4y) = ads’)(z—la a(w);))(Te, ATy, Aaiy) =0,

we have

O- 1,51,72 ad ( ( 1) 6‘('7:]2)) A('rm) = Aﬂ($_1,$j2,$j3) =0.

(2) Set ji = —1, jo =0 and 1 < js <m. By Eq.(5.4), A(z_;) = A(zg) = 0. Then we have
ad; (6(x-1), 6(20)) oo Alay,) = ady (@(z 1), a(z5,)) oa Alro) + ady? ((o), a(x;,)) o0 Alw-)
= adgs)(&(x 1), @(z0)) ®a A(Ijs)

:ad(3)(9c 1,20+ Mz_1) e Alzy,)

= adLS) ($ 1,],‘0) A(l‘jg) + Aladl(ig)(x_l,x_l) .o, A(J?je')

0=Af(z_1,75,, 7).

(3) Set j3 =0, and 1 < jo,j3 < m. Thanks to Egs. (5.3) and (5.8), we get
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Afi(z0, )y, Tjy) = Ap(zjy, 75,) = A(Zc§-2j3xt> = Zczzjsﬁ(xt) = ZZbikcﬁ-zhx,l Az A xg

t=1

=x_1 ANAp(zj,, x;,).

ad (o), a(x5,)) 8o Alzj,) — ad (@(z0), alwj,)) ea Alzz,) + ady (G(x;,), a(x;,)) oo Alzo)
= ad(g)(mo + \Mx_1,@ (QCJ?))(Z by;x,l ANz A\ xy) — adf—b )(xo + \Mx_1,& (:chg))(z blk:v 1 Axp A xg)
I,k

1k

= Zblk (@(x_1) A R(zo + M1, alxy,), x) Aa(zy) + a(z_) Aa(z) A p(zo + Mz—1, alzy,), xk))

Zblk alz_1) AR(xo +Mx—1,a(zjy), 21) A a(zr) + alz—q) Aa(z) AR(zo + Mz—1,a(zjy), 2))

—Zb o1 Aady () @ 0 + 0 ® ady(ales,)) (@ A ay)

Zblkx LA (ady(a(zy,)) ® a4+ a @ ad,(a(z;,))) (@1 A )
=21 A ((ady((z5,)) @ a + o @ ady(a(z;,)))Alzg,) — (adu(a(z),)) @ o+ a @ ady(a(z),)))Az;,))

=x_1 N A, x55) = Afi(xo, Tjy, Tj5)-

Therefore,

Aj(zo, 25, 25,) = ady (6(wo), alz5,)) 0 Alzy,) — ad$ (@(zo), alz,)) ea Alzy,) + ady (a

(4) For all 1 < j1,752,73 < m, by Eq. (5.5), we have
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A,L_"(xjuxjgvxjs)) = B(u(le,xj2), $j3)A(I_1) = 0.

Oj1.42.3 ad ( (1), a(x;,)) @ A(wj;)
=0Oj1.42.43 ad ( a(zj,), a(zj,) Z sT—1 ATt A\ Tk)
= Zblk (x—1) N (o, ), G(x,), 1) A a(we) + a(z—1) A a(w) A ez, ), o(xs,), 2k)))

+Zb (@(z—1) A p(@(@gs), (wjs), w0) A aar) + @z —1) A az) A (@, ), a(wj,), 2x)))

Zblk a(x—1) A p(a(xss), (@, ), o) A a(we) + a(w—1) Ao(z) A p(a(g;), a(z),), zk)))

Zblk (@), a(xjy)), )1 Aw—1 Aa(zk) + -1 Aa(z) A B(p(a(z),), a(x,)), 2r)z -1
Zblk o(xjy), a(@s3)), w)r—1 Aw—1 Aa(wr) + x-1 Ad(m) A B(u(a(ws, ), (z)3)), k)T -1
Zblk a(zjs), a(xsy)), z)w—1 Ax—1 Aa(wr) + o1 Aa(z) A B(u(a(wg,), o(z),)), o) T

= Aﬁ(l‘jnszvxj?,)'

Therefore, (L, i, A, &) is a multiplicative 3-Hom-Lie bialgebra. The proof is completed. O

6. Representations of multiplicative 3-Hom-Lie bialgebras

In this section, we recall the definition of representation of 3-Hom-Lie algebras introduced in [35] and extend

it to Yau-type 3-Hom-Lie bialgebras.

Definition 6.1 A representation of a multiplicative 3-Hom-Lie algebra (L, i, &) with respect to ay € gl(V)
is a skew-symmetric linear map p: L AL — End(V') such that

pla(a1), a(22)) 0 av = av o pla1, 72), (6.1)
pla(z1), a(x2))p(as, xa) — pla(ws), alza))plar, x2) = (p(u(z1, 22, 23), a(z4)) — p((1, 22, %4), @(23))) 0 v, (6.2)
plp(zr, w2, x3), a(za)) © av — pla(wz), a(xs))p(zr, xa) = pla(zs), a(z1))p(e, 24) + pla(z), al(z2))p(s, T4), (6.3)
for all x1,x9,23 and x4 in L.
Remark 6.2 A representation (V,p,av) of a multiplicative 3-Hom-Lie algebra (L, u,«) is an L-module (or

module for short) via py : LALAV —V defined by py (z,y,a) = p(x,y)(a) for all xz,y € L and a € V. It is
referred by a triple (V, uy, ay)

Notice that we recover representations of 3-Lie algebras when a = id;, and ay = idy .
Example 6.3 Let (L,pu,«) be the 3-dimensional multiplicative 3-Hom-Lie algebra defined, with respect to a
basis {e1,ea,e3}, by

1
,u(€1,62,€3) =aeéq, 04(61) = aeéx, 04(62) = aié2, 04(63) = ;63-
1
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Let V' be a 2-dimensional vector space, {vi,va} its basis and oy € gl(V) defined by:

ay(v1) = a1vi, oy (v2) = agva,

where ay,as are parameters in K, such that ajas # 0,a1 # as.

We consider the module (V, uy,ay) of L, where py is defined with respect to the basis by
IU‘V(ela 62,’1)1) = 0’ :U‘V(elae%UQ) = Oa uV(ela 637U1) = Oa
pv (€1, e3,v2) = 0, py(e2,e3,v1) = a1v1, pv(es,€3,v2) = arvs,

We have the following straightforward Yau twist construction and semidirect product characterization of

a representation of a 3-Hom-Lie algebra.

Theorem 6.4 Let (L, p) be a 3-Lie algebra and (V, p) be a representation of L. Let a: L — L be an algebra
morphism on L and ay 1V =V be a linear map such that ay o p(x1,z2)(a) = pla(z1), a(xz)) o ay(a).

Then (V,p,ay) is a representation of the multiplicative 3-Hom-Lie algebra (L, o, c0), where

fia = poa® and  plx1,x2)(a) = av o p(z1,x2)(a).

Theorem 6.5 Let (L,u,«) be a multiplicative 3-Hom-Lie algebra, V a wvector space, ay € gl(V) and
py : LOL®V — V a skew-symmetric linear map. Then (V,uyv,ay) is an L-module of L if and only
if there is a multiplicative 3-Hom-Lie algebra structure (called the semidirect product) on the direct sum L OV

of vector spaces, defined by
/’LLEBV(I +a,y+ b,Z + C) = ,u(x,y,z) +:U‘V(‘Tay7c) + ,UV(’IJ,Z,(I) - ﬂv(I,Z,b)

and
arev(z+a) = a(z) + ay(a)

forall x,y,z € L and a,b,c € V.

Now, we define a comodule structure on a multiplicative 3-Hom-Lie coalgebra.

Definition 6.6 Let (L, A, «) be a multiplicative 3-Hom-Lie coalgebra. Let V' be a vector space and avy € gl(V').
A triple (V,Avy,ay) is called a comodule of L if the linear map Ay : V. — LANLAV satisfies the following

conditions

(O¢®2 ®ay)oAy = Ay oay, (6.4)
(@2 QAv) oAy —wi o (@®? @ Av)oAy = (A®a@av) oAy — (AR a® ay) o Ay, (6.5)
(A®a®ay)oAy — (a®2 ®Av) oAy =who (a®2 ®Av)o Ay +who (a®2 ® Av)o Ay, (6.6)

where for i =1,2,3 and j=1,---,5 and 2; € L, we have w,: LALRIL®LR®V — LROLRXLRILQV

w’l(xl RT3 QT4 R Ts) = T3 QTy T, ® T2 Ts, (6.7)
WH(T1 T2 RT3 R T4 RT5) = T3 DT @ To ® T4 D T, (6.8)
wWi(11 @ Ty QT3 QT4 @ x5) = T2 QT3 R T1 @ Ty @ T5). (6.9)
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Remark 6.7 If o =id;, and ay =idy, (V,Ay), we recover the comodule structure of a 3-Lie coalgebra.

Theorem 6.8 Let L and V be two finite dimensional vector spaces. A triple (V,Ay,ay) is a comodule of
a multiplicative 3-Hom-Lie coalgebra (L, A, ) if and only if (V*, A}, ai,) is a module of the multiplicative
3-Hom-Lie algebra (L*, A* a*).

Proof Let x,y€ L, a €V, x* y*, 2" t* € L* and a* € V*
<(@®®®ay)oAv(a) —Avoay(a),z" @y ®a* >
=< (a®*®ay)oAv(a),z" @y ®a" > - < Ayvoay(a),z* @y  @a* >
=< a,Ay o (@) ®a))(z" @y ®a") > — <a,ay o A} (2" @y* ®a*) > .
Then A} o ((a*)®? ® af) = ajy o A},
< (@ ®Av) —wio (@ ®Ay))oAv(a) - (A®a®av) o Av(a)
—mi(A®a®ay)oAy(a),z" Yy @2 @t ®a" >
=<a,Av 0 ((a)*?®@AY) — AL o () ®AV)owi (2" ®y @2 @t ®a”) >
—<a,(AV o (A" ®a" " ®ay) — AL o (A"®a"®ay) o) (2" @y @2 @t ®a") > .
Then, we have
Ao ()2 @ AL) — A o (a)P? @A) ow) = AL o (A*®@a* ®al) — A o (A* @ a* ® ) o T34.
Similarly, we find
Ay o (A" ®a* ®ai) — A7 o ((0%)52® AY) = A7 o ((0")%2® AY) 0w + A o (a*)®2 8 AY) o),
O

Proposition 6.9 Let (L,A) be a 3-Lie coalgebra and (V,Ay) be a comodule of L. Let « : V — V be a
colagebra morphism and ay 1 V — V be a linear map satisfying Ayoay = (a@a®ay )oAy . Then (V, ANV, ay),

where K; = Ay oay, is a comodule of the multiplicative 3-Hom-Lie coalgebra (L,A, = Ao a,a).
Proof Let a € L, then we have
(Aa ®a®ay)oAy(a) — (a®2 @ Ay) o Ay (a) — who (a®? @ Ay) o Ay (a) — wh o (a®2 @ Ay) o Ay (a)
= (A®Id® Idy)o Ay oa¥(a) — (Id®* ® Ay) o Ay o ¥ (a)
—who(Id®? ® Ay)o Ay o a3 (a) —who (Id*? @ Ay) o Ay o i (a)
=0,

(@®2 @ Ay)oAy(a) — w0 (a®2 @ Ay) o Av(a) — (Ag ® a®ay) o Ay + T34(Ag ® a ® av) 0 Ay (a)
= (Id®?*® Ay) o Ay o ad (a) — W) o (Id®? ® Ay) o Ay o o, (a)

—(A®Id®Idy) oAy o} + m4(A® Id® Idy) o Ay o a3 (a)
=0.
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O

Theorem 6.10 Let (L, A, «) be a multiplicative 3-Hom-Lie coalgebra and (V,Ay,ay) be a comodule of the

3-Hom-Lie coalgebra of L. Then there exists a 3-Hom-Lie coalgebra structure on the direct sum L®V (called
the semidirect coproduct) defined by

Argv(z+a) =A(z) + Ay (a) and apgv(z+a) = a(z) + ay(a),
forall x € L and a €V.
Proof We use identities (6.5) and co-Jacobi identity. Let x4+ a € L ® V', we have

(a®a®Argy)oArgv(z+a) —wio(a®a®Argy)oAray(z +a)
—(A®a®argy)oArgv(z+a)+ (AR a®argy) o Argv(z + a)
=(a®@a®@A)oAlr) + (a®@a®@Ay)oAy(a) —wjo(a®@a®@A)oA(z) —wjo (e ®@a®Ay) o Ay(a)
—(A®a®a)oAlzx) —(ARa®ay)oAy(a) + Tu(A®@a®a) o A(z) + 34(A R a® ay) o Ay (a) = 0.

Now, we define module structure for multiplicative 3-Hom-Lie bialgebras.

Definition 6.11 A tuple (V,uy,Av,ay) is said to be a module of a multiplicative 3-Hom-Lie bialgebra
(L, 1, A, ) if

(i) (V,py,av) is a module of the multiplicative 3-Hom-Lie algebra (L,p, ),
(i) (V,Av,ay) is a comodule of the multiplicative 3-Hom-Lie coalgebra (L, A, ),

(iii) the following compatibility condition is satisfied

Ay o py(z,y,a)

= (adu(a(z),a(y)) © a@ av + a @ ad,(a(z),a(y)) @ av + a @ a @ py (a(z), a(y),-)) o Av(a)

+ (v (a(), aly),a) @a®@a+a®py(a(),aly),a) @a+a®a®py(al),aly),a)) o Alz)

+ (v (a(z), (), 0) @ a@a+a® py(a(z), al-),a) @ a+a®a® py(a(z),a),a)) o Aly), (6.10)

for all x,y € L and a € V, where

(b (a(),aly),a) @ a®a)o (2 ® 2@ @ 23)) = py (a(zM), a(y), a) A (@) A a(z®) (6.11)
(0@ a® pr(a(z), aly), ) o (6 ©a® ©a®) = aleV) A a(a®) A pyla(@)aly),o®)  (612)
(@@ py(a(@),a(),a) ® o)y @ y@ @ y®) = aly™) A py (al@), a(y®),a) A aly®). (6.13)

Example 6.12 Let (L, u, A, «) be a multiplicative 3-Hom-Lie bialgebra. Then we have,
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(1) A multiplicative 3-Hom-Lie bialgebra (L, u, A, «) is a module over itself.

(2) If (V,uv,ay) is a module of a multiplicative 3-Hom-Lie algebra (L,u,«). Then (V,uyv,0,av) is a
module of a multiplicative 3-Hom-Lie bialgebra (L, p, A, o).

(8) If (V,Ay,ay) is a comodule of a multiplicative 3-Hom-Lie coalgebra (L, A, «). Then (V,0,Ay,ay) is
a module of a multiplicative 3-Hom-Lie bialgebra (L, p, A, ).

Theorem 6.13 Let (L, u, A, ) be a multiplicative 3-Hom-Lie bialgebra, V' be a vector space and cy € End(V)
such that

(i) (V,puy,ay) is a module of the multiplicative 3-Hom-Lie algebra (L, u, o),
(ii) (V,Av,ay) is a comodule of the multiplicative 3-Hom-Lie coalgebra (L, A, ).

If (LeV,purev,ALev,aLey = a+ ay) is a multiplicative 3-Hom-Lie bialgebra, Then (V,uy,Av,ay) is a
module on the multiplicative 3-Hom-Lie bialgebra (L, u, A, ).

Proof Let z,y,z € L and a,b,c € V. We have

AroviiLev (@ +a,y+b,2 +¢) =Outaytbete adypy (@ +a,y +b) 00,4, Apev(z +0),

adiy (@ +a,y +) eayey Arav(z+ ) = ad (a(x), a(y)) e A2) + ad)” ((x), a(y)) ea.ay A (©)
+ 1) (@), av (5)) o A2) + iy (a(w), av () eaay Av(c)
— 17 (0(y), 0v (@) 0a ) = 17 (@), av(0)) ea.ay Av(©),

where, for x € L, a € V, A(z) = 2 @23 @20) and Ay(a) = P @a? ®a$’), such that aif) €V and
a® e L, fori=1,2.

1@, b)) LOL®L —LeLeV and p(y,0): LOLRV — LaVaV, (6.14)

are trilinear maps respectively satisfying

ad/L(B) (z,Y) 0a,ay Av(c) = (adu(z,y) ®a@ ayv +a®ad,(z,y) Qay +a®@ a® pv(z,y, ) Av(c),
Mi/g)(x7 b) O ay A(Z) = (Oé a® ,ll/v(~7CE, b) Fala® MV('7m7b) Faka® MV('a z, b))A(Z%

1 (y,a) ey Av(c) = (a ® py(y,a) ® av +a ® av @ py (-, y,a)Ale).
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Since (L®V, urev, Arev,rev) is a multiplicative 3-Hom-Lie bialgebra, then we have
0=Arsvirev(®+a,y+bz+c)
=Ap(@,y,2) + Avpy (@,y,¢) + Avpv (y, z,a) — Avpy(z, 2,b)
+ v (2,0,6M) @ a(b®) @ ay (BP) + a(bD) @ py (2, a,6@) @ ay (b))
— v (z, e, b @ a(b?) @ av(bg’)) —a(dM) @ py (z,¢,b?) ® ozv(bg’))
+ v (y,¢,aM) @ al@®) @ ay () + a(a®) ® py(y, ¢, a®) ® av (o)
— v (z,b,a)) @ a(a?) @ av (@) — a(aM) @ pv (2,b,a?) @ av (af?)
+ v (@,b,¢V) @ a(c®) @ av () + aleD) @ py (2,b,c?) @ ay(c))

— v (y,a,éD) @ a(c?) @ av () — a(¢) @ py (y. a, ) @ ay (¢D).

Thus, Ay and py(z,2,b) = 0 are compatible. O

7. Generalized derivations of 3-Hom-Lie bialgebras

In the following, we recall some definitions and properties of derivations, quasi-derivations and generalized
derivations of multiplicative 3-Hom-Lie algebras. We extend and discuss these notions in the case of multi-

plicative 3-Hom-Lie bialgebras. We define and show some properties of o -derivations, a*-quasi-derivations,

k

a®-coderivations, oF-centroids, o*-cocentroids, af-quasi-derivations, a*-biderivations and their generaliza-

tions.

Let (L, p, @) be a multiplicative 3-Hom-Lie algebra.

Definition 7.1 A linear map D : L — L is said to be a derivation on (L, u,a) if aD = Da and satisfies, for
all x,y,z € L, the following condition:

D(u(w,y,2)) = u(D(x),y,z) + p(z, D(y), 2) + p(z,y, D(2)). (7.1)

Definition 7.2 A linear map D : L — L is said to be an o -derivation on (L, u,a) if D = Da and satisfies,
for all x,y,z € L, the following condition

D(ulz,y,2)) = p(D(x),a*(y), o (2)) + u(a*(z), D(y), a*(2)) + n(a*(z), a* (y), D(2)). (7.2)

We denote the set of all a¥-derivations by Deryx(L). Set Der(L) = ®g>oDerqx (L), we can easily show that
Der(L) is equipped with a Lie algebra structure.

Example 7.3 Let (L,[, -, ],a) be a multiplicative 3-Hom-Lie algebra generated by {ey, e, ez}, given by
[e1,e2,e3] = €3, aler) = aer, afez) = 562’ a(es) = 0.

Define the linear map D € End(L) by D(e1) = biex, D(e2) = baea, D(ez) = bses, where a,by,ba,bs are

parameters. Then D is an o -derivation on (L, u, ).
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Definition 7.4 A linear map D € End(L) is said to be an o -generalized derivation on (L, i, ) if there exist
linear maps D', D", D" € End(L) such that a commutes with D, D', D" D" and holds the following condition

D" (@, y, 2)) = p(D(x), 0" (y), a"(2)) + pla®(2), D'(y), 0" (2)) + pla* (2), a*(y), D"(2)),  (7.3)

for all x,y,z € L. We say that D is associated with (D',D",D"). If D = D' = D", then D is called

o -quasi-derivation associated with D" .

The sets of a”-quasi-derivations and a*-generalized derivations will be denoted respectively by QDer (L)
and GDer,x(L). Set QDer(L) = ®p>0QDer i« (L) and GDer(L) = &g>0GDer,«(L). We have

Der(L) C QDer(L) C GDer(L).

Example 7.5 Let (L, u,a) be a 3-dimensional multiplicative 3-Hom-Lie algebra, where the multiplication and

the structure map are defined with respect to a basis {e1,ea,es} by
uler,ea,e3) =cer, aler) =er, ales) =e1+ea, afes)=es.
Let D and D’ be linear maps defined as
D(ey1) = bier, D(ez) = baea + bies + bzes, D(es) = bsey + bses,
D'(e1) = (2b1 — by — 2bs)er, D'(ea) = azey + (2by — by — 2b5)es + azes, D'(e3) = aseq + ases.
Then D is an o -quasi-derivation on (L, u, ) associated with D'.

Example 7.6 Let (L, u,«) be a 3-dimensional multiplicative 3-Hom-Lie algebra, where the multiplication and

the structure map are defined with respect to a basis {e1,ea,es3} by
uler,es,ez) =e1, aler) = —er, alea) =e; —ez, afes) =ey — e3.
Let D,D', D" D" be linear maps defined as
D(e1) = arer, D(es) = ager + ajeq, D(es) = aser + azes + ajes,
D'(e1) = bie1, D'(ez) = bgey + biea, D'(e3) = bzey + baes + byes,
D"(e1) = cre1, D"(e3) = caeq + crea, D" (e3) = czeq + caea + cres,
D" (e1) = (a1 + b1 + c1)er, D" (es) = daer + (a1 + by + ¢1)ez, D" (e3) = dzer + dges + (ag + by + ¢1)es.

Then D is an o -generalized derivation on (L, u,«) associated with (D', D", D).

Proposition 7.7 Let (L,p,«) be a multiplicative 3-Hom-Lie algebra and a linear map D associated with
(D', D", D" be an o -generalized derivation on L. Then oPD associated with (a?D’,aP?D" aP?D"") is an

aPt* _generalized derivation on L.
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Proof Let D be an of-generalized derivation on L associated with (D', D", D). Then, for all z,y,z € L,

we have
o’ D" (pu(z, y, 2))
= a?(u(D(x),a"(y), *(2))) + o (u(a*(x), D' (y), o*(2))) + o (u(a*(x), " (y), D" (2)))

= p(a?D(x), a"** (y), o (2)) + p(a?** (@), o D' (y), P TF(2)) + p(a? (), a” ¥ (y), a? D" (2)).

Proposition 7.8 Let (L,u) be a 3-Lie algebra, D associated with (D',D",D") be a generalized deriva-
tion on L and « be a morphism on L commuting wit D,D’', D" and D"'. Then o*D associated with

(a* D’ a*D" ok D") is an oF -generalized derivation on (L, iy, ).
Proof Straightforward. O
Definition 7.9 A linear map 6 € End(L) is said to be an o -centroid of a 8-Hom-Lie algebra (L, p, ) if 0
and o commute and satisfy, for all x,y,z € L, the following condition

O(u(z,y, 2)) = p(b(x),a*(y), " (2)) = p(a*(2),0(y), o* (2)) = u(a* (), " (y), 6(2)). (7.4)

The set of a*-centroids of (L, u, ) is denoted by Cgx(L).

Definition 7.10 A linear map 0 € End(L) is said to be an o -quasi-centroid of a 3-Hom-Lie algebra (L, ji, @)

if 0 and o commute and satisfy the following condition
M(9($)7 ak(y)v ak<z)) = /L(ak(l‘), a(y)v ak(z)) = /L(ak(l‘), ak(y)’ 9(2’)), vV x,y,z€L. (75)

The set of a¥-quasi-centroids of L is denoted by QC.x(L).
Set C(L) = @kzocak (L) and QC(L) = @kZOQCak (L)

Proposition 7.11 With the above notations we have
1. C(L) CC(L).
2. C(L) C QDer(L).

Proof Straightforward. O

In the following, we introduce the notion of generalized o*-coderivation, o -cocentroids and a”-quasi-

cocentroid of 3-Hom-Lie coalgebras. Let (L, A, «) be a multiplicative 3-Hom-Lie coalgebra.

Definition 7.12 A linear map ¥ : L — L is said to be a coderivation on (L,A,«), if Voa = ao V¥ and

satisfies the following condition

AoV =URIdQId) oA+ (IdRVR@Id)o A+ (Id®Id® VU)o A. (7.6)
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Definition 7.13 A linear map ¥ : L — L is said to be an o -coderivation on (L,A, ), if a¥ = Ya and

satisfies the following condition

AocT =(T@a"@a) oA+ (0" @T @) oA+ (" @a”®T)oA. (7.7)
We denote the set of all a*-coderivations by Derﬁk (L) and set Der®(L) = @kZODerﬁk (L).

Proposition 7.14 The set Der®(L) equipped with the commutator give a Lie algebra structure.
Proof Let D € Derf (L) and D’ € (Der v, we have
Ao[D,D'|=Ao(DoD —D'oD)
=AoDoD —AoD' oD
=(AoD)oD' —(AoD"YoD
=D @ ®a¥)o(AoD)+ (" @ D' ®a*)o(AoD)+ (o ®a* @ D')o(AoD)
—(D®d*®a*)o(AoD)+ (@ @D®af)o(AoD)+ (o ®a* @ D)o (AcD)
=D oD @ ) o A+ ("F @D oD@ ") o A+ (F @ a*H @ D' o D)o A
—(DoD' @ @Yo A+ (@ TF @ Do D' @ ) o A+ (0FF @ T @ Do D)o A
= (D, D) @ o™ @ o F) o A+ (ot @ [D, D] @ ") 0 A + (o @ ot @ [D, D)) 0 A.

Thus [D, D'] is an o % -coderivation. O

Definition 7.15 A linear map ¥ € End(L) is said to be an o -generalized coderivation on (L, A, ) if there
exist linear maps W' U’ W € End(L) such that o commutes with U, W' W" W and satisfies the following

condition
Aol — (\I]®ak®ak)oA+(ak®\Iﬂ®ak)oA+(Oék®Oék®\Ifﬁ)OA. (7.8)

We also say that U is associated with (¥, 0" 0", If U = V' = V" then ¥ is called o -quasi-coderivation.

The sets of a¥-quasi-coderivations and o”-generalized coderivations are denoted respectively by QDerﬁk(L)

and GDer%,(L). Set QDer®(L) = Dr>0QDer5. (L) and GDer®(L) = ©>0GDer5(L).

Example 7.16 Let L be a 3-dimensional multiplicative 3-Hom-Lie coalgebra. Let {e1,e2,e3} be a basis on
which the comultiplication A is defined by A(e1) = ce; Nea Aes, A(ez) = A(eg) =0, and the morphism o by
aler) = aey, ofes) =bes, ofes) = jes, where a,b are parameters such that a,b# 0,1.

We consider linear maps VU, W' 0" " € End(L) defined by

U(er) = arer, VY(ez) =ases, V(ez) = ases,
U'(er) =brer, U'(e2) =baea, ¥'(e3) = bses,
U"(e1) = crer, U"(ez) = caea, V”(e3) = cses,

ak

oF + akbkc;),)el, ‘I/’”(eg) =deo, \I’”/(eg) = dses,

\IJ”’(el) = (a1 + by +
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for a;,bi,civd; €K, 1<i<3 and 1<j<2. Then ¥ is an of -coderivation associated with (', ¥ ¥"").

Proposition 7.17 Let (L,A) be a 3-Lie algebra, U associated with (V', ", U") be a generalized coderivation
on L and a be a morphism of L commuting with W, W' 0" " Then o*¥ associated with (a*¥’, a*¥" oF¥"")

are o -generalized coderivations on (L, A, ).

Definition 7.18 A linear map © € End(L) is said to be an o -cocentroid on (L,A,«) if «0o© = O o« and
holds the following condition

AoO=0O@c"@cd)oA=("®02c")cA=("2a"20)0A. (7.9)

Example 7.19 Let L be a 3-dimensional multiplicative 3-Hom-Lie coalgebra and {e1,e2,e3} be a basis on
which the comultiplication A is defined by A(e1) = A(ea) = 0,A(e3) = ceq A ea Aes, and the morphism o by
aler) = —e1, afer) =el —eq, afes) =eqs — es.

We consider a linear map © € End(L) defined by

O(e1) =0, O(ez) =ares, O(es) =aie; +azes, for aj,as € K.

Then, © is an a?-cocentroid of (L, A, ).

Definition 7.20 A linear map © € End(L) is said to be an o -quasi-cocentroid on (L, A, ) if Ooa = aoO

and satisfies the following condition

Oed®d)ocA=("®0®ac)cA=(*®a"®0)0A. (7.10)

The set of a¥-cocentroids and a*-quasi-cocentroids of L are denoted respectively by C’ﬁk (L) and QC’O%C (L).

Set CA(L) = @005 (L) and QCA(L) = &40QCH (L).
Proposition 7.21 With the above notations, we have

1. CA(L) c QCA(L).

2. CA(L) C QDer®(L).

Proof Straightforward. O

Next, we discuss biderivations and their generalizations. Let (L, u, A, «) be a multiplicative 3-Hom-Lie

bialgebra.

Definition 7.22 A pair (D, ¥) of endomorphisms on L is called an o -biderivation of multiplicative 3-Hom-
Lie bialgebra if D is a o -derivation of (L,u,a) and ¥ is a oF -coderivation of (L, A, ).
We denote the set of all o -biderivations by DerB, (L) and set Der?(L) = ®r>oDerB,(L).

A pair (D, V) of endomorphisms on L is called an o -quasi-biderivation of (L,p, A, ), if D is an
o -quasi-derivation of (L,p, ) and ¥ is an oF -quasi-coderivation of (L, A, a).

We denote the set of all o -quasi-biderivations by QDerfk (L) and set QDerB(L) = @kZOQDerfk (L).
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A pair (D, V) of endomorphisms on L is called a generalized o -biderivation of (L,u, A, ), if D is a
generalized oF -derivation of (L,u,a) and U is a generalized o -coderivation of (L, A, a).

We denote the set of all generalized o -biderivations by GDer5, (L) and set GDer?(L) = ©r>0GDerB, (L).

It is easy to see that DerP(L) C QDer? (L) C GDer?(L).

Example 7.23 Let L be a 3-dimensional multiplicative 3-Hom-Lie bialgebra with a basis {e1, ea,e3} on which
the multiplication and the comultiplication p, A are defined by p(eq,ea, e3) =e1, Alea) =eiNeaNes, Aler) =
Aleg) =0, and the morphism o by a(e;) = a(ez) =0, a(es) = ces, for c#0.

We consider linear maps D, D', D", D" ¥ W' U" 0" c End(L) defined by

D(e1) = ajeq + ezaa, D(ea) = aze + agea, D(es) = ases,
D'(e1) = agey + area, D'(e3) = agey + agea, D'(e3) = ajges,
D"(e1) = airer + arzez, D"(e2) = aizer + aises, D"(e3) = arses,
D"(e1) =0, D"(e2) =0, D"(e3) =0,
U(ey) = bieg + baea, W(eg) = bzey + byea, V(ez) = bses,
U'(e1) = creq + caea, W'(eg) = cze1 +cqeq, W'(e3) = cses,
U (e1) = dyey + daea, U"(e3) = dser + dsez, ¥'(e3) = dses,
V" (e1) = dger, V" (e3) =drer, ¥"(e3) = dges,
where a;, by, c,d; €K, 1<i<15, 1<7<8 and 1 <k, 1 <5.
Then (D, V) is an o -biderivation associated with (D', D", D" ¥ ¥" ¥,

Corollary 7.24 Let (L,u,A,a) be a multiplicative 3-Hom-Lie bialgebra and (D,¥) be a generalized o -

biderivation on L. Then (a? o D, W o aP) is a generalized aP** -biderivation on L.

Definition 7.25 A pair (0,0) is said to be an o -(quasi)-bicentroid on (L,u, A, ) if 6 is an o -(quasi)-
centroid of (L, u,a) and © is an o -(quasi)-cocentroid of (L, A, ).

The set of a¥-bicentroids and o”-quasi-bicentroids of (L,u,A,«) are denoted respectively by C’fk/ (L) and
QCBE,(L). We set CB(L) = @>0C5% (L) and DCP(L) = @;50QC5(L).
It is obvious that CB(L) c QCB(L).
Proposition 7.26 Let (D, V) € DerB(L) and (6,0) € CB(L). Then ([D,0],[¥,0]) € CB(L).
Proof Assume that D € Der,«(L), 6 € C_w(L). For arbitrary z,y, z € L, we have
DY(u(,y. 2)) = D(u(b(x),a* (), 0" (2)))

= u(DO(x), ¥ (), oF ' (2)) + p(0a* (z), Da* (), FF (2)) + u(0(x), * (y), Da* (2)).
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and
0D (u(x,y, 2)) = 0(u(D(x), a"(y), a*(2)) + u(a® (), D(y), " () + p(a*(x), a*(y), D(2)))
= w(OD(x), o (), & (2)) + p(0a” (), Da* (y), o (2)) + p(0a”(w), " (y), Dak’((Z))-)
7.12
By making the difference of Egs. (7.11) and (7.12), we get

[D,0](u(@,y, 2)) = p([D, 0](x), o™ (), " (2)).
Similarly we can prove that, for all x,y,z € T,
[D.0)(u(x,y, 2)) = w(@**¥ (@), [D,0)(y), a* ¥ (2)) and [D, 0 (ulx, y. 2)) = (@ (z), ¥ (y), [D, 6](2))-
Now, let ¥ € Ders, (L), © € C’ﬁk, (L), we have
AoBoU = (@@akl@)ak/)vo\IJ
— (00U @ @ £+ Oof @ Vo @bt £ @0 @t @ W) oA, (7.13)
and
AoVoO=(TU@d"ad+d" 200"+ @a"0T¥)0cA0O
=(PoO® o @ L 00 @ Toak @t 100k @ @ Wo ak/) oA.  (7.14)
By making the difference of Egs. (7.13) and (7.14), we get

Ao[¥,0] = ([¥,0] ® " @+ o A.
Similarly we can prove that, for all x,y,z € L,

Ao[l,0] = ([¥,0] ® o @ ") o A and Ao [U, 0] = (a"F @ o & [T, 0]) 0 A.

O

Remark 7.27 The same definitions and results could be stated for gemeralized multiplicative 3-Hom-Lie bial-
gebras.
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