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Abstract: In this paper, a second-order mock theta function Ds5(g) given by Hikami [11] is studied. By using basic
hypergeometric transformation formulae, we attain some new representations of Hikami’s mock theta function ©s(q).

Meanwhile, dual nature of bilateral series associated to mock theta function D5(q) is also discussed.
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1. Introduction
Throughout this paper, we assume that |¢| < 1 and adopt the standard notations [7]. Let N be the set of
natural number with Ng = N{J{0}. For an indeterminate a, g-shifted factorial of order n € Ny is defined by

(a;q)o :=1,
(a;@Q)n:=1—-a)(l—aq)---(1— aq”_l),n €N,
and
(—g/a)"q%)
(¢/a;q)n

For conveniences, we adopt the following compact notation for multiple g-shifted factorials:

(a;q)—n = ,n €N,

(a/17 a2, " 5 am; Q)n = (al; Q)n(aQ; Q)n T (am; Q)n7
where n is an integer or oo.
Basic hypergeometric series ( g-series) is called g-analogue of hypergeometric series. For some studies on various
results of g-series and hypergeometric series, readers can refer to [1, 2, 6, 14, 15, 19, 21, 22].
The unilateral basic hypergeometric series ,; is defined by

ay, ag, --- Qy — (ar,a,--- ,a; Q)n n_(%) e o
3 Pl 9 ; ’Z — ) ) ) ) _1 2 } Z ,
T<p8|: b17 b27 Tty bs ¢ :| 7;) (q,bl,"' 7bs;q)n |:( ) 1

where ¢ #0 when 7 > s+ 1.
The bilateral basic hypergeometric series is given by

ai, -+ ,Qp st (a17--- 7ar;Q)n (S*’[‘)TL (s—r)(n) n
rPs 74, = (-1 2 .
(4 { by, by qz] Z (bh...,bs;q)n( ) ¢ z

n=—oo
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In his letter to Hardy, Ramanujan listed 17 functions which he called mock theta functions. He defined each
mock theta function as a ¢-series in Eulerian form and divided them into four classes: one class of third order,
two of fifth order, and one of seventh order. However, he did not explain what he meant by the order of the
mock theta functions. Ramanujan did not give explicit definition for mock theta functions. Nobody knows what
Ramanujan had in his mind when he mentioned the "order” of the mock theta functions. Later, Ramanujan’s
statements were interpreted by Andrews and Hickerson [3] to mean a function f(¢q) defined by a g-series which
converges for |g| < 1 and satisfies the following two conditions:

(1) For every root of unity &, there is a theta function 6¢(q) such that the difference f(q) — 6¢(g) is bounded
as ¢ — & radially.

(2) There is no single theta function which works for all £; i.e. for every theta function 6(q) there is some root
of unity ¢ for which f(q) — 0¢(g) is unbounded as ¢ — ¢ radially.

A similar definition was given by Gordon and McIntosh (cf. [8]). For second-order mock theta functions,
MclIntosh considered three second-order mock theta functions and gave transformation formulas for them [16].
For more details on other mock theta functions, one may refer to [8, 10, 23]. In his work on mathematical

physics and the quantum invariant of a three manifold, Hikami [11, 12] came across the g-series

D5(g) = i (=4 )nq" (L.1)

(G nt

and proved this function is indeed a mock theta function and called it of “2nd” order. This g¢-series can be

rewritten as
030 = g L 12

And he further showed that

Ds(q) = 2h1(q) — (—4:0)3w(9); (1.3)
where w(q) denotes the third-order mock theta function defined by (cf. [23]):
vl =Y A
= (@0°)74
and hj(¢q) denotes the second-order mock theta function defined by (cf. [8]):

712 1 — g2ntl

Z q" q q o J2 o= (—1)"gn ()
n=0 %9 n=0

JQ Sl (_1)nqn(n+2)
-5 ZOO Sl (1.4)

Let Z be the set of integer number and recall that the Appell-Lerch sums [10] are defined by

(8
mo g, = o 3 (15)

. _ r—1
j(z;q TEZl q"lxz
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where

. q n (5).n
3(za) = (2L g g = D (<1)"glE) 2, (L6)
nez
Let a and m be integers with m € N. Define

Jam = 7(q%q™),

Im = m,3m — H(l - qmi)‘

i>1
Let C be the set of complex number with C* = C — {0}.
In the sequel, we will use the following properties of the Appell-Lerch sums [10, 18, 24]:
m(x,q,z) = m(x,q,q2), (1.7)

J3 - . - .
(s g, 20) — (e, g, 20) = o2k 11205 Dilamoia)
J(20;0)7 (215 0)j (2205 ¢)§ (7215 q)

(1.9)

for generic z, zg, 21 € C*. In this paper, we shall make use of the following definition of Hecke-type double sums
[10].
Definition 1.1 (¢f. [10]) Let x,y € C* and define sg(r) :=1 for r >0 and sg(r) :== —1 for r < 0. Then

fa’b’c(agy’q) c = Z Sg(r)(_1)r+s$rysqa(g)+brs+c(§)
sg(r)=sg(s)

Z . Z (71)r+sx7‘ysqa(;)+b7“8+0(§)7

r,s>0  7,5<0
which is an indefinite theta series when ac < b*>. Here, we assume a,c > 0.

Jackson’s transformation of 591 and 3p9 series [7, Eq. (IIL.5)], Heine’s first transformation of 27 series

([7, Eq. (IIL.1)]) and transformation formula [7, E.x. 3.4] are restated respectively as follows:

a, b . _(Lzz%(Z)oo a, %, 0
21 c 345 - (bf,q)oo 3p2 ¢ cqg 79,9

’ bz
(avbzv %;CI)OO z, %z 0
-~ o'/ ’ c . . 110
+ (C,Z,é;q)oo 302 bZ, bz?q ;4,4 ( )
a, b (b,a2;9) o c/b, =z
’ ; = ’ 1q, bl . 1.11
21 [ c ,q,z} (6 2:0) o 21 az 34, ( )
and
> Q) mn b2: g2 m
§ 2 (a707Q) + ( 34 ) : (_Z)mzn
=0 = (@ O (@ O (5 @mesn (05 O
_ a, aqg, C, cq L2 2
= 4¥3 |: d, dq, qb2 g2 :| ) ‘Z| <L (112>
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The following bilateral sum plays an essential role in constructing bilateral series for the mock theta function.

Now, we state it as a lemma.

Lemma 1.2 ([18, Proposition 2.7]). For a,b# 0,

o0 o0

afnflbfnqn2 .
2 ( = > (-ag;@)n(=b;q)ni1q""

2 n1 (= @)n

n=—oo n=—oo

(—ag;q9)0j(=bsq) a
b(45 @)oo(—E5 @)oo m b)-

1.1
L (1.13)

In addition to the above notations, we also need the following bilateral series of mock theta function defined by

o0

B(M;q):= Y c(n;q),

n=-—oo

where M(q) := Z ¢(n; q) is a mock theta function and the tail of the bilateral series B(M;q) is

n=0

—1

> c(n;q) = D(M;q).

n—=—oo

In this paper, we first make the replacement n — —n in D(M, q) to obtain the new g-hypergeometric series in
terms of Appell-Lerch sums. These g-series are referred to as duals of the second type [18]. Then, by using the
substitution ¢ — ¢~! and the heuristic [10, 18]

mlz,q,2) ~ Y (~1)7a"q (5

=0

in D(M, q), where ”~” means up to the addition of a theta function, we attempt to attain the dual in terms of
partial theta functions defined by Hickerson and Mortenson of dual of the second type in terms of Appell-Lerch
sums of such bilateral series associated to mock theta function D5(q). However, it is regretted that we find it
does not exist.

Recently, mock theta functions were studied by Hickerson and Mortenson [10]. They gave representations
of mock theta functions in terms of Appell-Lerch sums. Choi [5] and Mc Laughlin[17] used bilateral basic
hypergeometric series to estabish some mock theta function identities. Chen [4], Hu et al. [13] gave the Appell-
Lerch sums representations of the bilateral series associated to mock theta functions, and studied their dual
nature. Motivated by the abovementioned results, we study new representations of the second-order mock theta
function ©5(¢g) and the dual nature of the bilateral series associated to it in this paper.

This paper is organized as follows. In Section 2, we mainly make use of basic hypergeometric transfor-
mation formulae to obtain some new representations concerning Hikami’s second mock theta function D5(q).

Finally, we close this paper with dual nature of bilateral series associated to Ds5(q).
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2. Main results and proofs

In this section, we mainly use the mentioned results in the previous section to give some new representations

for the second-order mock theta function D5(¢q) and discuss the dual nature of the bilateral series associated to

Ds(q)-

In Theorem 2.1 below, ©5(q) is expressed as the linear sum of the second-order mock theta function

B(gq) and the third-order mock theta function v(q).

Theorem 2.1 The following identity holds true:
Va®s(q) = B(Va) — ﬁl’(_\/@a (2.1)
i

x L2 n et n(n+1)
where B(q) = Z Caa)nd" and v(q) = Z are the second-order and third-order mock theta
= (0% H)n+1

functions (cf. [8, 10]), respectively.

n:O

1 3
2

Proof Taking a =¢q,b=—q2,c=q2,z= q% in (1.10), we gain that

i (—¢>;q)ng® _ 1 i (—¢: @)nd"
= (4% 1+q72 = (@%6%)n
(6% %) oo (=45 @) o (q% Q)nq

(1+q7)(¢3 4o (423 @)oo = (4%4%)n
Multiplying both sides of the above identity by %_q, we achieve that

1 (-
=P

n=0 yd)n n=0

1 7L o0

+ T

(%1 )oo(G Do = (¢250)ng"
(1+¢2)(4:6%) (q2 q)oo,;J (¢%6%)n

Through certain simplifications, we have that

n

o0 n

i(WiQ: ;i (q 7*)oo(— q;q)ooz(q%;q)nq.

1 .
= (@2 0nn 4 ¢ )n+1 (q;q )oo (@75 @)0e = (€*30%)n

Making the substitution ¢ — ¢, we obtain that

— ()" = (E P | (050 oo (0600 o= (@5 ) d®"
nz:% (@ ¢*)n+1 ,; @D (@0 P nz:% (¢*q*)n
B(q) = ¢95(¢°) + N Z(q;qz)"q%. (2.2)

J1Jo 0 (g% 9*)n
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Replacing ¢, a,b, ¢,z by ¢%,¢,0,—q¢% ¢* in (1.11), respectively, we attain that

f: ,2)nq (2% 4% o
2 2. 2
n=0

@) (%P = (6 P)n

qn2+n

_ q q . Z n +n
n+1
(4 4%) o
- (q4;q4)my(_q)
J1
Combining (2.2) with (2.3), we derive that
J2
495(¢*) = Bla) = 3v(=0)-
3
Making the substitution ¢ — ¢'/2, we have that
J3

Va®s(q) = B(Vq) — JTQV(—\/(?)

This completes the proof of the identity (2.1). O

Remark: Making use of the results of the previously mentioned and hq(q?) = %(ZB(*‘]) ([8, P. 136]), the

identity (2.1) can be reduced to v(q) + qw(q¢?) = j—% ([23, P. 71)).
2

In Theorem 2.2 below, we give three different representations of D5(q).

Theorem 2.2 Fach of the following identities holds true:

1 J?
fDE)(q) = —;m(l, q2a q3/2) + q% (m(qa q67q3/2) + m(q7q67q9/2)) (24)
1
J3 Joj(a; ¢* J3 j(—q:q%)?
= Jj (m(q,4% ¢*) + m(q.¢°, q*)) — Q(J(J%)m(l,(f,—l) + 4;]12((]2) (2.5)
J2 J2i(q; ¢?
= L (g, ¢°, ) + m(g,a,qh) — ZXED 1 2 g). (2.6)
J3 qJ;

Proof Plugging the identity of the second-order mock theta function B(q) in terms of the Appell-Lerch sums
([10, Eq. (4.2)])

B(Q) = 7(]717’)1(1, q4a qg)v

and the identity of the second-order mock theta function v(g) in terms of the Appell-Lerch sums ([10, Eq.

(4.9)])

v(g) = ¢ 'm(¢® q"% —¢*) + ¢ 'm(d®, ¢'*, —¢°),

into (2.1), we get that
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1 1 1 J2
2D5(q) = —q 2m(1,¢%, ¢*%) + ¢ 2722 (m(q,QG,q3/2)+m(q,q6,q9/2)).
1

Multiplying both sides by q_Tl , we obtain our desired result

1 J2
@5((]) = _7m(17 q27 q3/2) + % (m(q7q67q3/2) + m(q7q67q9/2)) .
q qJi

This completes the proof of the identity (2.4).
Recall that two identities obtained by Mortenson: [18, Eq. (4.15)]

S q
> > (—ag, - )n
n=0

j(—ag; ¢%)  laj(ag; ¢*)*i(a®; q*)

2 2 2
= —qg(— -1 2.7
qg( aq, q )+a J2 m(a 4 ) 92 ij(a4;q4) ( )
and [18, Eq. (4.16)]
- q
> M (—ag, =547
a
n=0
B oy, J(=agd®) o oo
= —a9(~aq,q") + a=—7==—m(a%, ¢, —a""q), (2.8)
0 n(n+1)
q
where g(z,q) = .
ik ,;) (T3 Dnt1 (L5 Dnta
By using (1.7), (1.8) and g(z,q) = —z ' m(¢®z73,¢%,2%) — 27 2m(qz3,¢%,22) (cf. [9]), the identities
(2.5) and (2.6) follow from (2.7) and (2.8) with a = —1, respectively. O

Using (2.4) and the known results, we easily deduce the following result stated by Corollary 2.3 below.

Corollary 2.3 The following theta identity holds true:

?J1 12 a5 :JfJ4,12
Jsa2d212  Jea2diiz qJ3TY,

Proof In terms of (1.4) and the definition of the Appell-Lerch sums, we have that
mia) = —5om(Ld )
1 2(] ) ) .

Since ([10, Eq. (4.8)])

w(q) = —q¢ 'm(q.¢%, ¢*) — a7 'm(q, 4%, ¢*), (2.9)
then by (1.3) we get that
2 3 J22 6 2 6 4
495(q) = =m(1,¢",4") + 75 (mle,¢",¢°) + m(a,4°,q")) - (2.10)
1
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Combining (2.4) with (2.10) and after some simplifications, we derive that

m(L,¢% ¢*?) —m(1,¢% ¢°)

J3
T

(m(q, ¢®,¢**) +m(q, 4%, ¢*?) — m(q,q° ¢*) — m(q, ¢, q4)) :

Making the substitution ¢ — ¢2, we derive that

m(1,q* ¢*) —m(1,q* ¢°)

J2
= 742 (m(q2a q127 q3) + m(qza q127 q9) - m(q27 q12, q4) - m(q27 q127 q8)) :
3
By (1.9) and after some simplifications, we obtain Corollary 2.3. This completes the proof. O

In addition, the second-order mock theta function ©5(q) can also be expressed in terms of the Hecke-type

double sums as follows.
Theorem 2.4 The representation of Ds5(q) in terms of the Hecke-type double sums is as follows:
J:
Ds(q) = jzf3,2,1(q6,q3,112)-
i

Proof Recall that [18, Eq. (4.17)]:

oo 6 3 2
q qf3,2,1(¢°, —agq’, q

> *" T (—agq, = ¢%)n = ( A )

n=0

Taking a = —1, we get that

> 6 .3 2
qf32.1(¢° %, q%)
> " @) = T

. .
n=0 J2
Multiplying both sides of the above identity by —=— and after some simplifications, we derive that
plying (:0*)%
1 - 2n 22 Jo 6 3 2
g 2 C(Ga)n = 75 f20(0, 0% 00).
(¢:42)% nz:% tgE
This completes the proof. O

It is all known that the basic hypergeometric series is a basic tool to study mock theta functions. Making use

of certain transformation formula, we can derive the following result as follows.

Theorem 2.5 The following representation of ®5(q) in terms of q-hypergeometric double sums holds true:

J2 oo oo

.2
@5((]) _ jj Z Z(il)mqm+mn+n (Q7q )m (211)

(@& D)m(@% Qman

m=0n=0
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Proof Taking a=c=¢,b=q2,d=0,z=gq in (1.12), we get that

2 2n _ Q7 m+n qv )m( 1)mqm+n
Z (@) Z Z )3(a Dn '

m=0n=0 74

Multiplying both sides of the above identity by W and after certain simplifications, we obtain that

2 2 _ q q m+n(q ) ( )mqurn
@GP Z GO)ng" = Z Z (@902 (@ O)n
OO n=0 m=0n=0 ’
m—+1 m—+1
Zq, - 2<p1[q ’ qo ;q,q}
By using (1.11) in the above identity, we obtain that
2 2n J22 = 2 m = q(m+1)n
CTER Z 49 =2 (6:6)m(—9) Z =S
)% Ji = (4 @)m -
J2 oo oo

= 7? Z Z(_l)mqm+mn+n . (q;q2.)m

(Q7 Q)m(q2a q)m-i-n .

Thus, we obtain our desired result (2.11).

oo

O

The bilateral series B(®s5;¢q) = W Z (¢;¢*)%¢*" was studied by Srivastava [20]. He derived a

n=—oo

bilateral representation of Ds;¢) and established a relationship between B(®j5;q) and the third-order mock

theta function B(w;q). Motivated by these developments, we study the bilateral series of D5(q) again.

First,

we attain the following new representation of B(®s;¢) in terms of the Appell-Lerch sums by using the identity

(1.13).
Theorem 2.6 The following representation of B(Ds;q) in terms of the Appell-Lerch sums holds true:

1
B(®57 Q) = _am(17q27 q))

oo

where B(Ds;q) = m Z (¢:°)ad™"

n=—oo

Proof Making the substitution ¢ — ¢2 in (1.13), we get that

= (—ag* ¢*)i(—b;q*) ,a ,
(—aq®; @*)n(=b; ¢*) 1> ? = : m(—.,q*, —b).
n;m b(6%¢®) oo (—%:1¢%)0e 0

Taking a = b= —¢~ !, we attain that

oo

_ (0% oci(a %) s 1
(1-q¢He* (4:4°)24™" = m(L,¢% q ).
2. " =47 14% ¢*) oo (435 ¢%) 0o )

n=—oo
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By using (1.7) and after some simplifications, we derive that
oo o2
J(g; 4%) 2
(:¢)5¢"" = ———5—5—m(1,¢% q).
2 " (4% ¢*)oo

n=—oo

Multiplying both sides of the last equation by W and after certain simplifications, we get our desired result.

This completes the proof. O

Corollary 2.7 The following identity of the Appell-Lerch sums holds true:

o v S5 o g4 913
m(1, 4% q) = —57=mld”, ¢, ). (2.13)
1Y4
Proof Recall [13, Eq. (42)]
1J
B(w;q) = - 1’4m(q27q47Q)7 (214)
q Ja

and the bilateral third-order mock theta function B(w;q) [20, Eq. (3.5)]:

(4:4%)%B(D539) = B(w;q)- (2.15)
Plugging (2.14) into (2.15), we get that
J2J1 4
B o) = 2290 2 44 2.16
(957Q) qJ12J4m(q yd 7Q) ( )

Combining (2.12) with (2.16) and after certain simplifications, we derive our desired result (2.13). This completes

the proof. O

Finally, we close this paper with the dual nature of the bilateral series associated to mock theta function

Ds(q)-

Theorem 2.8 For the second-order mock theta function Ds5(q) , the dual of the second type in terms of
Appell-Lerch sums of such mock theta function is the following,

1 oo q2n(n+1) J22( ( 6 2) ( 6 4)) ( )
D(Ds;q) = =——= (m(q,¢",¢") +m(q,q",q%)) - 2.17
(G:¢0)% = (6% aJf
Proof
1 -1
D(D5;q) = W Z (Q§q2)iq2n
1 asd q2n272n

(:0*)3% = (@ a7

1 > q2n(n+l)

(0% = (@:6%)7 14
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Using (2.9), we obtain that
J2

D(®s;q) = *q% (m(a,q%, ¢®) +mlq.¢° q")) .
1

This completes the proof. O
Remark: By using the substitution ¢ — ¢~! in D(x, q) of the dual of the second type for the second-order mock

theta function D5(q) and after computing, we find the associated Eulerian series is not absolutely convergent

for |¢| < 1, so its dual does not exist.

3. Conclusion

This paper is motivated essentially by some representations of Hikami’s mock theta functions. In our present
investigation, we have established some new presentations of Hikami’s mock theta function ©5(q). Meanwhile,
we have also obtained a new representation of B(®5;¢q) in terms of the Appell-Lerch sums, and further discussed
the dual of the bilateral series associated to the second-order mock theta function B(Ds;q). Finally, we have
found that the dual in terms of partial theta functions of the dual of the second type in terms of Appell-
Lerch sums of such mock theta function does not exists. Mock theta functions involve some problems about
mock modular forms, partition function, etc. And there are very widely applications in areas of number theory,
algebra, combinatorial mathematics, etc. Therefore, research on mock theta functions will be a valuable subject.

Different generalizations of D5(¢q) and its bilateral series will be also worth studying.
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