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Abstract: In this paper, we study the magnetic Schrédinger operator in a three-dimensional layer. We obtain an
estimate for the number of eigenvalues of this operator lying to the left of the essential spectrum threshold. We show
that the magnetic Schrédinger operator to the left of the continuous spectrum threshold can have only a finite number

of eigenvalues of infinite multiplicity.
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1. Introduction

It is known that (see [1, 4, 5, 8, 9, 12]) at a certain value of the magnetic field strength in superconducting
materials of the second kind, a surface superconducting phenomenon occurs. This kind of magnetic field is
called the third critical field. For superconducting materials with limited cross sections, when determining the

intensity of the critical field by means of division of the unity and the localization formula of IMS (Ismagilov,

N2
Morgan, Simon, Sigal; see [2, p. 27]), using the magnetic Laplacian (—iV — A) , where Z = (A1, Ay, A3z) is

the magnetic potential, various model magnetic Schrédinger operators are constructed (see [3, 8, 9, 10]) and
their eigenvalues are used, which lie to the left of the essential spectrum threshold.
The goal of the paper is to study one of these models in a three-dimensional layer, to estimate the number

of eigenvalues of this operator lying to the left of the continuous spectrum threshold, and, using this estimate,

to obtain information on the number of such eigenvalues.

2. Main results

Let a superconductor of the second kind in the form of the layer

HO,R = {(:L‘l,xg,xg) € R3: (1’1,1}2) € Rz, O0<z3 < R},
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where R > 0 and R’ is the j-dimensional Euclidean space, be acted upon by the external magnetic field

—
B = (B23; —P13; 12)
of the constant tension b = /B35 + 873 + 81, , making an angle 0 (() <0< E) with the plane z3 = 0.

Due to the gauge-invariant property of the magnetic Laplacian (see [6]), it is possible to choose the

— —
magnetic potential A = (Aj, As, A3), to which corresponds the above-mentioned magnetic field B, as follows:

A = (0;b(z1 sin 6 — x5 cos 0);0).

—
Indeed, with this choice of the magnetic potential, the coordinates of the magnetic field B take the
following form:

04y 0A;
Baz = prol —bcos b,
L 0A, 04y
P13 05 Oz 0,

Hence we have

We introduce the operator Hgr(0) : L2(Ilp. g) — L2(Ilp,r) according to the formula

x 2 €T
Ha(@)p(z) = - 20@) &) (_i 9

2
S~ B3 pr b(z1 sin @ — x3 cos 9)) P(x)
1 3

with the domain of definition

2 T 2 z
D(H(8)) = {¢ (¢) € La(llo,r) ﬁ;;( ) Pl)

2 2
1 Oz

2
+ <ia — b(x1 8in 6 — 3 cos 0)> Y (z) € La(Tlo r);
8%‘2

Ip(x)
0x3

5133:0

= 0, ¢(£1,$2,R) = 0} .

Lemma 2.1 Hpy() is a nonnegative selfadjoint operator in the Hilbert space Lo(Ilg g).

The proof of the lemma follows from the Leinfelder—Zimader theorem on the selfadjointness of the
magnetic Schrédinger operator (see [7]).

2261



ALIEV et al./Turk J Math

Let denote by Hr(6;&2) an operator obtained from the operator Hg(#) using the Fourier transform with

respect to the variable zo. Obviously, the operator Hg(6;&2) is defined on the linear manifold

AN A 82’1/2}
D(HRg(6;&)) = < (x1,&2,23) € Lao(Ilo,R) : T
1

32{[\1 . o/ A
— o5 — (&2 = (a1 sind — w3 cos0))") € Lo(Ilo,r),
Oxs
a/\
z1,&2,T A
w 0, Db R) = 0
€T3
x3=0
and acts according to the rule
A a2w agw N
Hp(0;82)i (21,82, 25) = o2 o2 (€3 — b(xy sinf — 3 cos 0))?1),
:E]_ 8333
where
A “+oo
1/)(1’1,52,1'3) 'L/) xl,ZQ,xg) 1§2$2dx2

\/ﬂ

N
Io,r = {(z1,&,23) : 31 € R', & R0 <23 < R} .

The unitarity of the Fourier transform operator implies that the following lemma holds.

Lemma 2.2 For any & € R! and 0 € (O, g) the operator Hg(0;&2) is selfadjoint and the spectrum of the

operator Hr(0) is the union of the spectra of the operators Hr(0;&2), i.e

o(Hr(0) = |J o(Hr(6:%)).

—o00<&2<+00

Lemma 2.3 The spectrum of the operators Hg(0;&3) does not depend on the parameter &s.

Proof Performing the linear transformation

1 =n1+ bsﬁf}G’
§2 = 12,
xr3 =13

and introducing the notation

A

©(n) = e(n1,m2,m3) = (1 + bsma,nz,n:s)

we obtain

A A
2 2 A
9 ¢(x81’§2’x3) _ @) | (e) _p(ay sind — s cos 0)) 2 (a1, Ea, a) =
7 Oxs
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_Pe(n)  9*e(n)
on? o3

+ {§2 —b [(771 + bgig)sine -3 0089} }290(77) =
_9%¢(n) )

5 + b%(n3 cos O — my sin 0)%p(7). (2.1)
i

Pe(n
ong
It follows from equality (2.1), that for any & € R! there holds the equality
o(Hr(0;&2)) = o(HR(6;0)).
This implies the assertion of the lemma. O
Consider in the Hilbert space La(M p. ) the operator P%(0) generated by the differential expression

0?02

T o + (ycos® — xsinh)?

with the domain of definition
D(Py(6)) =

ou
= ) € 1000100 € 2200,

u(x, RVD) = O} ,

y=0

where M, 5 = {(x,y) ERQ:xER1,0<y<R\/I;}.

Lemma 2.4 There holds the equality o(Hg(0,0)) = b x o(P%(0)).

Proof Using the transformation

Sl= Sl

Uit

3 =
and introducing the notation

u(z,y) =¢ (\%nz\%)

from (2.1), we obtain

Pe(n) e :
_ o -3 2 + b%(n3 cos — ny sinB)2p(n) =
Pulz,y)  0*u(x,y) o
=b|— ooy + (ycos® — zsinh)” | u(z,y). (2:2)
The assertion of the lemma follows from formula (2.2). O

Lemma 2.5 The essential spectrum of the operator P%(0) coincides with the semiaxis [1,+00).
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The proof of the lemma follows from Persson’s theorem (see [3, p. 273]).

Now let us estimate the number of eigenvalues of the operator P}%(@) lying to the left of a unity.

Let us introduce the notation

NLPhO) = YL

An (PR (0))<1

where A, (P%(6)) is the n-th eigenvalue of the operator P%(6).

Theorem 2.6 For any angle 6 € (O, g) and for any positive number R, the following inequality holds:

RVb

N(1,P5%(0)) < ————
( i ))_w\/isinﬁ

(1 + R%bcos? 0 —
Proof Consider three auxiliary operators A, By, and C defined as follows:

2
Anty) = =2 hiy) € D)

D(A) = {h(y) € Lo (0,Rvb) : —dzz(2y) € Lo (0,RVD) , 1'(0) = h (RVD) = o} :

d?g(x)
dx?

Byg(z) = — + (ycosf — wsin0)?g(x), g(z) € D(By), y € (QR\/E) ,

D(B,) = {g(x) € Lo(—00, +00) :

2
_%(233) + (ycosf — xsinh)’g(x) € Lo(—oo0, +oo)};

2
Cu(z) = _ddz;(zx) + (;xQ sin? @ — R?b cos? 9) v(z), v(z) € D(C),

D(C) = {U(x) € La(—00, +00) :

d*v(z) L oo 2 2
- + 5@ sin 0 — R*bcos” 0 | v(x) GLQ(_OO7+OO)}.
First, let us prove that B, > C for any y € (0, RVD).

We have

(ycosf — xsin0)? = y? cos? 6 + 2 sin? § — 2xy sin f cos § =

X

V2

:y200529+x251n29—2< sinHw/iycos@)Z

1,2 2

X
> 4% cos® 0 4 2% sin® 6 — e sin? 6 — 2y? cos? 0 = 5 sin? @ — 32 cos? 6.
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Taking into account that the number y is on the interval (0, Rv/d), from (2.4), we obtain

2

(ycosf — xsinf)? > 5 sin? @ — R?bcos? 6.

It follows from inequality (2.5) that B, > C.
The minimax principle (see [13, p. 75]) implies that

N(1,P5(6)) < N(1,A) + N(1, B,).
Taking into account the inequality B, > C and using the minimax principle once again, we obtain
N(1,B,) < N(1,0).
It follows from inequalities (2.6) and (2.7) that
N(1,P5(0)) < N(1,A) + N(1,0).

Obviously, the eigenvalues of the operator A will be

2 1 2
Aj(A)ZR%<j+2> L j=0,1,2,....

To find the eigenvalues of the operator C' in the equation

d? 1
—TZ + <2x2 sin? 0 — R?bcos® 9) v =V,
T

where v is the spectral parameter, we make the substitution

e \/sion
B
Given the equality
P sing
dz? a2 3
substitution (2.11) and introducing the notation
V2
Tt)=wv t),
O = g
from (2.10), we obtain
ET(E) | 5 V2 2 2
- T(t) = — OT(t).
e + T (t) sinG(V+R bceos” 0)T(t)

Taking into account that the eigenvalues of the harmonic operator

—aE Tt

(2.6)

(2.7)

(2.10)

(2.11)

(2.12)
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are the numbers 2k + 1, £k =0,1,2,..., from (2.12) we obtain that the eigenvalues of the operator C' will be

2% +1
V2

Using explicit forms (see (2.9) and (2.12)) of the eigenvalues of the operators A and C, from inequality (2.8),

Uk sinf — R?bcos® 0,k =0,1,2,... .

we obtain
N(1, P(0)) <

2k + 1 2 1\°
<card{(k;j)€No><N0: + sinﬁ—Rchos29+7T<j+2) <1}. (2.13)

/2 R2D

Here, card @ denotes the cardinality of the set @, and Ny = {0} |JN, where N is the set of natural numbers.

1. 14+R?b cos? 6—%
27 V2 5sin 0

Figure. The area S.

Obviously, the pairs (k;j) satisfying the inequality

2%k +1 . 27 1\?
ﬂSIHH_RQbCOSZQ+]7%TQZ)<J+2) <1,

are located in the first quarter of the plane (o, 7) (see Figure) and are inside the region bounded by the straight

line ¢ = 0 and the curve

2 1\2 1+ R?bcos?0 — Si;;
__ A , 2.14
V2R2bsin 6 ( 2) \V/2sin 6 ( )

The curve (2.14) intersects the axis ¢ = 0 at the points 7y, where

1 RVb sin 6
==+ 2 1+ R2%cos? — ——. 2.1
7o 5 + - \/ + R2bcos? 0 7 (2.15)

2266



ALIEV et al./Turk J Math

Let S denote the area of the region bounded by the lines 0 = 0, 7 = 0 and the curve (2.14), and located
in the first quarter.

From inequality (2.13), we obtain

N(1,P5(0)) < S. (2.16)
Let us calculate S':
o o 2 1 1+ R%bcos? 6 — %
S:/ d:/ (T4 5)% + 2| dr =
0 o(r)dr 0 \/§R2bsin0(7 2) V/2sin 6 4

1 2 1, 1 9, o, sin@
= — =) == 1+ R*bcos® 6 — =
Taend { VR |:(7'0 + 2) 8} +(1+ cos NG )70
1

w2 3 3 sin ¢
= Josnd {— 3R2b(7—03 + 57’3 + 17'0) + (1 + R?bcos® 0 — )7—0] =

2 : 2
To ™ 5 3 5 9 sin § s
= — = 14+ R7D 0 — — . 2.17
J3sind [ 3sz(7'0 + 27’0) +1+ cos 7 4R2b} (2.17)
Using the formulas (2.15) and (2.17), we obtain
Rvb in6
S < 7[(1 + R%bcos? 0 — 222 )3/2, (2.18)
7\/2sin 6 V2

From the inequalities (2.16) and (2.18), we obtain the inequality (2.3). The theorem is therefore proved. O

Remark 2.7 If in inequality (2.3), we assume R = % and ¢ = %, and take into account that

1—I—TQCOSQH— sin

4 44/2

<14 7r%cos?b,

then
cr

N(1,P2(9)) < 0(1—1—7“2 cos? 0)%/2, (2.19)

S

Note that the inequality (2.19) was obtained in [11, see inequality (2.12)].

Remark 2.8 If a positive number R satisfies the inequality

sinf w
RVby |1+ R2bcos?6 — < =,
\/ V2 o2

then the operator P%(6) has no eigenvalue less than one.

Corollary 2.9 The operator P%(0) can have only a finite number of eigenvalues of finite multiplicity to the

left of the essential spectrum threshold.

Corollary 2.10 The operator Hgr(8) can have only a finite number of eigenvalues of infinite multiplicity to

the left of the continuous spectrum threshold.
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