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Abstract: In this paper, we study the existence and multiplicity of solutions for a class of quasi-linear elliptic problems
driven by a nonlocal integro-differential operator with homogeneous Dirichlet boundary conditions. As a particular case,

we study the following problem:

(—A)pu= f(z,u) inQ,
{ u=0 in RV \ Q,

where (—A), is the fractional p-Laplacian operator, § is an open bounded subset of RY with Lipschitz boundary and

f: QxR — R is a generic Carathéodory function satisfying either a p—sublinear or a p— superlinear growth condition.
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1. Introduction
In recent decades, fractional and nonlocal problems have attracted considerable attention. The basic operator
involved in this kind of problems is the so-called fractional Laplacian (—A)® with s € (0,1). This operator and
its generalization appear in many areas of mathematics, such as harmonic analysis, probability theory, potential
theory, quantum mechanics, statistical physics, and cosmology, as well as in many applications, see, for instance
[3, 6, 19] and the references therein.

Lately, many works are devoted to the study of existence, nonexistence and regularity of solutions for
nonlocal elliptic equations; we refer the interested reader to [10, 11, 13, 16, 20, 22]-[26] and the references therein.

In this paper we are concerned with the existence and multiplicity of solutions for the following problem:

Lhu= f(z,u) inQ,
{ u=0 in RV \ Q, (1.1)

where L% is the non local operator defined as follows:

Lip(x) = lim Q/RN\B » (@) — )P (p(2) — p(¥) K (z - y)dy, = € RY,

e—0t

along any ¢ € C§°(RY), where B.(x) denotes the ball in RY of radius € > 0 at the center x € RY and
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K : RN\ {0} — R+ is a measurable function with the following property:

mK € LY(RY), where m = min{1, |z|P},
3s5€(0,1),Ko>0: K(z) > Kolz|~™+P) | ae. in RV \ {0}, (1.2)
K(—z) = K(x), a.e. in RV \ {0}.

Throughout the paper, we assume that s € (0,1), N > sp, p € (1,+00),r € (p,p}) where p} = Nj\iip and the
condition (1.2) is fulfilled.

A typical example for K is given by the singular kernel K(z) = |z|~(+?$)  In this case, the operator

S

L% becomes the fractional p-Laplacian denoted by (=A);

and problem (1.1) is equivalent to

{ (=A)su= f(zr,u) in Q,

u=0 in RV \ Q. (13)

When p = 2, the operator (—A); reduces to the usual linear fractional Laplacian operator (—A)®.

Recently, Servadei and Valdinoci [16] considered the problem (1.3). Under suitable conditions on the
growth of the nonlinearity f, mainly the Ambrosetti-Rabinowitz growth condition, they got the existence of
nontrivial weak solutions for problem (1.3). The same conclusion is obtained by Ambrosio in [2] by relaxing

the Ambrosetti-Rabinowitz condition.

Later, Iannizzotto et al. [11] examined the following problem

{ E:ZA())ZU = AulP~2u + f(x,u) in Q, (1.4)

in RV \ Q.

By means of Morse theory and the spectral properties of the operator (—A);, they proved the existence of
a nonzero solution for (1.4) for all A € R. They treated, respectively, the cases where f is p-superlinear,
p—sublinear or asymptotically p-linear. Using the same tools, Ho et al. extended the above results in [12]
to potentials of the form f(z,u) = M(z)|u[P~2u + k(z)|u|""%u + g(x,u) where h and k are two measurable

functions belong to a class of singular weights (for more details see [12]).

Newly, in [20, 22]-[24], the authors studied the existence and multiplicity of solutions for fractional Kirch-
hoff problems involving different kinds of nonlinearities: logarithmic, superquadratic or critical. Their study is

mainly based on the use of the Nehari manifold approach and variational arguments.

In the present paper, motivated by the above papers, we study the existence of weak solutions for the
problem (1.1) involving more general nonlocal fractional operators with various classes of nonlinearities includ-

ing those of the form f(z,u) = AV (z)|ulP~2u + pg(x)|u|"~?u + g(z,u) via critical point theory.

This paper is organized as follows: In Section 2, we present the variational framework of problem (1.1)
and some preliminary results. In Section 3, we treat the case of p—sublinear nonlinearities. Section 4 is devoted

to study the case of p—superlinear and subcritical nonlinearities.
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2. Functional framework

Throughout the paper we assume that  C RY is a bounded Lipschitz domain, p € (1,+0c) and s € (0,1).

We consider the space

X ={veLP(RY): //]R?N lv(z) — v(y)|PK(z — y)dz dy < oo},

endowed with the norm

[ollx = |vlLe@y) + [V]sp. 56,

where

lopic = ([, 1060) = oK e~ ) ay )
R2N
Lemma 2.1 (/24]) (X, |.llx) is a separable and reflexive Banach space.

In the following, we denote @ = R?N \ O, where O = C(Q) x C(Q) C R?Y, and C(Q2) = RV \ Q. We

shall work in the closed linear subspace
Xo={u€eX:u(x)=0ae inRY\Q},

endowed with the norm

Jull = [iopurc = ( / /Q ju(z) - u(@) K (z — ) de dy)l/p.

Then (Xo,|.]]) is a separable and reflexive Banach space, (see [24]). Moreover, C§°(Q2) is dense in Xy, (see

[9])-

Lemma 2.2 ([8]) Let K : RN \ {0} — R+ satisfies (1.2) and let (v;) be a bounded sequence in Xo. Then
there exists v € LY (RN) with v =0 a.e. in RN \ Q such that, up to subsequence,

v; — v strongly in LY (RN),V v € [1,p%).
Furthermore, there is a constant C, > 0 such that
[v] v (o) < Culv]s i, Vv € Xo.
Lemma 2.3 Under the assumption (1.2), we have
(a) L% : Xo — X{ is a continuous, bounded and strictly monotone operator.
(b) L% is a mapping of (S4), i.e. if v, = v and LY (vy,).(v, —v) = 0, then

v, = v strongly in Xg.
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Proof Let us prove part (a), by the Holder inequality, for all v,w € X, we have:

L8 (v)aw| < / OE V()P w(w) — wy)||K (@ — )T |K(x - y)|"7 de dy,

IN

IN

(018 ok (W] .-

Hence ||£% (v)]|« < [U]Is);}K'

<//v Cwy)IPK (@ — y da:dy) (//|w DPK (z — )dxdy)’l’,

Let us now recall the well-known Simon inequality (see [24]): For all £, ¢ € R, there exists x, > 0 such that

- _ € —<I” fp=2
rp(IE72E = [slP ) (€ =) = { 1€ — o201 + [s])P2if 1<p<2.

By inequality (2.1), it is easy to see that the operator L%, is strictly monotone.
For part (b), we know that if v, — v then

lim (L% (vn) — LY (v), v, —v) = lim (L% (vp),vn —v) — (L (v), v, —v) = 0.

n—+oo n—+oo
Using (2.1), we obtain, for p > 2,
[vn =] p i < Ep(Lk (vn) = L (v), v —v) = o(1).

For 1 <p <2, let wy(z,y) = v,(x) — vp(y), w(z,y) = v(z) —v(y), so, we get

=i =[] onle) v PG ) e dy
5 p—2 p—2 % - p)p
< i [ (™ wl w)wn = w) ¥ (jual + o] “F) K@ - y)dady,
» 5
< o ([ a2, = ol )~ )@ - ) o ay)
Q

2

2—p

< /Q (ol + Ko~ ) )

2

IN

Then v, — v in X, as n — 400, i.e. LV is of type (S4).

Since Xy is separable, there exist (e,) C Xo and (f,) C X, such that (see [28], Section 17)

. - 1 ifi=j,
XO = Span{en}nzh Xé = Span{fn}nzla < fi)ej >= { 0 Z;l #;
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Let
n +oo
X, = spanfen}, Yo = @ Xi, Zn = P X (2.2)
k=1 k=n

Lemma 2.4 Let § >0 and for any n € N,
Brn = sup{|u|raq), v € Zy ¢ |lul <5}
Then B, — 0 as n — +o00.

Proof By definition of Z,, we have Z,.1 C Z,, and consequently 0 < 3,41 < 3, for any n € N. Hence
there exists § > 0 such that
Bn — B, as n — +o0.

Moreover, by the definition of f,,, for any n € N there exists u,, € Z,, such that

unll <0 and |un|pa) > % (2.3)

Since X is a reflexive space, there exist uo, € Xo and a subsequence of (u,,) (still denoted by w,,) such that

Up — U - Since each of Z,, is convex and closed, hence it is closed for the weak topology. Consequently,

+oo
too € (1) Zn = {0}.
n=1

By the Sobolev embedding theorem, we get
Up, — 0 in LY(). (2.4)

Since S is nonnegative, from (2.3) and (2.4) we get that 8, — 0 as n — 400 which completes the proof of
Lemma 2.4. O

Next, we need the following results in critical point theory.

Theorem 2.5 ([7]) Let (X, ||.||) be a reflexive Banach space and J : X — R be a functional which is weakly

lower semicontinuous and coercive, namely
J(u) = 400 as ||lu]| = +oo.

Then J is bounded from below and attains its minimum.

Theorem 2.6 (Mountain Pass Theorem [1])
Let (X,||.|l) be a real Banach space and J € C*(X,R). Suppose that J satisfies the Palais—Smale condition

and

(a) J(0) =0.
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(b) 3 p,y>0:T(u) >y, Yue X with |ul| =p.
(c) Fe€e X,R>0:|e||=R and J(e) <0.
Then J possesses a critical value ¢ > v which can be characterized as

— inf t
¢= Inf max J(g(t)),

where
I'={g € ([0,1], X) : g(0) = 0,9(1) = e}.

Theorem 2.7 (Fountain Theorem [21])

Let (X, |.|l) be a reflexive and separable Banach space, J € C*(X,R) be an even functional and the subspaces
Xn,Y,, Z, as defined in (2.2).

If for each n € N, there exists p, > r, > 0 such that

(a) infyez, |juj=r, J(u) = +00 as n — 400,

(b) max,cy, |ul|=p, J(v) <0,

(¢c) J satisfies the Palais-Smale condition at any level ¢ > 0.
Then J has a sequence of critical values tending to 4oc.

Let (X, ||.||) be a real Banach space and let ¥(X) denote the class of closed subsets of X\{0} symmetric
with respect to the origin. A nonempty set A € ¥ is said to have genus k (denoted y(A) = k) if k is the
smallest integer with the property that there exists an odd continuous mapping h : A — R¥\ {0}. If such an

integer does not exist, y(A) = +oo. For properties and more details of the notion of genus we refer the reader
to [1].

Theorem 2.8 ([1]) Let (X, |.||) be a Banach space and J € C*(X,R) be an even functional satisfying the

Palais—Smale condition and J(0) =0.

Set, for all n € N,

= {AeX(X):v(A) >n},
= {ueX:J)=cand J (u) =0},

— it , meN.
Akt Sup T (w).

If for all n € N, —00 < ¢, < 0 then each ¢, is a critical value of J, ¢ < cny1 <0 for all n € N. Moreover,
if there exists k € N such that ¢, = ¢py1 = ... = Cnyk, then Y(K(cy)) >n+1.

3. p-sublinear case

In this section, we investigate the existence of solutions for the following problem
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Suppose that f: QxR — R is a Carathéodory function satisfying:
(Hy) there exist ¢ € (1,p),b>0,a € LI (Q),a >0 a.e. in Q such that

|f(z,t)] < a(z) +bjt|]9 ! forall t € R, and a.e. x € Q,

where ¢’ € (1,+00) such that % + % =1.

In [15], H. Qiu and M. Xiang used Leray-Schauder’s nonlinear alternative to prove the existence of a
weak solution for (3.1) under the p—sublinear condition (H;). The problem is also studied in [11] via Morse
theory. Here, we treat the problem (3.1) using variational techniques and a minimisation argument. Moreover,

we give a result of multiplicity in case of odd potential.

The corresponding energy functional of the problem (3.1) is
1
1) =l ~ [ Flou(e) o
p Q

where F' denotes the primitive function of f with respect to the second variable,i.e., F(x,t) = fg fx, &) dE.
We notice that, under the condition (H;), I is a C! functional and the critical points of I are weak solutions

of the problem (3.1). Moreover,

Lemma 3.1 Under the condition (Hy), the functional I satisfies the Palais—Smale condition.

Proof Let the sequence (u,) C Xy be such that
(I(uy,)) is bounded, I’ (u,) — 0, as n — +o0.

By (H;) we have

1 b CY

%

Ak

5

=
|

[unll* = Cylal Lo oy l[unll-

From p > ¢ > 1 and the last inequality we deduce that the sequence (u,) is bounded in Xjy. Since Xy is a
reflexive space, up to a subsequence, still denoted by (u,), there exists u € Xy such that u, — u weakly in
Xo-

Firstly, we have

I'(up).(uy — uw) = L5 (up).(wy, — u) — /Q f(x,up) (u, — u)da.
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By Lemma 2.2, u,, — u strongly in L?(). Moreover,

| /Q F (@14 () (i (&) — u(@))da| < /Q (@t (@) i (&) — (),

IN

/Q a2)] tn () — u(z)|dz

. /Q ()9 1 () — () iz,

IA

-1
|al o (@) ltn = ulra(e) + blunlTq ) lun — ulLe(0)-
()

Then
ngIEoo /Q fzyun(z))(un(x) — u(z))de = 0. (3.2)
Hence
LY (up).(uy, —u) — 0,
and by Lemma 2.3 we have u,, — u strongly in Xj. O

Theorem 3.2 Under the condition (Hy) and
(Hs) there exist § > 0,d >0, and 1 < 6 < p such that

fz,t)>dt’ L ae. xe€Qand0<t <4,
the problem (3.1) has at least one weak nontrivial solution.
The proof is based on the direct method of calculus of variation via Theorem 2.5
Proof By (Hp), I is weakly lower semicontinuous on X,. Moreover, we have

1 bC?
I(u) = EHUIIP - TQHUII’J = Cylal e ) llull- (3.3)

Since p > g > 1, the latter gives the coercivity of I. Hence I attains its minimum on X, and provides a weak
solution of (3.1) denoted by wug.

It remains to prove that ug # 0. Let u € C§°(£2) such that v > 0,u # 0 and |u|~(q) < 0. Then, by (Ha), we
have for all ¢ € (0,1),

I(tw)

Ltul - / F(z, tu(x))d,
p Q

EHUHP —2 tulzo (0

ullP d
tP <|| p” - 9|u0Le(Q)tap) .

IN

IN
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As 1 <0 < p, we can find t € (0,1) small enough such that I(tu) < 0. Hence in)g I(v) = I(ug) < 0 and
vEXQ

accordingly ug # 0.
Now, we treat the question of multiplicity in case where the function f is odd.

Theorem 3.3 Suppose that [ satisfies the conditions (Hy),(Hs) and
(Hs) f(z,—t) = —f(z,t), for a.e. x € Q and for all t € R.
Then problem (3.1) has a sequence of weak solutions (u,) C Xo such that

I(uy,) <0 and I(u,) — 0 as n — +o0.

Proof

First of all, by Lemma 3.1, we know that I satisfies the Palais-Smale condition. Moreover, by (Hjz), I
is an even functional. Now, for any n € N, we can choose a n—dimentional linear subspace X,, C X such that
X, C C§°(Q). As the norms on X,, are equivalent, there exists p, € (0,1) such that

lull < pn = |ulpe(0) < d,u € X,

Set
St ={ue X, |lull = pn}-

By (Ha2), for u € S’[(,Z) and t € (0,1), we have

1
() = thuH”—/F(x,tu(x))dm,

p Q

< Eﬁ’fb —at ul70 0y
p ~

< S
p

<

d,,t? ( P _ tﬁ’—l’) .
pdy

As 1 <6 < p, we can find ¢, € (0,1) and €, > 0 such that
I(tau) < —€, < 0,Yu € S,

that is
I(u) < —e, <0,Yu € S .

We know that 7(5,5(”;) =n (see [1]), so ¢, < —€, < 0. By Theorem 2.8, each c¢,, is a critical value of . Hence
there is a sequence of solutions (u,) C X of (3.1) such that I(u,) = ¢, < 0.

It remains to prove that ¢, — 0 as n — 4o00. By the coerciveness of I, there exists a constant v > 0 such
that I'(u) > 0 when ||ul| > ~. Taking arbitrary A € X,,, then v(A) > n. Let Y,, Z,, the subspaces of X as
mentioned in (2.2), according to the properties of genus (see [1]), we know that AN Z, # @&. Let

Bn = sup{|ulraq), u € Z, : |lul| <0}
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By Lemma 2.4 we have (8, — 0 as n — +o0o. When u € Z,, and |ju|| < d, we have

rw)= 2l = [ Fods > - [ Flouto)a,

v

b q
—lalper (o lulLa@) — 6|U|LQ(Q)’

b
> _|a|LQ’(Q)5n - 56;}1’

and then ¢, > —|a|Lq/(Q)5n — gﬁ;g, which implies that ¢, — 0 as n — 4o00. O

Remark 3.4 To the best knowledge of the authors, there are only few works treating problem (3.1) with p-
sublinear nonlinearity (see [10, 11, 15]). In [15], the authors established the ezistence of a weak solution under
the condition (Hy) but they are unable to check its nontriviality due to the method used (Leray-Schauder’s
nonlinear alternative). In [11], the authors proved the existence and multiplicity of solutions for the problem
(3.1) in the coercive case, including the case when f(x,.) is p— sublinear at infinity. They used Morse theory
and suppose, among others assumption, F(t,xz) > 0 for a.e. in Q and for all t € R, which is very restrictive
compared to our assumptions. Earlier, in the paper [10], by means of critical point theory, the authors treated
the case of fractional Laplacian equations for reaction term f with sublinear growth and oscillatory behavior.
They established the existence and multiplicity of positive, negative and sign changing solutions. In Theorem 3.2
and Theorem 3.3, we generalize and complete the above works by involving more general operators or weakening

the assumptions on the reaction term.

4. p-superlinear case

In this section, we study the existence and multiplicity of solutions for the following problem

L) = WV @)l ~2u -+ pg(e)lul2u+ f(z,u(z)) 9 )
u=0 in RV \ Q, '
where V : 2 = R and ¢g: Q2 — R are two measurable functions satisfying:
(V) there exists Vo > 0 such that |V (z)| <Vp a.e. in €,
(G) there exists g > 0 such that 0 < g(z) <g a.e. in Q.
In a recent paper the authors of [11] considered the fractional problem
(~p)"u(r) = A2 + gl u(x)) 0 ©, o
u=0 in RV \ Q, ’

where the primitive function of g with respect to the second variable satisfies the usual Ambrosetti-Rabinowitz
p—superquadratic growth condition and does not change sign near the origin. They provide existence and

multiplicity results as well as characterization of critical groups of the variational functional associated to
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problem (4.2).
More recently, the authors of [12], considered the following problem

4.3
u=0 in RV \ Q, (4.3)

{(Ap)su(iﬂ) = Mi(@)|ulP~?u + k(z)|ul""?u + f(z,u(z)) inQ,
with weights which are possibly singular on the boundary of the domain. Using Morse theory and some Hardy-
type inequalities, the authors proved the existence and multiplicity of solutions for (4.3).

Here, motivated by the above works, we consider the more general problem (4.1) with a p—sublinear pertur-

bation of a p—superlinear and subcritical nonlinearity with bounded weights.

For all A, it > 0, define ®, ,: Xo — R by

—lup—é 2)|u(@)|P do — £ x)|u(x)|” dx — x,u)dx
B = Sl =2 [ V@)l de=2 [ gl e~ [ Pl

Under the conditions (H;), (V) and (@), @5, € C'(Xo,R) and for all u,v € Xy we have

\p(w)o = Lhuv — )\/
Q

2) P 2u(x)v(z) de — 2l 2u(2)v(z) de — x,u(x))v(x)dx.
V(@) [ufP~2u(z)o(z) d M/Qg()|| (2)o(z) d /Qf<,<>>(>d

Denote by

o
A= i o L
ueXo |U|LT’(Q) D

Lemma 4.1 Under the conditions (Hy),(V) and (G), for all A € (0, AV—;), ®) . satisfies the Palais-Smale

condition.

Proof Let (u,) C Xo such that (®) ,(uy)) is bounded and and ®)(u,) — 0. By (H;) and (V), we get

@y () = @ (un)tn = (5 = Dllual” - (5 - 1)A/§1V($)|un(9€)lpd$

+ /Q(f(ajaun)un - rF(x,un(a?)) d,

v

.
(=1 (luall” = VoMunl 2, ) = +1) (Jal o @ Callun])

= (r+1D)bCFunl,

Y%

r VoA »
E =0 (1= 22 el = -+ 1) (Jl o Cll )

- (r+ 1)ngHuan.

Now A < ’\7[1) and r > p > g > 1 give that (u,) is bounded in Xy. Since Xy is reflexive space, up to a

subsequence, still denoted by (u,), there exists u € Xy such that u, — u weakly in Xy. By Lemma 2.2,
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un, — u strongly in L¥(Q) for all « € [1,p%). Moreover, one has

| / )t ()" () (1 () — ()| < Glun 5y [ = 0l 0. (4.4)

| / 2)lun (@) 2 (@) (n (@) = ()| < Volunlf gyl = uloe). (4.5)

Now, combining (3.2), (4.4) and (4.5) we get

nll)riloo LYy, (uy —u) =0, (4.6)
and by Lemma 2.3 we have u,, — u strongly in Xj. O

Lemma 4.2 If A € (0, %), then, there exists py > 0 such that for any p € (0, py), we can choose p,y >0 so
that @y, (u) >y for all u € Xy with |ju| = p.

Proof By (H;),(V) and (G) and for all u € Xy, we have

1 A
Dyu() = ~fulfp — 2 / V@) dz - © / g(@)u(z)[" dz — / F(z,u(z))dr,
p P Ja rJa Q
1 A L
> *H“Hp**%‘uﬁp(g)**9|U‘LT(Q) b|u La(Q) ‘a|Lq’(Q)|u|L‘1(Q)a
P P r
1 VoA | L
> Sl (1 22) = Egcriulr - Cblul® - ol @ Calll
1 VoA . - [
>l (p(l = Xy heult P — Cylal el ) 507l

A1

If A< )‘1 , then there exists p > 0 such that bCZp?™P + Cylal (Q)p P < s (1 ‘%)‘)
Now let u € X be such that |ju|| = p, then

1 VoA B 1 VoA
P >—1—-—)p?P —=gCrp" — 1—— 0 0.
apl(u) > Zp( N )P 90 2p( N )pP >0 as p —
Then, there exists p, > 0 such that for all p € (0, ), ®xpu(u) =7 >0 for all u € X, with [ju]| = p. O

Lemma 4.3 There exist e € Xo, R > p such that |le]| = R and ®, ,(e) < 0.

Proof By (H;), for all u € X, we have

Dy ) = }jnunp—% /Q V(@) lu@)P dr -

3=

/Qg x)|" dx—/QF(a:,u(x))dx,

| s@hu@r do+ [ a@luw)as,

L = 2 x)|u(x)|? de —
L p/ﬂw Ju(@)P d

p

+ 9/|u(x)\q dz.
q.Ja

IN
RS
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Now let ¢t > 0, up € Xo such that |Jug|]| =1, then

Baultun) < Sl =52 [ V(o) de- 2 [ g@lor do

+ t/ﬂa(m)|uo(m)|dx+%q/gmo(xﬂq da.

Hence
ti}gl Dy, (tug) = —o0. (4.7
From (4.7), there exists R > p such that ®, ,(Rup) < 0. Let e = Rug, then |le| = R and @, ,(e) <O0. O

Theorem 4.4 Under the conditions (Hy), (V) and (G), if X € (0, ‘A,—;), then there exists p, > 0 such that for

all p € (0, py), problem (4.1) has a nontrivial weak solution which corresponds to a positive critical value.

Proof According to Lemmas 4.1, 4.2 and 4.3, the functional ®, , satisfies all the assumptions of the Mountain
Pass Theorem. Then, there exists u € X, a nontrivial critical point of the functional ®, , with ® ,(u) > 0

and thus a nontrivial weak solution of problem (4.1). O

Now, we show the existence of a sequence of weak solutions via Fountain Theorem.

Theorem 4.5 Under the conditions (Hy),(Hs),(V),(G) and X € (0,
weak solutions (u,) C Xo, for all u > 0, such that

—) problem (4.1) admits a sequence of

Oy (un) = +00 as n — +oo.

Proof By (Hs), ®,, is an even functional. Due to Lemma 4.1, we only need to verify conditions (a) and
(b) of Theorem 2.7. Let

= sup{|v[Lrq),u € Zy ¢ |Jull < 1},
Ba = sup{|v|rs),u € Zy : |lull <1},
BE = sup{|v|pa),u € Zy : |lul| <1},
B, = max{BF k=1,23}

According to Lemma 2.4, we have 3, — 0, as n — +o0o. From (H;), (V) and (G) we have

1 A
Brut) = Sl =2 [ V@) de=2 [ gl do- [ P

1 A JU—

z ];H“Hp - ;VO\UV&(Q) - FQWU(Q) - b|u|qu(Q) = lal Lo (o lulLo @),
1 VoA

> 2 (1= 22 e - ~ bl
p A1 [[ull 12 () [Jul| TLa(2)

- a|pe L@’
1 VO/\ H_ T Qr

> 2 (1= 22 e = gl 5 - o5 el ol

At
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1
Bn

Now if A € (0, ‘A,—(l)), u € Z, with ||u|| =r, we get

For each n € N, let r, = then r,, —» +o00 as n — +o00.

1 VoA
Dy, (u) > ’ <1 - —; )rfL - (g§+b+ |a] Lo () = +00 asn — +o0.
1

Hence

lim inf Oy, (u) = 4o00.
n—+00 ue Zy, ||ull=rn

For (b), let u € Y,, we have

1 A
Eaul) = Sl =2 [ V@lu@P do- 2 [ g@u@l do- [ F ),
p P Ja rJa Q
< 1w év P B APE ST blul?
< p||“H + " 0‘u|LP(Q) T|9TU|LT(Q) + lal Lo @) lulLae) + |u|L<I(Q)'
Since dim (Y;,) < oo, the norms .||, |.|zr(q), g7 L7 (Q)s |-lLe(q) are equivalent. As ¢ < p < r, the last estimate
yields @y, (u) <0 for all u € Y,, with ||u|| large enough. This completes the proof of Theorem 4.5. O

Remark 4.6 Compared to the results in [11, 12], a part the general character of the operator involved in
Theorem 4.4 and Theorem 4.5, note that the weight functions satisfy weaker conditions than those in [11, 12].
Especially the following assumptions in problem (4.3),

H{z € Q; h(z) >0} >0 and 12}"216(3:) >0,

will be omitted. Hence, from this point of view, Theorems 4.4 and 4.5 complete the results in [11, 12] in case

of bounded weights.
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