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Abstract: In this paper, we study the inverse spectral problem for the quadratic differential pencils with discontinuity
coefficient on [0, 7] with separable boundary conditions and the impulsive conditions at the point x = g We prove
that two potential functions on the interval [0,7], and the parameters in the boundary and impulsive conditions can

be determined from a sequence of eigenvalues for two cases: (i) The potentials are given on (0, % 1+ a)) , (ii) The

potentials are given on (% 1+ ,7r> , where 0 < a < 1, respectively.
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1. Introduction

We consider the quadratic pencils of Sturm-Liouville operator L (p,q, h, H, @, 3,7) of the form

by =—y + [2Xp(z) + q(z)]y = Np(z)y, =€ [0, g) U (g,w} (1.1)

with the boundary conditions

Ul(y) =y (0) — hy(0) =0, (1.2)
V(y) =y (7)+ Hy(r) =0 (1.3)

and with the impulsive conditions
y(g+0)=ﬁy(g—0), (1.4)

r (T r (T ™
210 = (5-0)+w(3-0).
y (2 + By 5 +7(35
where ) is the spectral parameter, p(z) € W [0,7], g(z) € Lz [0, 7] are real-valued functions, h, H, € R, a, 3,
are real numbers, 8 > 0,|3 — 1\2 +~2 #0 and
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1, O0<z< il
p(z) = , 2 ) 0<a<l
o, —<z<m,
2
Here we denote by Wj" [0, 7] the space of functions f(x),z € [0,7], such that the derivatives f(™(x) (m =
0,n — 1) are absolute continuous and () (x) € Ly [0,7].
We can get p(0) = 0 without general exposure; otherwise, if ¢ = p(0) # 0 by direct calculation, we

note that equation (1.1) is equivalent to

Lyy =y + [a(x) + 2p(x)co — c§ +2(A — co) (p(x) — co)] y = (A — c0)p (2) v (1.5)

Let

§(z) = q(z) + 2p(x)co — Gp () . Bl@) = p(x) — cop (), A = A — ¢q
then for the problem with the form (1.1)—(1.4), we have p(0) = 0.

Quadratic pencils of Sturm—Liouville operator with discontinuous coefficient appear frequently in various
models of classical mechanics and quantum (see [12-14, 20, 31] and the references therein). For instance, the
evolution equations which are used to model interactions between colliding relativistic spineless particles can be
reduced to the form (1.1), here the parameter A? can be regarded as the energy of this system (see [12, 20, 31]).

Boundary value problems with discontinuous coefficients and discontinuous conditions at the inner point
of the finite part have an important place, especially in applied mathematics, quantum physics, and engineering
(applied sciences) sciences. An important application area of such problems is earth sciences. Determining
the refraction coefficients and the refraction coefficients of the waves passing through the medium consisting
of different layers is an important problem of geophysics, and learning the diffraction coefficients of the wave
propagating under different effects in a wire made of different materials is also an important problem of classical
mechanics. It is necessary to examine most of the natural events that occur in this way and to create their
mathematical models to be able to intervene in these events. Information about the event can be obtained by
examining the mathematical models created. For example, when the wavelengths and refraction coefficients of
the wave passing through the crystal are known, information about the formation of the crystal and its shape
(form) can be obtained. These types of problems are called inverse problems for singular differential operators
in mathematics. The problems in [23] and [19] appear in all areas of applied sciences. In general, these types
of problems are reduced to the inverse problems posed for the operators produced by the one-dimensional or
multidimensional Shrédinger equation. Similar problems are encountered in earth sciences [17].

There are many studies on the determination of singular operators (coefficients of differential expression
and other parameters) according to spectral characteristics (data) of the given problem recently [5, 22].These
types of problems create different classes according to the location [1, 9, 28]. The inverse spectral problem for
the boundary value problem given in (1.1)—(1.4) were previously studied in [24] in general.

One of the most important problems recently introduced and studied regarding the determination of
singular Shrédinger and diffusion operators are the semiinverse problems ([25, 26, 36, 37]). This problem, which
was first examined by Hochstandt and Liberman (([10],[37])) for the Sturm-Liouville operator, has also been
studied for different operators ([11, 32, 33]) and continues to be studied.

In this paper, unlike other similar studies, we consider the problem L (p,q,h, H, o, 3,7) and prove that

if the potentials g(x) and p(z) on (0,c¢) and h are given, then only a single spectrum is sufficient to determine
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q(z) and p(z) on (0,7), p(z),H,B, and a. We also consider the case that the g(z)and p(x) are given on the

(¢,m), and prove a uniqueness theorem. Moreover, it is shown that potentials ¢(x) and p(z) on (0,7), p(x),

B, a, h, and H can be uniquely determined by one spectrum and some information on eigenfunctions at the
1+

internal point ¢ = 7. In Section 4, new results about the interior inverse problem are given. In Section 5,

a reconstruction method is given for half inverse problems. Unlike the methods in similar articles, this method

is given by using the main equation. Finally, some examples are given in Section 6.

2. Preliminaries

Let ¢(x,\) function be the solution of the equation (1.1) that satisfies the initial conditions
(P(Oa /\) =1, 90/(0a )‘) =h (21)

and the impulse condition (1.4). It is shown in [2] if g(z) € L2 [0,7] and p(z) € W3[0, 7] that there exist
functions A(z,t), B(x,t) and A,, At, By, By € Ly [0, 7] for each = € [0, 7] such that

ut(z) nt ()

oz, A) = po(z, A) + A(z,t) cos Atdt + B(x,t) sin Atdt, (2.2)
/ /
Brw? (z) = BFap(0) + 2/ [A(&, &) sinw™ (€) — B(€,€) cosw™ ()] de, (2.3)
0

2. [A(e,2) coswrt (@) + Ble,2) sine* ()] = B [a(x) + p*(2)] (2.4)
2% [A(amt) cosw™ (x) — B(x,t) sin w_(az)] iﬁiggf% = 3" [q(x) +p2(x)] , (2.5)
Ag(z,t) |t=0 = B(z,0) =0 (2.6)

are held.
Next, suppose that ¢(z) € W3 [0,7],p(z) € W2 [0,7], then the functions A(x,t) and B(x,t) satisfy the

system of partial differential equations

Agy (z,t) — q(2) A, t) — 2p(2) Bi(x,t) = Ap (2, ), (2.7)
Byy (v,t) — q(x)B(x,t) + 2p(x) At (2, 1) = By(w,t).
Conversely, if the second order derivatives of functions A(z,t), B(z,t) are summable on [0, 7] for each z € [0, 7]
and A(x,t), B(x,t) satisfy equalities (2.7) and conditions (2.3)—(2.6), then the function ¢(z, A) which is defined

by (2.2) is a solution of (1.1) satisfying initial conditions (2.1) and impulsive conditions (1.4)

where
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w (x) - - “ (@)
T,A\) = cos [ ApT(x) — cos | A x
po(z,A) =B [u() o) +8 lu (z) + p(x)] (2.8)
ﬁ Tgin [Aut(z) — (@) sin[/\ “(x (33)]}
+A{5 [u() mE) +p po(x) + )
and
fo (B ) it @) = Vo + L1 Vo), (29)
g 2 af 2
ot (@) = [pate (@) = [pit)as
0 3
It is clear that the characteristic function of the problem L (p,q, h, H,«, 3,) can be
A = ¢ () + Hp (7, ) (2.10)
and

Ao (A) = ¢o(m, A) + Hepg (1, A)
=—p" (Aa - p(a”)> sin </\,ﬁ(7r) - °"+(”)>

+8” (Aa - pg)) sin ()\;f (m) + “1@)
o {B+ (Aa - p?) cos (A/ﬁ(w) - °”+a(”)>

#87 a= 2 Yoo (7 0+ 7 )

+H {ﬁ+ cos (/\M"’(TF) - w+(7r)> 4 B cos (/\M_ () + w‘(w)) N

« «

+7

h * sin )\+x—w+($>> _Sin</\_x w‘(x))]}
518 (u() o + 8 po(z)+ )

or AN) =< ¢ (z,)\),¢(x,\) >=V(p) = —U (¢) where < y,z >:=y 2z —yz and 1 (x,\) be a solution of
(1.1) with the initial conditions ¥ (m, \) =1, ¥'(7,A\) = —H and the impulsive conditions (1.4).

Next, suppose that the function g(x) satisfies the additional condition

s

hly0)? + H iy + [ {1y@) +a(o) (@)} do > 0 (2.11)
0
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for all y(z) € W2 ([O, g) u (g,wb such that y(x) # 0 and

y'(0)y(0) — y'(m)y(m) = 0. (212)
Then it is shown in [2] that the eigenvalues of the boundary value problem L (p,q,h,H,«,f3,v) are real

nonzero, simple and does not have associated functions. Additionally, eigenfunctions corresponding to different

eigenvalues of the problem L (p,q,h, H, «, 3,7) are orthogonal in the sense of the equality

(M +A2) (p (@) y1,92) — 2(py1,y2) =0, (2.13)

where (.,.) denotes the inner product in Ls [0,7].
The function A () is entire in A. Zeros {\n}, o, of A()) coincide with the eigenvalues of the problem
L(p,q,h,H,a,B,7). We note that for A € Gs = {\: |\ — \,| > 6,0 > 0},where § is sufficiently small positive

number (5 < g) , then [4] there exists a constant Cs > 0 such that
AN = BY (N a— Cs)exp (tpt (), for all X € Gs, (1 =Im \). (2.14)

Lemma 2.1 The following asymptotic relations hold as |\ — oco. For g <z<m

@ (x,)\) = BT cos [/\;ﬁ(a:) - w;((z)) + B~ cos l)\u (x) + wp((z))] (2.15)
O (" el )
- b W@ |
o (, BT [ Ap ﬁ sin | Ap™(x) e (2.16)
-5~ T) — p(7) sin | Au~ (x w(2)
5 [Wu 0+ 22
L0 (ehwmr))
For 0 <z < g,
Y (z,\) = AT cos [)\(71’ —ut(z) — éoﬁ(x) + oﬁw(x)} + (2.17)

+ A cos [A(w @)+ éw(x) _ am(x)} +0 (I e @n)),
W (z,A) = AT (A — ap () sin [)\(77 —pt(z)) — éuﬁ(x) + a+w_(a:)] - (2.18)

A (A= (o= 2ipa) ) sin [ Mo (@) + 2t ) - ot ()]

(0%
L0 (eh (m— mm»)
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1/1
here A* =~ | = + )
where 3 (5 oz/a’)

Proof The accuracy of the equations (2.15) and (2.16) were obtained in the study of [24], Similarly, the
accuracy of the (2.17) and (2.18) behavior is easily obtained.

It is easy to verify that if ¢(z,\) and v (x,\) are solutions of equation (1.1) and satisfy the impulsive
conditions (1.4), then < ¢, > is independent z, and

W(@ﬂb) aczg_o = W(@Mﬁ) 3;:%4,_0'

It is clear from (2.10) that

AQ)=W(p¥) =V(p) ==-U¥). (2.19)

O

Lemma 2.2 The zeros {\,} of the characteristic function A (X) coincide with the eigenvalues of the boundary

value problem L (p,q,h, H,a, B,7) and there exists a sequence {B,} such that ¥ (x,\,) = Bup (z,An), Bn #
0,n € Z.

The proof of Lemma is made similar to the proof of Lemma 8 in [2].

Next, we denote by Lo ((0,7);p (2)) a space which has the inner product

™

() = / o () (2) ¥ (z) de.

0

Let ., (n € Z) be the sequence of normalized constants, which are defined as

ani= [p@)¢* @A) do = - [(a) & (0. 00) do
b 0

Lemma 2.3 The equality A (An) = =2 \pan B, holds. Here A (N) = (d/dN) A (N).

Lemma 2.4 The problem L (p,q,h,H,«,B,7) has countable set of eigenvalues. If one denotes by A1, A, ...
the positive eigenvalues arranged in increasing order and by A_1, A_s, ... the negative eigenvalues arranged in
decreasing order, then eigenvalues and the normalized constans «y, of the problem L (p,q,h, H,a, B,7) have the

asymptotic behavior respectively

dy, 6
A )\Z+§+§, n — o0,
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n w' ()
here {6,},{Bin} € lo, and {d,} is a bounded A0 = h, sup, |hn| < oo,
where {0n},{B1n} € l2, and {d,} is a bounded sequence N+(7T)+M+(7T)+ sup,, |hn| < o0
B
5112—719(0)-

The following theorem is shown in [3]:
Theorem 2.5 The functions A(x,t) and B(xz,t) satisfy the following system of linear integral equations:

BT (F11 (z,t) cosw™ (z) + Fia(z, t) sinw™ () + B~ (Fi1 (2a — z,t) cosw™ (z) + Fi2(2a — z,t) sinw™ (z))
+A(w,t) + [ A(z, P (& 1)ds + [ B(w,§)Fia(§,4)dg =0, 0 <t <z,
0 0

(2.20)

BT (Fap (z,t) cosw™ (z) + Fog(w,t) sinw™ (x)) + B~ (Fo1 (2a — o, t) cosw™ (z) + Faa(2a — x,t) sinw™ (x))
+B(x7t) + fA(xag)F21(£at)d£ + fB(xaf)FQQ(gvt)dE = Oa 0 S t< z,
0 0

(2.21)
where
1 [ 1 1
Fyq (z,t) = — cos cox cos cot + Z 2—005 A cos A\t — = cos(n + ¢g)z cos(n + ¢ t} , (2.22)
s = 120 7r
1 . [ 1 1
Fis (z,t) = fsmcoxcoscot—I—Z Tsm)\ x cos \pt — — sin(n + ¢g)z cos(n + ¢o)t| , (2.23)
& nez - n T
1 . [ 1 1
Fyy (z,t) = — cos cozx sin cot + Z 2o €OS A\p @ sin A\t — COb(n + ¢o)xsin(n + co)t |, (2.24)
T = [20m
1. . 1. . 1
Fys (x,t) = — sincpz sin cot + Z S sin A,z sin A\, t — — sin(n + ¢g)x sin(n + ¢o)t| , (2.25)
T = 120, T
co =wt (m).

The equations (2.20), (2.21) are called the fundamental equations of the inverse problem.

3. Main results
Now we state the main result of this work. It is assumed in what follows that if a certain symbol s denotes an

object related to L (p,q, h, H, a, 8,7), then the corresponding symbol s with tilde denotes the analogous object
related to L(p, q, 7L, H, Q, B, 7). Let us denote by ¢ (z, A,,), the eigenfunction which corresponds to A,,.

Lemma 3.1 If \, = \,, n € Z, then wt (1) = &% (1), w™ (7) = & (7) and a = @, that is the sequence

{\n} uniquely determines w® (7) and o
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Proof of Lemma is easily obtained from the asymptotic expression of \,,.

Lemma 3.2 If )\, = A, n=0,+1,+2 ... then B = B and H=H.

Proof Since A, = A, and A (X),A()\) are entire functions in A of order one by Hadamard factorization
theorem ,for A e C

AN =CA(N. (3.1)
On the other hand, (3.1) can be written as
Ag(N) — CAy(\) = C [A A\ = Ao V)] = [A ) = A (V). (3.2)
Hen
CIAN = Bo()] = [A () = A9 ()] (3.3)

(37«

-C [Hﬁ+ (A,u*(w) - wf)) +HB ()\ﬁ () + 2 5@)}
_cah {ﬂ+ <)\~+(7r) © fﬂ)) + 3 sin ()\ﬁ () + 2 a(ﬂ))}
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+
if we multiply both sides of (3.3) with sin ()\,u“‘ () — Cd(ﬂ)) and integrate with respect to A in (¢, T)
a

(e is sufficiently small positive number) for any positive real number 7', then we get
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and so

/T 6 0= p)sin® () - ) -

T

_c / {B* (Ao — j () sin ()\,u+(7r) - WOE”)) sin ()\;ﬁ(w) - “+OE”))] dx

€

_ /T =56 (a—p(m) + 35 O = pm)cos (23t () — 22 ) an

€

«

+ cos (2)\u+(7r) - M) } dA.

) C/T {35 = () - cos (20

Since
AN —Ag(N) =0 (ielm*w*(ﬂ)) AN -A (N =0 <ielmklﬂ+<ﬂ>>

for all A in (e,7)

Ca~ « 1
75+ - Zﬁ+ = O(f)

By letting T' tend to infinity, we see that

ﬁ-‘r

C==.
B+

(3.4)

Similarly, if we multiply both sides of (3.3) with sin ()\,u_(w) _¢ (ﬂ)> and integrate again with respect to A
@

in (¢,T), and by letting T tend to infinity, then we get

However, since «, 8 and @&, 3 are positive, since w* (7) — &t (7) = w™ (7) — &~ (), we conclude that C' = 1.
+ 8- -
Here = = é— is obtained. We have therefore proved, since o = «, that g = .

Considering Lemma 3.1 and Lemma 3.2 and that g = B , if both sides of the last expression are multiplied
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+
by the cos(Aut () — L(ﬂ-)) and integrate with respect to A in (g,T), then we get

e
s+ (1 - H) ) )
g Tog) =0
Finally, by letting T' tend to infinity, H = H is obtained. Similarly, it is shown when h = h. O

Let ®(z,\) and S(x,)\) be the solutions of (1.1) under the conditions U(®) =1, V(®) = 0,5(0,\) =
0,5’(0,A) = 1 and under the impulse conditions (1.4). One set M(A) := ®(0, ). The functions ®(x,\) and
M(\) are called the Weyl solution and Weyl function for the boundary value problem L (p,q,h, H,a, 8,7),
respectively. Using the solutions ¢(z,A) and ¥ (z, A), we defined

Bz, \) = —wA(x(’AA)) = Sz, \) + MO\ p(z, \), (3.6)
(0N e(mA) _ p(mA)
MO==20 Coma T Tam )
and S(z, ) is defined from the equality
Yz, A) =90, )z, N) — A (X)) S(x, N). (3.7)

By virtue of equalities {p(z,\), S(x,\)) =1 and (3.3), one has
(@(z,A), p(x,A)) = 1, (3.8)

(p(x, \), (z,\)) = —A(\) for z # g

The theorem we proved above shows that the Weyl function uniquely determines the potentials and the
coefficients of the problem L (p,q,h, H, o, 3,7).

Theorem 3.3 If M(\) = M(X), then L(p,q,h, H,a.,8,v) = L(p, 4, h, H, &, 3,7).

Proof Since

V@ (2,2) = O(A]" " exp ([Im A| (7 — 2))), A € Gs, (3.9)
IA(N)| > Csexp(Im A7), A€ Gs, C5 >0, v=0,1, (3.10)

it is easy to observe that
]q><v>(m, A)] < Cs A" exp(= |Im Al ), A € Gs. (3.11)

Let us define the matrix P(z,A) = [Pji(x,A)]; ,—, o, Where

Pii(x,\) = U= (2, )@ (x,\) — UV (2, \)@' (z, \), (3.12)

Pjs(2,A) = @U 7 (2, )@/ (2, 1) — U~ (2, 1)/ (2, ).
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Then we have
(p(l’, A) = P11(.’L‘, /\)Sb('ra )‘) + P12($, A)(Z?/(l‘, )‘)7 (313)
®(z,\) = Py (2, \)®(z,\) + Pra(z, )@ (z, \).

According to (3.6) and (3.11), for each fixed z, the functions Pji(z,\) are meromorphic in A with poles and
points A, and \,. Denote G = G5 N G5. By virtue of (3.11), (3.13), and

e (x,A) = O |\ exp(|Tm A| pt(x)), XeGY, v=0,1, (3.14)

we get
|Pio(z, N)| < Cs A 7Y, | Pra(z, M) < Cs, A e G (3.15)
It follows from (3.6) and (3.12) that if M(\) = M()), then for each fixed x, the functions Pj; are entire in z.
Together with (3.15), this yields Pjao(xz,\) =0, Pii(x,\) = A(z). Now using (3.13), we obtain
ol N) = A(2) (), Bz, \) = A()(z, A). (3.16)

Therefore, for [A| — oo, argA € [e,m — €] (¢ > 0), we have

o) = B ep (-1 (vt )~ @) (140 (7)), (317)

where B =1, for x < % and B = T for z > g Similarly, one can calculate

1

D(z,\) = (iAB) "exp (i (Mt (2) —w (2))) (1 +0 (IM)) (3.18)

[A| = oco,arg A € [e,m —¢].

Finally, taking into account the relations (®(x,)), p(z,A)) = 1 and (3.11), we have 8+ = 5+, A(x)
1, that is, p(z,\) = @(z,N), ®(z,\) = d(z,\) for all z and A\. Consequently, L (p,q,h, H,a,B,7) =
L(p, (j,ﬁ, IA{V, Q, E, 7). The theorem is proved.

O

~ 1
Theorem 3.4 Let {\,} be the spectrum of both L and L. If p(x) = p(x) and q(x) = ¢(x) on (O, + aﬂ') ,

then p(x) = p(x) and q(z) = §(x) almost every where on (0,7) and H = H, h = h, p(z) = p(x),
B=By=7.

Proof Let ¢ (z,\),9(x,\) be the solutions of the equations

—" (2, A) + 2Mp(2) + q(2)] (2, X) = X*p () ¥(z, ), (3.19)

—9"(2,A) + [2X3(2) + §(2)] (2, A) = N p()d (2, A) (3.20)
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with the initial valued conditions, respectively

P(0,\) =1, ¥'(0,\) = —-H (3.21)

$(0,0) =1, ¥'(0,0) = —H (3.22)
and the impulsive conditions (1.4). Multiplying (3.19) by (2, A) and (3.20) by t(z, A), respectively, and
subtracting, we get

O (@, Vo, A) — 9 (2, )b, ) = [2X (p() — B(2) + (g(2) — 4())] (2, (@, A). (3.23)

Integrating the above equality from 0 to 7 with respect to x, using the initial conditions at z = 7 and impulse

conditions (1.4), we have

™

t/PA@@)—M@)+@@ﬂ—ﬂ@ﬂ¢@w0%&kwx (3.24)

=9 (e, (e, A) — ¥/ (e, \)ib(e, )

1
from the hypothesis p(z) = p(x), ¢(x) = g(x) on (0,c), where ¢ = %w.

Denote

and

= 2)\/P (2, (2, N)dx + /Q N (2, N)da. (3.25)

It follows from (2.1), (2.2), and (2.14) that Fj () is an entire function of exponential type, and there are some
positive constants C; and C5 such that

|Fo (M| < (Cr + Co |A]) exp([Im A ) for all A € C. (3.26)

It is clear from the properties of (x,\), ¢'(x,\), and the boundary conditions (1.2) that

Fo(M)=0,neZ (3.27)
for each eigenvalue A, .
Define
Fo (N
F = .
() =3 o

It is clear that F (\) is an entire function, and it follows from (2.13) and (3.26) that

for sufficiently large ||, A € G5. Using Liouville’s theorem [18], we obtain for all A that

F(\)=C,
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where C' is a constant.
Let us show that the C'= 0. Now, we can rewrite the equation Fy (A) = CA (A) as

2/\/ U(x, /\ (z, ) da:—l—/Q )w(x,/\)da:

e (—6+ ()\a - pgr)) sin <)\,u+(7r) - “’Z”’)
5 <)\a - p?) sin </\/f (m) + ”_OE”)»

wt(

)
+HpB™ cos (Au (m) + uja(w)))

+ O (ellm)“”) .

+C (4—HBJr cos <)\,u+(7r) -

By use of Riemann—Lebesgue Lemma [18], we see that the limit of the left-hand side of the above equality exists
as A = 0o, A € R. Therefore, we get that C' = 0. Thus, we have

Fy(A) =0, forall A € C.
Then, from the equality (3.25), we obtain

& (e, Ve, A) — ¢ (e, \ih(e, A) = 0

for all A € C. Since

we obtain
M(\) = M()\) (3.28)
for all A € C.

The function M(X\) = —

1
is the Weyl function for equation (1.1) on the (W,ﬂ'), with

jump conditions (1.4) and boundary conditions y'(¢) = 0,V (y) = 0. Consequently, relation (3.28) implies

p(x)=p(x), p(z) =pla) and q(z) = §(z) ie. on (¢,7),8=pS,v =7, H = H, so assertion of the theorem is
proved. O

Theorem 3.5 If A\, = \, for all n € Z and p(z) = p(z), q(z) = G(z) on (¢,7), then p(z) = p(z) and
q(z) = ¢(x) almost every where on (0, ).
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Proof If the operations in the proof of Theorem 3.3 are also performed for the function ¢ (x, A) which provides
the initial conditions ¢ (0,A) = 1,¢ (0,A) = h and (1.4) impulsive conditions of equation (1.1)

C

/ 2A (B(z) — p(z)) + (4(2) — q(2))] ¢(z, \)p(z, A)dx (3.29)
0

= —3' (e, Nl \) + ¢/ (e, \)@(c, A)

equality is obtained. Denote

H(A) :/[QA(ﬁ(fE)—p(x))+(fi(x)—Q(ﬂf))]w(ka)@(fﬂak)df&
0

Similar to the proof of Theorem 3.3, we have that H(A) = 0, for all A € C. Then, from the equality (3.29), we
obtain

&', Nple, A) = ¢'(e, N)@(e,\) =0, YAeC
or

AN)p(e, A) = ANP(e,N) =0,
for all A € C. From here for all A € C,

w(c, )
AN

y (¢) = 0 and without impulsive conditions (1.4). The Weyl function uniquely
T

equality is obtained. The function M () = —

is the Weyl function for equation (1.1) on the (0,c¢) with

boundary conditions U(y) = 0,
determined p(z) and ¢(z) on (0,7) and the coefficient h, so Theorem 3.4 is proved. O

4. An interior inverse problems

We consider the interior inverse problem for the same problem L and obtain the corresponding results. For
1 1
brevity, denote ¢; = M, co = M.
4 2
Theorem 4.1 If A\, = Xn forall n € Z and

y(Ch)‘n) _ ﬂ(clvAn)
y/ (Cla)‘n) g/(Ch)\n)

then p(z) = p(x) on [0,7],q(z) = §(z) a.e. on [0,7] and p(x) = p(z),a =a,h=h, H = H.
Proof Let ¢ (xz,\) be the solution of the problem L (p,q,h, H,«,f,7) satisfying the initial conditions

e (0,\) =1, @ (0, A) = h and impulsive conditions (1.4). Firstly, the assumption that A\, = X\, can determine
p(x) =plx),a=a,h= h,H = H by Lemma3.2. The oder hand, from (3.29) we see that

plendn) _ Flen )
90/ (Cla)\n) 35/(617 n)
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Then from (3.29), the entire function H(A) has zeros {\,},n € Z, i.e. H (\,) = 0. Similar to the proof
of Theorem 3.4, we have that p(z) = p(z) and ¢g(z) = g(x) on (0,¢1). Once we get that p(x) = p(x) and
q(z) = g(z), by corollary of Theorem 3.3 we have that p(z) = p(x) on (0,7) and ¢(z) = ¢(z) a.e. on (0,7).

Theorem is proved. O

Theorem 4.2 Let m(n) be a sequence of integers such that ianm/\(n) >1.
ne n

i) If for any n € Z,
y(Cl, Am(n)) ﬂ(cl, A’m(n))

)‘mn:/)‘vmna 7 == . 4.2
() ) Yy (617)\m(n)) yl(ch)‘m(n)) ( )

Thenp(l"):ﬁ(x) on (0761)7 q(z):a(x) a.e. on (Oacl)a and p(l’):ﬁ(z)”h:h,H:H, a=a.
it) If for any n € Z,
Y y(027)‘m(n)) o g(CQa)‘m(n))

Ay = A7 (2, Amm)) ¥ (€2, Am(m) (4:3)
Then p(x) =p(z) on (c2,7), q(x) =q(x) a.e. on (ca,7), and p(x) = p(x),a =a,h =h,H=H.
Proof i) From the assumption (4.2) and (3.29), we have
" (c1, Am(my) Bt Am(m) = & (€1, An(n))# (€1, Ammy) = 0
which means
HApm) =0, neL. (4.4)
Next, we shall show that H()\) =0 on the whole A plane. From (2.2) and (2.1), one has
|H (V)| < (A + Br)e2errlsint| (4.5)

for some positive constants A and B, where A\ = re’?. Furthermore, it is clear from the inequality of (4.5) that
the entire function H (M) is an exponential type less than 2¢;. Define the indicator of function H(A) by
In|H (re®
h(f) = lim supM.

r—00

(4.6)

One can obtain the following estimate from (4.5) and (4.6) that h (6) < 2¢; |sinf|. Let us denote by n(r)
the number of zeros of H(A) in the disk || < r. From the equations (4.4), the assumption of (4.2) and known
asymptotic expression of the eigenvalues A, , we have the following estimate for the number of zeros of H(\)
in the disk |A] <.

n(r)=142[or(1+e(r))] =20r(1 + &(r)).

2
Here e(r) — 0 for » — oo, o is number such that o > a —; p =24 and [x] is the integer part of x. It
follows that in the case under consideration
4 2m 1 2
im M) gy Ao C—l/ Isin 6] d6 > —/h(&)d@. (4.7)
r—oo T T s 2m
0 0
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To complete the proof we have to recall the following Theorem 3.5 the set of zeros of every entire function

of the exponential type, not identically zero, satisfy the inequality

lim inf 27 < L / h(0)df. (4.8)

Inequalities (4.7) and (4.8) imply that H(A) = 0 on the whole A- plane. As already mentioned, if
H()\) =0, then from (4.2) and (3.29), we have

Plei, V@ (e1, ) — & (e1, Mg (1, M) = 0,

SO

on the whole A- plane.

A
The function M(A) := tp/((cl,/\)) is the Weyl function of the boundary value problem for the equation
@ (C1,

(1.1) on (0,¢1) with boundary conditions U(y) = 0,4 (¢1) = 0 and without impulsive conditions (1.4) (see
[24]). By ([24]), the Weyl function uniquely species p(z) and ¢(z) a.e. on (0,c¢1) and coefficient h.
ii) To prove that p(z) = p(z) on |z, 7, q(x) = G(z) a.e. on [co, 7], p(z) = plz),h=h,H=H,a=a.

We will consider the supplementary problem L

where ¢1(z) = ¢(m — ) and pi(x) = p(r — x). A direct calculation implies that ¥, () := y, (7 — x) is the
solution to the supplementary problem L and 7, (m — ¢2) = yn(c2). Note that m — ¢y € (O, g) . Thus, the

assumption conditions for L in the case (i) are still satisfied. Repeating the above arguments, we can obtain

the proof of Theorem 3.4.
Corollory: If for any n € Z, A, = An,p(z) = p(z) and q(z) = §(z) on (0,c1), then p(z) = p(z) on
(0,7), q(z) = g(z) ae. on (0,7) and p(z) = p(x),a =a,h = h,H = H. O

5. Reconstruction

Let the functions C (z,\),Cy (z,\), and S; (z, A) be solutions of equation (1.1) under the conditions

C(0,\) =Cq (m\) = =87 (m,\) =1,
C'(0,\) =Cf(m,A) =8 (m ) =0.
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For each fixed x € [0, 7], the functions C (z,A),Cy (z,A), and Sy (x, ) together with their derivatives
with respect to z are entire in A. The function A°()\) := ¢ (7, A) is a characteristic function of the boundary

value problem for equation (1.1) with the boundary conditions

Ul(y) =0,y(m) =0, (5.1)

we have

D (z,\) =

=51 (z,A) + M N) (2, A), M (N) = — : (5.2)

Let {\2} be the spectrum of (1.1), (5.1). Clearly, {\,} N {\2} = @.Thus, M()) is a meromorphic
function with the poles A,, and the zeros A{.

Denote

AT () = (e, A), A(A) = ¢ (e1, \) (5.3)

AS(A) = (c1, N), As(N) i= =9 (c1, N) (5.4)

We note that A (A\) and A; (A) are characteristic functions of the boundary value problems

ly(z) =0,0 <z < 1,U(y) =y (c1) =0, (5.5)
Ey(x) = 070 <z <cy, U(y) = y/ (Cl) = 07 (56)
respectively.
The function
%))
M (\) = —=1 5.7

is the Weyl function for (5.6). The functions A§(\) and Ay (\) are, in turn, characteristic functions of the

boundary value problems

ly(z) =0,c1 <z <m,y(c1) =V(y) =0, (5.8)

ly(z) =0,c1 <z <7,y (c1) =V(y) =0, (5.9)

respectively.
Let {&n},cz and {nn}, oz be the spectra of the boundary value problems (5.8) and (5.9), i.e. they are

the sequences of zeros of the functions As (A) and Ag (\), respectively. Thus, we have

oo e o (1),
m™—C m™—C1
1 + —wt 1
T = U <n+) +w (71') d (Cl) +O(> .
T—cC1 2 T—o0C n

1864



AMIROV and DURAK /Turk J Math

According to (5.2)—(5.4), we have
AT (A) = A(N) S1(e1,A) = A (NAZ (N, (5.10)
Ar(A) =AM 8] (e1,A) = AN Az (A).
If we use Lemma 4 in [6],we get the following for the A; (A) and A (A) :
A1 (N) == =p(cr))sin (Aer —w™ (1)) +d(N),

A?(N) = cos (Aer —w™ (e1)) +do (V)

where

a0 = Ydg)—22N
nez (/\ - gn) Ay (gn)

)

dO (A) = Zdo(nn)Ag—Q\l'
nez (A =) B (1)

From the asymptotic expression of &, , the value of w™ (¢1) is determined as

e) = — (m— 1) Tim (&, — TEY (D)

+
( n—00 T™—0C1

w

).

In this case, if we take Aj, (A) = — (A —p(c1))sin (Ac; —wt (c1)),

™ 1 1
o _ " _ — — 7T
= + wi,wy Cl/p(t) dt Clw (c1)
0
follows.
From here,
C1)sin [N (7 — e1) — wt + d(Em) | e
At = X0, + (—1)"sin[A% (7 cl)o wh (m) + w' (e1)] ; (€m) + ;, (5.11)
c1An1 By (A1) meZAg (§m) nl
asymptotic expression is obtained for the roots of the characteristic equation A; (A\) = 0. Here ¢, € {s.
Similarly,
Ano = Apy + (Z1)" cos [\ (7 = 01)0 LML AMCY .do(nm) + )i:OL (5.12)
Cl)‘%oAQ ()‘%o) meZ AQ (Wm) ne

behavior is found for the roots of the equation A¢ (A) = 0. Here €9 € /5.

If we use the proof of Lemma 9 in [2],
—2Ap10m1 = A ()\nl) Ai (>\n1)
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or

1

MAl (An1) AT (An1)

Qnp1 = —

is obtained. The sequences {1, A1} are called spectral data of the boundary value problem (5.6).

By using the expressions (5.11) and (5.12),

o ﬂ 51n

Qpy =
2 A
nl

is obtained from the equation (5.13), where 4y, € {o.

If the solution of the system of integral equations (2.20) and (2.21) is searched as

A(x,t) = A, (z,t) cosw™ (z) + Ay (z,t) sinw™ (z)

B (z,t) = B, (x,t)cosw™ () + By (z,t)sinw™ (z)
the functions of A, (x,t) and B, (x,t)
BT Fiy (z,t) + Ay (x,t) + 87 F11 (2a — z,t)

+/AO(Z‘,€)F11 (f,t)d£+/Bo(I,€)F12 (f,t)d€:0,0§t<17

0 0

ﬁ+F21 (.’L’,t) + B, (.’E,t) + B8 F5 (2& — SL‘,t)

+/Ao<x,g>F21 <£,t>d5+/Bo<x,s)F22<5,t>ds:o,ogt<x

0 0

system, Ap (z,t) and Bj (x,t) functions are found as the solution of the system of

BT Fia (z,t) + Ay (z,t) + 87 Fi2 (2a — x,t)

+/A1 (2,6) Fiy (£,t>d£+/31 (2,6) Fia (6,0)dé = 0,0 < t < &
0 0

ﬁ+F22 (’I,t) + By (.T,t) + /BiFQQ (2(1 — .%,t)

+/A1 (Z‘,E)Fgl (f,t)df-i—/Bl (x,f)Fgg (f,ﬁ)df =0,0<t<x
0 0

equations.

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

On the other hand, if we use the equations (5.15) and (5.16), we get the nonlinear Volterra type integral

equation in the following form
5wt (o) = 8rap(0) + [ (6wt (©) de
0
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for the function w™ (z) from equation (2.3), where

R(&,2) = 241 (€,€) sin 2 = 2B, (&,€) cos” 2 + [A, (€,€) — B (&,€)] sin 22 (5.22)
is.

Thus, we get the following algorithm for solution of the inverse problem:

Given a collection of numbers {A,1,a,1} satisfying the conditions (5.12) and (5.13), we construct the
functions Fjj (x,t) (i,j =1,2) by (2.22)-(2.25) and consider the two systems of equations (5.17), (5.18) and
(5.19),(5.20) with respect to A, (z,t), B, (z,t) and A; (x,t), By (x,t), respectively. Solving these systems,
we find A, (x,t),B, (x,t) and A; (z,t), By (x,t). Then we form the function R (£, z) by (5.22) and consider
equation (5.21) for w' (z). Solving this equation we find w* () and then p(z) by p(z) = (wt(z))" according
to (2.8). Next, define A (x,t), B (x,t) by (5.15),(5.16) and then ¢ (x) by (2.4).

6. Examples

1, forzxz<
Example 6.1 Define p(z) = and then consider the boundary value problem L

a?, for x>

| =0] 3

—y +la(z) + 2p(@)]y = Np(x)y, x € (0,7)

’

Ul(y) ==y (0) — hy(0) =0

V(y) =y () + Hy(r) =0

with the impulsive conditions
T T
v(5+0)=su(5-0).
o) =w (o) e (30)
y(2+0) B8y 2 0+7y2 0).

Also consider the boundary value problem Ly,

with the some impulsive conditions. Let A\, and A\ be the eigenvalues and M (), Mo (\) be the Weyl functions

of boundary value problems L and Lg, respectively.

1
Using Theorem3.3, if A, = A2 and p(z) = 0, ¢(x) =0 on <0, —Zaw) ;and h =0, then M(X\) = My (N)

ie. p(z) =0 and g(z) =0 a.e. on (0,7) and H =0, « :&,5:5,7 =7.
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<
Example 6.2 Let gq(z) = { m(()x), CO _<xm<<c;- and p(x) = { pl(()x), S<< $x<<071T be the differential
) 1 = ) 1 =

equation (1.1), (1.2)-(1.3) boundary conditions and (1.4) discontinuity conditions. Since in this case &, =
1

Winq,nn = irq (n+ 5) will be, d(X2;) =0, do(A2,) =0 and ay = %1 From this, it is obtained that

Fij(z,t) =0, (4,7 =1,2), 0 <t <x. Thus, since Ai(z,t) =0, Bi(z,t) =0, Ao(x,t) =0, Bo(z,t) =0 are

x

R(&,2) = 0. Thus, for Vz € [0,7] wt(z) =0 or /pl(t)dt = 0 is obtained. From here, it becomes pi(xz) = 0.

0
Since q1(z) = —p3(x), q1(x) =0 is obtained.
q(z), 0<z<a
Example 6.3 Let g(x) = 2a> o << and p(x) = 0 be the differential equation (1.1), (1.2)-
1<z <

(14 ax)?’
(1.3) boundary conditions =1,y =0. In this case, the function

a sin\(w —x)

Y(x,\) =cos A\(m —x) —

1+az’ A
s the solution of the differential equation
2 2a2
— 2T = )2
that satisfies the initial conditions ¥(mw,\) = 1,4’ (m, ) = TTar From here, if we take c¢; = %, it
am
1 1
becomes N2, = (2n)?, A2, = (2n+1)?, a, = g If we take a := — — —, it becomes
(7)) ™

Qap, af)

Fla,t) = i (cos An1T COS A1t _ cos (2n+ 1)z cos(2n + 1) t)

n=0

from equation (1.5.10) given in [7]. Therefore, K(x,t) = —

1s obtained from the basic integral
1+azx

equation

K(z,t) + Fz,t) + /K(x, $)F(s,t)ds = 0,0 <t <z < g
0

dK
given in [7]. Since q(x) = 2M , it turns out that
d a 2a? m
=2— (- = O0<z<—.
@ () dx ( 1—|—am> (1+ ax)? D)
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