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Abstract: In this paper, we consider the operator of parabolic type

ou  0u
Lu= % 92 + q(x)u,

in the space L2(R?) with a greatly growing coefficient at infinity. The operator is originally defined on C§°(R?), where
C§°(R?) is the set of infinitely differentiable and compactly supported functions.

Assume that the coefficient g(x) is a continuous function in R = (—o00,00), and it can be a strongly increasing function
at infinity.

The operator L admits closure in space L2 (RZ), and the closure is also denoted by L.

In the paper, we proved the bounded invertibility of the operator L in the space LQ(RQ) and the existence of the estimate
du
ot

under certain restrictions on ¢(z) in addition to the conditions indicated above.
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Example. q(z) =e —00 <z < 00.
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1. Introduction
Consider the operator
ou 0%u

+q(z)u+ I (1.1)

of parabolic type with an unbounded coefficient, originally defined on the set C§°(R?) of smooth and compactly
supported arbitrary functions where (t,z) € R, A > 0.
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Further, we assume that the coefficient g(z) satisfies the conditions:
i) g(x) > 6 > 0 is a continuous function in R, R = (—00,00);

A a(z)
i) u= |z§31\0<1 oy <00

It is not difficult to verify that the operator L + AI admits closure in Lo(R?), and the closure is also
denoted by L + AI.

It should be noted that the question of the existence of a bounded operator (L + AI)~! for a closed
operator (L + AI) in the space Ly(R?) is equivalent to the following problem: find a unique solution u(w,t)
to an equation (L + A )u = f € La(R?) belonging to the space La(R?), i.e. u € Ly(R?) (Definition 2.10). In
this case, it is easy to see that the closed operator L + AI generates a problem without initial conditions ([17],
chapter III, Section 4).

Recently, there has been an increased interest in differential operators with unbounded coefficients [1-16].
Such operators appear in problems of quantum mechanics and stochastic heat equations [3, 6].

In contrast to the research of other authors, this paper studies the question of the separability of a
parabolic type differential operator in the Hilbert space Lo(R?) (see Definition 1.1) with a greatly growing
coefficient at infinity. Let us note that the behavior of the operator coefficient at infinity plays a significant role
here.

J. Leray has also noted in his book [9] that an important and interesting problem is the study of differential
operators in the whole space R™ (n > 1). The behavior of the operator coefficients at infinity plays a significant

role here.
In the paper, we are interested in the following items:

a) the existence of a resolvent;

b) the presence of the estimate

du
ot

for the parabolic operator with a growing coefficient, where u € D(L) is the definition domain of the operator

0%u

752 || T lla@)ully < CUILully + Jlull,) (1.2)

2

N

L, ||||2 is the norm in Lg(Rz), C > 0 is a constant number.

Definition 1.1 We will say that the parabolic operator L is separable if estimate (1.2) holds for all w € D(L).
Here is a formulation of the main results.

Theorem 1.1 Let the condition i) be fulfilled. Then there exists a continuous inverse operator (L + XNI)~1 for
A >0 defined in the space La(R?).

Theorem 1.2 Let the conditions i) - ii) be fulfilled. Then the operator L is separable.
Example. Consider the operator

ou O%u

= E - @ + 6100‘1‘ ‘U, u€E D(L),

Lu
—0<t<oo, —o0o< T <00,
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It is easy to verify that all conditions of Theorems 1.1-1.2 are satisfied.

Therefore, there exists a bounded inverse operator and the estimate
ou
ot

holds, where C > 0 is a constant number.

NED
5 Ox?

N H€100|x\ qu < O(||Lully + [Jully),
2

2. Existence of a resolvent

2.1. Auxiliary estimates and lemmas

Consider the operator

(I + ADu(z) = —u"(z) + (it + q(z) + Nu

originally defined on the set C§°(R), where 7 € (—o00,00).

It is not difficult to verify that the operator [, + Al admits closure in Lo(R?) and the closure is also
denoted by . + AI.

Lemma 2.1 Let the condition i) be fulfilled. Then the following estimates
[+ ADully = (0 + ) [lully
1(Lr + ADully = |7l flully, 7 # 0
hold for A >0 and for all uw € D(l;).
Proof Let u € C§°(R). Then the equality

< (lr + N)u,u >= /(—u”(x) + (it + g(z) + Nu)udz = / |u/ (x)|?dx + /(zr +q(x) + A\)|u|*dx
R

R R

holds, where < -,- > is scalar product in Ls(R) .

Hence, we have

<+ ADu > 2 [ WP+ (o) + lufdz, (2.1)
R

| < (Ir + MX)u,u> | > \/iT\u|2dx|, for T#0. (2.2)
R

From these inequalities, we obtain that

[+ ADully = (0 + ) [lull; (2.3)
[l + AD)ully = |7] - [lull, - (2.4)
From inequalities (2.3) and (2.4), we obtain the proof of Lemma 2.1. O
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Take the collection of non-negative functions {¢;} from C§°(R), such that

Zg@?(m)zl, suppp; C A, UAjZR,
J J

where A; = (j—1,5+1), j € Z [13, 14].
Let us extend ¢(z) from A; to the whole R. So that its continuation g;(x) is a bounded and periodic
function of the same period.

We denote by (I ; + AI) the closure of the operator
(lrj + Mu = —u"(z) + (it + ¢;(z) + Nu
defined in C§°(R).
Lemma 2.2 Let the condition i) be fulfilled. Then the following estimates

175+ AD)ully = (6 +A) [lull, (2.5)

[z + ADully = [7] - flully, 7 # 0 (2.6)
hold for A > 0 and any u € D(l;), and for all T € R\ {0}.

Proof Repeating the computations and arguments used in the proof of Lemma 2.1, we obtain the proof of
Lemma 2.2. O

Lemma 2.3 The operator I, ; + Al is continuously invertible in the space Lo(R) for A > 0.

Proof The inequality (2.6) implies that there exists a bounded operator (I.; + AI)~! on R(l;; + AI) and
H(ZTJ + )‘I)_1H2a2
it is sufficient to prove that the range of values R(l, ; + AI) of the operator I, ; + Al coincides with Lo(R).

— 0 for |7| — oo. From this and the inequality (2.5), it follows that to prove Lemma 2.3,

Assume on the contrary that R(l,; + AI) does not coincide with the space La(R). Then there exists an
element ¥ € La(R), ¥ # 0 such that the equality

< (lr; + AXu,9 >=0

holds for any u € D(l; ;).
Hence, we get
(Lrj + M) = =0" + (=it + gj(x) + A)I =0 (2.7)

in the sense of distributions. It is easy to verify that, due to the boundedness g;(x), we have g;(x)0 € La(R).
This and the equality (2.7) imply that ¥ € Ly(R) for a finite 7. Taking this into account and repeating the

computations and arguments used in Lemma 2.1, it is easy to obtain the estimate
(5 +AD 0y = C [,

where C' > 0 is a constant number.
Since (I ; + AI)*¥ = 0, then the last inequality implies ¢ = 0. Lemma 2.3 is proved. O
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Lemma 2.4 The following estimates

@) [|(rg + 2D ,p < iy s

b) || ey +AD) T, < (6+0)7F

hold for the operator (1 ; + A )~!

Proof The proof of item a) of Lemma 2.4 follows from estimate (2.5). Item b) of Lemma 2.4 is proved by

transforming the functional < (I ; + AI)u, v > and using the computations used in the proof of Lemma 2.1. O
Assume
Eaf =Y ¢ille; + A (95f), (2.8)
{5}
where f € Ly(R).

Let us make sure by direct computation that
(Ir + AD)Knf = f — B\ [, (2.9)

where By f = {Z_}so}/(lm- + AN (@i f) +2 {Z} @t (lrj + A (@5 1)
J J

Lemma 2.5 Let the condition i) be fulfilled. Then there exists a number Ao > 0 for the operator By such that

|Ballyy < 1, for all X > ).

Proof Let f e C§°(R). Now, taking into account that only the functions ¢;_1, ¢;, ¢;j41 are nonzero on the

interval Aj(j € Z), we obtain

d
IBaf1E = [ 13 ety + A0 oaf 42D s+ AP <

{5}
oo Jj+1 d
Do 1D e+ AD T ok f + 20— (b + AD) o fPd.

—_ k=i—1
J=—00R, J

From this and using the obvious inequality (a + b+ ¢)? < 3(a? + b* + ¢?) , as well as the results of Lemma 2.4,

we find
1 1

(60 + A)2 * (0 + A)]

IBAfIl < Col 15

where Cp = 72sugmax{\\<p;|| e 113} -
JjE

The last inequality implies that there exists a number Ag > 0 such that [[By|,_,, < 1 for A > Xg.

Lemma 2.5 is proved. O

Lemma 2.6 Let the condition i) be fulfilled. Then the operator 1. + Al is boundedly invertible for X > Ao > 0,
and the equality

(I + AX)7' = K\ (I — By) ™!

holds for the inverse operator (I, + A\I)~1
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Proof Using representation (2.9) and Lemmas 2.1, 2.2, and 2.5, we obtain the proof of Lemma 2.6. O

Lemma 2.7 Let the condition i) be fulfilled. Then the operator . + A is boundedly invertible in the space
Ly(R) for all X>0.

The proof of Lemma 2.7 follows from Lemmas 2.1, 2.6 and the following lemma.

Lemma 2.8 [2/. Let the operator . + Aol (Ao > 0) be boundedly invertible in Lo(R) and the estimate
|(lr + X)ull, > C |lully be fulfilled for X € [0,Xo], v € D(l;) . Then the operator I, : Lo(R) — La(R) is also

boundedly invertible.

2.2. Proof of Theorem 1.1

First, we prove the following lemma.

Lemma 2.9 Let the condition i) be fulfilled and X\ > 0 . Then the inequality
(L + ADully = (6 + M) [lull, (2.10)

holds for any uw € D(L+ XI).

Proof Since the operator L has the real-valued coefficient, it is sufficient to prove the estimate (2.10) for
real-valued functions. Let u € C§°(R?) be a real-valued function.

Consider the following scalar product

< (L+ XN)u,u >= %udwdt + /(|u’\2 + (q(x) 4+ ) |u|?)dzdt. (2.11)

R? R?

It is easy to verify that
0
/ a—?udmdt =0.
R‘Z
Hence, using the equality (2.11), the Cauchy-Bunyakovsky inequality and condition ), we find

L+ ADully = (8 4+ A) [lull, -

Since the operator is closable, then the last estimate also holds for all w € D(L + AI). Lemma 2.9 is proved. O

Now, let us prove the existence of the operator (L + \I)~1.

Definition 2.10 The function u € Ly(R?) is called a solution of the equation (L + N )u = f if there exists a
sequence {u,}2; C C§°(R?) such that

lun —ully =0, [[(L+A)u, — fll; =0, as n — oo.
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Hence, it is clear that the inverse operator (L+AI)~! coincides with the closure of the operator (L+\I)~!
in Ly(R?), defined on C§°(R?).

Consider the equation

ou O%u

q(z)u+ = f € C5°(R?). (2.12)

Applying the Fourier transform to the equation (2.12) with respect to t, we obtain the following equation

(I + X)u = =" (1,2) + (—iT + q(x) + N)u = f(7, ), (2.13)

where u(7,z), f(7,z) are the Fourier transform of functions w(t,z) and f(t,x) with respect to the variable ¢.
Further, we denote the Fourier transform by F;_,, and the Fourier inverse formula by F_*,.

Hence, it is easy to see that the problem of solving equation (2.12) turns into the problem of solving of

the equation (2.13). Therefore, according to Lemma 2.6, we have:

U= (I, +X)f = Kx(I—-B\'J.

-1

Now, using the inverse operator F,_, , we find

u(t,z) = F 2t a=FL (I + A f.

T T—t

Due to the continuity of the operator (I, + AI)~! and the Fourier transform, the last equality holds for
all f(t,z) € La(R?). The uniqueness follows from Lemma 2.9. Theorem 1.1 is proved.

3. Separability of operator

In this section, we prove a number of lemmas and estimates that reduce the separability of the operator L + Al

with unbounded coefficients to the case of an operator with periodic coefficients.
Lemma 3.1 Let the conditions i)- ii) be fulfilled. Then the estimates

<1 (3.1)

H'T‘ (- + )\I)_1”2%2 =45

<1 (3.2)

H(lm‘ + )\I)_1H2%2 = gz + A

hold, where g(z;) = min g(z).
QTEA]‘
Proof The proof of the estimate (3.1) follows from the inequality (2.4).
Let us prove the inequality (3.2). From the inequality (2.1) and using the Cauchy-Bunyakovsky inequality,

we obtain

(L + AD)ully - flull; > /(qj(x) +N)[ul*da.
R
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Hence,

where ¢;(z;) = min g¢;(z).
TEA;

Since g¢j(x) = ¢(z) on the segment A; then ¢(z;) = min g(x). Therefore, the last inequality implies
TEA

j
that
[(lr; + D)y = (a(z5) + A) [Jully -

The last inequality proves the estimate (3.2). Lemma 3.1 is proved. O

Lemma 3.2 Let the conditions i)- ii) be fulfilled and X\ > 0 be a number such that ||Bx||y_,, < 1. Then the

following estimates

|g(x)(lr + A1)~ <9-C(\) Sap la(@)e;(ir + MDY [5,, (3.3)

'l
22

lq(x) (1 + M)~ <0< (3.4)

1”2%2

hold, where C(X) depends only on A, C =9-C(X) - p, the number p is from the condition 7).

Proof Lemma 2.6 implies that to prove the boundedness of the operator q(z)(l, + A)~!, it suffices to
prove the boundedness of the operator q(x)Ky(I — By)~!. Therefore, we will study the norm of the operator
q(x)K\(I = By)~*

Let f € Lo(R). Then, using Lemma 2.6 and the equality (2.8), we have

HfJ(fﬂ)(lrJrM)*lfH;: q(z) Y @il + Ao (1= BT | <
{7} 2
41
<3 / |2 dlaleslin + A1 = By P

{5}

It is easy to make sure that only ¢;_1, ¢;, ¢j+1 # 0 on the segment A; = [j — 1,5 + 1]. Taking this into
account and using the inequality (a + b+ ¢)? < 3(a? + b? + ¢?), we find

e +an <3 [ Syl + M) 1 = B P <

{7}
Jj+1
<3 Z/ 37 0@l + M) op(I = Ba) " f2dz <93 al)ps(lny + M)~ Vps (1 — By) " f <
{J}A k=j—1 {7}

<9'S{Q§)’|Q(x)@j(lr,j+)‘I)_1H§_>2'/ D @)1 =By) fPde <9- s{uqu )i (lrg + A5,
/ < )
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=Bt < 9.0 sup la(@); ey + XD 5 1£13
J

where C(X\) = ||(1 — B,\)*IHZ_Q. Here we used the fact that ) % =
4}
Hence:
a(2) (1 +AD) 72| < 9- () iy lg(@)0;(Lrg + AD 7Y - 1IF13 -
j

From the last inequality, according to the definition of the operator norm, we obtain the proof of the
inequality (3.3) of Lemma 3.2.
Further, according to Lemma 3.1 and the inequality (3.3), we obtain

max |q(z)g;|

TEA;

L+ D75, <O (g + Ao, <90 <
Hq(x)( + ) ||2_>2 — ( )Si{l;? ||q(‘r)<pj( sJ + ) H2_>2 — ( ) q(xj) 4 A —
<9C(\) sup i) <9C(N)u < oo.
|lz—t|<2 q(t)
Lemma 3.2 is proved. 0O
Lemma 3.3 Let the conditions i)- i) be fulfilled. Then the estimate
[u” (@)l + llirully + llg(z)ully, < CA) |- + AD)ull,
holds, where C(X) > 0 is a number independent of u(z).
Proof From inequality (2.4) we obtain that
lirully < ||(ir + ADully, —oo0 < T < 0. (3.5)
Further, using Lemma 3.2, we find
la(@)ully < C Il + A)ully (3.6)
where C' > 0 is a constant.
Now, the inequalities (3.5), (3.6), and (2.3) imply that
[u" (@) ]|y = [1(Ir + A)u — iTu — g(z)u — Aull, <
<+ ADully + lliully + llg(@)ully + Alully < CA) (15 + A)ull, (3.7)
where C'(X) > 0 is a number independent of u(x).
From the last estimates (3.5), (3.6), and (3.7), we obtain
I=u" (@)l + lliTully + lg(z)ully, < CA) (- + ADull, -
The last inequality proves Lemma 3.3. O
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3.1. Proof of Theorem 1.2
According to Theorem 1.1, we have that the inverse operator (L + AI)~! has the form

u(t,x) = (L+ )7 = F (0 + M) f(na), f € La(R?). (38)
Taking the equality (3.8) into account, we obtain that

au_ B(L—i—/\I) 1

0 -1 “lr_ —17 itT _
ot ot atFHt(lT+/\I) f 3t\/ﬂ/ (lr + )" f(7,2)e"Tdr =

\/ﬂ/ DT (7 )e T dr = F i (L + D)7 ().

Since the operator F__ Ht is a unitary operator, the last inequality implies that
’ oul|?

oty /OO </OO 717 + A1)~ f(r, @) [Pde)dr = /oo |t “”‘lﬂﬂ””)'szT =

—00 — 00 — 00

S ~ 2
< [ 7+ A0 5, - Hf(T, x)|”2 dr.

Hence, taking the unitarity of the Fourier transform operator in the space Lo(R)into account, we find

ou||? 112 = 2 12 <[ =
‘(% < sup ||7 (I, + AT) IHH./ Hf(m)” dr < sup ||7 (i, + AI) 1||M./ (/ \f(r,2)2da)dr <
2 TER —o0 2 TER —00 J—o0
12
< sup (- + AN fg - (525
TER
It follows from this and the estimate (3.1) that
ou 2 < —1112 2 2
Bl < sup (e, + A2y 1) 1B < 50,
2 TER
ie.
0
%] <tz + A, 59)
at ||

where (L + A)u=f.
Repeating the computations and arguments used in the proof of the estimate (3.9) and using Lemma 3.2,

we obtain
o ~ 2
faonl < [ a3 Fero) ar < g o)t + A7 D0 < O 10l

Hence
lg(z)ully < C (L + AL)ull,, (3.10)

where (L + A)u=f.

2208
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Using the estimate (3.8) and the properties of the Fourier transform, we find

Ju ||3</oo Hdzﬂ wan- |7 ar < sup |5t + A0 Lo,
2= o |lda? T 9o e T Ler||da? T 99 Nz
From this and inequality (3.7) we have
[uzally < COA) - (1F (2]
ie.
[tazlly < CA) - I(L 4+ ADull, . (3.11)

The inequalities (3.9) - (3.11) imply that the estimate

+ lg(@)ully < CI(L+ Al)ull,

Hau
2

at

o
9 Ox?

holds for any u(z) € D(L). Theorem 1.2 is proved.
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