Turkish Journal of Mathematics Turk J Math

(2021) 45: 1517 — 1542
© TUBITAK

T U B | TAK Research Article doi:10.3906/mat-2012-28

http://journals.tubitak.gov.tr/math/

Fundamental groups of Galois covers of degree 5 surfaces

Meirav AMRAM!®, Cheng GONG?**®, Mina TEICHER?®, Wan-Yuan XU*
!Department of Mathematics, Shamoon College of Engineering, Ashdod, Israel
2Department of Mathematics, Soochow University, Suzhou, Jiangsu, P.R. China

3Emmy Noether Research Institute for Mathematics, Bar-Ilan University, Ramat-Gan, Israel

4Department of Mathematics, Shanghai Normal University, Shanghai, P.R. China

Received: 08.12.2020 . Accepted/Published Online: 06.04.2021 . Final Version: 27.07.2021

Abstract: Let X be an algebraic surface of degree 5, which is considered a branch cover of CP? with respect to a generic
projection. The surface has a natural Galois cover with Galois group Ss. In this paper, we deal with the fundamental
groups of Galois covers of degree 5 surfaces that degenerate to nice plane arrangements; each of them is a union of five

planes such that no three planes meet in a line.

Key words: Degeneration, generic projection, Galois cover, braid monodromy, fundamental group

1. Introduction

In 1977, Gieseker [25] proved that the moduli space of surfaces of general type is a quasiprojective variety.
Unlike the case of curves, it is not irreducible for fixed numerical invariants. Catanese and Miyaoka [16-18]
proved some results about the structure and number of components of moduli spaces of general type surfaces.
However, even today not much is known about such moduli spaces. In [40], Teicher defined some new invariants
of surfaces, stable on connected components of moduli space. The new invariants come from the polycyclic
structure of the fundamental group of the complement of a branch curve.

Let X be an algebraic surface of degree n; one can consider it as a branched cover of the projective plane
CP? with respect to a generic projection 7 : X — CP?. The branch curve S is an irreducible cuspidal plane
curve of even degree, namely, S admits only nodes and ordinary cusps as its singularities. Chisini’s conjecture

[20], which was confirmed by Kulikov [28, 29], states that: If S is the branch curve of a generic projection
7 : X — CP?, then 7 is determined uniquely by S, except for the case when X is the Veronese surface V5 in

CP®. Thus, one can reduce the classification of algebraic surfaces to that of cuspidal branch curves with the

same topological type.

It is well known that the fundamental group of the complement of the branch curve 7T1((C]P’2 —S) does
not change when the complex structure of X changes continuously. Thus, we can use such an invariant to
distinguish the connected components of the corresponding moduli space of surfaces. In fact, all surfaces in the
same component of the moduli space have the same homotopy type, and therefore the same fundamental group

of the complement of the branch curves.
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In [31, 32], Moishezon-Teicher showed that 7;(CP? — S) is related with 71(Xga1), where the surface
X@ga1 is the Galois cover of X . Thus, we can calculate fundamental groups of some surfaces of general type that
otherwise may be very difficult to determine. Based on this idea, Moishezon-Teicher [32] constructed a series
of simply connected algebraic surfaces of general type, with positive and zero indices, thereby disproving the
Bogomolov watershed conjecture, which held that an algebraic surface of general type, with a positive index,
has an infinite fundamental group.

In recent years, much work has been done in the study of 71 (CP? — S) and m(Xga) — for Cayley’s
singularities [2]; for different embeddings of CP' x CP' [32]; for the Veronese surfaces V,,, n > 3 [36, 37], and
Vo [42]; for the Hirzebruch surfaces Fy(a,b), F»(2,2) [3, 22]; for T'x T where T is a complex torus [10, 12]; for
K3 surfaces [1]; for CP' x T [4, 6, 7]; for CP' x O, where C, is a curve of genus g [24]; and for certain toric
surfaces [9]. In [14], one can also find a description of computations of braid monodromy and certain quotients
of 7 (CP? — §); the motivation came from the theory of symplectic 4-manifolds. In [27], Liedtke computed a
quotient of 71(Xga1) that depends on 71 (X) and data from the generic projection only, thereby simplifying
the computations of Moishezon, Teicher, and others. In [8], the authors computed the fundamental groups of
Galois covers of surfaces of degree < 4.

This paper may be regarded as a subsequent work of [23], where Friedman and the third author discussed
the local braid monodromy of a singular point with multiplicity 5. In this note, we will use the results therein
to compute the fundamental groups of the complements of the branch curves and of the Galois covers of degree
5 surfaces with nice planar degenerations (see Theorems 3.2, 3.3, 3.4, 3.5, 3.6, 3.7, 3.8, 3.9).

This paper is organized as follows: In Section 2, we explain the main methods and give the fundamental
and necessary background that we use in this paper. Section 3 identifies the fundamental groups of the Galois
covers of all the surfaces of degree 5 that degenerate to ‘nice’ planar arrangements, i.e. those in which no three
planes meet in a line. We consider the degenerations, give the braid monodromy and the group ((CIP>2 —9), and
then determine whether 71 (Xga1) is trivial. The surfaces that we consider are: the Hirzebruch surface Fi(2,1)
(Subsection 3.1), a union of the surface CP! x CP* and a plane (Subsection 3.2), a union of the Veronese surface
V5 and a plane (Subsection 3.3), two cases of a union of the Cayley surface and two planes (Subsection 3.4), a
union of the quartic 4-point surface with a plane (Subsection 3.5), the quintic 5-point surface (Subsection 3.6),

and a 4-point quintic degeneration (Subsection 3.7).

2. Method and scientific background
In this section, we describe the main methods and the fundamental background used in this paper. The

computations of the fundamental groups 71 (CP? — S) and 71 (Xqa1) of surfaces X of degree 5, with at worst

isolated singularities and with nice degenerations, are explained here.

2.1. Degeneration and regeneration

We start with a projective algebraic surface X embedded in a projective space CP"™. We project it onto the

projective plane CP? to get its branch curve S. Because it is not easy to describe S, we use a method called

degeneration. The definition is as follows:
Definition 2.1 Let A be the unit disc, and let X,Y be projective algebraic surfaces. Let p : Y — CP? and
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P’ X — CP? be projective embeddings. We say that p' is a projective degeneration of p if there exists a flat
family ©:V — A and an embedding F : V — A x CP?, such that F composed with the first projection is ,
and:

(a) 71(0) = X ;

(b) there is a to # 0 in A\ such that 7= 1(tg) =~ Y ;

(c) the family V —7=1(0) — A — 0 is smooth;

(d) restricting to 7=1(0), F =0 x p' under the identification of 7=1(0) with X ;

(e) restricting to m1(ty), F = to x p under the identification of 7=1(ty) with Y .

We perform a sequence of projective degenerations X := X, ~ X, 1~ - Xoj~ Xo_ (1)~ oo~
Xy, and we refer to each step along the way as a partial degeneration (7 is the number of partial degenerations).
The surface X, is a total degeneration of X if it is a union of CP%s.

In [15, Sec. 12] there are examples of surfaces that can projectively degenerate to a union of planes such
that no 3 planes meet in a line. In our paper we deal with degree 5 surfaces; this means n = 5. For more

technical details see [11].

Example 2.2 Consider the surface CP! x CP*. Take ¢; = CP' x pt and l5 = pt x CP'. For k,j € N, consider
the linear combination kly + jly. We embed our surface into a projective space via the linear system |kly + jla|.
Denote the image of the embedding by Xy;. Then Xy; is a product of 2 rational curves, one of degree k and
the other one of degree j. Degenerate each of them into k (resp. j) lines. Then Xy, degenerates to a union
of k-j CP'x CP" (in Figure 1, we have 1-2 quadrics, each quadric represents CP* x CP* ).

Note that each quadric can degenerate to a union of 2 planes. It is represented by a diagonal line that

divides each square into 2 triangles, each one representing a plane CP? (see Figure 1 for the case k=1, j =2).

Figure 1. Degeneration of CP! x CP*.

Consider generic projections =) : X; — CP? with the branch curve S; for 0 < i < r. Note that S;_; is
a degeneration of S;. We regenerate Sy to get the regenerated branch curve S := S, using the regeneration

Lemmas in [34].

In the following figure (see Figure 2), we illustrate the connections between the significant objects
X,X(),S, and So.

Now we explain in general the regeneration process. Say that the degree of the degenerated branch curve
So is m. Each of the m lines of Sy should be counted as a double line in the scheme-theoretic branch locus,
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Figure 2. Degeneration and regeneration.

as each arises from a nodal line. Another way to see this is to note that the regeneration of X, induces a
regeneration of Sy in such a way that each point on the typical fiber, say ¢, is replaced by two nearby points
¢, ¢’ . This means that a line regenerates to two parallel lines or to a conic [11]. The resulting branch curve S
is of degree 2m. In full generality, the curve Sy may have singularities of multiplicity k& for any value of k.
For simplicity, we say a singularity of multiplicity k is a k-point. A 1-point regenerates to a conic (j,j’) with a
branch point. A 2-point regenerates to a conic and a tangent line [36, Claim, p. 8]. The 3-points and 4-points in
the paper can be inner or outer (on the outer edges). An outer 3-point regenerates to 2 conics intersecting one
another and a tangent line to both conics. An inner 3-point regenerates to a double hyperbola and a tangent
line. In both cases, each tangency point regenerates to 3 cusps. Outer and inner 4-points are extensions of
outer and inner 3-points, respectively. A 5-point regenerates as the 4-point regenerates, but with an addition
of the 5th line [23].

The resulting curve S is a cuspidal curve with nodes and branch points. A branch point is topologically
locally equivalent to 42 = x; a node (resp. a cusp) is topologically locally equivalent to y? = 22 (resp. y? = z3).

We note that 1- and 2-points were considered in [1, 9, 30, 32, 35, 36], inner 4-points were considered in
[1, 36], and 5-points were considered in [23]. The regeneration process for a large k can be quite difficult, but
work has been done for some specific values: see [5, 11, 23] for 5-, 6-, and 8-points, respectively.

Now we need to explain how to derive the related braid monodromy for S and the fundamental group
of its complement in CP?. We will follow the braid monodromy algorithm of Moishezon-Teicher [33, 34]. A
detailed treatment can also be found in [1, 11]. Note that the braid group (and the braid monodromy) is very
useful for study of the projective plane [26]. In the following subsection we present the general setting of a

branch curve and the braid monodromy, then we apply it to our case, and to certain notations.

2.2. A general setting of a branch curve

Consider the setting illustrated in Figure 3. Let S be an algebraic curve in C?, with p = deg(S). Let
7 : C? — C be a generic projection onto the first coordinate. Define the fiber K(z) = {y | (z,y) € S} in S over
a fixed point x, projected to the y-axis. Define N = {z | #K(x) < p} and M’ = {s € § | |, is not étale at s};
note that 7(M') = N. Let {A;}7_; be the set of points of M’ (the singularities of S) and let N = {x;}7_; be
the projection of {A;}_, on the z-axis. Recall that 7 is generic, so we assume that #(7~'(z) N M') =1 for
every x € N. Let E (resp. D) be a closed disk on the x-axis (resp. the y-axis), such that M’ C Int(E x D)
and N C Int(E). We choose u € OF, a real point “far enough” from the set N, so that |z| < u for every
x € N. Define C, = 7~ !(u) and number the points of K =C, NS as {1,...,p}.

We now construct a geometric-base (g-base) for the fundamental group 71 (E — N, u) (see [33] for details).

Take a set of paths {v; }3:1 that connect w with the points {z; };’:1 of N. Now encircle each z; with a small
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Figure 3. General setting.

circle, c;, oriented counterclockwise. Denote the path segment from u to the boundary of this circle by ~;.

We define an element (a loop) in the g-base as §; = v’jcj”y’j_l.

Let B,[D, K] be the braid group, and let
Hi,...,Hp_1 be its frame (for complete definitions, see [33, Section III.2]). The braid monodromy of S is a
map ¢ : m(E— N,u) = B,[D, K] defined as follows (see [13] in detail): every loop in E — N starting at « has
liftings to a system of p paths in (E — N) x D starting at each point of K. Projecting them to D, we obtain
p paths in D defining a motion {1(¢),...,p(t)} (for 0 <t < 1) of p points in D starting and ending at K.

This motion defines a braid in B,[D, K].

We now explain how to compute this braid, following the notation of Moishezon-Teicher. Let A; be a

singularity in S and z; its projection by m to the z-axis. We choose a point z; next to z;, such that 7'('71(35;‘)

) intersects
J

the circle at two points, say a,b. We fix a skeleton (see [34]) &/ that connects a and b, and denote it as (a,b).

is a typical fiber. We encircle A; with a very small circle in such a way that the typical fiber 7= (z

The Lefschetz diffeomorphism ¥ (see [33]) defines the corresponding skeleton (5%)\1/ in the typical fiber C,.
This one defines a motion of its two endpoints, and we get the braid ¢(J;) = A((ﬁx;_)\llfj, where ¢ is fixed

according to the type of the singularity (locally defined by the equation y? = z¢, € = 1,2, or 3). The braid

q
monodromy factorization associated to S is A2 = T ¢(6;).
j=1

Using the braid monodromy factorization, we compute the fundamental group of the complement of S.
By the van Kampen Theorem [41], there is a "good” geometric base (g-base) {I';} of m1(C, —SNC,,*), such
that the fundamental group 7, (CP? — S) of the complement of S in CP? is generated by the images of {T';}
with the relations ¢(6;)I'; =T Vi,j.

For our purposes, we take the curve S to be the branch curve of a smooth surface X, which is a nodal-
cuspidal curve. Consider a small circle around a singularity. Denote by @ and b the intersection points of
the two branches with this small circle. Note that the branches meet at the singularity. Let I'y,I'; be two
nonintersecting loops in m(C, — S NC,,*) around the intersection points of the branches with the fiber C,
(constructed by cutting each of the paths and creating two loops that proceed along the two parts and encircle

a and b); see [33, Proposition-Example VI.1.1].
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2.3. Braids and fundamental groups in our paper

We return to the data described in this paper. Using the above explanations, in the regeneration process a
1-point regenerates to a conic (j,j’), a node between two lines ¢ and j becomes two nodes as line j doubles into
two parallel lines, and a tangency between a conic (i,4’) and line j regenerates to three cusps when j doubles
into two parallel lines. Recall now that S is a cuspidal curve of degree 2m (after the regeneration process).

Therefore, the braids related to S in the paper are denoted as follows (we use the same notations as in
[36)):

1. for a branch point, Z; ;» is a counterclockwise half-twist of j and j’ along a path below the real axis,

2 _ 72 72 2 72 72 72 72
2. for nodes, 4y =427 27 and Z; L35 Ly i Ly L s

iilg =
3 3 3NZ. 3 S
3. for cusps, Zpi =247 (Z»L‘j) T (Zij) I

We note that a conjugation of braids is defined as a® = b~ 'ab.
Moreover, we denote the generators of the group m (CP? — S) as T'1,I),..., Ty, I%, . By the van
Kampen Theorem [41] we can get a presentation of 7, (CP? — S) by means of generators {I';, I} and relations

of the types:

1. for a branch point, I'; = I'},

2. for nodes,
o [0 0] =007 T =e,
o [[,T)] =TI T =e,

3. for cusps,
« (0y,;) =00 T =,
o (0T =TT T =,

o ([4,T;'T0;) = T50; 'O, 0 0 T T = e

1
To each list of relations we add the projective relation [] F;Fj = e. Moreover, in some cases in the
j=m

paper, we have parasitic intersections that induce commutative relations. These intersections come from lines

in X, that do not intersect, but when projecting Xy onto CP?, they will intersect. See details in [32].

Our techniques also allow us to compute fundamental groups of Galois covers. We recall from [32] that

if f:X — CP? is a generic projection of degree n, then Xqa1, the Galois cover, is defined as follows:

XGal = (X Xcop2 - .- Xop2 X) — A’
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where the product is taken n times, and A is the diagonal. We denote G = m ((C]P’2 —5), and consider

the quotient group G = G/ (F? =e, F;-Q =e¢). We apply the theorem of Moishezon-Teicher. There is an exact
sequence

0— m(Xaa) = G— S, =0, (2.1)

where the fundamental group of the Galois cover 1 (Xga1) is the kernel of G projected onto S, . In this paper,

we determine whether 71 (Xga) is trivial.

3. Calculations of the fundamental group

In this section, we consider the Hirzebruch surface F;(2,1) (Subsection 3.1), a union of the surface CP! x CP!
and a plane (Subsection 3.2), a union of the Veronese surface V2 and a plane (Subsection 3.3), two cases of a
union of the Cayley surface and two planes (Subsection 3.4), a union of the quartic 4-point surface with a plane
(Subsection 3.5), the quintic 5-point surface (Subsection 3.6), and the 4-point quintic degeneration (Subsection
3.7).

Proposition 3.1 There are 8 possible quintic degenerations such that no 3 planes meet at a line, corresponding
to Figures 4—11.

Proof We construct the degenerations combinatorially by gluing 5 triangles such that no 3 triangles meet in
a line (each triangle representing a projective plane). It is not hard to see that there are eight possible cases.
To be precise, if there is a 5-point, then the configuration of the degeneration is Figure 10. If there is a 4-point,
then there are 2 cases, one is the degeneration of the 4-point surface with a plane (Figure 9), the other one
is the degeneration of a 4-point quintic surface (Figure 11). If there is a 3-point, then the configurations of
the degenerations are Figures 5-8. Figure 5 is the degeneration of CP' x CP' with a plane. Figure 6 is the
degeneration of the Veronese surface with a plane. Figures 7 and 8 are the degenerations of the Cayley surface
and two other planes. If the degeneration contains only 2-points and 1-points, then the configuration of the
degeneration is Figure 4. O

3.1. The Hirzebruch surface Fi(2,1)

Let Fy be the 1st Hirzebruch surface, i.e. the projection of the vector bundle Ocpi(1) @ Ocpr. Denote by
s the holomorphic section of Ocpi(1), and by Ey C F; the image of the section (s,1) of Ogp1 (1) P Ocpr .
The Picard group is always generated by the fiber C' and Ey. Note that 2C + Ey is very ample and thus
defines an embedding flacq gy 1 F1 — CPY. Let Fy(2,1) = fi2c+E,|(F1). By the constructions in [30], Fy(2,1)

degenerates to a union of five planes, as depicted in Figure 4.

Theorem 3.2 The fundamental group of the Galois cover m (X gai) of the Hirzebruch surface F1(2,1) is trivial.

Proof See [30, Theorem 0.1]
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1 2 3 4

Figure 4. Degeneration of the Hirzebruch surface Fi(2,1).

3.2. The union of CP' x CP' degeneration and a plane

In this subsection we investigate the surface whose degeneration is depicted in Figure 5, i.e. the union of the

CP!' x CP' type degeneration with a plane. In the degeneration, one can see the common edge, numbered as 1.

Theorem 3.3 The fundamental group of the Galois cover of the surface with the degeneration as in Figure 5

1s trivial.

Figure 5. The union of CP! x CP! degeneration and a plane.

Proof The branch curve S in CP? is an arrangement of 8 lines. We regenerate each vertex in turn and
compute the group G.
Vertices 1, 3, and 4 are 1-points; therefore, they give rise to the braids 7, ,/, Z, ,/, and Z, o, respectively,

and hence to the following relations in G:

=TI} Ty,=T, Ty=TI} (3.1)

z2 , .
Vertex 5 is a 2-point that gives rise to the braid monodromy factors Zg’ 3 40 (Z, 4)733" 4 and to the following

relations:
(T3,Ty) = (T4, Ty) = (T3 'T5T5,Ty) =e, (3.2)

0 W RA VS W e RS Wl (3.3)
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Vertex 2 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
N 2 3 Zz/ ’ 3 Zz/ ’ Vi ’ Z2/ ’
Do =271 35 Ly (Z11)7V 22 (Zy g 5) 7127 - (Z3y) 72235022,
KQ thus gives rise to the following relations:

(I, Ta) = (I, T) = (I}, Iy 'Tols) = e, (3.4)

Iy = DT, T, (3.5)

(D3, THL,T Dol T 05T, ™YY = (D, DL DT, T T 1T, ) = (D, DT Ty T4, ' 05T, Y = e, (3.6)

IR % 9 WS I 8 % s e A o Y WS I A W s ) VA W (3.7)

[[1,Ts] = [Ty, Tg] = [I'), T's] = [, T5] = e (3.8)

We also have the following parasitic and projective relations:

[F17F4] = [Flvril] = [F117F4] = [Fllaril] =€, (39>
[[2,Ty] = [[2, ] = [, Tu] = [[5, T = e, (3.10)

Relation (3.3) is simplified by (3.1) and (3.2):
[y = 00400, 05 07 0 = Ty = D400y 05 ' =
| WA V) RARSS W W Al I /A A s R

and we get
I} =T, T3l (3.12)

Substituting this expression in the other relations, we get the simplified presentation of G':
Iy =T%, Ty =T%, Ty =T, T =0,°T3T3,
(I'1,T2) = (T2, I'3) = ('3, Ty) = e,
[, T3] = [['1, 4] = [[2, Ty] = e,
I, =30 052,

312730212 = .
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Then G admits the following presentation
M =T%2=T2=1%=e¢, (3.13)
(I'1,T2) = (T2, I'3) = (I'3,Ty) = e,
[y, T3] = [, 4] = [[9,Ty] = e.

Since G = {T'1,T9,T3,Ty| S5 type relations} 22 S5, then m(Xga) is trivial. O

3.3. The union of the Veronese V; degeneration and a plane

We denote by Vs the Veronese surface of order 2. In this subsection we introduce the degeneration of a union
of the Veronese surface V5 and a plane. The degeneration of this surface is a union of five planes, where V;
and the plane are united along the edge, numbered as 1, see Figure 6.

We note that the surface V5 is atypical in different algebraic-geometrical theories; for example, it is the

exception case for Chisini’s conjecture [20].

Theorem 3.4 The fundamental group of the Galois cover of the surface with the degeneration as in Figure 6

s not trivial.

Figure 6. The union of V2 degeneration and a plane.

Proof The branch curve S in CP? is an arrangement of 8 lines. We regenerate each vertex in turn and
compute the group G.

Vertex 4 is a 1-point that gives rise to braid Z; ;- , and derives the following relation in G

r,=r). (3.14)

2

Vertex 3 (resp. 1) is a 2-point that gives rise to the braid monodromy factors Z3,, , and (Z, 4/)22 2.4 (resp.

A
2
Z§,74 y and (Z3 3/)Z3'w4 4"). These braids yield the following relations:

(T3, Ty) = (T5,Ty) = (T3'T503,Ty) =e, (3.15)
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[, = D T4Ts0, 05 15T (3.16)
(T3, Ty) = ([5, 1)) = (05, L' TiTy) = e, (3.17)
Iy =I,0,0,0 T, (3.18)
Vertex 2 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
N4 Vs Zige (21 1’)212'*2 v (Z3 2',3)Zf"2 > (Z3 3')2"% 2aZiay,
KQ thus gives rise to the following relations:
<F/17F2> = <FI17FI2> = <F37F51P/2F2> =€ (319)
Iy = D)0 T, (3.20)
(D3, TH 5T Tl T3 T ™) = (g, THDL T TS0, T T ') =
(3.21)
—(T'5, 50T Ty T 0T, T, ) = e,
| VAR I A I A VA IS R It WA WS WA IS N0 et A A W) A (3.22)
[Fl’]-—‘3] = [Fl’F/S] = [Fll’]-—‘B] = [Fll’F/S] =e. (323)
We also have the following parasitic and projective relations:
[F17F4] = [FDFZL] = [ 117114] = [ 117F£1] =6 (3'24)

We consider now G. Using (3.14), (3.19), and (3.20), we can get I'y = I',. Then by (3.22), we get also
I's =T%. From (3.16) we get I'y =T

The relations in G are now

f=r5=T3=Ti=¢, (3.26)
(L1, Tg) = (2, T'3) = (T2, Ty) = (I's,T'y) =e, (3.27)
[[1, T3] = I, Ty] = e (3.28)

Since the relation [['9I'sT's,T'4] = e is missing, it means that 71 (Xga1) is not trivial.
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3.4. The union of the Cayley degeneration and two planes

The classification of singular cubic surfaces in CP? was done in the 1860s, by Schlifli [39] and Cayley [19].
Surface XVI in Cayley’s classification is now called the Cayley cubic, and when embedded in CP3, it is defined
by the following equation:

AXPHY3 4+ 224+ W3 - (X +Y +Z+ W) =0.

It has four singularities, which are ordinary double points. Cayley noticed that this surface is a unique cubic
surface having four ordinary double points, which is the maximal possible number of double points for a cubic
surface (see, for example, Salmon’s book [38]).

In this subsection we introduce two cases of a degeneration that is a union of the Cayley surface and two

planes. We call them Type I (Figure 7) and Type II (Figure 8).

3.4.1. Type I

In this subsection we consider the union of the Cayley surface and two planes (Type I). The degeneration of
this surface is a union of five planes, see Figure 7.

The Hilbert scheme of del Pezzo surfaces of degree 5 contains configurations of planes as in Figure 7
(degenerations of Type I). Indeed, the rational normal scroll F' degenerates to the 4 “top” planes in Figure
7 (this is a toric degeneration, corresponding to the subdivision of the (1,2)-rectangle). Then the “bottom”
length 2 polyline 34 in Figure 7 is a conic C', which degenerates here in two lines corresponding to the segments
(edges) 4 and 5. The plane P of C' becomes the plane spanned by edges 4 and 5, which is just the “bottom

plane” in Figure 7.

Theorem 3.5 The fundamental group of the Galois cover of the surface with the degeneration shown in Figure

7 is trivial.

Figure 7. Degeneration of Type I.

Proof The branch curve S in CP? is an arrangement of 10 lines. We regenerate each vertex in turn and
compute the group G.

Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
Ay = (Z4 4/)251"4 VA 1.4
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Kg gives rise to the following relations:

(Ty,Ty) = (T, 1) = (TN, Ty) = e, (3.29)

7 V1 0 D W) e e (3.30)
Vertex 4 is a 2-point. The braid monodromy corresponding to this point is:

Ay =(Zsy) %5 23 3,5
AN4 gives rise to the following relations:

(T3,T5) = (T4, T5) = (I3 'T403,T5) = e, (3.31)

AR 0 Y Y 0 A ) (3.32)
Vertex 1 is an outer 3-point. The braid monodromy corresponding to this 3-point is:

— 22 2 2 2
Ay =ZF 133 Loy (Zrv)V 22 - (Z3 2',3)Z1"2 ¥ (Zyy) 22 sPray,

Kl thus gives rise to the following relations:

Iy =T,0,0 5T, (3.34)

(Dg, DT Dol Ty T ) =(Ig, TT 0I5 T T ') =
(3.35)

—(T'5, 5D, Ty T 0T, T, ) = e,
| VA W V8 S 0 A 1% W et WA WS WA IS W et A S Wt S et (3.36)
[F17F3] = [Fhrg] = [ 1171—‘3] = [ 117F§3] =€ (3'37)
Vertex 2 is an inner 3-point. Its braid monodromy is
fsz :ZS’, T Z2344, . (Z4 5,)Z§4’Z§’,44/ . (Z4, 5)ZZ4/Z§5’Z§’,4 4’
(Z4 5,)Z24/Z§,4 4’ (Z4, 5)242 4’Z§ 5'Z§,4 4’
These braids give rise to the following relations in G':

<F/27F4> = <Fl2’ril> = <F/2’ F21F£1F4> =6 (3-38)
(T9,Ty) = (2, T)) = (I, I, 'TIy) = e, (3.39)
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1

10 I B 0 e ) R (3.40)

AR W Rl At IS A oS A (3.41)

| PRS0 s At A (3.42)

|0 Y S 0 R A A VA 8 (3.43)

We also have the following parasitic and projective relations:

[[1,T5) = [y, T5] = [, Ts] = I, T5] = e, (3.44)

[[3,T4] = [[3, 1] = [[5, 4] = [['5,T%] = e, (3.45)

1A 8 0 Y A Y S O A (3.46)

Equating (3.40) and (3.42) in G, we can get 'y = I'y. Then by (3.34), we get I'; = I'}. A direct result
from (3.36) is that I's = I';. Looking at the relations from the 2-points, we can deduce also that I'y =T} and
I's =T%.

The relations in G are now

M =T3=T2=T2=T%=¢, (3.47)
(T1,Tg) = (['1,T4) = ([, T'3) = (T, Ty) = (Ta,T5) = (T'3,T5) = (['4,T'5) =, (3.48)
[[1, T3] = [I'1,T's] = [[3,T4] =, (3.49)
Is =o'y, (3.50)
We can get the following relations too:
[[',T9TyTs) = [[5,Tel5To] = e. (3.51)

According to these relations, G with the generators I'1, [y, I'3, 'y, T'5 is isomorphic to S, so m1 (Xga1) is trivial.
O

3.4.2. Type I1

In this subsection, we consider the union of the Cayley surface and two planes (Type IT). The degeneration of
this surface is a union of five planes, where the common edges of the Cayley degeneration and one of the planes
is 4, and two planes have a common edge that is 5, see Figure 8.

The Hilbert scheme of del Pezzo surfaces of degree 5 contains configurations of planes as in Figure 8
(degenerations of Type II). Indeed, the Veronese V' degenerates to the 4 “rightmost” planes (except a plane
with vertices 123) in Figure 8 (this is a toric degeneration). Then in vertex 3, the length 2 polyline 13 of V'
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corresponds to a conic C, which degenerates here in two lines corresponding to the segments (edges) 1 and 2.
The plane P of C' becomes the plane spanned by edges 1 and 2, which is just a plane with vertices 123 in
Figure 8.

Theorem 3.6 The fundamental group of the Galois cover of the surface with the degeneration as in Figure 8

1s trivial.
1
2
1 2 3
3 4 4
5
5
Figure 8. Degeneration of Type II.
Proof

The branch curve S in CP? is an arrangement of 10 lines. We regenerate each vertex in turn and compute
the group G.

Vertices 1 and 5 give rise to the braids Z, ,» and Z; 5 respectively, and hence to the relations:
Iy =T%, 5 =T%. (3.52)
Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
Ny = (Zyw)Pva - 23y,
AN3 gives rise to the following relations:

(Ty,Ty) = (T}, Ty) = (T7'TI T, Ty) = e, (3.53)

I, =T, 0ot (3.54)

Vertex 4 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
Ay =73 v Zyaw - (23 3’)Z§/'4 v (28 4/,5)Z§"4 v (Zs 5’)ZZ o Zia
& thus gives rise to the following relations:
(T, Ta) = (T,T) = (05, T 'T4Ta) = e, (3.55)
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Iy = DI, 050 T, (3.56)

(D5, T\ DTy, DT, ™Yy = (I, DT, D40, ' T, ) =

) . (3.57)
=(['5, DT, T4 T, T T ) =,
| VAR N NP0 8 0 1) N e A A 0 ) N ) /A A At RS e (3.58)
[[3,D5] = [I3,T5] = I3, I's] = [[5,T5] = e. (3.59)
Vertex 2 is an inner 3-point. Its braid monodromy is
KQ :Z% 5o Z%Q o (Z2 3,)232’Z12’,2 2/ . (ZQ, 3)Z222’Z§3’Z12’,2 2/,
(22 3,)23 2/Zf,2 2/ . (ZQ, 3>Z§ 27 3’Zf,2 2!

These braids give rise to the following relations in G:
(I}, Ta) = (I, T) = (I}, I3 'Tols) = e, (3.60)
(T'1,Ty) = (T'y,T%) = (T'y, 15 'ThT,) =e, (3.61)
IS 9 KA S S W VAR (3.62)
I3 9 I A RS Wl VAR WA WS A (3.63)
|8 I A0 Y R It VAR A (3.64)
1V I A0 VA Rt el AR A B A (3.65)

We also have the following parasitic and projective relations:
[F17F5] = [F/17F5] = [Flvl—‘g] = [Fllvl—‘g] =6 (366)
[FQ?F4] = [F/27F4] = [F27F£1] = [F/27F£1] =6 (367)
[F27F5] = [Fl27r5] = [F27F/5] = [Fl27F/5] =6 (3.68)

Equating (3.62) and (3.64) in G, we can get I'; = I'}. Substituting this in (3.54), we easily get 'y = I",.
Then from (3.56) we get also I's = I'%.
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Thus, the relations in G are

M =T3=T2=T2=T%=c¢, (3.70)
(P1,Tg) =(I'1,T3) = (['1,Ty) = (T2, T'3) = (I'3,Ty) = (I'y,'5) = e, (3.71)
L1, T5] = [[g,Ty] = [I'2, 5] = [I'3, 5] = e, (3.72)
[y =100 (3.73)
We can get the following relation as well:
[P4, Pl].—‘g].—‘ﬂ = €. (374)
This means that G with the generators I'y, T'y,I's, Ty, I's is isomorphic to S5, so 71 (Xqa1) is trivial. O

3.5. A union of the 4-point quartic degeneration and a plane

In this subsection, we take a degeneration of a quartic surface to a plane arrangement with a 4-point.

The Hilbert scheme of del Pezzo surfaces of degree 5 contains reducible surfaces that consist in a general
degree 4 complete intersection F of type (2,2) in CP* (which is itself a del Pezzo surface), plus a plane P
meeting F' along a line.

We can show that the configuration shown in Figure 9 is a limit of smooth del Pezzo surfaces of degree
5. Indeed, the surface F' can degenerate to the union of 4 planes filling up the subdivided square in Figure 9:
Simply degenerate the two quadrics cutting out F' in two general quadric cones with the same vertex (which is
then the 4-tuple point 5 that is common to the 4 planes). In this degeneration the number of lines contained in
F, which is 16, is mapped to the following configuration of lines: Take a general quadric Q in CP*, it cuts each
of the 4 lines through 4-tuple point 5 in two points; then on each of the 4 planes take the four lines pairwise
joining the pairs of points not on the same line through 4-tuple point 5, these are the 16 limits in question.

Then a general plane through a line on F' goes to a plane like the “rightmost top” plane in Figure 9.

Theorem 3.7 The fundamental group of the Galois cover of the surface with the degeneration as in Figure 9

1s trivial.

Proof The branch curve S in CP? is an arrangement of 10 lines. We regenerate each vertex in turn and
compute the group G.
Vertices 1 and 2 are 1-points, giving the braids Z, ;; and Z,, respectively, and hence the following

relations in G:
r, =1, [y =T1%. (3.75)

2
Vertex 3 is a 2-point and it gives the braid monodromy factors Z? , = and (Z 5r)Z4 45 The relations in G

5
are:

(T4,T5) = (T}, T5) = (T 'T4 Ty, Ts) =e, (3.76)

| NAES % 0 W) A At A e (3.77)
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1

Figure 9. A union of the 4-point quartic degeneration and a plane.

5

(T3,T5) = (I%,T5) = (05 'T4T5,T5) = e,

| AR N VA Y 4 et A e

2
and (Z; 5/)Z3 3,5 The relations in

(3.78)

(3.79)

The braid monodromy factors corresponding to the 4-point (vertex 5) were computed in [9]. These braids give

rise to the following relations in G:

1534

<P/17P2> = <F117FI2> = <F/17F271P/2F2> =€,

<F37F4> = <FZ’>7F4> = <F§1F§F3ar4> =6,

1

Lol T5 TS Ty] = e,

1 1

L3 &) Iy SRS A I B Y PR S IS [

(T1,Tg) = (Ty,Th) = (T, T35 'T5T2) = e,
(T3, Ty 'T4Ty) = (05, Ty 'TYTy) = (U5 'T5T3, T ' TYTy) = e,
NSNS N s VA o 4 W
INANS N s VAR h MRS A N/ MY A W1 A AN

1

I % A P A Pl A WY IS A

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)
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VA IS N WA s Wt AR o) VA O A el (3.89)

IR RS AT AT At et A sl o8 U A Rt S
ool ol "Iy Ty =T T Ty Ty, (3.90)
|V I A /A Rt A AR At W W0 IV S A s A WY (3.91)

We also have the following parasitic and projective relations:

[F17F5] = [F/17F5] = [Flvri’)] = [Fllvrg] =6 (3'92)
[F27F5] = [F127F5] = [1—‘2,1—‘%] = [ 1271—‘{5] =e (3'93)
FgF5FQF4FgF3F'2F2F/1F1 =e. (3.94)

By (3.88) and (3.89), we have I's =T'%.
Combining it with (3.81), (3.88), and (3.89), we get

VA I A S RS Wl AR et W A (3.95)
By (3.85) and (3.90) we have
IS IS A 0 RS Wil RIS et st WA MY Y (3.96)
It follows that I'y =T7.

Thus, we get the following relations in G:
=0, Ty=T% T3=T% T,=T) TL=",°Ts[% (3.97)
Dol Tyt =000 (3.98)
(I'1,T2) = ('3, T'g) = (I'3,I'5) = (I'y, I'5) = e, (3.99)
[[1,T5] = [[2,T5] = (30,152, Ty] = (3074052, T5°T4l3] = e, (3.100)
[T20,0,2,T5] = D309, %, T5] = e, (3.101)
D5 T35 151517 =e. (3.102)

In G , it is easy to see that the generators are I'1,I'5,'4, 5, and the relations are the following:

T=T3=T7=I%=e¢, (3.103)
(I'1,T2) = (I'2,I'y) = (I'y, I'5) = e, (3.104)
[['1,T4] = [I'1,'5] = [I'2,I's] = e. (3.105)

It is easy to see that G =~ S, thus m1(XGal) is trivial.
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3.6. A 5-point quintic degeneration

In this subsection, we consider a quintic whose degeneration is depicted in Figure 10. This degeneration gives
a b-point, in this case an intersection of five lines and also five planes. According to [15], the configuration in
Figure 10 is a Zappatic surface of type Es. It is well known that a general del Pezzo S of degree n in CP" can
degenerate to a configuration of points of type E,,n =3,...,9. Firstly, we degenerate S [21] to the cone over
a general hyperplane section (elliptic curve) of S. Secondly, we degenerate the hyperplane section to a cycle of
lines.

The regeneration and the related braid monodromy of the 5-points were done in [23]. We use the result

from [23, Corollary 2.5] to give the braid monodromy relating to the 5-point.

Theorem 3.8 The fundamental group of the Galois cover of the surface with a 5-point quintic degeneration as

shown in Figure 10 is trivial.

Proof The branch curve S in CP? is an arrangement of 10 lines. We regenerate each vertex in turn and

compute the group G.

Figure 10. A 5-point quintic degeneration.

Vertices 1, 2, 3, 4, and 5 are 1-points; therefore, the related braid monodromy factors are Z; ;/, Z, o,

Zyy s Ly, and Zg 4, respectively; hence we have the following relations:
=T}, Ty=T, I3=0% Iy=T), T;=TI%. (3.106)

According to [23, Corollary 2.5], the braid monodromy corresponding to the 5-point yields the following relations
in G:

[[5,T4] = [[5,T4] =, (3.107)

(T}, Ts) = (T4, T5) = (04, T3 'T505) = e, (3.108)

(T3,Ty) = (I, Ty) = (05 'T5T9, Ty) = e, (3.109)

LAFRRP Al WA NS W s WA | Y 0 A 8 0 0 s A S (3.110)
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IR RS V0 et R R A I A et A

[[1,T4) = [[},T4) = [y, D40 D05 10571 = [0, D0 D05 1T = e,
<F/17F2> = <FI17FI2> = <F/1aF2_1F/2F2> =6€,

(D403, Tg) = (D440 Ts) = (D405 04050, L, D) = e,

1

/A % 0 S RS Wt AR ot o W% WA At et

1

|/ W 4 WA s et RARRIEES At '8 ) WA ) WAkl sl il O

[D,0,T 05T, T DTy = e,

[rgrgrgmr’lrglFg‘lrglrg—l,F;lrglrgr5r4] =e,

(T1,Tg) = ([y,T%) = (I, T3 'ThTy) = e,

(DalsT 1 T3 ' TELs) = (DyD5T, ', T ' T4 Ds)

= (0,05 T4 L T ITATs) = e,

|V I A0 Y Rt Wt AR At Rt A 8 ) VA Rt Rt AR A

1

|V IS A% VA Rt Wl AR e it A I8 ) /A I ARl e et A S P

1

D0 T T, T T ' TAT 5Ty = e,

WA NS VA NS WS e WA et NS it et WA A oA oS YRR
We also have the following projective relation:
F%F5F2F4F3F3FIQF2F,1F1 = €.
The generators of G are I'1,T5,I'3,T4, 5. The relations are the following:

M =T%=T2=T2=T%=c¢,

(1, T2) = (T2, ly) = ('3, 15) = (T'y, ['5) = e,

(3.111)

(3.112)

(3.113)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)

(3.127)
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[T, 0a] = [, 5] = [[3,1'4] = ¢, (3.128)

[ To0 = D30, T504Ts. (3.129)

We eliminate generator I'y from the list of generators, so now G is generated by I'1,I's, Ty, T's and admits these

relations:
I=T3=T{=T3=¢, (3.130)
(I'1,Tg) = (I'3,T5) = (', T5) = ¢, (3.131)
1,Ty] =[I'1,T5] = [I's,T4] =e. (3.132)

Thus, G 2 S5, and it follows that m; (Xgal) is trivial.

3.7. A 4-point quintic degeneration
In this subsection, we consider a quintic that degenerates to a union of planes as shown in Figure 11. This
degeneration gives a special 4-point, in this case an intersection of four edges.

A rational normal scroll F of degree 5 in CP® can degenerate to the cone over a hyperplane section of it,

which is a rational normal curve C' of degree 5 in CP°. Then C' can be degenerated to a chain of lines which

is well-known. This yields F' degenerates to 5 planes as in Figure 11.

Theorem 3.9 The fundamental group of the Galois cover of the surface with a 4-point quintic degeneration

shown in Figure 11 is trivial.

Figure 11. A 4-point quintic degeneration.

Proof The branch curve S in CP? is an arrangement of 8 lines. We regenerate each vertex in turn and
compute the group G.
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Vertices 1, 2, 3, and 4 are 1-points, which give rise to the braids Z, y/, Zy o, Z, 4+, and Z; 5, respectively,
and hence to the following relations in G':

=T}, Ty=T} T3=T, T,=T) (3.133)

Vertex 5 is an outer 4-point and it gives rise to the following relations:

(P3,Ty) = (I, Ty) = (I3 ' T3 T3,Ty) = e, (3.134)

[T Dol Ty 050 Ty] = Do Toly Iy T, Ty = e, (3.135)

[[2,Ta] = [Tar, 4] =, (3.136)

T3 D3l Dol Iy T T T3 T Ty Ty] = Da Tl Doy Iy 1Ty T3 T3 T 1Ty = e, (3.137)
[Ta T30y T3 Ty Ty Ty] = D3T3l Ty ' T3 T Ty Ty = e, (3.138)

Dy D, 05T T =Ty, (3.139)

(T), D) = (T}, T%) = (T, T ' ToTy) =e, (3.140)

[y =Tl Ty TS0 (3.141)

(T Tol Dol T T Tyl ) = (T Dol Do T TS 1T Tyl ) =

(3.142)
= (Do Tol Ty T Tol Ty T, TuTT ) =,
Do Tol Ty Ty T T Ty Ty Ty T3l ' T Dol T DT T 1Ty = Tyl (3.143)
[, Tyl3T; Y = [0y, T3l = [y, Tyl T = [Ty, Dyl T ] = e (3.144)
We also have the following projective relation:
[T DATsT5 T T = e. (3.145)
Using (3.133), G admits the following relations:

<F1,F2> = <F2,F3> = <F37F4> =e€, (3146)
[Fl,Fg] = [Fl,F4] = [FQ,F4] = €. (3147)

It follows that G = Ss. Thus, m (Xga) is trivial.
O
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