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Abstract: In this paper, we study conformal bi-slant submersions from almost Hermitian manifolds onto Riemannian
manifolds as a generalized of conformal anti-invariant, conformal semi-invariant, conformal semi-slant, conformal slant,
and conformal hemi-slant submersions. We investigate the integrability of distributions and obtain necessary and
sufficient conditions for the maps to have totally geodesic fibers. Also, we consider some decomposition theorems
for the new submersion and study the total geodesicity of such maps. Finally, we find curvature relations between the

base space and the total space.
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1. Introduction
In complex geometry, as a generalization of holomorphic and totally real immersions, slant immersions were
defined by Chen [12]. Cabrerizo et al. [11] defined bi-slant submanifolds in almost contact metric manifolds. In
[34], Uddin et al. studied warped product bi-slant immersions in Kaehler manifolds. They proved that there do
not exist any warped product bi-slant submanifolds of Kaehler manifolds other than hemi-slant warped products
and CR-warped products.

The theory of Riemannian submersions as an analogue of isometric immersions was initiated by O’Neill
[24] and Gray[16]. The Riemannian submersions are important in physics due to applications in the Yang—Mills
theory, Kaluza—Klein theory, robotic theory, supergravity, and superstring theories. In Kaluza-Klein theory,
the general solution of a recent model is given in point of harmonic maps satisfying Einstein equations (see
[9, 10, 13, 19, 20, 23, 36]). Altafini [6] expressed some applications of submersions in the theory of robotics
and Sahin [28] also investigated some applications of Riemannian submersions on redundant robotic chains. On
the other hand, Riemannian submersions are very useful in studying the geometry of Riemannian manifolds
equipped with differentiable structures. In [35], Watson defined the notion of almost Hermitian submersions
between almost complex manifolds. He obtained some geometric properties between base manifold and total
manifold as well as fibers. Sahin [29] introduced anti-invariant Riemannian submersions from almost Hermitian
manifolds. He showed that such maps have some geometric properties. Also, he studied slant submersions from
almost Hermitian manifolds onto a Riemannian manifolds [31]. Recently, considering different conditions on
Riemannian submersions, many studies have been done (see [4, 7, 25-27, 30, 32, 33]).

As special horizontally conformal maps which were introduced independently by Fuglede [15] and Ishihara

[21], horizontally conformal submersions are defined as follows: (M7, g1) and (Ma, g2) are Riemannian manifolds
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of dimension m; and mq, respectively. A smooth submersion f : (M, g1) — (Ma,g2) is called a horizontally

conformal submersion if there is a positive function A such that

Mg1 (X1, X2) = g2 (f X1, f Xo)

for all X1,X, €T ((ker f*)L> . Here a horizontally conformal submersion f is called horizontally homothetic

if the gradX is vertical, i.e.

H (gradX) = 0.

We denote by V and H the projections on the vertical distributions (ker f.) and horizontal distributions
(ker f*)L. It can be said that Riemannian submersion is a special horizontally conformal submersion with
A = 1. Recently, Akyol and Sahin have introduced conformal anti-invariant submersions [2], conformal semi-
invariant submersion[3], conformal slant submersion [5], and conformal semi-slant submersions[1]. Also, the
geometry of conformal submersions have been studied by several authors [18, 22].

In Section 2, we review basic formulas and definitions needed for this paper. In Section 3, we define a new
conformal bi-slant submersion from almost Hermitian manifolds onto Riemannian manifolds and we present an
example. We investigate the geometry of the horizontal distribution and the vertical distribution. Finally, we
obtain necessary and sufficient conditions for a conformal bi-slant submersion to be totally geodesic and give

some curvature relations between the base space and the total space.

2. Preliminaries
Let (M, g1,J) be an almost Hermitian manifold. Then this means that M; admits a tensor field J of type
(1,1) on M; which satisfies

J?=—I, g1 (JE\,JE) = g1 (E1, Es) (2.1)

for Fy,Ey € T(TM;). An almost Hermitian manifold M; is called Kaehlerian manifold if

(VEIJ)EQ =0, Fi,FE€ F(TMl)

where V is the operator of Levi-Civita covariant differentiation.

Now, we will give some definitions and theorems about the concept of (horizontally) conformal submer-

sions.

Definition 2.1 Let (My,91) and (M, g2) be two Riemannian manifolds with the dimension m; and ma,
respectively. A smooth map f: (My,g91) = (Ma,g2) is called horizontally weakly conformal or semi-conformal
at q € M if, either

i. dfg =0, or
it. dfy is surjective and there exists a number (q) # 0 satisfying

92 (df¢ X1, dfg X2) = Q(q)g1 (X1, X2)
Jor X1, Xy €T (ker(df))™ .
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Here we say that a point q satisfying type (i) is a critical point and we say that a point q satisfying type (ii)
is a reqular point. The rank of dfy at a critical point is 0; the rank of df, at a regular point is ms and f

is a submersion. Also, the number Q(q) is called the square dilation. Its square root A(q) = \/€q) is called
the dilation. The map [ is called horizontally weakly conformal or semi-conformal on My if it is horizontally
weakly conformal at every point of M. It is said to be a (horizontally) conformal submersion if f has no

critical point.

Let f: My — Ms be a submersion. A vector field X; on Mj is called a basic vector field if X; € T’ ((ker f*)L>

and f-related with a vector field Xo on My ie fi(X14) = Xap(q) for ¢ € M.
The two (1,2) tensor fields 7 and A are given by the formulas

7-(E17 Eg) = Tg, By =HVyp,VEs + VVyg, HE> (2.2)
.A(El,EQ) = -AEl Ey =VVyp HEs +HVyp, VE, (2.3)

for By, By € T (TMy) [14].

Note that a Riemannian submersion f: M; — My has totally geodesic fibers if and only if 7 vanishes
identically.

Considering the equations (2.2) and (2.3), one can write
le U2 = TU1 U2 + le U2 (2
Vi, X1 = HVy, X1 + Ty, X (2.
Vx, Uy = Ax,U1 +VVx, U (2
Vx,Xo = HVx, Xo+ Ax, Xo (2

for X;,Xo €T ((ker f*)J‘) and Uy, Us € T (ker f.), where Vi, Us = YV, Uz. Then we can easily see that Tp,
and Ay, are skew-symmetric, i.e. ¢ (Ax, E1, E2) = —q1 (E1, Ax, E2) and g1 (Ty, E1, E2) = —g1 (F1, Ty, E2)

for any Ey, Fy € T'(TM;). For the special case where f is horizontally conformal, the following proposition

can be given:

Proposition 2.2 Let f : (My,g1) — (Ma,g2) be a horizontally conformal submersion with dilation A and
X1, Xs €T ((ker f*)L) , then

1 1
AXlXQ = 5 <V [XhXQ] - )\291 (Xl,XQ) gradv (/\2>> . (28)

Let f: (M1,q1) — (Ma, g2) be a smooth map between (Mi,g1) and (Ma, g2) Riemannian manifolds.

Then the second fundamental form of f is given by
(V1) (By, Ba) =V, fo(Ba) — f. (V30 E2) (2:9)

for any Eq, Ee € I'(T'M7). It is known that the second fundamental form of f is symmetric [8].
The smoooth map f is called a totally geodesic map if (Vf,) (E1, E2) =0 for Eq, E; € T'(TM) [8].
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Lemma 2.3 Suppose that f : My — Ms is a horizontally conformal submersion. Then for Xi,Xs €
r ((kerf*)l) and Uy, Us € T (ker f,), we have

1. (Vf*) (X17X2) = X1 (ln )\) f*XQ + X2 (ln )\) f*Xl — g1 (Xl,XQ) f* (V In )\),

it (vf*) (Ula U2) =—fs (TU1U2)7

ii. (V£ (X1,U1) = —f. (vﬁngl) = —f. (Ax, U1).

We assume that ¢ is a Riemannian metric tensor on the manifold M = M; x Ms and the canonical
foliations Dps, and Dy, intersect vertically everywhere. Then g is the metric tensor of a usual product of
Riemannian manifold if and only if Dy, and Dy, are totally geodesic foliations.

Now we recall the following curvature relations for a conformal submersion from [17];

Theorem 2.4 Suppose that (M1, ¢1), (Mas, g2) are two Riemannian manifolds with the corresponding curvature
tensors R and R, respectively. Let f : My — My be a horizontally conformal submersion with dilation

A:M; — RT and R* the curvature tensor of the fibers of f. Then

g1 (R(Uy,Uz2) Us, Uy) = g1(R* (U1, U2) U3, Us) + g1 (Tv, Us, Tor, Us)
= g1 (T, Us, Ty, Us) (2.10)

g1 (R(U1,U2)Us, X1) = 91(Vu, T)u,Us, X1) — 1 ((Vu, T, Us, X1), (2.11)
91 (R (U1, X1) X2,Us) = g1 (Vu, A)x, Xo,U2) + g1 (Ax, U, Ax,Us)
— 91 (Vx, Ty, X2,U2) — g1 (T, X2, T, X1)
1
+ Mg (Ax, X2, U1) 1(Ua, grady(53)) (2.12)

and

g1 (R(X1,X2) X3, Xy) = %gz (R(f*th*Xz) f*X3,f*X4) + i g1 (V[ X1, X3],V[X2, Xy4])

—g1 (V[ X2, X3], V[X1, Xu]) + 291 (V[X1, X2, V [ X3, X4])]

A2 1 1
+ 3[91 (X17X3)91(szgrad(§)7X4) -0 (Xz,Xs)gl(Vxlgmd(p),Xd
1 1
+ g1 (X2, X4) gl(Vxlgmd(p)a X3) — g1 (X1, X4) gl(szgmd(p)y X3)]

A 1
+ Z[(gl (X1, X4) 1 (X2, X3) — g1 (X2, X4) g1 (X1, X3)) ||g7”6wl(ﬁ)||2

1
A2

1
A2

L

)Xz~ Xa(55) %1, Xa(55) X5 — Xa(53) X)) (213)

+ g1 (Xa(

for any vertical vector fields Uy,Us,Us, Uy and horizontal vector fields Xy, Xo, X3, X4.
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3. Conformal bi-slant submersions

Definition 3.1 Let (M, ¢1,J) be an almost Hermitian manifold and (Ms,gs) a Riemannian manifold. A
horizontal conformal submersion f : My — My is called a conformal bi-slant submersion if D and D are

slant distributions with the slant angles @ and 0, respectively, such that ker f, = D @ D. f is called proper if
its slant angles satisfy 6,0 # 0, 5.

If we denote the dimension of D and D by m and m, respectively, then we have the following particular
cases.

i. f m=0and § = 5, then f is a conformal anti-invariant submersion,
ii. If m,m#0, =0 and § = 5, then f is a conformal semi-invariant submersion,
iii. f m,m+#0,0=0and 0<6< 5, then f is a conformal semi-slant submersion,

iv. f m,m#0,0=7% and 0 < 0 < 5, then f is a conformal hemi-slant submersion.

We now give a example of a proper conformal bi-slant submersion.

Example 3.2 We consider the compatible almost complex structure J,, on R® such that

. ™
Jw = (cosw) J; + (sinw) J2, 0 <w < 5
where
Ji (21,22, 23, T4, T5, Te, T7, Tg) = (—T2, 1, —T4, T3, —T6, T, — T8, T7)

J2 ($1,$2,$37$4,$5, xﬁax'ﬁxS) = (—'133,1;47331, —X2, —X7,T8, 5, _1'6)

Consider a submersion f: RS — R* defined by

5 (T1— T3 T5 — Tg
f(3517562,553,5547%5,1367567,568) =7 y L7

71.7
V2 YR

Then it follows that

1 7] 0 0
D_Span{U1—\/§(am1+axS)7U2—ax2

_ 1 0 0 0
D:span{ngﬁ (81‘5+6x6) ,U4:(97$8}

Thus, f is a conformal bi-slant submersion with @ and 6 such that cosf = % cosw and cosf = % sinw.

Suppose that f is a conformal bi-slant submersion from a almost Hermitian manifold (M7, g1, J) onto a
Riemannian manifold (Ma, g2). For Uy € T (ker f.), we have

U1:PU1+QU1, (31)



AYKURT SEPET/Turk J Math

where PU; € T'(D;) and QU; € T'(D2).
Also, for Uy € T (ker f,), we write
JU; = UL + Uy, (32)

where €Uy € T (ker f,) and nU; € T ((ker f*)J‘) .

For X; €T ((ker f*)L> , we have
JX1 = BX: +CXq, (33)

where BX; € I (ker f,) and CX; € T ((ker f*)L).

The horizontal distribution (ker f.)* is decompesed as
(ker f.)* = 0Dy & nD2 & p,
where p is the complementary distribution to nD; @ nDs in (ker f.)~*.

Considering Definition 3.1, we can give the following result that we will use throughout the article.

Theorem 3.3 Suppose that f is a conformal bi-slant submersion from an almost Hermitian manifold (My, g1, J)

onto a Riemannian manifold (M, go) with slant angles 6,0. Then we have
i) €2U; = — (cos®0) Uy for Uy € I' (D)
i) €2V) = — (0052 é) Vi forVi el (D)

Proof The proof of this theorem is similar to slant immersions [11, 12]. O

Theorem 3.4 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (M, gs) with slant angles 6,0. Then

i) the distribution D is integrable if and only if

A7292 (V fo (U1,nU2) , finVi) =g1 (Tuun€Ur — Tu,méUs, V1)
+ g1 (Tu,nUsz — Ty,nUs, V1)

+ )‘_292 (vf* (UQa 77U1) 7f*77V1) 5

ii) the distribution D is integrable if and only if

)‘_292 (Vf* (V17 ”7‘/2) 9 f*nUl) =3g1 (TVQng‘/i - TV1,’7£‘/23 Ul)
+ g1 (Tvl 77‘/2 - TV277V17 gUl)

+ A7292 (vf* (‘/2777‘/1) ) f*nUl) ’
where Uy, Uy € F(D), Vi,Vo e’ (D)
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Proof i) From U;,U; € T'(D) and V; € T' (D), we have
91 ([U1, U], V1) =1 (Vu, €Uz, JV1) + g1 (Vi nUz, JV1)
— g1 (Vu,&U1, JV1) — g1 (Vu,nUy, JV7) .
Considering Theorem 3.3, we reach
sin® 01 (U1, Ua), Vi) = = g1 (Vu,néU2, Vi) + g1 (Vo nUs, JV7)
+ 91 (VuunéUi, V1) — g1 (Vo,nUs, JV1) .
By using the equations (2.5) and (2.9), we obtain
sin® g1 ([U1, Us], Vi) =g1 (Tu,n€Ur — T, €02, Vi) + g1 (Tu,nUs — Tu,nUs, €V7)
— X295 (Vi (U1,nUs) , fnVi)
+ 2292 (Vo (Uz,nlh) , fenVi) -

The proof of (ii) can be made by applying similar calculations. O

Theorem 3.5 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M1, g1, J)

onto a Riemannian manifold (M, g2) with slant angles 0,0. Then the distribution D defines a totally geodesic
foliation if and only if

A"2g2 (Vfi (nUz, Uh) , funVi) = —g1 (Tuyn€Uz, Vi) + g1 (Tu,nUz, €V1) - (3.4)
and

A"%gs (V§<1 Js«nU1, f*UU2) = —sin®0g; (U1, X1],Us) + g1 (Ax, €Uy, Us)
+ g1 (grad(In \), X1) g1 (nU1,nUs)

(
+ g1 (grad(In A),nUr) g1 (X1,nUs)
— g1 (grad(In X), nUz) g1 (X1,nU1)
— g1 (Ax,nU1,8Us) (3.5)
where Uy, Uz € T'(D), V1 €' (D) and X; €T ((kerf*)L> .

Proof
For Uy,U; € T'(D) and V; € T (D), we have

91 (Vo, Uz, Vi) = — g1 (Vu, 202, V1) — g1 (Vu,néU2, Vi) + g1 (Vu,nUs, JVA1) .

Thus, from (2.5), we can write

sin® 0g1 (Vo, Uz, Vi) = — g1 (ToynéU2, Vi) + g1 (To Uz, €V4)
+ g1 (HVy,nUsz,nV1) .
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Using (2.9), we obtain

sin? 0g1 (Vy, Uz, Vi) = — g1 (Tu,m€U2, Vi) + g1 (To,nUz, V1)

— X292 (Vi (nU2,Un) , fenVi) .
which is the first equation in Theorem 3.5.
On the other hand, any Uy,Us € T'(D) and X; €T ((ker f*)L) , we can write
91 (Vu, U2, X1) = — g1 ([U1, X1],U2) — 91 (Vx, U1, Uz)
=—g1 ([U1, X1],U2) + g1 (Vx, JEU1,Uz2) — g1 (Vx,nU1, JU3).

Using Theorem 3.3, we reach the following equation:

91 (Vu,Us, X1) = — g1 ([U1, X1], Us) — cos® 0g1 (Vx,Ur, Us)

+ g1 (Vx,n€U1, Uz) — g1 (Vx,nUs, JU2)
Then by (2.7), we get
sin?0g, (Vy, Uz, X1) = — sin? gy ([Ur, X1],Uz) + g1 (Ax,néUL, Us)
— 91 (Ax, U1, §U2) — g1 (HV x,nU1,nU2)

Hence, from Lemma 2.3, we have

sin Og1 (V,Us, X1) = — sin® 0g1 ([Ur, X1], Uz) + g1 (Ax,néU1, Ua)

— 1 (Ax, 101, EU2) = 295 (V4 fonUn, Sl )
+ g1 (grad(In A), X1) g1 (nUr,nU2)
+ g1 (grad(In X), nUy) g1 (X1,nU2)
— g1 (grad(In X), nUz2) g1 (X1,nU1)

This completes the proof. O

Theorem 3.6 Suppose that [ is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (M, g2) with slant angles 6,6. Then the distribution D defines a totally geodesic
foliation if and only if

A 292 (Vfe Va, Vi), fanUn) = —g1 (Tvin€Va, Ur) + g1 (TvinVa, £UL) (3.6)
and
A"2go (Vﬁglf*nVl, f*an) = —sin®fgy ([V1, X1], Va) + g1 (Ax, n€VA, Va)
+ 91 (grad(In A), X1) g1 (nV1,1V2)
(grad(In X),nV1) g1 (X1,1V2)
— g1 (grad(In \),nVa) g1 (X1,7V1)
— g1 (Ax,nV1,€V2) (3.7)
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where Uy € T (D), Vi, Vs € T' (D )andxler((kerf*f).

Proof The proof of this theorem is similar to the proof of Theorem 3.5. O

Theorem 3.7 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)
onto a Riemannian manifold (M, go) with slant angles 6,0.Then, the vertical distribution (ker f.) is a locally
product Mp x Mp if and only if the equations (3.4)—(3.7) are hold where Mp and Mp are integral manifolds
of the distributions D and D, respectively.

Theorem 3.8 Suppose that [ is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (M, gs) with slant angles 6,0. Then the distribution (ker f*)J' defines a totally

geodesic foliation if and only if

205 (T4, fonUn, £.0Xa ) = = g1 (Ax,nUs, BXa) + A2z (V, funéUn, £.Xz )
— g1 (gradln ), X7) g1 (n€U7, X5)
— g1 (gradln A\, n€Us) g1 (X1, X2)
+ 91 (X1,n€01) g1 (gradIn A, X5)
+ g1 (gradln A\, nU7) g1 (X1,CX5)
— g1 (X1,nU1) g1 (gradIn A, CX>) (3.8)

and

A5 (V4 Vi, £.CX3) = = g1 (Ax,nVa, BXa) + A2z (V, fon€VA, £.Xz)
— g1 (gradln X, X1) g1 (n€V1, Xs)
— g1 (gradln A, n&V1) g1 (X1, Xo)
+ g1 (X1,m€V1) g1 (gradln A, Xo)
+ g1 (gradln \,nV7) g1 (X1,CX5)
— g1 (X1,mV1) g1 (gradIn A, CX3) , (3.9)

where X1, X € T (ker £.)", Uy € T'(D), and V; € T (D).
Proof For X, X, €T (ker f*)l and Uy € T' (D), we can write
g1 (VX1X2a Ul) = —01 (VX1€U17 JX?) — g1 (VX17]U17 JX?) .

From Theorem 3.3, we have

g1 (Vx, X2,Uy) = — cos? 0g1 (Vx, U1, X2) + g1 (Vx, €U, X2)
— g1 (lenUl, JXQ) .
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By using the equation (2.7), we derive
sin® 0g1 (Vx, X2, U1) =g1 (HV x,n€U1, X2) — g1 (HV x,nUs, CX>)
— g1 (Vx,nUi, BX3).
Since f is a conformal bi-slant submersion, it follows from Lemma 2.3 that
sin? 0gy (Vx, Xo,U1) = — g1 (Ax,nU1, BX3) + A2 gy (Vﬁﬁ J«n€Un, f*Xz)

— g1 (gradln ), X1) g1 (n€U1, X2)
— g1 (gradln X\, néU) g1 (X1, X3)
+ g1 (X1,m801) g1 (gradIn A, Xs)
~A"2gy (VA fontn, £.0X2)
+ g1 (gradIn X\, nUy) g1 (X1,CX3)
— g1 (X1,nU01) g1 (gradln X\, CXs).

Thus, we have the first desired equation. Similarly, for X;, X, € T’ ((ker f*)J‘> and V; € (D) , we find

sin? 0g; (Vx, X2, V1) = — g1 (Ax,nVi, BXs) + A2 ¢y (Vﬁ(l J«néVa, f*X2>

— g1 (gradln )\, X1) g1 (n€V1, Xs)
= g1 (gradIn A, néV1) g1 (X1, X2)
+ g1 (X1,m6V1) g1 (gradIn A, X»)
= N2 (VA faVi, £.0X0)

+ g1 (gradln \,nV1) g1 (X1,CX5)
= g1 (X1,7V1) g1 (gradIn A, C X>)

which completes the proof. O

Theorem 3.9 Suppose that [ is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (My,g2) with slant angles 0,0. Then the distribution (ker f.) defines a totally
geodesic foliation on My if and only if

A"2g (VX fnUs, fnUs ) = (cos® 0 = cos? 6) g1 (Vx, QU1 Us) = g1 (Ax, U, EUL)

+ g1 (Ax, EUs,nUy) — sin® 0gy ([U1, X1], Uz)

— g1 (X1,nU1) g1 (gradIn X\, nUs)

+ g1 (gradln X\, X1) g1 (nU1,nUs)

+ g1 (gradln A\, nU1) g1 (X1,nU2) , (3.10)

where X; €T’ ((kerf*)J‘) and Uy, U €T (ker f.).
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Proof Given X; €T ((ker f*)l> and Uy, Us € (ker f,). Then we obtain
g1 (VU1U27X1) =—0 ([Ulel] P UQ) +gl (JVX1€U17 U2) — g1 (VX177U17 JUQ) .

By using Theorem 3.3, we have

g1 (Vu, Uz, X1) = — g1 ([Ur, X1], Uz) — cos? 0gy (Vx, PUy, Us)
— cos? égl (VXIQUl, UQ) + g1 (len§U17 Ug)
— g1 (Vx,nU1,§U2) — g1 (Vx,nU1,nU2) .

Then we obtain
sin® 0g1 (Vu, Ua, X1) = (cos® 6 — cos® 6) g1 (Vx, QU1 Us)
+ 91 (Vx,n€UL, Uz) — sin® Og ([Ur, X1], Us)

=91 (Vx,nU1,€U2) — g1 (Vx,nU1,nU2) .
From the equation (2.6) and Lemma 2.3, we obtain

sin? 0g; (Vi U, X1) = (0052 6 — cos? 9) 91 (Vx,QUy,Us) — g1 (Ax, Uz, n&U)
—sin?0g; ([U1, X1],Uz) + g1 (Ax, Uz, nU1)
+ g1 (gradln \, X1) g1 (nUy,nUs)
+ g1 (gradIn X\, nUy) g1 (X1,mU2)

— g1 (X1,nU1) g1 (gradIn X\, nUs)

- A "g <V§<1f*77U17f*77U2) :

Using the above equation, the desired equality is achieved. O

Theorem 3.10 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)
onto a Riemannian manifold (Ma,gs) with slant angles 6,0. Then, the total space My is a locally product
Mip x Myp X My (e, y.y+ if and only if the equations (5.4)~(5.9) hold where Mip, Mip, and My, s, are

integral manifolds of the distributions D, D, and (ker f*)J‘, respectively.

Theorem 3.11 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)
onto a Riemannian manifold (Ma,ge) with slant angles 6,0. Then, the total space My is a locally product

Miyer . X Ml(ker £t if and only if the equations (3.8)—(3.10) hold where M yer 5, and Ml(ker )L are integral

manifolds of the distributions ker f,. and (ker f*)J' , respectively.

Theorem 3.12 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (My, g2) with slant angles 0,0. Then f is a totally geodesic map if and only if
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A2gs (Vhu, fonUs, .TCX) = (cos? 6 — cos? B) g1 (To, QUz, Xa)
+A2g2 (V[ (EULNU2) , £ JCX1)
— g1 (nU1,nU2) g1 (gradln A, JCX7)
= A7%92 (Vi (U1, €Us) , [ X1)
= g1 (Tu,nUz2, BX1),
A 2g, (Vg(lf*TIUl, f*C’Xg) = (cos2 0 — cos> 0_) 91 (Ax, QU1, X5)
+ 222 (V, fun€U, £ )
— g1 (gradln A, X1) g1 (€U, X>)
— g1 (gradln A\, néU1) g1 (X1, X2)
+ g1 (X1,m¢U1) g1 (gradln X, X5)
+ g1 (gradln \,nU7) g1 (X1,CX32)
— g1 (X1,n01) g1 (gradIn A, CX3)
(

+ g1 AX13X27 77U1) 3
1i. f is a horizontally homothetic map,

where X;,Xo €T ((kerf*)l> and Up,Us €T (ker f,).

Proof Given Uy, Us € I (ker f,) and X; € T ((ker f*)L) . we write

2292 (V1. (Ur, V), fuX1) = =229z (fe (Vo Uz), fuX1) .
From Theorem 3.3, we obtain
(sin? 0) A 2gs (Vfi (U1, Uz) , f2 X1) = (cos® @ — cos® 0) g1 (Vi, QUa, X1)
=91 (VunUs, JX1) + g1 (Vu,n€Uz, X1).
Considering (2.4), (2.5), and Lemma 2.3 we find
(sin® 0) A 2g (Vfi (U1, Us) , £ X1) = (cos® @ — cos® 0) g1 (Tu, QUa, X1)

+ A 205 (Vfo (€U, 0Uy) , £ JCXy)
— g1 (nU1,nU2) ¢1 (gradln A, JCX7)
— A "%gs (ViUQf*UUl, f*JCX1>

— X292 (Vfi (U1, n€ls) , f.X1)
— 01 (TU177U2,BX1) .
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Therefore, we obtain the first equation of Theorem 3.12.

On the other hand, for X;, X, €T’ ((ker f*)J‘> and Uy €T (ker f,), we can write

(sin2 9) A2 (VS (UL, X1), fu X2) = (COS2 6 — cos? 0) g1 (Vx,QUi, X3)
+ 91 (Vx, 18U, X2) + g1 (Vx,nU1, BX3)
— g1 (lenUl, CXQ) .

By using the equation (2.6) and Lemma 2.3, we obtain
(Sin2 0) A 29y (VS (U1, X1), £ X0) = (0052 0 — cos? é) 91 (Ax, QU Xo)

+ X720 (V4 fomgUs, £. o)

— g1 (gradln X, X1) g1 (n€U1, X3)
— g1 (gradIn A, ngUh) g1 (X1, Xo)
+ g1 (X1,m8U1) g1 (gradIn A, X>)

A2 (VL £l £.0Xz)
+ g1 (gradIn X\, nUy) g1 (X1, CX3)
— g1 (X1,7U1) g1 (gradln A\, CX5)

+ 91 (Ax,BX2,nUy) .

Finally, we show that \ is a constant on I’ (nD) . For V},V, € I'(D) from Lemma 2.3, we obtain
(V) (Vi,nVa) = nVi(lnA) finVa + nVa(InA) fnVi — g1(nVi, nV2) fi(gradIn A).

If V4 is written instead of V5, we get

(V) @Vi,nVi) = 2nVi(In X) fanVi — g1 (nVi, nVi) fi(gradn ).

Applying the inner product with f.nV; to the above equation,
2g91(gradIn A, nV1)g2(fenVi, fnVi) = g1(nVi,nVi)g2(fi(gradIn X), finVi) = 0.

Then we get that A is a constant on I'(nD). Similarly, it can be shown that A is a constant on I'(D), (). O

4. Curvature relations

In the present section of the paper, we examine the sectional curvatures of the total space, the base space, and
the fibers of a conformal bi-slant submersions. Let f be a conformal bi-slant submersion from a Kaehlerian
manifold (M, g1,J) onto a Riemannian manifold (Ms,g2). The sectional curvature K is defined by the
following formula

R(X4, X2, X5, X1)

K(Xq,X9) =
N PAH P A

for any pair of nonzero orthogonal vectors X; and X5 on M;. We denote the sectional curvatures of My, M,
and any fiber f~1(x) by K, K and K*, respectively.
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Theorem 4.1 Suppose that [ is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (Ma, g2) with slant angles 6,0. Then we obtain the following equations

1718

1 .
K(Uy,Uz) = K*(§U1,8U2) + FK(f*UUh J«enUz2) — 91(Tev, §UL, Tev,£U2)

+ cos* 0| Ty, PUs || + 2 cos? 0 cos? gy (Tor, PUs, Ty, QUs) + cos™ ]| Tor, QUa |2
— 2cos” 0g1(Tu, PUs, n[€Us, Ur] — HV y,n€U> — HV euynUy)

— 2cos® 091 (Tv, QUa, €U, U] — HV y,n€U — HV ey,nUs)

+ [n[eUs, Ur] = HV 1, 1€Us — HV ev,nUs |I” + 91 (Vev, A)yu,nUs, EUr)

+ ||"47]U2€Uv1||2 - 91((VnUzT)£U177U27 fUl)
— |€[€UL, U] — cos? OV, PUy — cos® 0V 1, QU + Tu,néUs — Ve, EUs|?

+ 91 (Ver, A) g, UL, €Us) + | Agu, €U|1> = 91 (Vu, TewsnUs, €U3)
— |€[€Ua, U] — cos? OV, PUs — cos® 0V 1, QUa + T, néUs — Ve, £UL |2

),nU1)

3 A2
= ViU | = - lg: (U, 1U2)91 (Vs grad(~ )

2

1
—91(77U2777U2)91(VnU19md( )s ﬂUl)+91(77U2,77U1)91(VnU19md(>\ ), nU2)

)\2
)\4
—91(77U1777U1)91(VnU29md( 5),nU2)] + 1 —[(g1(nU1,1mU1)g1(nU2,nUs)

= 91(0Us,nU1)g1 (nUs, nUs)) [lgrad (55 )H2+|I77U1( nUs — nUs(—)nU1||°] (4.1)

)\2) )\2)

1.
=K*(BX1,¢U1) + - K(f.CXy, fnUr) — g1(Tev, €U, Tox, BX1) — | Tex,nUs ||

A
+ cos? 0|| Ax, PU1||? + 2 cos® 6 cos? g1 (Ax, PUy, Ax, QUp) + cos* 0| Ax, QU1 ||?

— 2cos”® 0g1 (Ax, PU1, €U, X1] + HV x,néU1 — HV 1, CX1)

— 2cos® g1 (Ax, QU1,n[€UL, X1] + HV x,n€U1 — HV¢p, CX1)

+ In[€UL, X1] + HV x,n€U1 — HV err, O X1 ||* + 91 (VB x, A)yrynUs, BX1)

+ || Ay, BX111? = 91((Vou, T)Bx,nU1, BX1) + g1(Vev, A ox, C X1, EUY)

+ [ Aox, €U [1* = 1(Vox, Tev, C X1, EUL)

— |€[€U, X1] — cos? OVV x, PU; — cos® OVV x, QU + Ax,néUy — Vep, BX, ||

A2
- *||V[CX1777U1]|| - ?[gl(TIUhUUl)gl(chlgmd( ), CX1)

4

A
91(CX1,CX1)g1(nUr,nUL) | grad(

2 ?

+ 91(C X1, CX1)g1(Vyu, grad( /\2) nU1)] + )\2)

FICX (g — 1 (55)CX ) (42)

)\2
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K(X1,X2) =K*(BX1,BX>2) + %f((f*OXh [:CXa) + ||7?3X13X2||2 — 1(Tex,BX2, Tex, BX1)
+01((Vex, A)ex,CXa, BX1) + [ Acx, BX1|? — 1(Vex, T)px, C X2, BX1)
— | Tsx, CXa|* + 91 ((VBx, A)ox, CX1, BX2) + | Acx, BXa|?
— 91((Vox, T)x,CX1, BX2) — | Tox,CX1|* — §||V[CX17CX2]||2

A2 1 1
+ ?[Ql(chy CXz)gl(chzgmd(p)’ CX1) — g1(CXo, CXz)gl(chlgmd(p% CX1)

1 1
+91(C X, CXl)gl(chlgmd(p)v CXz) — 1(CXy, CXl)gl(chggmd(p)» CXs)]

4

A 1
+ Z[(QI(CXL CX1)91(CX2,CXs) — g1 (CXo,CX1)g1(C Xy, CX2))||gmd(ﬁ)||2

1 1
+ O (55)C%Xs — OXa(55)CXi ) (43)

for ortonormal vector fields Uy, Uy € T'(ker f.) and X1, X2 € T'((ker fi)*).
Proof Since M; is a Kaehlerian manifold, we have

K(U,Uz) = K(§U1,EU2) + K(§U1,nUz) + K (nU1, £U2) + K(nUy,nUs) (4.4)

for ortonormal vector fields Uy, Us € T'(ker f.). From (2.10), we have

K(EU1,&U2) = g1 (R(EUL, EU2)EU2, £UL) = g1(R* (€U, EU2)E02, EUL) — g1(Tev, £UL, Tew,€U2)
+ cos* 0|| Ty, PUs |2 + 2 cos? 0 cos? 0g1 (Tir, PUa, Tor, QUs) + cos® 0| T, QU3 ||
— 2c0s? 091 (Tt PU2,n[€U2, U] — HV 1, n€Us — HV eur,nUy )
= 2c0s” 0g1(Tv, QUa, €U, Ur] = HV 1, 1€V — HV e, nUn)

+ ”T][EUQa Ul] - Hle 77§U2 - HV§U277U1 ”2

Similarly by using (2.12), we obtain

K (U1, nUz) = g1((Vev, A)qu,nUz, EUL) + HAnszUlHQ — 91(Vou, T)evinUs, EUY)

— ||€[eU1, Us) = cos? 6V, PUy — cos 0V 1, QUy + Turyn€Us — Ve, €U |

and

K (Ui, €Uz) = g1((Ver, AU, €U2) + | Anur, €U |1* — g1 (Vo T)evanUn, EU2)

— ||€[6Us, U1] = cos? 0¥, PUs — cos® OV 1, QUs + T, néUs — Veu, UL ||
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Finally, using the equation (2.13), we have

1. 3
sz K(FenUs, fanl) = S VU, U] |
2

2

K(nUy,nUs) =

[91(77U1,77U2)91(VnU29md( ),nUL) — g1(nU2,nU2)91(Vpu, grad(— ) nU1)

A2 A2

1 1
+91(TIU2777U1)91(VnU197“Gd( 5)snU2) — 91(77U1,77U1)91(VnU297‘ad(>\ ), nU2)]

A 1
+ Z[(gl(UUl,ﬂUl)gl(UUQ,TIU2) — g1(nU2,mU1) g1 (nUr, nU2)) || grad( )\2)”2

+ ||77U1(>\ )nUs —nUs (5 )77U1||2]~

)\2

If K(EU,,EU,), K (€U, nUs), K(nUy,EUs), and K (nUy,nUs) are written instead in (4.4), we obtain the equation
(4.1). Using a similar way, the equations (4.2) and (4.3) are obtained. O

Now by using Theorem 4.1, the following inequalities can be given.

Corollary 4.2 Suppose that [ is a proper conformal bi-slant submersion from a Kaehlerian manifold (My, g1, J)

onto a Riemannian manifold (Mo, go) with slant angles 6,0. Then we obtain

K (U1, Uz) > K*(§U4,€U2) + %f((fmUh fanUz) = g1(Tev, €U, Tew,€Us)
+ 2cos? 0 cos® Og, (Ty, PUs, Tor, QUs)
— 2c0s” 091 (Tu, PUs, €U, Ur] — HV 1y, €U — HV ev,nUs)
—2c082 091 (Ttr, QUa, n[€Us, Ur] — HV 1, 19U — HV ¢, nUn)
+ [0[€U2, Ur] = HV 0, 0€Uz — HV vy UL + 91 ((Vev, A)quanUz, €U1)
+ [ Ap, U7 = 91 (Vo Tev,nUz, UL )
— [|€[€UL, Us] — cos® OV y, PUy — cos® OV 1, QU + Tu,néUs — Veu, EUs |
+ 91((Vera Aoy U1, EU2) + | Ay €U = 91 (Vv TevanUs, EU)

— ||€[€U2, Uy] — cos? OV 7, PUs — cos® 0NV 17, QUa + Ty, m€Us — Ve, UL |12

3 A2
= 5 ViU U = 5 lg: (U, WU2)1 (Vv grad( 55

3 ),nU1)

A2

1
= 910Uz, nU2) g1 (Vv grad(5 ) UL + g1(Uz2,1U1) g1 (Vv grad(55), nUz)
)\4
- 91(77U17nUl)gl(VnUggmd()\g) nU2)] + (g1 (U1, nU1) g1 (nU2, nUs2)
— 91(nU2,nU1)g1(nU7, Tle))Hgmd( )HZ + ||77U1()\2 )nUs — 77U2()\2 U 7]

for Uy, Us € T'(ker f.). The equality case is satisfied if and only if f is a conformal anti-invariant submersion

or the fibers are totally geodesic.

1720



AYKURT SEPET/Turk J Math

Corollary 4.3 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (My, g2) with slant angles 6,0. Then we have

K(X;,U,1) >K*(BX1,£U1) + %K(f*Cth*??Ul) — 91(Tev, €UL, Tex, BX1)
+ 2cos? 0 cos® gy (Ax, PU1, Ax,QUy) — [ Tex,nUL >
— 2cos® 0g1 (Ax, PU1, €U, X1] + HV x,nEU1 — HV 1, CX1)
— 2cos® 0g1 (Ax, QU1,n[€UL, X1] + HV x,n€U1 — HV¢p, CX1)
+ In[€UL, X1] + HV x,n€U1 — HV err, O X1 ||* + 91 (VB x, A)yurynUs, BX1)
+ | Ay, BX111? = 91((Vou, T) Bx,mU1, BX1) + g1(Vev, A ox, C X1, EUY)
+ [ Aox, €U [1* = 01 (Vox, Tev, C X1, EUL)
— ||€[€U1, X1] — cos? OVV x, PU; — cos? 0VV x, QU7 + Ax,néUn ||

A2
- *IIV[CX1777U1]||2 - ?[gl(nUhUUl)gl(chlgmd( ), CX1)

4

A
—[91(CX1,CX1)g1(nUr,mUy) | grad(

+g1(CXy, CX1)91(VnUlgmd( 0

JnU)] + )

A2

1
+ ||CX1( )nUL — WUl(ﬁ>CX1H2]

)\2

for Uy € T'(ker f,) and X, € T'(ker f,)*. The equality case is satisfied if and only if f is a conformal anti-

invariant submersion or Ax, PUy =0 and Ax,QU; =0.

Corollary 4.4 Suppose that f is a proper conformal bi-slant submersion from a Kaehlerian manifold (M, g1, J)

onto a Riemannian manifold (My, g2) with slant angles 0,0. Then we get

K(X1,X5) >K*(BX;,BX2) + %K(f*ch,f*CXQ) —g1(Tex,BX>, Tpx, BX1)
+91(Vex, A)ox,CX2, BX1) — 91 ((Vex, T)sx, C X2, BX1)
— | TBx, CXa|* + 91 ((VBx, A)ox, CX1, BX2) + | Acx, BXa|?
— 01(Vex, T)px,CX1, BX) — [ Tox, CXa|* - ZHV[CXhCXz]H2

)\2
t5 [91(0X170X2)91(V0X297‘ad( 5), CX1) — 91(0X2,0X2)91(V0X19md( 5), CX1)

1
+91(CX2,CX1)91(VCX19md( ), CX2) — gl(CXlaCXl)gl(chggmd( )CX2)]

4

A
+Z[(gl(CleCX1)91(0X27CX2) gl(CXzaCXl)gl(CXhCXz))Hgmd( )||2

1 1
HICX1(35)0X2 — CX2(§)CX1||2]
for X1, Xs € I'((ker f.)*). The equality case is satisfied if and only if Tpx, BXo =0 and Acx,BX1 = 0.
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