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Abstract: We give a formula for the logarithmic dimension of the generalized Cantor-type set K. In the case when the

logarithmic dimension of K is smaller than 1, we construct a Faber basis in the space of Whitney functions £(K).
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1. Introduction

This paper is the extension of [2] and [12]. In [2], the logarithmic dimension Ay was suggested as the Hausdorff

dimension corresponding to the function (r) = ﬁ that defines the logarithmic measure. Some applications

of the logarithmic dimension to the isomorphic classification of Whitney spaces were presented. In [12], the first

author constructed bases in the spaces & (KQ(O‘")), where the set Kéa") is obtained by the Cantor procedure

with replacing each interval by two adjacent subintervals of equal length. Here, as in [2], we consider more

general Cantor-type sets K ((JC\Y,"L;, see the definition below. In Section 2, we generalize Proposition 1 from [2],

where the logarithmic dimension was calculated for regular K ((]o\é,g . In Sections 3 we discuss applications of the

logarithmic dimension to potential theory and to analysis of linear topological properties of Whitney spaces.

(an) (an)

Section 4 is devoted to construction of an interpolating Faber basis in S(K(N )) provided )\O(K(N )) < 1.

2. Logarithmic dimension for the generalized Cantor-type sets

Recall that a function ¢ : (0,b] — (0,00), where b = b, > 0, is said to be a dimension function if it is
nondecreasing, continuous and ¢(d) — 0 as § — 0. Given A C R, ¢ > 0, let p.(A,¢) = inf{d> ¢(d;) : A C
UG; with diam(G;) = 0; < e}. Here, the infimum can be taken over open coverings or closed coverings without
changing the result. The value u.(A4,¢) increases as ¢ N\, 0 and p(A,p) = lim.,0u-(4,¢) is called the

Hausdorff ¢o— measure of A.

Logarithmic dimension is a special case of the Hausdorfl dimension. Take the function ¢ (r) = @ cor-

responding to the logarithmic measure. Then, for any A C R there exists a critical value A\g = A\g(A4) € [0, 0],

which we call the logarithmic dimension of A, such that for A < \g the Hausdorff ¢ -measure of A is infinite,
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and for A\ > \g it is zero. As usual, the ¥**-measure of A can take any value from [0, +o00].

We follow [2] to define generalized Cantor-type sets. Let (N,,)52; be a sequence of integers with V,, > 2
for all n. Let ¢y := 1 and ¢; be such that Ny ¢; < £5. We replace Ey = Ip; = [0,1] by Ni closed
intervals I, of length ¢; with N; — 1 equal gaps of length hy. We enumerate intervals in ascending order,
so I11 = 1[0,01],In,1 = [1 — £1,1]. Continuing in this way, we get E,, for n > 1 as a union of N1N,...N,
disjoint closed intervals Iy, of length ¢,, and FE,;; is obtained by replacing each interval Iy, by Nn41
disjoint subintervals I;,41 of length £, 1 with N,y — 1 equal gaps of length h, . The intervals I, that

make up the set E,, are called basic intervals. The set is well-defined if for all n we have N, /¢, < £,_1. Then

h'n, — en_Nn#»lznﬁ»l

Nl is a gap between To simplify the calculation of the norms, assume that for each n

B > Uit (2.1)

Thus, we get a sequence (£,,)22, of positive decreasing numbers. Let a; = 1, and for n > 2 let «,, satisfy

by =40, 80 apy > 1. Thus, £, = £, 7. Let K((J(ifi)) =y Ern. We will denote by K% the case when

N, = N and «,, = «, for all indices.

Lemma 2.1 For each K((:[”)) we have o -+ 0, —> 00 as n — 00.

Proof The sequence (ay --- a,)22; increases. If it is bounded, then o, — 1 as n — oo. But Npfl, < €,

. . aq o ap—1(ay—1 oo
implies N, ¢! """ ven=l) o 1, a contradiction. O
log N,
log ay,

We say that the Cantor-type set K| ((;”; is regular if there exists lim,, . The logarithmic dimension

of a regular Cantor-type set was given in [2] as follows:

Proposition 2.2 Suppose that for K((gf"% the limit A\g = lim,, llzign , exists in the set of extended real numbers.
Then Ao is the logarithmic dimension of K. In particular, Xo(K$) = llzggg )

We now extend this result to the general case. The proof is adapted from [2].

Theorem 2.3 For the generalized Cantor-type set K((IC:,:)) , we have

IOg(NlNQ ‘e Nn)
log(arag ... ap)

Mo(K ) = lim inf

Proof Asabove, ¢ = @ for 0 < r < 1 and, for a given A > 0, let u(K,1?) be the Hausdorff ¢)* —measure

of K. For simplicity of notation and calculations, we write K instead of a fixed K ((X‘[:)) and set ¢ = 1/e in

order to have 9(¢1) = 1. Then ¥*(¢,) = (a1as...a,) . Define A\, = 108N No-o-Nu) .y > 2 Then

log(aiaa...an)
(alag...an)’\” = NiN5...N,,. (22)

Let A\g = liminf A,,. We claim that A\g = \o(K).
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There are two cases to consider: finite and infinite Ag. Suppose first that 0 < A\g < o0 and A > A\g. Let
A = Ao + 20. We need to show that u(K,y*) = 0.
By definition, there exists ny — oo such that Mg = limy A, so A > A, + o for large enough k. Since

E,, is a covering of K by Nj...N, intervals of length ¢,,, by (2.2), we have

w(K, ) < lim inf (N, ... N ly) = hn%lian =

= liminf(a; ... ap)M A < limkinf(al . cynk)>‘"k_A < limkinf(al e e
n

By Lemma 2.1, the above limit is zero.

We now turn to the case 0 < Ao < 0o and A < Ag. We aim to show u(K, 1/1)‘) = o00. Let \g — X\ = 20.
There are only finitely many n with A\, < A\g—o. Let i be such that \,, > A\g—oc for n > n. Then A\, > A +o0.

We fix € > 0 and consider p(K,1"). Here we use coverings of K by open intervals. Let us fix a finite

covering Ui\il G; of K by open intervals with lengths §; < €, such that

M
SO0 < K6 + 1. (2.3)
i=1
For each §; fix n =n(i) € N with ¢, < J; < £,_1. Let ng = min;<pr n(i) and ny = max;<pr n(i). We
can assume, by decreasing e if necessary, that ng > n+ 1.
For 1 <1i < M, let k; be the number of intervals from FE,, that have non-empty intersection with G;.

We follow [10] and [2], where the main idea was to estimate k; from above in terms of *(6;).

For each i we have ¥*(8;) > 9 (£,) = (a1ag - -+ ay,)~ . Since A\, > X for n > ng, (2.2) implies
(a1 o) < (a1 g 1) - (g - )™ = (a1 -~ pg—1) " - Ny Ny - - - N,,. (2.4)

Therefore,

1< (041"'04»”0_1))\_)\" NlNQanA((Sl) (25)
In what follows we will use (2.4) with another index, n — 1 instead of n. The left hand side of (2.4) exceeds 1.
Hence,

1< (01 apy_1)™=1 - NyNo -+ Npo_1. (2.6)

We decompose the sum Y ¥*(8;) into two parts. Let Z/ be the sum over all 7 such that ¢, < 4§; < é}{,—’l , and

>~ Dbe the sum over the remaining 4’s. Since ZN—:: < lp+ hp_1, for any ¢ in the sum Y , the interval G; can

intersect at most two basic intervals of F,, . By construction, it can intersect at most 2/V,,;1 basic intervals of

Ent1,...,2Npyq1 - - - Ny, basic intervals of E,, .

’

Then by (2.5) we obtain for each ¢ corresponding to >
ki <2Npy1---Npy <2Np--- Ny - (@1 Qg 1) -2 (85). (2.7)

For i corresponding to Z” we fix j € {1,2,...,N,, — 1} such that Nifn_l <4< jNiﬁn_l. It is easy to check
that the interval G; can intersect at most j 4+ 2 basic intervals of E,, and hence (j 4+ 2)N,41---N,, basic

intervals of E,, .
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Here,

) Y
PM6;) > (jgnl) > <041 ... 0p_1 +log Nn) .
N J

n

If log NT > - an_1, then ¥ (5;) > (2 log %)*)‘. Recall that 1 < NT < N,,. Take a constant A, such that
log)‘t < Ayt for t > 1. Then 1 < 2>‘A,\%1/)A(6i) and
j+2

ki < (5 +2)Nygr -+ Ny, <204y NouNpi1 - Ny ™ (85).

Here, f‘]ﬁ < 3. Let C§ =3-2"A,. By (2.6),

ki < C\(a1- - ang—1) "2 - Ny - Ny, 9™(8). (2.8)

Suppose now that log% < ajp-ap_1. Then P*(5;) > (2a1...a,_1)">. Since j +2 < N, +1 < 2N, we
have
ki <2N,--- N, <22 aq .. o 1) Ny - - - Ny o0 (8:).
By (2.4),
ki < 2Ny Ny, <22+ ayg—1) M Ny - Ny 9 (6).

Combining this with (2.7) and (2.8), we see that for each i, the inequality
ki < Ca(an - amy—1) "Ny Ny, b (6;)

is valid with Cy = max{C},2**!}. Here we use the conditions A\, — A > o for k € {n — 1,n}.

The covering Uf\il G, intersects all basic intervals of E,,, so Zf\il ki > Ny --- N,,. This gives

M
CxM (o ang1)” £ 3 W3 (3). (2.9)

By Lemma 2.1, the left hand side here is as big as we want for small enough e. By (2.3), u.(K,9*) — oo as
€ — 0, which is our claim.

It remains to consider the case of infinite A\g. Fix any A. We repeat the previous arguments with minor
modifications. Here, 7 is given by the condition A, > 2\ for n > 7. In the same manner we get (2.9) with A

instead of ¢ and u(K,¢*) = cc. O

Remarks. 1. A set K is called dimensional if there is at least one dimension function ¢ such that

0 < u(K,p) < co. Best in [4] presented an example of a dimensionless Cantor set. The theorem above does not
mean that each sets K = K ((X‘,”)) is dimensional, because the value u(K,v°) may be 0 or co. Nevertheless, we

think that for every K of the given type, there is a function ¢ (possibly more complex in structure than *)
with a proper value of (K, ). See for instance [1] for the construction of such function for a more complicated
Cantor-type set that is not geometrically symmetric.

2. In the proof we did not use the condition (2.1).
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3. Relation to potential theory and the extension property

The value \p = 1 is critical in potential theory: by Theorem III.19 and Theorem II1.20 in [16], we have the

following simple observation.
Proposition 3.1 Assume \g = )\O(Kéa”)) #1. Then Kz(a”) is polar if and only if Ag < 1.
In the case of A\g(K) = 1, the finiteness of the logarithmic measure is sufficient for polarity.

Proposition 3.2 ([9]) If u(K,v) < oo then Cap(K) =0.

By Carleson [5] (see also [6]), we have

Proposition 3.3 The set KQ(O‘") is polar if and only if >0, ‘;‘; = 00, where A, = a1a...qp.

It is easy to give examples of both polar and non-polar Cantor sets of logarithmic dimension 1. Let K7 :=
K3 with A, =27 /n? for large n and K, := K2. Then Cap(K1) > 0, Cap(K3) =0, Ao(K1) = Ao(K>2) = 1.

Also, the example Kéa“) with ap =2 and oy, =221 n >3 (here, A, = 2"/n) shows that the inverse

implication in Propositions 3.2 is not valid.

Let K C R be a perfect compact set and I be a closed interval containing K. By F(K,I) =
{F € C>®(I) : FP)|g = 0, V¥p} we denote the ideal of flat on K functions. The Whitney space &(K)

of extendable functions consists of traces on K of C°°-functions defined on I, so it is a factor space of
C>*(I) and the restriction operator R : C*(I) — E(K) is surjective. This means that the sequence

0 — F(K,I) N (1) N E(K) — 0 is exact. If it splits, then the right inverse to R is the linear
continuous extension operator W : £(K) — C°°(I). In this case we say that K has the extension property.

By the celebrated Whitney theorem ([18]), the quotient topology of £(K) can be given by the norms

1l = |Flq +sup{l(RENHD (@) - |o = y| ™ s 2y € Koo # y,i = 0,1,...,q},

where ¢ = 0,1,..., |fl, = sup{|f@(2)| : @ € K,i < g} and RIF() = f(-) = X0_o L2 (- — ) is the g—th
Taylor remainder of f at y.

The following result was proved for the considered Cantor-type sets with N, = N.

Proposition 3.4 (/2]) If liminf o, > N, then KZ(\?") does not have the extension property. If limsupa, < N,

then K](\(,l") has the extension property.

)

Corollary 3.5 For a compact set KJ(\?” , let the limit o = lim o, exist and be not equal to N. Then K](\f")

has the extension property if and only if /\O(KI(\?")) > 1.

In general, the logarithmic dimension cannot be used for characterization of the extension property. What
is more, recently it was shown in [13] that there is no such characterization in terms of Hausdorff measures,

Hausdorff contents, their densities or related characteristics.
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On the other hand, the logarithmic dimension is quite suitable to describe the diametral dimension of

the space E(K), see Section 4 in [2] for more details. In particular,

Corollary 3.6 ([2]) If spaces of the type E(KS) are isomorphic, then the corresponding compact sets have the

same logarithmic dimension.

4. Polynomial bases for small Cantor-type sets

The Grothendieck problem of the existence of a basis in a nuclear Fréchet (NF) space was open for a long time.
In 1974 the first example of a NF space without basis was found in [15]. After this many other examples of
nuclear spaces without basis were presented, but all of them are either artificial as in [3], [17] or non-metrizable
[8]. Therefore, no natural NF space of functions without basis has been found so far. This explains the interest
to basis problem in concrete functional spaces.

Any Schauder basis in a NF space is absolute, therefore in order to construct a basis in such a space, it
is enough to present a biorthogonal system satisfying the following Dynin-Mityagin criterion ( [14]).

Let E be a nuclear Fréchet space with topology given by an increasing sequence of norms (|[-[|,)52; . Let
E’ be the topological dual space and |-|_, denote the dual norm, that is, for £ € E, [&|—4 := sup{|(f)], | flls <
1}. Suppose {e, € E,&, € E',n € N} is a biorthogonal system such that the set of functionals (£,)52, is total
over E. The last means that f =0 if &,(f) =0 for all n. Assume that for every p there exist a ¢ and a C
such that for all n

lenllp - [§nl-g < C. (4.1)
Then the system (e, &,)22 is an absolute basis in E.

Given a perfect compact set K C R and a sequence of distinct points (zx)5° C K, let ¢ = 1 and
en(z) = [[}(x — xx) for n € N. By &,(f) we denote the n—th divided difference [z1,z2,...,Zn41]f of a
function f. By the properties of divided differences, see for instance [7], the system (e,,&,)22; is biorthogonal.

If, in addition, the sequence (zx)$° is dense in K, then the functionals &,,n =0,1,..., are total over £(K).

Our claim is that the space E(K((X‘,jlg) possesses an interpolating Faber basis provided g (K((]O\‘,:L))) < 1.
Recall that a polynomial basis (P,)22, in a function space X is called a Faber basis if deg P,, = n for all n.

The task is to find a sequence (z3)5° C K'“) such that the corresponding system (en,&,)5%, satisfies (4.1).

(N)
When the sequence will be determined, set Zy; := (x3). As in Theorem 2.3, we write K instead of K ((J‘f,n%

Let us first consider the representation of numbers in mixed numerical bases. Let A,, denote the number
of intervals in F,,, so Ag =1 and A, = Ny---N,.

Lemma 4.1 Suppose that A,, < M < A,y1. Then M has a unique representation in the form M = Z?:o ki A;j
with 1 <k, <Npp1—1and 0<k; <Nj;1—1 for 0<j<n—-1

Proof Indeed, let us subtract from M the value A,, several times in succession while the result is nonnegative.
We can do this k,, times with k,, < N, ;1 — 1. For the remainder we have 0 < M — k, A,, < A,, and the same

reasoning applies to k; for j =n—-1,n—-2,...,0. O
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We compose the desired sequence (zx)5° from all left endpoints of basic intervals. Write each basic
interval as I, , = [aj n,bj n]- Let = be a left endpoint of some basic interval. Then there exists a minimal
number s (the type of x) such that = is the endpoint of some I; ,,, for every m > s. By X,, we denote all
points of the type n. Hence, X, := {0}, Xy contains N; — 1 points a; 1 = (¢ — 1)({1 + ho) for 2 < i < Ny.

Continuing in this manner, we obtain
Xo ={(i = 1)(tx + ho) + (j = 1) (b2 + h) with 1 <i < N1,2 < j < No} (4.2)

and, in general, X, = {(i1 —1)(¢1 +ho) + (io —1)(la+ 1) + -+ (in —1)({n + hy—1)}, where 1 < i; < N; for
1<j<n-1and 2<14, <N,. Wesee that X,, contains A, — A,_; points a; , with j # kN, +1 for 0 <
k<A,_1—1. Set Y, =U}_(Xj. Then #(Y,,) = A,. Here and below, #(Z) denotes the cardinality of a finite
set Z. If Z is fixed then for brevity v, s := #(I; s N Z). Also, for each x € R, by dp(z,2),k=1,2,...,#(2),
we denote the distances |z — z;, | from z to points of Z arranged in the nondecreasing order.

Let us arrange points from U7X in order, including successively points of all types in ascending
order. For points of the same type, the following procedure is used to ensure a uniform distribution of points
on K. First 1 = 0. The points from X; we arrange in their natural order: zp = (k — 1)(¢1 + hg) for
2 < k < N;. Now each I;; contains exactly one point from Z,4,. To enumerate points from X, we fix
the value 7 = 2 in (4.2) and consider ¢ = 1,2,..., N;. Then the same we do for j = 3,4,..., No. This gives
TNy +1 =l + hy = a2, Ty,42 = €1+ ho+ 02+ h1 = an, 42,2, SO TN,k is the left endpoint of the second
subinterval I; o of I} 1 for 1 <k < Njy. Next, zon, 4% = (k — 1)(¢1 + ho) + 2({2 + hq) is a2 of the third I;,
subinterval of Ij; for 1 < k < Nj, etc. Maximal possible values ¢ = Nj,j = N give the point x =1 — 4
with the index k = Ny + (No — 1)N; = As. We note that, if Ay < M < As, then for the set Z); the condition
vj2 € {0,1} is valid for each j with 1 < j < Ay, whereas v;; € {1,...,Nao} for 1 <i < A;.

We use the same lexicographic order to list points from X,, for n > 3: first fix the values i,, = 2,4,,_1 =

- = i3 = 1, and consider i1 = 1,2,..., Ny, after this enlarge i by 1, take again iy = 1,2,..., Ny, etc.
Maximal zy in X, is 1 — ¢, with k = A,. Clearly, (x,)$° is dense in K. We warn the reader that in [12] a
different, more symmetric distribution of points z; was used. Nevertheless, as in [12] and [13], the points Z,,

are distributed uniformly on K in the following sense: for each s € N and i,5 € {1,2,..., A5} we have
|Vj,s - Vi,s‘ S ]-7 (43)

so any two intervals of the same level contain the same number of points from Z,; or, perhaps, one of the
intervals contains one extra point xj, compared to another interval.

Suppose A, < M < A,41. Then M =k, A, +r, with 1 <k, < N,41—1and 0<r, <A,. There are
A, intervals of n—th level. Hence, for each j we have k,, <v;, <k, +1. Lemma 4.1 yields the representation
M = (ky Np+kp—1)Ap_1+1r,—1 with 0 <r,_y < A, _1. Therefore, ky, Np+kpn—1 < Vj 1 < ky Np+kp_1+1.
Similarly, for 0 <s<n—1 and 1 <j < A, we have

ann"'Nerl+k5n71Nn71"'N5+1+"'+ks Syj,s SannNs+1++ks+1 (44)
In the case of bounded sequence, let N, < N for all k, we have 1 <wv;,, <N and, for s <n,

Nn o 'Ns+1 § Vj.s S anerl’
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Our next objective is to associate with a given M a set (my)p_, of natural numbers which will be
used in estimations of ||eas||, and |[£ar]—q. For each @ € K we have the chain of basic intervals containing :
x€lj, Cljn1C---Clj,o=101].

Let my(z) = v = #(ZpuN1;,) and mg(x) = v, ok — Vi, o 1.k+1 for 0 <k <n-—1,s0 my(x) is the
number of zeros of ey in I, , » which do not belong to I, , | x+1. Then |ey(x)| = Hi\il di(z, Zp) with

di(z, Zp) < Ly for 1 <i<my,(x), di(x,Zp) < €p—1 for the next m,_1(x) values of i, etc. This gives

lear(@)] < £ gge). (45)

Let us find minimal possible values of (my)7_, for which (4.5) is valid for all « € K. Since k, 4, < M <
(kn + 1)A,, at least one I, contains exactly k, points from Zp;. Hence we must take m, = k,. Since
(knNy + kp—1) Aoy < M < (knNp + ky1 + 1) Ay, there is I;,—1 containing exactly kN, + kn,—1
points from Zp;. For at least of one of its subintervals I, we have #(Zy N I;,) = k. It follows that

Mp—1 = kn(Ny — 1) + kp—1. Continuing in this manner, we obtain for 0 < s <n — 1 the representation
mg = kn Nn . 'N5+2(N5+1 - ].) + R k5+1 (NS+1 - ].) + ks. (46)

Then for each x € K we have
M

e (2)| = [ [ diz. Zn) < £, (4.7)
=1

where the set (mg)}_, does not depend on z. It is easy to check that m, +---+mg = M, so €' --- {7 is a

product of M nondecreasing terms:
M

o g = H pr where p; < ps <--- < pp. (4.8)
k=1

Lemma 4.2 Suppose N,, < N for all n. Let M be as in Lemma 4.1, m,, =k, and (ms)"—y be given by (4.6).

Then for any natural numbers r,s with 2 <r <7+ s <n we have
r+s
Z Mp—j < N8+3 Mp—r+1-
j=r
Proof By Lemma 4.1, k,, > 1 and k; > 0 for 0 < j <n — 1. This gives
Nn ' Nn—l T Nn—r+2(Nn—r+l - 1) < Mp—p. (49)
Substituting the maximal possible values k; = N1 — 1 into (4.6) yields
My—r S Nn+1 : Nn et Nn—r+2(Nn—r+l - 1) (410)
We note that (4.10) is valid for r = 1 as well. By (4.10),
r+s
Z mnfj S Nn+1 : Nn e Nn7r+3[Nn7r+2(Nn7r+l - ]-) + -+ Nn7r+2 e anrfs+2(anrfs+1 - ]-)]

j=r
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Here, the sum in square brackets does not exceed N2, as is easy to check. Hence,

r+s
§ 3

My —j < NS+ Nn e Nn7r+3~
j=r

On the other hand, by (4.9), my—r41 > Ny - Np_ry3 as Ny_pqo > 2. O

Lemma 4.3 Let A, <M < A1 and p < M. Then |leum||p < CpMP ny:p-s-l Pk, where C), does not depend
on M.

Proof The i—th derivative of ep; at = is a sum of M!/(M —1)! products, where each product contains M —i

terms of the type z — ;. Hence, |\ (z)| < M Hj]\iiﬂ di(x, Zp) < M Hﬁii_ﬂ Pk, by (4.7) and (4.8). Taking

supremum over all ¢ <p and z € K we get |en]|p, < MP HQ/IZPH Pk
As for the norms ||ex]|,, by (2.1), we can repeat the reasoning from the proof of Theorem 1 in [12], see
page 354. O
We proceed to estimate the dual norms. For each z, € Zpy we have x,. € I;,, C I, n—1 C---Cl;, 0=
[0,1] and

M
leh (z)] = H |z, — ;| = H dij(zy, Znr) > pn (@) --thO(zT). (4.11)
jr =2

where mj (x,) is the number of zeros of ey; (except the point z, ) in I;, _, » which do not belong to I;,, , | k+1-
Thus, (m},(z,))}_, are natural numbers except perhaps m/ (z,) which is 0 if I; , N Zp = {z,}.

We search for maximal possible values of (mj,)p_, for which (4.11) is valid for all x, € Zj;. Since
kn <vjn <k,+1 for all j and we remove z, from consideration, m, = maxv;,, —1 < k,, = m,,. In the next
step, ml,_ = (Viy n—1—1) —m}, with v, 1 < kp Ny +kn_1+1. Hence, m),_; < (kp, —1) Nyy+kp—1 = mp_1.

Reapplying this argument yields mj < mj, for 0 < k < n and the following uniform with respect to z, bound
lehs (@) > R - hgo. (4.12)

Given any product vazl Aj with A\; >0 and ¢ < N, by (H;V:1 Aj)q we denote this product without ¢

smallest terms.

Lemma 4.4 Suppose A, < M < Ani1,1 < q < M. Then |[Ear|—g < C2M ((hyy - B -+ b)) Y, where C,,
does not depend on M .

M+1

Proof To estimate the dual ¢-th norm of £, we enumerate the points (xj); in increasing order and

denote the rearranged set by (yx)) ™. Then & (f) = [y1,--.,yar1)f. By (1) in [11], see also (2) in [12],
~1
M
arl—g < C2Y [ min ] Iway —wew| | (4.13)
k=q+1
where minimum is taken over all j with 1 < j < M 4+ 1 — ¢ and all possible chains of strict embeddings

[yja"'ayj—‘rq} c-- C [ylv"'vyM+1]~ Herea [yja"'ayj-i-q} = [ya(q+1)a"'7yb(q+1)] c [ya(q+2)7"',yb(q+2)] c...C
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[Ya(ar)s - - - Ys(an)) = Y1, - -, yars1) with a(k+1) = a(k), b(k+1) = b(k)+ 1, or a(k+1) = a(k) -1, b(k+1) =
b(k). Let the minimal product II in (4.13) be realized by [yj,,. .., Yj,+q)- We note that at least one point from
the pair y;,, y;,+q belongs to Zy;. Without loss of generality let y;, € Zas. In each embedding of [y}, ..., Yjo+q]
into larger interval [y, ...,ys] some new endpoint, let for instance y,, appears. Since y, — Yo > |Yjo — Yal,
we obtain II = Hffw:qH [Ya(k) — Uiyl > (ny:l,lk;ﬁjo |vjo — Ykl)q- The last product represent largest M — ¢
terms of |efy 1 (yjo)|- Here, |e 1 (yjo)l = l€hs (Yjo)| - 1Yo — Tar4a| with |yjo — zarga] = loyr + b > hy, since
M +1< A,41. Applying (4.12) yields the desired result. O

From now on, we assume that the sequence (N,)52; is bounded. We present a Faber basis in the space

S(K((K‘,n))) for two cases:

1) anp > N, for all n. The corresponding result is a direct generalization of Theorem 1 from [12]. Here,

Mo (K ((X‘,”)) <1 but perhaps lim,, A,, does not exist.

2) There exists lim,, A, which is smaller than 1.

Theorem 4.5 Let N, < N for all n. Suppose that for a set K((;,"L; either oy, > Ny, for all n or there exists

lim, A, < 1. Then the sequence (enr)3j_o %5 a Schauder basis in the space S(K(a"g)
Proof Given p, we need to find ¢ and C such that for all M
leallp - [€ar]—q < C. (4.14)

Let us fix any p € N and take ¢ = p(1 + N¥*3), where w = w(N) will be specified later. We can
consider only large enough M since otherwise (4.14) is valid with an appropriate choice of C. Hence, we can

assume that M is so large that we can use above lemmas. Fix M. Let A, < M < A, 41.

Let us first apply Lemma 4.4 to the case of bounded sequence (N,)22,. By (2.1), we have ¢, <
(2Nj+1 — 1)hy. Tt follows that hy > (2N)~1, for all k and [Epr|—q < C,(4N)M (HkM:q pr) "1, by (4.8). Thus

there is a constant Cy such that

learllp - [érrl—g < Co - MP (4N)M H Pr- (4.15)
k=p+1
Given p, take u such that m, + -+ +Mp_yi2 <p <My + -+ My_y41. Consider the product from (4.8) in

more detail:

S T A N R A I A
Hpk +1 +1 +1 +1 0 0

Mn Mp—u1 Mn—u Mp—u—w41 mo
Fw—1 ,
Here, My, +mp 1+ +Mny—wi1 < P332 Moy <p+NT3m, 5, by Lemma 4.2. But m, _y 42 < p.

Hence, the sum above does not exceed ¢ — 1 and interval [ppt1,...pq—1] covers

gn—u tee gn—u Tt gn—u—w-&-l e en—u—w-i—l .

Mn—u Mn—u—w+1
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Therefore, [{_) 1 pr < €7y o oy, The last product is £f with & = my_yay - op_y + - +

My — w101 ** * O—y—wt1 - 1t remains to find a constant C' such that for all M
MP (4NYMem < C.
Recall that M < A,4+1 < N A, ; therefore, the desired inequality reduces to
p log(N A,) + A, Nlog(4N) < C + k - log(1/41). (4.16)

By (4.9), my_» > Ny - Np_1+---Ny_yyo > (N)"'N, - N1+ N,_,41. For this reason,

_ [ R
Mp—rQ1 - Op—p ZN 1N1"'Nn'

Ny---N,_,.
Hence,
ut+w—1
k>N"1A E Q1 On—j
- n M
= Ny N,y

In the first case, when oy, > N,, for all n, we have k > N~1A4, w. We see that the choice w = N3 provides
(4.16).
In the second case, when lim, A, = A9 < 1, let us take n such that A\, < 1 for n > n. By(2.2),

I*Anfj

;‘17%‘: = (Ny---Np_j) *»=i >1 for large enough n and bounded j. Here, as above, k > N~'4, w and

we can take the same w. This gives (4.16) and (4.14). O
Remarks. 1. The same reasoning applies to the case when A, \, 1 so fast that the sequence

(A, — 1)log A,, is bounded.

2. We think that for the general case, the method of local interpolations, see [12] and [13], can be used to

construct topological (in general, not Faber) bases in £(K ((Kf"))), see question on page 237 in [2].
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