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Abstract: We present the existence and uniqueness of strong solutions for the continuous coagulation-fragmentation
equation with singular fragmentation and essentially bounded coagulation kernel using semigroup theory of operators.
Initially, we reformulate the coupled coagulation-fragmentation problem into the semilinear abstract Cauchy problem
(ACP) and consider it as the nonlinear perturbation of the linear fragmentation operator. The existence of the
substochastic semigroup is proved for the pure fragmentation equation. Using the substochastic semigroup and some
related results for the pure fragmentation equation, we prove the existence of global nonnegative, strong solution for the
coagulation-fragmentation equation.
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1. Introduction
The particle-particle interactions in a closed system bears significant importance in our daily life. As a result it is
an important branch of study in several applied science sectors. In pharmaceutical engineering, food processing
industry, chemical engineering and chemistry the study of crystal growth and analysis of nanoparticles bears
immense significance for product development like whey powder, coffee powder, medicated tablets and capsules
etc. These events of particulate processes are mathematically represented by an integro-partial differential
equation, well known in the literature as coagulation-fragmentation (CF) equations [4, 5, 7, 11, 14, 15, 23, 25].
Therefore, theoretical researchers find it interesting to analyze the mathematical concepts underlying the CF
equations involving different kinetic rates of particle interactions. In this article, we consider the following
general nonlinear continuous CF equation

∂u(x, t)

∂t
=
1

2

∫ x

0

K(x− y, y)u(x− y, t)u(y, t) dy − u(x, t)

∫ ∞

0

K(x, y)u(y, t) dy

+

∫ ∞

x

b(x, y)S(y)u(y, t) dy − S(x)u(x, t), (1.1)

with the initial condition
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u(x, 0) = u0(x) ≥ 0. (1.2)

Here, u(x, t) defines the number density of particles of mass x ≥ 0 at time t ≥ 0 . The coagulation kernel
K(x, y) gives the rate at which particles of mass x unite to particles of mass y to form larger particles of mass
x+ y . The function S(x) denotes the rate at which a particle of mass x is selected for further disintegration.
The function b(x, y) is a nonnegative measurable function which describes the distribution particles of mass
x produced upon by breaking up of particle of mass y . Therefore, the first and the second term of Equation
(1.1) arise due to the particle aggregation, and the third and fourth term are due to particle fragmentation. It
can be observed that the aggregation phenomena comprises the nonlinearity of the model (1.1), whereas, the
fragmentation is a linear one.

In general, the breakage function b(x, y) is considered to satisfy the following properties,

b(x, y) = 0, for all x ≥ y, and
∫ y

0

xb(x, y) dx = y, for all y > 0. (1.3)

From the definition of the breakage function, the relation (1.3) follows naturally. Additionally, the
second equation in (1.3) bears significant physical interpretation as it represents the local conservation of mass
(or volume) during fragmentation events occurring in the closed system.

In the literature, the CF-equations have been dealt with an alternative representation of the fragmentation
kernels by considering a single function γ(x, y) to represent the multiple fragmentation events. This function
γ(x, y) denotes the rate at which a particle of mass x undergo fragmentation to produce smaller particles of
mass y , and bears the following relations with the selection and breakage functions

γ(x, y) = b(y, x)S(x), and S(x) =

∫ x

0

y

x
γ(x, y) dy. (1.4)

Hence, the alternative characterization of the CF-equations with the multifragmentation kernel γ(x, y)

takes the following form

∂u(x, t)

∂t
=

1

2

∫ x

0

K(x− y, y)u(x− y, t)u(y, t) dy − u(x, t)

∫ ∞

0

K(x, y)u(y, t) dy

+

∫ ∞

x

γ(y, x)u(y, t) dy −
∫ x

0

y

x
γ(x, y)u(x, t) dy. (1.5)

In analysis of a mathematical model, our primary objective is to study existence and uniqueness of the
solutions. Due to its immense real life applications, the study of existence and uniqueness result for the CF
equations (1.1) has become a topic of great interest. Several articles can be found in the literature where the
authors have discussed the existence and uniqueness, large time behavior etc. of solutions for (1.1) by consider-
ing different form of kernels. In this regard, it is to be noted that the kernels considered in the mathematical
analysis of CF equations should be physically meaningful. Theoretical works analyzing existence and uniqueness
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of the solutions of CF-equations are available in the articles [3, 6, 9, 10, 12, 17, 18, 22]. Due to the limited avail-
ability of the solutions in closed form, study on efficient numerical solutions have also gained much attention
[13, 19, 20]. In the subsequent discussion, let us briefly review some of the notable works, which have paved the
motivation towards the present study.

In the article of [16], the authors have analyzed the solution for the CF equation (1.1) with K(x, y) = 0

and

S(x) = xα+1, b(x, y) = (ν + 2)

[
x

y

]ν
y−1 for α < 1, −2 < ν ≤ 0.

It is obtained by [16] that due to the above considered fragmentation rates, a rapid breakdown of the
particle fragments occurs resulting in the formation of zero-size or dust particles which cause mass loss from
the system. It is to be noted that the breakage function considered in the work of [16] describes the power-law
fragmentation rate of particles, popularly known as the power-law kernels. These power-law kernels are widely
used in different engineering experiments [1, 8]. The breakage function for power-law kernels mentioned above
can also be represented in the following form [21]

b(x, y) =
p(c+ (c+ 1)(p− 1))!

yc!(c+ (c+ 1)(p− 2))!

[
x

y

]c [
1− x

y

]c+(c+1)(p−2)

. (1.6)

Here, p and c are nonnegative parameters. Physically, p denotes the number of sister particles formed,
and c represents the shape factor. In particular, p = 2 and c = 0 corresponds to the well-known binary
breakage function 2/y .

1.1. State of the art
Our aim is to apply semigroup theory of operators to establish the existence and uniqueness of strong solution
to (1.1) in the case where coagulation kernel satisfies

K(x, y) ∈ L∞(R+ × R+),

and for a wide class of singular fragmentation kernel having bounds

S(x) = s1x
α, and b(x, y) ≤ C

y

[
x

y

]ν [
1− x

y

]β
, (1.7)

with positive constants s1 , C and α ∈ [1,∞) , ν > −1 , β ≥ 0 , and β ≥ ν such that b(x, y) obeys the mass
conservation law (1.3). Similar kind of bounds on the fragmentation kernel was considered in [9, 18]. Note that
for the abovementioned bounds, the multiple fragmentation kernel γ(x, y) can be equivalently represented as

γ(x, y) ≤ Cs1
x1−α

[y
x

]ν [
1− y

x

]β
. (1.8)

Now by substituting α = β = 0 and Cs1 = (ν + 2) , the above inequality yields
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γ(x, y) ≤ (ν + 2)
[y
x

]ν
x−1, ν > −1.

It can be noted that setting α = 0 in the relation (1.8) indicates that the selection rate of fragmentation
(1.7) is independent of the particle size. Similarly, setting β = 0 and C = ν+2 we obtain the general breakage
function exhibiting power-law kinetic rate [24]. Therefore, in this study we are able to include a wider range
of practically relevant daughter distribution functions which are extensively used in different industries like
communition engineering, mineral processing engineering, etc.

The application of semigroup theory requires the problems (1.1) and (1.2) to be reformulated as the
semilinear abstract Cauchy problem (ACP). Arguing as in [17], we write (1.2) as the following semilinear ACP

du(t)

dt
= Fu(t) + Cu(t), (t ≥ 0),

u(0) = u0.

 (1.9)

In (1.9), the fragmentation operator F and coagulation operator C are defined on suitable domains by

[Ff ](x) :=

∫ ∞

x

b(x, y)S(y)f(y) dy − S(x)f(x), (1.10)

and

[Cf ](x) := 1

2

∫ x

0

K(x− y, y)f(x− y)f(y) dy − f(x)

∫ ∞

0

K(x, y)f(y) dy. (1.11)

For a pure fragmentation problem, we study the fragmentation problem in X1 := L1(R+, xdx) which is
the space of equivalence classes of measurable, real-valued functions f such that

∥f∥1 =

∫ ∞

0

x|f(x)| dx < ∞. (1.12)

In our present analysis, to study the combined coagulation-fragmentation problem (1.9), we use a more
general space X0,θ = X0 ∩Xθ := L1(R+, (1 + xθ)dx) , where θ ∈ R+ ∪ {0} .

2. Main result
The approach we adopt to establish existence and uniqueness results for the coagulation-fragmentation equation
involves the application of perturbation methods from the theory of semigroups of operators. Consequently, we
shall treat the initial-value problem (1.9) as a nonlinear perturbation of the linear ACP (2.1) for F .

Throughout our analysis we have taken the following assumptions:

(A1) for all x ≥ 0 , the selection function satisfies S(x) = s1x
α where α ∈ [1,∞) and s1(> 0) is a constant;
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(A2) b(x, y) ≤ C
y

[
x
y

]ν [
1− x

y

]β
for ν > −1, β ≥ 0, β ≥ ν and C ≤ (ν+β+2)!

(ν+1)!β! ;

(A3) K(x, y) is a nonnegative, symmetric function for all x, y ≥ 0 and satisfies K(x, y) ∈ L∞(R+ × R+) .

From the assumption (A2) it can be easily verified that there a positive constant N such that
∫ y

0
b(x, y) dx =

n(y) ≤ N , for all y > 0 .
First we shall consider the pure fragmentation equation and prove the existence of substochastic semigroup

corresponding to the fragmentation operator (1.10). Later we shall use the results to prove the existence of
strong solution of the coupled coagulation-fragmentation equation.

2.1. The fragmentation equation

Putting K(x, y) = 0 , the semilinear ACP (1.9) reduces to the linear ACP as

du(t)

dt
= Fu(t). (2.1)

For the convenience of our analysis, we rewrite Equation (2.1) as

du(t)

dt
= Au(t) + Bu(t), (2.2)

where

[Af ](x) := −S(x)f(x) = −s1x
αf(x), (2.3)

and

[Bf ](x) :=
∫ ∞

x

b(x, y)S(y)f(y) dy ≤ Cs1

∫ ∞

x

1

y

[
x

y

]ν [
1− x

y

]β
yαf(y) dy. (2.4)

We take D(F) = D(A) = {f ∈ X1;x
αf ∈ X1} . In the following theorem, we prove the existence of

substochastic semigroup in the space X1 by using modified Kato’s perturbation theorem in L1 setting [Corollary
5.17 of [2]].

Theorem 2.1 Let the operators A and B be define (2.3) and (2.4), respectively. Then there exists a smallest
substochastic semigroup (SG(t))t≥0 in X1 generated by the extension G of F = A+ B .

Proof

(i) According to the definition (2.3), (A, D(A)) generates substochastic semigroup.

(ii) Moreover, it easily follows that D(B) ⊃ D(A) . Let us denote D(A)+ and D(B)+ to be the cone of
the nonnegative functions in D(A) and D(B) , respectively. Therefore, for any f ∈ D(B)+ , we obtain
Bf ≥ 0 .
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(iii) Also for any f ∈ D(A)+ , we obtain

∫ ∞

0

x ([Bf ](x)) dx ≤ Cs1

∫ ∞

0

x

∫ ∞

x

1

y

[
x

y

]ν [
1− x

y

]β
yαf(y) dy dx

Changing the order of integration, we have

∫ ∞

0

x ([Bf ](x)) dx ≤ Cs1

∫ ∞

0

(∫ y

0

[
x

y

]ν+1 [
1− x

y

]β
dx

)
yαf(y) dy

= Cs1
(ν + 1)!β!

(ν + β + 2)!

∫ ∞

0

yα+1f(y) dy

≤ s1

∫ ∞

0

yyαf(y) dy

= −
∫ ∞

0

y[[Af ](y)] dy.

This yields

∫ ∞

0

x ([Af + Bf ](x)) dx ≤ 0.

So all the necessary conditions of Kato’s theorem are satisfied. Hence there exists a smallest substochastic
semigroup say, (SG(t))t≥0 in X1 generated by the extension G of F . 2

The next theorem shows the invariance property of the semigroup (SG(t))t≥0 over a subspace of X1 .

Theorem 2.2 Suppose that S(x) and b(x, y) satisfy the assumptions (A1−A4) . Then the space X0,α :=

L1(R+, (1 + xα)dx) is invariant under the semigroup (SG(t))t≥0 .

Proof According to the definition of X0,α and X1 , it is clear that X0,α is embedded in X1 . Mathematically,
we denote it as X0,α ↪→ X1 . Further, we denote the part of A in X0,α by Aα . Therefore, for 0 ≤ f ∈ D(Aα) ,
S(x)(1 + xα) is integrable, yielding, of course, integrability of each component. Take Bα = B |D(Aα) . For
0 ≤ f ∈ D(Aα) ,∫ ∞

0

(∫ ∞

x

b(x, y)S(y)f(y) dy

)
xα dx =

∫ ∞

0

(∫ y

0

xαb(x, y) dx

)
S(y)f(y) dy

≤
∫ ∞

0

S(y)f(y)

(∫ y

0

xxα−1b(x, y) dx

)
dy

≤
∫ ∞

0

S(y)yα−1f(y)

(∫ y

0

xb(x, y) dx

)
dy, α ≥ 1

=

∫ ∞

0

S(y)yαf(y) dy

2287



DAS et al./Turk J Math

which gives

∫ ∞

0

(∫ ∞

x

b(x, y)S(y)f(y) dy − S(x)f(x)

)
xα dx ≤ 0. (2.5)

Again for 0 ≤ f ∈ D(Aα)

∫ ∞

0

∫ ∞

x

b(x, y)S(y)f(y) dy dx−
∫ ∞

0

S(x)f(x) dx

=

∫ ∞

0

S(y)n(y)f(y) dy −
∫ ∞

0

S(x)f(x) dx

≤
∫ ∞

0

S(y)n(y)f(y) dy

≤ s1N

∫ ∞

0

(1 + yα) f(y) dy. (2.6)

Using the inequalities (2.5) and (2.6), we obtain for any 0 ≤ f ∈ D(Aα)

∫ ∞

0

[(Aαf)(x) + (Bαf)(x)] (1 + xα) dx ≤
∫ ∞

0

[(Aαf)(x) + (Bαf)(x)] dx

≤ s1N

∫ ∞

0

(1 + yα) f(y) dy = s1N∥f∥0,α. (2.7)

Hence, X0,α is invariant under the semigroup (SG(t))t≥0 . 2

Moreover, relation (2.7) gives the existence of a positive semigroup
(
SG0,α

(t)
)
t≥0

on X0,α . In this

regard, we observe that the norm in X0,α is stronger than X1 and the lattice structure in X1 is same as X0,α .
Therefore,

(
SG0,α

(t)
)
t≥0

is restriction of (SG(t))t≥0 to X0,α [3].

2.2. The coagulation-fragmentation equation

We now return to the fragmentation-coagulation equation (1.1). Here we introduce the expression N defined
by

N [f, g](x) :=
1

2

∫ x

0

K(x− y, y)f(x− y)g(y) dy − f(x)

∫ ∞

0

K(x, y)g(y) dy,

for all x > 0 and set ∥K(x, y)∥L∞ = K0 . We shall now prove the following proposition.

Proposition 2.3 The expression N restricted to X0,α × X0,α is an X0,α valued, continuous and bilinear
operator. Denote C0,α(f) := N [f, f ] for f ∈ X0,α , then C0,α is locally Lipschitz on X0,α and is continuously
Fréchet differentiable at any point f ∈ X0,α . Consequently, for 0 ≤ u0 ∈ X0,α , there exist a unique nonnegative
mild solution, and for any 0 ≤ u0 ∈ D(G0,α) , where G0,α is the part of G in X0,α , there exist a unique,
nonnegative strong solution, u(t) = U0,α(t, u0) of
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du(t)

dt
= G0,αu(t) + C0,αu(t), (2.8)

defined on a maximal interval of existence [0, T̂ [ where T̂ > 0 .

Proof For any f, g ∈ X0,α , we can have

∫ ∞

0

(1 + xα)N [f, g](x) dx =
1

2

∫ ∞

0

∫ ∞

0

(1 + (x+ y)α)K(x, y)f(x)g(y) dx dy

−
∫ ∞

0

∫ ∞

0

(1 + xα)K(x, y)f(x)g(y) dx dy. (2.9)

For α ≥ 1 , using the following inequality

(x+ y)α ≤ 2α(xα + yα),

we obtain from (2.9)

∫ ∞

0

(1 + xα)N [f, g](x) dx ≤
(
2α−1 − 1

) ∫ ∞

0

∫ ∞

0

xαK(x, y)f(x)g(y) dx dy︸ ︷︷ ︸
I1

+ 2α−1

∫ ∞

0

∫ ∞

0

yαK(x, y)f(x)g(y) dxdy︸ ︷︷ ︸
I2

(2.10)

Next we estimate I1 :

I1 =

∫ ∞

0

∫ ∞

0

xαK(x, y)f(x)g(y) dx dy

≤ K0

∫ ∞

0

∫ ∞

0

xαf(x)g(y) dx dy

≤ K0

∫ ∞

0

(1 + xα)f(x) dx

∫ ∞

0

(1 + xα)g(y) dy

≤ K0∥f∥0,α∥g∥0,α.

Using similar analysis as above for I2 , we obtain

I2 ≤ K0∥f∥0,α∥g∥0,α.

Inserting the bound of I1 and I2 in (2.10), we get

∥N [f, g]∥0,α ≤ M∥f∥0,α∥g∥0,α, (2.11)
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for constant M := K0 (2
α − 1) . Hence N is a bounded bilinear operator. Next we show that C0,α is

locally Lipschitz on X0,α and is continuously Fréchet differentiable at any point f ∈ X0,α . The idea to prove
these properties is recalled from the literature [3].

In order to show C0,αf is locally Lipschitz on X0,α , we take f, g ∈ B(u0, ς) := {f ∈ X0,α : ∥f − u0∥ ≤ ς}
for any u0 ∈ X0,α and ς > 0 . Then

∥C0,αf − C0,αg∥0,α ≤ ∥N [f − g, g]∥0,α + ∥N [g, f − g]∥0,α

≤ M∥f − g]∥0,α∥g]∥0,α +M∥g]∥0,α∥f − g]∥0,α

≤ 2M(ς + ∥u0∥0,α)∥f − g]∥0,α.

Now to prove the Fréchet differentiability of C0,α at any point f ∈ X0,α , we choose the function
N

f
: B(u0, ς) ⊂ X0,α → X0,α such that N

f
g := N [f, g] +N [g, f ] . Since N is a bounded bilinear operator, it

follows that N
f

bounded linear operator on B(u0, ς) . For any f ∈ X0,α

lim
g→0

∥C0,α(f + g)− C0,αf −N
f
g∥0,α

∥g∥0,α
= lim

g→0

∥N [f + g, f + g]−N [f, f ]−N
f
g∥0,α

∥g∥0,α

= lim
g→0

∥N [f, f ] +N [f, g] +N [g, f ] +N [g, g]−N [f, f ]−N
f
g∥0,α

∥g∥0,α

= lim
g→0

∥N [g, g]∥0,α
∥g∥0,α

≤ M lim
g→0

∥g∥20,α
∥g∥0,α

= 0.

Therefore, C0,α is Fréchet differentiable at any f ∈ X0,α with Fréchet derivative N
f

. Also for f, g, h ∈
X0,α ,

∥N
f
g −N

h
g∥0,α = ∥N [f, g] +N [g, f ]−N [h, g]−N [g, h]∥0,α

= ∥N [f − h, g]−N [g, f − h]∥0,α

≤ 2M∥g∥0,α∥f − h∥0,α.

Therefore, ∥N
f
g −N

h
g∥0,α → 0 , whenever ∥f − h∥0,α → 0 . This implies that the Fréchet derivative is

also continuous with respect to f . Hence the result follows. 2

In the next theorem we shall prove that the solution is global in time, that is, for every t ∈ [0,∞) .

Theorem 2.4 The semilinear ACP (2.8) has a unique, nonnegative, globally defined strong solution for
0 ≤ u0 ∈ D(A0,α) .

Proof Let 0 ≤ u0 ∈ D(A0,α) and we denote
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Ml(t) =

∫ ∞

0

xlu(x, t) dx, for l ≥ 0. (2.12)

Then

dM1(t)

dt
=
1

2

∫ ∞

0

x

∫ x

0

K(x− y, y)u(x− y, t)u(y, t) dy dx

−
∫ ∞

0

xu(x, t)

∫ ∞

0

K(x, y)u(y, t) dy dx

+

∫ ∞

0

x

∫ ∞

x

b(x, y)S(y)u(y, t) dy dx−
∫ ∞

0

xS(x)u(x, t) dx.

Changing the order of integration of the first and the third integral in the right hand side of the above equation,
we get

dM1(t)

dt
=
1

2

∫ ∞

0

∫ ∞

y

xK(x− y, y)u(x− y, t)u(y, t) dx dy

−
∫ ∞

0

xu(x, t)

∫ ∞

0

K(x, y)u(y, t) dy dx

+

∫ ∞

0

S(y)u(y, t)

∫ y

0

xb(x, y) dx dy −
∫ ∞

0

xS(x)u(x, t) dx.

Taking x− y = z in the first integral and using Equation (1.3) of the above equation, yields

dM1(t)

dt
=
1

2

∫ ∞

0

u(y, t)

∫ ∞

0

(x+ y)K(x, y)u(x, t)u(y, t) dx dy

−
∫ ∞

0

xu(x, t)

∫ ∞

0

K(x, y)u(y, t) dy dx

+

∫ ∞

0

yS(y)u(y, t) dy −
∫ ∞

0

xS(x)u(x, t) dx.

Since u(x, t) is a local strong solution of Equation (2.8) for any 0 ≤ u0 ∈ D(A0,α) so all the integrals
exists finitely. Moreover, using symmetric property of K(x, y) , we obtain

dM1(t)

dt
= 0.

Therefore, M1(t) = M̄1 (a constant).

Again,
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dM2(t)

dt
= −

∫ ∞

0

x2S(x)u(x, t) dx+

∫ ∞

0

∫ ∞

x

x2S(y)b(x, y)u(y, t) dy dx

+
1

2

∫ ∞

0

∫ x

0

x2K(x− y, y)u(x− y, t)u(y, t) dy dx

−
∫ ∞

0

x2u(x, t)

∫ ∞

0

K(x, y)u(y, t) dy dx

=
1

2

∫ ∞

0

∫ ∞

0

[
(x+ y)

2 − x2 − y2
]
K(x, y)u(x, t)u(y, t) dy dx

≤ k0

∫ ∞

0

∫ ∞

0

xyu(x, t)u(y, t) dy dx

≤ k0M̄
2
1

Hence by integrating

M2(t) ≤ M̄2 for all t ∈ [0, T̂ ).

we can proceed further in a similar way to obtain the uniform boundedness of the truncated moments,
that is,

Mi(t) ≤ M̄i where, i = 1, 2, . . . , r = ⌈α⌉. (2.13)

Using the continuity of u(x, t) , we obtain

dM0(t)

dt
= −1

2

∫ ∞

0

∫ ∞

0

K(x, y)u(x, t)u(y, t) dx dy +

∫ ∞

0

S(x) [n(x)− 1]u(x, t) dx,

≤ −k0
2

∫ ∞

0

∫ ∞

0

u(x, t)u(y, t) dx dy + s1N

∫ ∞

0

xαu(x, t) dx,

≤ C1M0(t) + C2M̄r, (2.14)

for some constants C1 , C2 depending only on the coefficients but not on the initial value for u . Integrating
(2.14), we obtain

M0(t) ≤ M̄0, M̄0 > 0 for all t ∈ [0, T̂ ).

To search the bound for Mα(t) , first we notice that for any realnumber p( not necessary integer) satisfying
β − 1 ≤ p ≤ β , where β ∈ (1, α] .

Mp(t) =

∫ ∞

0

xpu(x, t) dx =

∫ 1

0

xpu(x, t) dx+

∫ ∞

1

xpu(x, t) dx

≤ M⌈p−1⌉(t) +M⌈p⌉(t)

≤ M̄p(Constant) for all t ∈ [0, T̂ ) (2.15)
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In particular β = α from (2.15)

Mα(t) ≤ M̄α = constant, for all t ∈ [0, T̂ ). (2.16)

Now,

∥u(x, t)∥0,α =

∫ ∞

0

(1 + xα)u(x, t) dx = M0(t) +Mα(t).

Since, M0(t) and Mα(t) do not blow up in finite time, hence u(x, t) is defined globally in time for any
u0 ∈ D(A0,α) . 2

3. Conclusion
We have obtained the existence and uniqueness of nonnegative strong solution of the coagulation-fragmentation
equation with singular fragmentation kernel and essentially bounded coagulation kernel. First the existence of
the substochastic semigroup corresponding to the fragmentation operator in the space X1 is established. Then
the existence of local strong solution is obtained for the combined coagulation-fragmentation equation in the
space X0,α . Moreover, we have obtained the global existence of the solution. The large class of fragmentation
kernels are representing power-law rates are taken from the literature as described by [21].

References

[1] Bałdyga J, Orciuch W, Makowski, Ł, Malik K, Özcan-Taşkin Gül, Eagles W and Padron G. Dispersion of nanopar-
ticle clusters in a rotor-stator mixer. Industrial & engineering chemistry research 2008; 47 (10): 3652-63. doi:
10.1021/ie070899u

[2] Banasiak J, Arlotti L. Perturbations of positive semigroups with applications 2006; Springer Science & Business
Media. doi: 10.1007/1-84628-153-9

[3] Banasiak J, Lamb W. Global strict solutions to continuous coagulation–fragmentation equations with strong
fragmentation. Proceedings of the Royal Society of Edinburgh Section A: Mathematics 2011; 141 (3): 465-80.
doi: 10.1017/S0308210509001255

[4] Chakraborty J, Kumar J, Singh M, Mahoney A, Ramkrishna D. Inverse problems in population balances. Deter-
mination of aggregation kernel by weighted residuals. Industrial & Engineering Chemistry Research 2015; 54 (42):
10530-8. doi: 10.1021/acs.iecr.5b01368

[5] Das A, Bhoi S, Sarkar D, Kumar J. Sonofragmentation of Rectangular Plate-like Crystals: Bivariate Popu-
lation Balance Modeling and Experimental Validation. Crystal Growth & Design 2020; 20 (8): 5424-34. doi:
10.1021/acs.cgd.0c00644

[6] Das N, Saha J, Kumar J. An application of semigroup theory to the pure fragmentation equation. The Journal of
Analysis 2020; 28 (1): 95-106. doi: 10.1007/s41478-017-0045-6

[7] Dechet MA, Demina A, Roemling L, Bonilla JS, Lanyi FJ, Schubert DW, Bueck A, Peukert W, Schmidt J.
Development of poly (L-lactide)(PLLA) microspheres precipitated from triacetin for application in powder bed
fusion of polymers. Additive Manufacturing 2020; 32: 100966. doi: 10.1016/j.addma.2019.100966

[8] Diemer Jr RB, Spahr DE, Olson JH, Magan RV. Interpretation of size reduction data via moment models. Powder
Technology 2005; 156 (2-3): 83-94. doi: 10.1016/j.powtec.2005.04.015

2293



DAS et al./Turk J Math

[9] Ghosh D, Kumar J. Existence of mass conserving solution for the coagulation–fragmentation equation with singular
kernel. Japan Journal of Industrial and Applied Mathematics 2018; 35 (3): 1283-302. doi: 10.1007/s13160-018-0327-
7

[10] Ghosh D, Kumar J. Uniqueness of solutions to the coagulation–fragmentation equation with singular kernel. Japan
Journal of Industrial and Applied Mathematics 2020; 37 (2): 487-505. doi: 10.1007/s13160-020-00412-4

[11] Gokhale YP, Kumar R, Kumar J, Hintz W, Warnecke G, Tomas J. Disintegration process of surface stabilized
sol–gel TiO2 nanoparticles by population balances. Chemical Engineering Science 2009; 64 (24): 5302-7. doi:
10.1016/j.ces.2009.09.015

[12] Huillet T. Statistics of aggregates. Journal of mathematical chemistry 1998; 2 4(1): 187-221. doi:
10.1023/A:1019126804305

[13] Kaur G, Singh R, Singh M, Kumar J, Matsoukas T. Analytical approach for solving population balances: A
homotopy perturbation method. Journal of Physics A: Mathematical and Theoretical 2019; 52 (38): 385201. doi:
10.1088/1751-8121/ab2cf5

[14] Kind M. Product engineering. Chemical Engineering and Processing: Process Intensification, 38 (4): 405-410. doi:
10.1016/S0255-2701(99)00038-0

[15] Maas SG, Schaldach G, Walzel P, Urbanetz NA. Tailoring dry powder inhaler performance by modifyingcarrier
surface topography by spray drying. Atomization and Sprays 2010; 2 0(9). doi: 10.1615/AtomizSpr.v20.i9.20

[16] McGrady ED, Ziff RM. ‘‘Shattering’’transition in fragmentation. Physical review letters 1987; 58 (9): 892. doi:
10.1103/PhysRevLett.58.892

[17] McLaughlin DJ, Lamb W, McBride AC. An existence and uniqueness result for a coagulation and
multiple-fragmentation equation. SIAM Journal on Mathematical Analysis 1997; 28 (5): 1173-90. doi:
10.1137/S0036141095291713

[18] Paul J, Kumar J. An existence-uniqueness result for the pure binary collisional breakage equation. Mathematical
Methods in the Applied Sciences 2018; 41 (7): 2715-32. doi: 10.1002/mma.4775

[19] Sabelfeld KK, Brandt O, Kaganer VM. Stochastic model for the fluctuation-limited reaction–diffusion kinetics in
inhomogeneous media based on the nonlinear Smoluchowski equations. Journal of Mathematical Chemistry 2015;
53 (2):651-69. doi: 10.1007/s10910-014-0446-6

[20] Singh R, Saha J, Kumar J. Adomian decomposition method for solving fragmentation and aggregation population
balance equations. Journal of Applied Mathematics and Computing 2015; 48 (1): 265-92. doi: 10.1007/s12190-014-
0802-5

[21] Sommer M, Stenger F, Peukert W, Wagner NJ. Agglomeration and breakage of nanoparticles in stirred media
mills—a comparison of different methods and models. Chemical Engineering Science 2006; 61 (1): 135-48. doi:
10.1016/j.ces.2004.12.057

[22] Stewart IW, Meister E. A global existence theorem for the general coagulation–fragmentation equation
with unbounded kernels. Mathematical Methods in the Applied Sciences 1989; 1 1(5): 627-48. doi:
10.1002/mma.1670110505

[23] Terrazas-Velarde K, Peglow M, Tsotsas E. Stochastic simulation of agglomerate formation in fluidized bed spray dry-
ing: A micro-scale approach. Chemical Engineering Science 2009; 64 (11): 2631-43. doi: 10.1016/j.ces.2009.02.041

[24] Vigil RD, Ziff RM. On the stability of coagulation—fragmentation population balances. Journal of Colloid and
Interface Science 1989; 133 (1): 257-64. doi: 10.1016/0021-9797(89)90300-7

[25] Xu GP, Wang JS. Development and application of moment method on nanoparticles evolution due to coagulation
and deposition. Journal of Hydrodynamics 2019; 31 (5): 1011-20. doi: 10.1007/s42241-019-0059-4

2294


	Introduction
	State of the art

	Main result
	The fragmentation equation
	The coagulation-fragmentation equation

	Conclusion

