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Abstract: Let C,, be the semigroup of all order-preserving and decreasing transformations on X = {1,...,n} under its

natural order, and let N(C,) be the subsemigroup of all nilpotent elements of C,,. For 1 <r <n—1, let

N(Cnyr) = {a€N(Cn):|im(a)| <r},
N, (Cr) = {a€ N(Cp):aisan m-potent for any 1 <m < r}.

In this paper we find the cardinality and the rank of the subsemigroup N(Cy,.) of C,. Moreover, we show that the set
N, (C,) is a subsemigroup of N(C,) and then, we find a lower bound for the rank of N,.(C,).

Key words: Order-preserving and decreasing transformation, nilpotent subsemigroups, m-potent element, generating

set, rank

1. Introduction

Let 7, be the (full) transformation semigroup (under composition) on X,, = {1,...,n} under its natural order.
A transformation « € 7T, is called order-preserving if x <y implies za < ya for all z,y € X,, and decreasing
(increasing) if za <z (za > x) for all © € X,,. The subsemigroup of all order-preserving transformations in
T, is denoted by O,,, and the subsemigroup of all order-preserving and decreasing (increasing) transformations
in 7, is denoted by C, (C}). It is a well known fact that C, and C; are isomorphic semigroups (for example,
see Remarks on [10, page 290]). There have been many applications of C,,, especially in computer science. For
example, to find the cardinality, it is given a specific connection between C;, and the set of all binary trees on
n source nodes in [10].

The index and the period of an element a of a finite semigroup are defined as the smallest values of m > 1
and r > 1 such that a™" = @™. In particular, an element with index m and period 1 is called an m -potent
clement. An element e of a semigroup S is called idempotent if e? = e, and the set of all idempotents in S
is denoted by FE(S). An element a of a finite semigroup S with zero is called nilpotent if a™ = 0 for some
positive integer m, and moreover, if a™~! # 0, then a is called an m-nilpotent element of S. The set of all
nilpotent elements of S is denoted by N(S). A semigroup S with 0 is called nilpotent if there exists m € ZT

such that S™ = {0}. Tt is clear that the m-potent and m-nilpotent elements are equivalent in any nilpotent
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semigroup. For any non-empty subset A of a semigroup S, let (A) denote the subsemigroup generated by A,
i.e. the smallest subsemigroup of S containing A. If there exists a finite subset A of S such that S = (A),
then S is called a finitely generated semigroup. The rank of a finitely generated semigroup S is defined by

rank (S) = min{ |A] : (4) = S}.

An element a in S\ S? (if there exists) is called indecomposable. It is clear that every generating set must
contain all indecomposable elements. In other words, if S = (A), then S\ S? C A. Therefore, if S = (S\ S?),
then S\ S? is the minimum generating set of S, and so rank (S) = |S\ S?|.

The image, the fiz and the kernel of any transformation « in 7, are defined by

im(a) = {za:z€X,},
fix(a) = {z€X,:2za=2} and
ker() = {(x,y): za=ya for z,y € X,,},

respectively. Let € € C,, be the constant map to 1. Then ¢ is the zero element of C,,, and moreover, an element
a in C,, is nilpotent if and only if fix (o) = {1} (see [11, Lemma 2.2]). It is also a well-known fact that a € 7,
is an idempotent if and only if fix (&) = im («). A partition P = {44,...,4,} of X, for 1 <r < n is called an
ordered partition, and written P = (4; < --- < A,),if x <y forall z € A; and y € A;y1 (1 <i<r—1), (the
idea of ordering a family of sets appeared on page 335 of [14]). For any o € N(Cy), let im (o) = {a1,...,a,}
with 1 =a; < ag < --- < a,, and let A; = a;a~! for every 1 < i < r. Then the set of kernel classes of «,
K(a) = X,/ ker(a) = {Ay,..., A}, is an ordered partition of X,,. Moreover, since « is order-preserving, each
class A; is convex, and since « is decreasing, a; < x« for all z € A; for every 1 < i < r. In particular, for all
z € Ay, za=1. For a € N(C,,), since fix (o) = {1}, it follows that a; S za for all z € A; and all 2 <4 <r.

If we use the following tabular form:

az(ﬁl Ay - Ar>’ (1.1)

a9 e [o78

then it is clear that o € N(C,) is r-potent (and equivalently r-nilpotent) for any 1 < r <n — 1 if and only if
a; € A;_1 foreach 2 <i<r.
Recall that nth Catalan number C,, and Narayana number N(n,r) are defined by

C, = 1 2n :l 2n for n>1, and
n+1\n n\n—1

1/n n 1 n—1\/n
— = for 1<r<mn,
n\r/\r—1 n—r+1\r—1 r

respectively. It is well known that Y N(n,r) = C, (see, [8]). Also, from [11, Theorem 2.1 and Proposition

r=1

N(n,r)

2.3], we have that
Cal = 1€y | = Cn, and [N(Cp)| = N(C)| = Cr.

For other terms not explained here we refer to [7, 9].
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Some important problems in combinatorial algebra are to find the cardinalities, minimum generating
sets (if there exists) and ranks of some semigroups, which play useful roles in semigroup theory. It is also
an important problem to investigate the nilpotent subsemigroups of nilpotent semigroups. Combinatorial and
rank properties of finite semigroups have been widely studied. The calculation of rank (C,) = n — 1 and
rank (N(Cp)) = Cp—1 — Cp—2 were given in [12] and [16], respectively. For any £ € E(C,), the cardinality
and rank of the subsemigroup C,(¢) = {a € C, : o™ = £ for some m € ZT} were determined by Yagc
and Korkmaz in [16, Theorem 3 and 5]. For any non-empty subset Y of X, , the cardinality of the set
Cny = {a €C, : fix(a) = Y} has been computed by Ayik, Ayik and Kog¢ in [2]. The number of nilpotent
elements in C,, have been calculated by Laradji and Umar in [11]. The number of m-potent elements and
(m,r)-potent elements in ST, the subsemigroup of all singular transformations of T,,, were computed by
Ayik, Ayik, Unlii and Howie in [3]. The combinatorial results relating the cardinalities of the subsets {a € C,, :
lim ()] =7 and na = k} and {a € C,, : im () = r} were given by Umar in [12, Propositions 3.4 and 3.6]. The
rank of C,, = {a € C,, : |im (a)| < r} were given in [12, Proposition 4.1]. Among more recent contributions
are [1],[4],[5] and [6].

Since N(C1) = N(C2) consists of only the zero element e, we suppose that n is an integer at least 3

throughout this paper. For 1 <r <n—1, let

N(C,,) = {aeN(C,):|im(a) <r},

N, (C,) = {a€ N(C,): «isan m-potent for any 1 < m < r}.
In the second section of this paper, we find the cardinality and the rank of the nilpotent subsemigroup N(C, )
of N(C,), and so of C,. In the third section, we show that the set N, (C,) is a nilpotent subsemigroup of
N(C,,) and then, we find a lower bound for the rank of N,(C,). Since N(Cp 1) = N1(Cy) consists of only the
zero element, and since N(Cy, n—1) = Np—1(Cp,) = N(C,,) and the rank of N(C,,) were given in [16, Theorem 2],

we consider the case 2 < r < n — 2 while we calculate the rank of N(C,, ) and find a lower bound for the rank
of N.(Cp,).

2. Cardinality and rank of N(C, ,)
For 1<r<n-—1,let @ and 8 be two elements in
N(Chr) = {aeN(C,): |im(a) <r}.
Since im (af) C im(8), and so |im ()| < r, it follows that N(C, ) is a nilpotent subsemigroup of both C,
and N(C,) with the zero element €. For 1 <r < mn — 1, our main goal in this section is to find a formula for

|N(Cy.rr)|. Moreover, we determine the minimum generating set, and so we find the rank of N(C,, ) by using

this formula.

Lemma 2.1 For 1<r<n-1,

IN(Cpr)| = kz;lN(n— 1,k) = nil ,;1 (ngl) (Z: i)

Proof For a € C,,_1, define @ : X,, = X,, by la =1la=1 and ia = (i—1)« for all 2 <i < n. Then it is clear
that & € N(C,). Moreover, consider the function ¢ : C,,—1 — N(C,,) defined by (a)p =a for all a € C,,—1. It
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is shown in [11, Propsition 2.3] that ¢ is a bijection, and so |C,,—1| = |N(Cy,)|. For 1 <k <r <n—1, consider
the sets

Cn(k) = {a€l,:|im(a)|=k} and
N(Cn(k)) = {aeN(C,):|im(a)| =k}.
It is shown in [12, Theorem 3.1] that |C, (k)| = n%k«kl (#~1) () = N(n, k). From the bijection defined above, it

is clear that « € C,,_1(k) if and only if @ € N(C,,(k)), and so

el = - 10 = (") (02)):

n—1

Since N(C, ) is the union of disjoint sets N(C,(k)) for 1 < k <r, the proof is now completed. O

For any finite semigroup S with the zero element 0, it is a well known fact that the following conditions

are equivalent:
(¢) S is nilpotent,
(i4) every element a € S is nilpotent, and
(79t) the unique idempotent of S is the zero element

(see, for example [7]). Moreover, it is proved in [13, Lemma 2.0.2] that S\ S? is the minimum generating set

of a nilpotent semigroup S, and so

rank (S) = |S| — |S?.

Now our aim is to find the rank of N(C,_ ). As mentioned above, since N(C, 1) = {¢} and since rank (N(Cp, —1)) =
rank (N(C,,)) = C,,—1 — C,,—o were found in [16, Theorem 2|, we take account of the case where 2 <r <n —2.
Moreover, since N (Cy, ) is a nilpotent subsemigroup, it is enough to find the cardinality of N(Cy) \ N(Cp.r)?.

For any a € N(C,,), recall that law =1, and that ia <1i—1 for each i > 2.

Theorem 2.2 For 2<r<n-—2,

rank (N(Cp.))

I
¢
=
S
I
:
I
g
=
S
I
:

Proof Let 2 <r <n—2. Forany o, € N(C,), since (ia))8 < (i—1)8 < (i —2) for each 3 <i < n, it follows
that if v € N(Cp)?, then 1y =2y =3y =1 and iy < i — 2 for each 3 <i < n. In particular, ny < n — 2.
Then, for any v € N(Cp ,)?, define 5 : X,,_1 — X,,_1 by

iy=({+1)y for 1<i<n-—1.
Then it is clear that ¥ € N(C,,—1,,). Moreover, for any A € N(C,,—1,), define N X, — X, by
=1 and iA=(i— 1A for 2<i<n,
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Ay Ay - As)e

as in Lemma 2.1. Now we use the tabular form given in (1.1) for the rest of the proof. If A = ( . a u
5 o ag

N(Cy—1,7) where 1 <s < r, then it follows that

N < A1 U{ba} (A2 \{b2})U{bs} -+ (As\{b:})U{n} >

1 as . Qg

where b; = minA; for 2 < i < s. Since A € N(Cph—1,), as < n—2, and a; S z for all z € A, where

9 < i< s. Then it is clear that A € N (Cp,r). Next we consider the transformations

(A1U1{bz} (A2 \ {b2}) U {bs} - (As\{bg})U{n}>

ba

and

- ( A1 A2 As—l ASU{’R} )

1 az e As—1 ag
Then, we see that p, 7 € N(Cp ) and pr = X, and so A € N(C,.+)?. Therefore, the mapping
77[] : N(Cn,r)2 — N(Cnfl,'r)a

defined by vy = 7 for all v € N(Cp,)?, is a well-defined bijection. Hence, it follows from Lemma 2.1 that

IN(Cnr)?| = |N(Cp-1.,)= > N(n—2,m), and so we obtain

m=1

r

rank (N(C,.)) = Z N(n—1,m) — Z N(n—2,m),

m=1

as required. O
Notice that since (mﬁl) = 0, and so N(m,m + 1) = 0 for any positive integer m, it follows that

n—1 n—2 n—1

> N(n—=2,m)= >, N(n—2,m)= C,_a. Moreover, since y, N(n—1,m)= C,_1 and rank (N(Cy,—1)) =

m=1 m=1 m=1

rank (N(C,,)) = C,,—1 — Cp,—2, the above theorem is valid for also r =n — 1.

3. Rank of N,(C,)
In this section, we first show that for any 1 <r <n — 1, the set

N, (Cp) ={a € N(C,) : a is an m-potent for any 1 <m < r}

is a subsemigroup of C,, with the zero element €. Then, we find the minimum generating set and a lower bound
for the rank of N,(C,).

Lemma 3.1 For 1 <r <n-—1, N.(C,) is an ideal (and so a subsemigroup) of C,, with the zero element €.
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Proof It is clear that € € N,.(C,,). For 1 <m <r, let « € N,.(C,) be an m-potent, and let 5 be any element
in C, (or in N(C,)). For k € Z*, we first show by induction on k that z(aB)* < za* and z(Ba)* < za® for
any ¢ € X,,. For k =1, since za < z and zf < z for any x € X,,, it follows that z(af) = (za)f < za and
that 2(Ba) = (z8)a < za. Now suppose that z(a3)¥ < za* and z(Ba)k < xa® for k € Z+. Then

z(aB)* = (z(aB)*)(ap) < (za¥)(af) = (za*1)B < za*T! and

2(fa)*™ = (2(Ba)*)(Ba) < (va”)(Ba) = ((wa®)B)a < za* T,
as required. Since a™ = g, it follows that z(af)™, z(Ba)™ < za™ = ze = 1 for all z € X,,, and so
(af)™ = (Ba)™ = . Therefore, both af and S« are elements of N,.(C,), as required. O

Similarly, one can prove that, for any «, 3 € C, and for any = € X,, \ fix (o), we have za* < z, and so

z(aB)k £ x for any k € ZT. Moreover, we have the following corollary:

Corollary 3.2 For 1 <r <n-—1, N(C,,) is a subsemigroup of N,(Cy).

Ay Ay - A, . kot

Proof If o = 1 a u € N(Cp—1,) where 1 < s < r, then since a € |J A; for each
g e s im1

2 <k <s, it follows that a® = ¢, and so a" = ¢, as required. O

As noticed after the proof of [15, Theorem 2.2], there exists only one (n — 1)-potent element in N(C,),

12 3 -+ n

namely pg = ( 11 2 n—1 > . Since pg is the unique element with image of size n — 1, and since

N(Cpn-1) = Nyu—1(Cp,) = N(Cp,), it follows that
N(Cnn—2) = Nn—2(Cn) = N(Cn) \ {10}

However, we have the fact N(C, ) # Ny(Cy,) for any 2 <r <n — 3. Indeed if we consider

(1234 - 142 r43 - n
)\0(1 11 2 - r r+1 - T—|—1)€N(Cn)’
then we see that A\g € N,(C,,) and that Ao & N(Cp).

We need some background and notations in order to find the rank of N,(C,). For m,n € Z* with

m < n,let S(n,m) be the set of all positive integer solutions of the equation zy + -+ + x,, = n, that is
S(n,m) = {(51,.,8m) : 81,.--,8m €Z" and 1+ -+ + s, =n }.

It is clear that the cardinality of S(n,m) is (:;11), and that the number of non-negative integer solutions

iy

of the equation @1 + -+ + z,, = n is ( . It is clear that @ € N(C,,) is a l-nilpotent element if and

only if @ = £, and so the number of 1-nilpotent elements is 1. The number of m-potent (and equivalently,

m-nilpotent) elements in N(C,,) for 2 <m <n — 1 were computed in [15, Theorem 2.2] as follows.

Theorem 3.3 For 2 <m <n—1, the number of m-potent (and equivalently m-nilpotent) elements in N(C,,)

s

>ooaeee) .

(517---7sn1)es(n—1,m) 1=2
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Now our aim is to find a lower bound for the rank of N, (C,). As mentioned above, we take account of
the case where 2 < r < n — 2. Moreover, since N,.(C,,) is also a nilpotent subsemigroup, it is enough to find a
lower bound for the cardinality of N,.(C,) \ N,-(C,)?2.

Theorem 3.4 For 2<r<n-—2,

rank (N, (C,)) > II <Si . 5;»_1 ) 1)

m=2 \(81,-+;8m)ES(n—1,m) t=2
‘s m
> DO | [
. t;
m=2 (tlw--atwl)es(an,m) i=2

Proof Since the numbers of m-potent elements in N,.(C,) and N(C,) are the same, it follows from Theorem

3.3 that the number of m-potent elements in N,(C,) is

3 ﬁ (Si +sim1 — 1)

’ Si
(81"“75"’L)€S(n—1,m) 1=2

for 2 <m <7 <n—2. Then, this yields

- i Si +8i-.1—1

SCHIERED ol B SEE | (G o
Mm=2 \(81,---,8m)ES(p—1,m) =2 ?

where p=n — 1, n. As it is shown in the proof of Theorem 2.2, if « is an element in N,.(C,)?, then a has the

following tabular form:

(1 2 3 4 5 -+ n
{111 40 50 - na
where ia <i—2 foreach ¢ >3 and 1 <4a <--- <na <n—2. Next, for each « in NT(Cn)2, consider
~ (1 2 3 4 - n-1
““\ 11 40 5a -+ na ’

as defined in the proof of Theorem 2.2. Similarly, it is also clear that & € N,.(C,—1). Now we consider the
function
¥ :N.(Ch)? = N.(Cp_1)

defined by the rule (a)¥ = & for all @ € N,.(C,)?. It is easy to check that ¥ is a well-defined one-to-one function.
However, ¥ is not onto in general. Therefore, the result follows from the fact that N,.(C,) \ N,(C,)? is the
minimum generating set of N,.(C,,) and that |N,.(C,,)\ N;-(Cn)?| = |N.-(Cp)| = |N»-(Cn)?| > |Ny-(Co)| = INo(Crz1)]

as required. O

Finally, we give a counter example, which shows that ¥ : N,.(C,)?> — N,.(C,,_1) is not onto in general.

1632



KORKMAZ and AYIK/Turk J Math

Example 3.5 Assume that

B

1 2 3 4 5 6 2
(1 1112 3)€N2(Cﬁ)'
Then, there are p, 7 € No(Cg) such that pur = 8. Since 17 =27 =37 =1, and 5u < 4, it follows that 5u = 4.
Since 55 # 63, we must have 6u # 4, and so similarly, 6 = 5. Thus, p is a 3-potent which is a contradiction.

Therefore, 8 ¢ N2(Cg)?. Since B: < 1 ? ‘;’ ;l :53 ) € No(Cs), it follows that ¥ : No(Cg)? — N2(Cs) is not

onto.

We also have the following example:

Example 3.6 The function ¥ : N(C5)? — Ny(C4) defined above is a bijection. Indeed,

() 1 2 3 4 5 1 2 3 5 1 2 3 4 5
5= 1111 1/)°\11112))\11113)
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
1111 4)01t1122/)V11123)
1 2 3 4 5 1 3 4 5
1113 3)0L112 22/
s 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
N2(CS)_{(11111’11112’11113’
1 2 3 4 5 d
111 2 2 an

1 2 3 4
NQ(C4):{(1111

1 2 3 4
11 2 2 ’
as required. Moreover, we have rank (N2(Cs)) = 4.

Finally, one may ask if the sets

Pr(cn) =
Pr<0n) =

{a € C,, : a is an m-potent for some 1 < m < r} and
{a € O,, : « is an m-potent for some 1 < m < r},

where 1 < r < n, are subsemigroups of C, and O,, respectively. If we consider the transformations

1 2 3 4 1 2 3 4 .
a=<1 1 9 4> andﬁz(l 5 o9 3),thenweseethat both « and B in Py(C4) and Py(O4),

but «f neither in P»(C4) nor in P2(O4). Thus, neither P,(Cy,) nor P.(O,) is a subsemigroup.
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