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Abstract: “Fusion rules” are laws of multiplication among eigenspaces of an idempotent. This terminology is relatively
new and is closely related to axial algebras, introduced recently by Hall, Rehren and Shpectorov. Axial algebras, in turn,
are closely related to 3-transposition groups and Vertex operator algebras.

In this paper we consider fusion rules for semisimple idempotents, following Albert in the power-associative case.
We examine the notion of an axis in the non-commutative setting and show that the dimension d of any algebra A
generated by a pair a,b of (not necessarily Jordan) axes of respective types ()\,d) and ()\',§’) must be at most 5; d
cannot be 4. If d < 3 we list all the possibilities for A up to isomorphism.

We prove a variety of additional results and mention some research questions at the end.
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1. Introduction

Our goal in this paper is to further the study of axes, i.e., semi-simple idempotents, in an arbitrary algebra
A. Throughout this paper A is an algebra (not necessarily associative or commutative, not necessarily with a
multiplicative unit element) over a field F.

Let a € A be an idempotent, and A, € F.

1. We define the left and right multiplication maps L, (b) :=a-b and R, (b) :=b- a.

2. We write Ax(X,) for the eigenspace of A\ with respect to the transformation X,, X € {L, R}, i.e,
Ax(Ly) ={v € A:a-v= M}, and similarly for Ay(R,). Often we just write Ay for Ax(L,), when a is
understood. We note that it may happen that A,(X,) = 0.

3. We write Ay s(a) := Ax(Lq) N As(R,). We just write Ay s when the idempotent a is understood. An

element in Ay 5(a) will be called a (), §)-eigenvector of a, and (X,d) will be called its eigenvalue.

An idempotent a € A is a left axis (resp. right axis) if L, (resp. R,) is a semi-simple operator. An axis
is an idempotent a which is both a left and a right axis, and satisfies L,R, = RyL,. If A is associative with
an identity element, then A = Ay 1(a) + Ago(a) + A1,0(a) + Ap1(a), for any idempotent a € A.
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Axes a in a power-associative algebra A (although not under that name) were already studied by
Albert [1]. He showed that when A is commutative, A = A; 1(a) + Ao,o(a) + Ay1/2,1/2(a), for any idempotent
a € A. In particular this is the case when A is a Jordan algebra.

In [3], Hall, Rehren and Shpectorov introduced axial algebras. These are commutative algebras, which are
not necessaily power associative, and which are generated by axes. Axial algebras, and, in particular, “primitive
axial algebras of Jordan type” are of interest because of their connection with group theory and with Vertex
operator algebras. We refer the reader to the introduction of [3] for further information.

Axial (composition) algebras are (non-associative) algebras generated by axes. These algebras are not
necessarily power associative and not necessarily commutative. However, they are generated by axes satisfying
certain fusion rules (see [2] for the most general notion of fusion rules and for the notion of decomposition
algebra).

Our main interest in this paper, continuing our work in [5], is to place (commutative) axial algebras in
a general non-commutative framework. We hope that in addition to being interesting in its own right, this
information might be used to understand (and prove) the finite dimensionality of various finitely generated

primitive axial algebras.

Definitions 1.1

1. The algebra A is flexible if it satisfies the identity (zy)x = x(yx). In a flexible algebra we write ryx

without parentheses since there is no ambiguity.
2. A is power-associative if Flx] is associative (and therefore commutative) for each x € A.

Commutative algebras are flexible since
(zy)z = (yz)r = x(yz). (1.1)

We first study eigenvalues of idempotents a € A in the spirit of [1]. We often assume flexibility. In

subsection 2.1 we also often assume that A is power-associative, relying heavily on Albert [1].

Definitions 1.2 Let a € A be an idempotent, and A\, ¢ {0,1} in F.

1. a is aleft axis if a is a left semisimple idempotent, i.e., L, satisfies a polynomial p[t] = t(t—1) [T/~ (t—X;)
with only simple roots 0,1, A1,..., A\pm. Note that we do not require p[t] to be the minimal polynomial of
Ly. We call A1, ..., A\ the type of a. The left axis a is primitive if A = Fa.

For a primitive left axis a of type A1, ..., A\, and x € A, we write
T=aga+To+ Y T, xx, € Ay, (La).
and we call it the left decomposition of x with respect to a.
2. Given a left axis a, let B := Ay + Ay. We say that a satisfies the left basic fusion rule if

(i) B is a subalgebra of A.
(it) BA) = A\B C Ay for each eigenvalue X # 0, 1.
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(iii) For each X\ there is N such that AyAy C B.
The left involutory fusion rules are the basic fusion rules together with A3 C B, for each .

8. Thus a is a primitive left axis of type A with the left involutory fusion rule if

(i) (Lg — A)(Lq —1)Lg = 0. (In particular the only left eigenvalues are contained in {0,1,A}.)

(i) There is a direct sum decomposition of A which is a Zs -grading:

+ —
——
A=TFaa Ay Ay,

recalling that Ay means Ax(Lg,).

4. A right axis of type 01,...,0, is defined similarly. Also the right fusion rules are defined as in (2). As

with a left azis, for a right axis a and x € A, we write
T = fra+ gr+ Z:il T T E A)\i(Ra).
and we call it the right decomposition of x with respect to a .

5. a is a (2-sided) primitive axis of type (A1,..., Am;01,...,0,) if a is a primitive left axis of type A1, ..., A\,
and a primitive right axis of type 01,...,60n, satisfying the left and right involutory fusion rules, and, in

addition, LoR, = RoL,. In particular, a is a primitive azxis of type (A, 0), when m =n = 1.

Note that for any primitive axis a, A11 = Fa = A1(L,) = A1(R,); in particular A1, = A,1 =0, for

any v, i distinct from 1. So if a is a primitive axis, and x € A, we write
T = @+ T00 + Yoty a0+ 25—y L6, + Dy Tan;-
and we call it the decomposition of x with respect to a.
6. ([5]) An azis a is of Jordan type (X,9) if Axo(a) =0= Ags(a). Note that in this case
T = Qg0+ To,o + T, Vx € A.

In this case we sometimes call a an axis of Jordan type.

Hence, if a is an axis of type (A,0), then

++ +— -+ -
—_—— AN N
A=A11® Ap0®Aos D Axo DAy,

is Zo X Zy grading of A (multiplication (e, €')(p, ') is defined in the obvious way for €,€',p, p’ € {+,—1}).
If a is an axis of Jordan type (A,d), then

A=A, 0 A @ Ays.
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Jordan type is close to commutative, but there are natural non-commutative examples given in [5, Examples 2.6].
Also see Examples 2.2 for axes not of Jordan type.

Note that besides being non-commutative, Definition 1.2(2) does not require the condition that Ag is
a subalgebra, contrary to the usual hypothesis in the commutative theory of primitive axial algebras. But this

condition does not seem to pertain to any of the proofs.

If a is a primitive axis of type (), ), then by Definition 1.2(5), we can write x € A as
T =0aga+ 200+ Tos+Tao+Trs  Tuw € Auu(a), (1.2)

which we call the (2-sided) decomposition of x with respect to a.

When a is of Jordan type, we have the much simpler decomposition
T =0za+ Ty + Trs

with xo € Ao, and x5 € Ax,s5, which is both the left decomposition and right decomposition.
Next, for A € F, write
Ax(a) = {z € A| az + za = 2\z}. (1.3)

(We write Ay, when a is understood.) Albert proved for A power-associative with char(F) # 2,3, that
A=A411® A0 P 1‘011/2-

This is reproved directly as Theorem 2.8(1). The following theorem of Albert then describes the appropriate

fusion laws in a power-associative algebra A :

Albert’s Fusion Theorem ([1, Theorem 3, p. 560, Theorem 5, p. 562]) Suppose that A is power-associative
with char(F) # 2,3. Let a € A be an idempotent (not necessarily primitive).

1. A= A1 ® Ao ® Ay

2. Ao, A1 are subalgebras.

Furthermore for A flexible,
3. AA,A/L/Q CAi_xi-x+ 1211/2, fi1/2A,\,>\ CAi_xi-x+ A1/27 for A=0,1.
4. a/il/g, /L/Qa g 1&1/2. &

We prove
Theorem A (Theorem 4.3). Assume that A is generated by two axes a,b of type (A, d) and (X,4’). Then the
dimension of A is at most 5.

In [5, Theorem 2.5], we classified all algebras as in Theorem A, of dimension 2. We prove

Theorem B (Theorem 4.10). Assume that A is generated by two axes a,b of type (A,d) and (N,d'). If
dim(A) = 3, then a and b are of Jordan type, and hence the possibilities for A are given in [5, Theorem BJ.
Proposition C. Assume that A is generated by two axes a,b of type (A,d) and (\,6’). Then

1. (Lemma 4.9) If ab € Fa + Fb, then dim(A) = 2.
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2. (Lemma 4.8) If ab =0, then ba = 0.

We prove a number of additional results and we mention some questions in §5.

Remark 1.3 Along the period that this paper was refereed we proved that there are no algebras of dimension 4
generated by two primitive azes of type (A, 0) and (N,8"). This result will appear somewhere else. The referee

has pointed out that [7] contains some similar results for alternative algebras.

2. General results about axes

The next proposition provides a useful decomposition result into eigenspaces.

Proposition 2.1 Suppose a is a left azis, where L, satisfies the polynomial [[;~,(z — p;), with only simple

r00tS 1, ..., m. For y € A, write y = E;nzl Y;, where y; is the left u;-eigenvector in the L, -eigenvector

decomposition of y, and define the vector space V,(y) = Z;Z_Ol FLiy. Then

Va(y) = @jL; Fyj.

il
Proof By induction, L¥(y) = Z,ué?yj for 0 <k <m —1. Thus
Va(y) C @)L, Fy;.

But on the other hand, we have a system of m equations in the y; with coefficients (,u?), the Vandermonde

matrix, which is non-singular, so there is a unique solution for the y; in V,(y). O

This space V,(b) plays a key role in investigating a second axis b (see Proposition 4.7).

2.1. Basic properties of flexible idempotents

An idempotent a € A is called flexible if (ax)a = a(xa) and (xa)xr = x(ax) for all x € A. We present some

examples of axes that are not flexible, to justify full generality.

Examples 2.2

1. Let A= Fa® Fb& Fc with multiplication given by

axr = \r, ra =0,

ay =0, ya = 6y, zy =yx = 0.
Then a(za) =0 = (ax)a, and a(ya) =0 = (ay)a, so LoRs = RyL,.
(Lo — Nz =AMz —x)=0= Ly,

implying (Lg — A)(Lq — 1)Lq = 0. Likewise (Rq — 6)(Ry — 1)R, = 0.

Hence a is a primitive axis of type (X, 0) which is not of Jordan type, with Fx = Ay o(a) and Fy = A s(a);

a is the only axis in A.
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2. Let 0 £ N, 6 € F, with A\ +d=1. Let
A=Fa® Fy® Fr® Fy® Fz,
with multiplication defined by:
a*=a, ac=ca=0, ar=>r,za=0, ay=0,ya=4Jdy,

az = Az, za=90z.

So
A1 =Fa, Apo=Fy, Axo=Fz, Aos=Fy, Axs=7Fz.

It is easy to check that (av)a = a(va), for v € {a,c,x,y, 2z}, and a is a primitive azis of type (\,§), not
of Jordan type. Also, a is not a flexible axis since (va)x =0, while x(ax) = A\x? = —Ae.
Let b=a+c+x+y+ 2. Then
b =a® + 2% + (y)? +ax +ya +az + za + vz + yz
=a—c+c+ A+ +A+0)y+(A+0)z=h.
Note that A has dimension 5. Since a,b,ab,ba, and aba are independent, they span A.

Flexible idempotents to axis are rather special.

Lemma 2.3 If a is an idempotents to azis satisfying (va)x = x(az), for all x € A, then L2 — L, = R2 — R,.

Proof We have:
a+ax + (za)a + zax = (a+za)(a+ z) = ((a + z)a)(a + x) =

(a+z)(ala+z)) =(a+2z)(a+ax) =a+ alar) + za + zaz,
so azx + (za)a = a(ax) + za. O

Lemma 2.4 Suppose a € A is an idempotent satisfying L2 — L, = R%2 — R,. (In particular this holds when a

is an idempotent satisfying (za)x = xz(ax), for all x € A, by Lemma 2.3.)
1. If A, (a) #0, then either v=p or v=1—p.
2. A decomposes as @rAx D Ax1-x, summed over all left eigenvalues A of a.
Proof (1) Let z#0 is a (u,v)-eigenvector, then
(u? — )z = a(az) — az = (za)a — za = (V? — v)z,
implying p? —p=v?—-v, or (u—v)(p+v—1)=0.

(2) These are the only possibilities, in view of (1). O
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Lemma 2.5 Suppose a € A is a flexible idempotent. Then
Ry(Ro+ Ly —1)=Lu(Rs+ Ly —1).
Proof By Lemma 2.3, and since L,R, = RoLq,

Ry(Ry+ Ly —1)=RyLq+R? — R, = RyL, + L? — L,
= Ly(Ry + Lo — 1).

O
2.2. Albert’s power-associative results
As an application, we reprove Albert’s theorem on power-associative algebras, but first we need:
Lemma 2.6 If A is flexible and power-associative over a field of characteristic # 2,3, then
(Xoe —1)Y,(La+ R, —1)=0, for X,Y € {R, L}.
Proof We show that (R, — 1)R4(Ly + R, — 1) = 0, the rest follows from Lemma 2.3 and Lemma 2.5.
By [1, Equation 12, p. 556], and applying Lemma 2.3,
0=R2+L,R,+L2—R—L,R>— L,
=R+ L,R,+R>—R}-L,R?>-R, (2.1)
=2R2 — RY + L,(R, — R2) — R,
SO
(Ro —1)?R, = R} —2R2 + R, = Lo(R, — R2) = —LoRo(R, — 1),
SO
(Ry — 1)Ry(Ly + R, — 1) = 0.
O

Remark 2.7 In an easy argument in the first three lines of the proof of [1, Theorem 8, p. 560] Albert proves

that Ay = Ay for A €{0,1} (see Equation (1.3) for notation). This is used in the following result of Albert
on power-associative algebras ([1, (22), p. 559] and [1, Thm. 3, p. 562]).

Theorem 2.8 ([1]) Suppose that A is power-associative, and that char(F) # 2,3. Let a € A be an idempotent.
Then

1. A= Al,l &) A()’o (&) Al/g.
2. We have
Ay = Xo(Loy + Ry — 1) A4; Ao =(Xo —1)(Lg+ Ry — 1)A;

Ayjy=(Ro+La)(Ro+ Lo —2)A, X € {R,L}.
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Here is an alternate proof that is rather conceptual and reasonably quick, working directly in A.

Proof (1) Assume first that A is commutative. Then A is flexible (see Equation (1.1)), so we may use
Lemma 2.5 and Lemma 2.6. Let = € A.

Let 21 = Ryxz and z2 = (1 — Ry)z, so that © = x1 + z2. By Lemma 2.6 we have

(Ra = 1)(Ra + Lo — 1)(21) = 0= (La — 1)(Ra + Lo — 1)(z1). (2.2)
and
Ro(Roy + Lo — 1)(2) = 0 = Lo(Rq + Lo — 1)(x2). (2.3)
Let
27 = (R + Lq — 1)(21), z{ = (Ra + Lo — 2)(21),
= (Rq + La — 1)(22), 25 = (Ra + La)(22),
Of course

1 " " /
r=x] —T] +Ty — Ty

By Equations (2.2) and (2.3),

So
Th € Ay, and rh € Ay.

Also by Equation (2.2), (Ra+L,—1)(z}) =0, that is z{ € 14011/2, and by Equation (2.3), (Ry+L,—1)(z5) =0,
that is z} € /011/2.

For the general case where A is not commutative, A is commutative and power-associative; hence
A=A o Aye /011/2. However, Ay = Ay, for X € {0,1}, by Remark 2.7.
(2) follows from (1). Indeed

Xo(Lo + Ry —1)Ag = 0= Xo(Lo + Ry — 1) Ay s,

and X, (Lo + Rq —1)(x) =z, for z € Ay, and similarly for (X, —1)(Lq+ Re —1) and (X, + Lo)(Re + Lo — 2).
O

Note that if A is commutative then /011 /2 = Ai/2, so Theorem 2.8 generalizes the commutative description

of axes.

2.3. Properties of primitive axes of type (\,J)

Here are some computations.

Lemma 2.9 Suppose a is a primitive azxis of type (\,d), and let y € A.
1. a(Fa+ Ap) = Fa.

2. ay = aya+ Ayx, 50 Y\ = %(ay — aya).
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3. alay) = ay(1 — X)a + Aay.

4 yo =y — 3(ay — (A + Doya).

5. (ay)a = aya + Adyx s, tmplying yxs = %((ay)a — aya).

1) This is obvious.

>

pply L, and solve.
(ay) = aya + N?y\ = aya + Nay — aya), yielding (3).

~ o~ o~
w

= I = =
S

4) yo=y—yr —aya=y— x(ay — A+ aya).
5) Apply R, to (2). O
Lemma 2.10

1. ab¢ Fa or ab =0, for any idempotent a and primitive right axis b satisfying the involutory fusion rules.

2. For any primitive left axis a of type XA and any primitive right axis b satisfying the involutory fusion
rules, either ab=0 or by # 0.

3. If a is a primitive axis of Jordan type (A, ) with X\ # 8, and b is an axis, then bi’é =0.

Proof (1) If ab = va, then a is an eigenvector of Ry, with eigenvalue . If v = 1, then b is not primitive,
a contradiction. Otherwise, by the fusion rules for b, a = a®> € Fb+ Ag(R,). But then ab € Fb. This together
with ab € Fa forces ab = 0.

(2) It by =0, then ab = apa, so we are done by (1).

(3) The proof is exactly as in [5, Lemma 2.4(iv)]. O

Corollary 2.11

1. A primitive axis a of type (A,9) is in the center of A, iff it is of Jordan type with Ay s = 0.

2. Let a # b be two primitive axes with ab = ba and a of type (A, ). Then either ab =0, or A =6. In

particular, if a is of Jordan type, then either a commutes with all elements of A or ab=20.

Proof (1) (=) Forany x € A,
aza + Nzy = alazr) = ax = aga + Ay,

implying ) = 0 since A # 0,1. Hence x50 =0 =z, 5, and by symmetry zos = 0.

(<) ¢ =0aza+x0 for any « in A, implying az = xa = aza and also zy = o 0Y0,0 + azya, and thus
a(zy) = (ax)y = azay = azaya for all z,y.

(2) Let b = apa + boo + bao + bos + brs be the decomposition of b with respect to a. Then
opa + Aby o + Abys = ab = ba = apa + dby s + 0by s implying by g = bos = 0. If bys # 0, then A = 9,

and we are done. Hence by s = 0, in which case ab € Fa, so by Lemma 2.10(1), ab = 0. O

We generalize Seress” Lemma from [5, Lemma 2.7]:
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Lemma 2.12 (General Seress’ Lemma) If a is a primitive left axis satisfying the left basic fusion rules

then a(xy) = (ax)y + a(xoy), for any x € A and y € Fa+ Ag(Ly). In particular, a(zy) € (ax)y + Fa. Here

m
T = Qza+ 2o+ g Ty,

i=1

is the left decomposition of x with respect to a.
The symmetric statement holds: If a is a primitive right axis satisfying the right basic fusion rules then

(yx)a = y(za) + a(y - o), for any x € A and y € Fa+ Ao(Rs). In particular, (yz)a € y(za) + Fa.

Proof By linearity we need only check for x an eigenvector of L,. If x = xzy € Ao(L,), then a(zoy) =
0+ a(zoy) = (azo)y + a(zoy). By the basic fusion rules zoy € Fa + Ag(L,), so a(zoy) € Fa.
If v =2, € Ay(Lq) for p # {0,1} then z,y € A,(L,), by the basic fusion rules, hence (az,)y =

a(zpy) = pTuy. U

3. Miyamoto involutions
It is easy to check that any Zs-grading of A induces an involution, i.e. an automorphism of order 2 of A.
Indeed, if A = AT @ A~, then y — y* — y~ is such an automorphism, where y € A and y = y* +y~ for
yt e AT,y e A,

So if a@ € A is a primitive axis of type (A,d), then we have three such automorphisms of order 2, which,

conforming with the literature, we call the Miyamoto involutions associated with a:
(1) ™a=Ta:y=Y—2yr = a+ Y00+ Y0,6 — Yr0 — Yrs-
(i) 750 =T5:y =y —25Y = ya~+Y0,0 = Y0,5 +Yr0 — Yrs-
(ili) Tdiag,a = Tdiag : ¥ = Qy@ + Y0,0 — Y0,6 — Yr,0 + Ux,5-

In case a is of Jordan type, the first two Miyamoto involutions are the same, and the third is the identity, so

we are left with a single non-trivial Miyamoto involution associated to a, which we write as 7.

Notation 3.1 For any Miyamoto involution T we write y™ for 7(y). Let X be a set of azes, where each

x € X is primitive of type (Mg, d,). We denote by G(X) the subgroup of Aut(A) generated by all the Miyamoto
involutions associated with all the azes in X. We denote X := XGX) = {29 |z € X, g € G(X)}.

Remark 3.2 Let a be a primitive azxis of type (A\,d). Of course we can recover:

(i) yrs +yno =3y —y™).

(y—y™).

N

(it) yx,s + Yo, =
(iii) yo.5 + yro = 3 (y — y™aee),

so each of yxs,%0,5, and yxo are linear combinations of y, y™, y™, and y"¥=s, as is +oya =y — (Yas +

Y0,5 + Yx,0)- <&
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Theorem 3.3 Suppose A is generated by a set of axes X, where each © € X is primitive of type (Az,0z).

1. (Generalizing [3, Corollary 1.2, p. 81].) A is spanned by the set X .

2. Let V.C A be a subspace containing X such that xV CV and Vx CV, for all x € X. Then V = A.

Proof (1) By induction on the length of a monomial in the axes X, it suffices to show that ab is in the span

of X, for a,b e X. Write
b= apa+boo+bxro+box—+brs.

Then ab = apa + Aby,0 + Aby 5. But by Remark 3.2, by ¢ and by s are linear combinations of b,b™, b7, b7dias,
(2) Let a € X, so that aV C V and Va C V. We claim that if v € V| then vy, € V for each
p € {\0},v € {4,0}. First, vys € V since a,a + Mvys = ava = a(va) € V. Hence vyo € V since
av —ava € V, and vg s € V since va —ava € V. Finally vg 9 =v — aya —vo,5 — V0 — Va5 € V.
Next we claim that V7 = V, for all 7 € {7\ 4,750, Tdiag,a}, and all a € X. Indeed, for v € V,
v = v — 2(va0 + Uas), V0 = v — 2(vgn + Uxgs), and vTdes = v — 2(vx o + vo,5), Since all v,, € V, we
see that our claim holds.

Hence, in the notation of (1), V' contains X, whose span is A. O

4. Algebras generated by 2 primitive axes of type (A,0) and (\,d)

In this section, A is an algebra generated by 2 primitive axes a of type (A,0) and b of type (N, d). When a
and b have Jordan type, we showed in [5] that dim(A4) < 3, and, furthermore, we classified the possible algebras
A (see [5, Theorem B]). In [5, Theorem A] we classified all algebras A with dim(A) = 2. Here we continue the

classification of the possible algebras A. Throughout this section we let
o:=ab—¥58a—X\b and o' :=ba — Na — db.

We write
b= apa+boo+bos+bro+brs and a=a.b+ago+ags +axo+axs

For the decomposition of b (respectively a) with respect to a (resp. b), as in Equation (1.2).

Lemma 4.1 1. We have
g =7ya — )\(b075 —+ bo_’o) = ’}//b — 5/(0,070 —+ (l)\lyo).

where v = ap(1 — A) =, and v = a,(1 —46") — A. So
o € (Fa+ Ao(Ly)) N (Fb+ Ao(Rp)),
2. aoc =~ya and ob=~'b.

8. o’a € Fa and bo' € Fb.

Proof (1) We compute that

o :(aba + )\(b)\,o + b>\,5)) —da— dagpa — >\(b0,0 + b075) — )\(b>\70 + b)\,é)
= (ap — Ay — 6")a — A(bo,o + bo.s)-
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and
o=agb+d(ags +aye)—0 (aab + (ao,0 +ax.0) + (aps + a>\/751)) - b

= (aqg — ' — N)b— 0" (ag,0 + axo).

(2) This is obvious.
(3) Reverse a and b in (2). O
Proposition 4.2

1. a(axz) € Fa+ Fazx, for all x € A.

2. (xb)b € Fb+ Fzb, for all x € A.

3. (ab)(ab) — a(bab) € V := Fa+ Fb+ Fab+ Fba.

4. a(bab), (bab)a,a(bab)a € V' := Fa + Fb+ Fab+ Fba + Faba.

5. Let V' be as in (4). Then aV' C V' D V'a.

6. bab € V', where V' is as in (4).

Proof (1)&(2) Are special cases of Lemma 2.9.
(3) Write « 2y if z —y € V. We claim that

a(bo) = a(bab) — &'aba (4.1)
(ab)o = (ab)(ab) — &' aba (4.2)
For (4.1), we have bo = b(ab — §'a — Ab), so
a(bo) = a(bab) — §'aba — Aab = a(bab) — &' aba.
For (4.2) we have
(ab)o = (ab)(ab — §'a — \b) = (ab)(ab) — §'aba — A(ab)b = (ab)(ab) — &' aba.
Now ¢ € Fa+ Ay(Lg), so

a(bab) =2 a(bo) + §’aba  (by Equation (4.1))

>~ (ab)o + 8'aba  (by Seress’ Lemma)

1

(ab)(abd) (by Equation (4.2)).

(4) By (3) and (1),
a((ab)(ab) — a(bab)) € V'.

By Lemma 2.9(3), a(a(bab)) — Aa(bab) € V' implying

a((ab)(ab)) — Aa(bab) € V.
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Now aba = apa + Adby 5, so by s € V. Hence by € V', because ab = apa + Abx o + Aby s € V'. By the
fusion rules, a((ab)(ad)) is an F'-linear combination of a, by ¢ and by s. Hence a((ab)(ab)) € V', so a(bab) € V.
By symmetry, (bab)a € V', and then clearly a(bab)a € V.
(5) This follows easily from (1), (2) and (4).
(6) By (4) and Lemma 2.9(5), (bab)xs € V'. By (4) and Lemma 2.9(2) and its right counterpart,

(bab) 0, (bab)gs € V.

We have
bab = (apa + by + by)(apa + Aby)

= a%a + apA2by + apboa + Aboby + apbra + /\b?\

€Ap,s+Ax0+ANs

—_———
= aja + \b3 + apA?by + apboa + Aboby + apbra .

Hence (bab)o o = A(b3)o,0- Now By (3) and (4), (ab)? € V', so b3 € V’, by Lemma 2.9(2) (with b in place of
y). Denoting x := b3, we can write © = aza+xo,0+os. Since V'a C V', we get za € V', so aza+dzgs € V'.
It follows that zgs € V', and consequently (bab)oo = Azgo € V’. Hence we see that (bab),, € V', for all
w,v € {0,\, 8}, so bab e V. O

Theorem 4.3 A= Fa+ Fb+ Fab+ Fba + Faba, and thus has dimension < 5.

Proof Let
V' .= Fa+ Fb+ Fab+ Fba + Faba.

By Proposition 4.2, V! = Fa + Fb+ Fab + Fba + Faba + Fbab. By Theorem 3.3 it suffices to show that
aV' bV V'a, V'b C V', By symmetry (with respect both to a,b and to working on the left or on the right), it
is enough to show that aV’ C V') but this is immediate from Proposition 4.2(1). O

Lemma 4.4 Let V = Fa+ Fb+ Fab. If ba € V, then V = A.

Proof By Proposition 4.2(1), V is closed under L,. In particular aba € V, so V is closed under R,. Similarly
V is closed under R, by Proposition 4.2(2), so bab € V, and then V is closed under L;. The Lemma follows
from Theorem 3.3(2). O

Next we note that

Remark 4.5 For any x € A, Proposition /.2((1)€(2)) shows that L%(x) € FL,(z) + Fa, and R2(z) €
FR,(z) + Fa.
We recall the 2-sided decomposition x = aza + xo,0 + Tx0 + To,s + Txs of equation (1.2).
Proposition 4.6 For x € A, define the vector space
Vo(z) =Fa® Fx ® Fax ® Fra @ Faza.
Then
Vo) =Fa® Froo @ Faxo® Fros @ Foys.
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Proof Applying a special case of Proposition 2.1 both on the left and right,

S o FLiRiz = Fa® Fxoo @ Faxo® Frgs @ Fays.

We conclude with Remark 4.5, which lets us replace L2(y) and R2(y) by La(y), Ra(y), and Fa, for any y. O

As a useful corollary we get

Proposition 4.7 A= Fa+ Fby+ Fby o+ Fbos + Fbys.

Proof By Theorem 4.3,
A=Fa+ Fb+ Fab+ Fba + Faba,

so the proposition follows from Proposition 4.6, because A = V,(b). O

Lemma 4.8 If ab =0, then ba =0, and A = Fa + Fb.

Proof Since ab = 0, we get that apa + Aby g + Abys = 0. It follows that a; = by = brs = 0. Hence
b =boo + bos. By Proposition 4.7, dim(A4) < 3.

If by s = 0, then ba = 0, and we are done. So we may assume that by s # 0. Now 0 = b(ab) = (ba)b =
dbo sb. Hence by sb = 0. Thus Ag(Rp) = Fa+ Fby s is 2-dimensional. Since ab = 0, we see that a = ag,o+ax o-
If ay =0, then ba = 0. If ay o # 0, then Ay o(b) # 0, and we get that dim(A) > 4, a contradiction. O

Lemma 4.9 If ab € Fa + Fb, then A= Fa+ Fb has dimension 2.

Proof Write ab = aa + pgb. If 8 = 0, then, by Lemma 2.10, ab = 0, so we are done by Lemma 4.8. Hence
B # 0. We then see that

apa + )\(bA,O + b)\,é) =ab=aa+ 5(Oéab +bo,0 + bo,s +bxo + b)\’(;),

50 bo,o = 0 ="bg,5. Thus b = apa+0bxo+bxs = apa+by. By Proposition 4.7, dim(A) = 3, and A is spanned by
a,bx0,bxs. In particular, Ag(L,) = 0. Note that b3 € Fa+ Ay(L,), so b3 € Fa. Now ab = aya + Aby, hence
by € Fa+ Fb. Write by = aja + (1b, then, as above, using Lemma 2.10, «; # 0 # 5. But now we see that

Fa> bi = of“{a + be + a1 B1ab + aq 81 ba.

This shows that ba € Fa+ Fb, so A = Fa+ Fb. O

Theorem 4.10 Assume dim(A) = 3. Then a and b are of Jordan type.

Proof By Lemma 4.9, a,b, and ab are independent; hence o ¢ Fa+ Fb. But 0 = va — A(bo,s + bo,o), so at
least one of by, bps is non-zero. Similarly, by Lemma 4.9, a,b, ba are independent, so ¢’ ¢ Fa + Fb, and at

least one of by o,bx,0 is non-zero.

Assume first that by = 0. Then by # 0 # bgs. Since dim(A) = 3, Proposition 4.7 implies that
bx,s =0. Thus b = asa + by + by 5. Suppose oy = 0. Then

b=1b"=b3 o+ b5+ baobos + bosbxo-
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Since by 0bo,s + bo,sba,o € Axs = 0, and bi,o + bg’é € Fa+ Ago, we see that b € Fa+ Ay, so ab € Fa. By
Lemma 2.10, ab = 0, a contradiction.
Hence a3 # 0. But then

(ba)b = (ozba + 51)0,5)(0450, + b>\70 + b075) = a%a + OébAbA@ + 0&},52()075 + 5bo75b)\,o + 5b375

and
b(ab) = (apa + b0 + bo,s)(apa + Abx o)
= aja+ adbys + apA’bx,o + Ab3 o + Abo,sba0-
Since (ba)b = b(ab), this implies apAby o = @pA?by 0, S0 by o = 0, a contradiction.
Hence bg g # 0. Suppose by # 0. Then b = apa + bo,o + bx 0. But then ba = opa, and we saw that this

implies ba = 0, a contradiction. Thus by ¢ = 0. Symmetrically by s = 0, so a is of Jordan type. By symmetry

so is b. O

5. A few observations and some questions.
In this section A is generated by a set of axes X, where each z € X is primitive of type (Az,d:). Recall the

notation X from 3.1.
Lemma 5.1 Let a € X.

1. For any z € A, there is a finite subset Y C X such that 20,0 €Y. Fzxoo. Here zy0,%0,0 € Ao o(a).

€Y

2. To determine whether (Ago(a))? C Aoo(a), it is enough to check that (Boo(a))? C Boo(a), for any

subalgebra B of A generated by a,x,x’, with z, 2’ € X.

Proof (1) This is obvious. Just write z = )y 7., for some finite subset Y C X. Then 200 = >,y V2%0,0-

(2) Let 3,y € Ago. Using (1) write

Y= YToo, Y= Y. Veho

€Y r’'eY’

with Y,Y”, finite subsets of X. Then
yy/ € ZwEY,I’EY’ FI0701'670-

The assertion of (2) is now obvious. O

Lemma 5.2 Suppose that whenever B C A is generated by 2 primitive azes of type (X, 9) and (N,¢§'), then
dim(B) < 3. Then all azes in A are of Jordan type.

Proof This follows immediately from Theorem 4.10 and Theorem [5, Theorem A]. O

2380



ROWEN and SEGEV/Turk J Math

Some questions

1. Suppose A is generated by axes a and b of respective types (A, d) and (N,¢’). Is it true that dim(A) < 3?

(see Lemma 5.2). We have recently shown that dim(A) # 4, so the only remaining case is whether one

can have dim(A) = 5. Added in proof: The authors answered this question affirmatively.

2. Suppose that each axis x € X is of (Jordan) type (A, ;). Is it true that (Apo(z))? C Ago(z)? (By

Lemma 5.1 it is enough to consider triples of axes).

3. Suppose | X| = 3. Does it follow that dim(A) is finite?

[1]
2]
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