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Abstract: We present an extension of the classical Eilenberg–MacLane higher order cohomology theories of abelian
groups to presheaves of commutative monoids (and of abelian groups, then) over an arbitrary small category. These
high-level cohomologies enjoy many desirable properties and the paper aims to explore them. The results apply directly
in several settings such as presheaves of commutative monoids on a topological space, simplicial commutative monoids,
presheaves of simplicial commutative monoids on a topological space, commutative monoids or simplicial commutative
monoids on which a fixed monoid or group acts, and so forth. As a main application, we state and prove a precise
cohomological classification both for braided and symmetric monoidal fibred categories whose fibres are abelian groupoids.
The paper also includes a classification for extensions of commutative group coextensions of presheaves of commutative
monoids, which is relevant to the study of H -coextensions of presheaves of commutative regular monoids.
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1. Introduction and summary

In the past fifties, Eilenberg and MacLane [16, 17] introduced what we now know as higher cohomology theories
for abelian groups: For every integer r ≥ 2 , the level-r cohomology groups of an abelian group B with coefficients
in an abelian group A , denoted by Hn(B, r,A) , are the cohomology groups of the Eilenberg–MacLane minimal
simplicial sets K(B, r) with coefficients in A , that is

Hn(B, r,A) = Hn(K(B, r), A), n ≥ 0.

At first, these high-level cohomology groups were studied mainly with interest in algebraic topology. But
later, these cohomologies found applications in solving problems of a purely algebraic nature. For instance,
in the classification of Picard categories G = (G,⊗, ι,a, l, r, c) (also known as symmetric categorical groups)
by Grothendieck and Sinh (Sinh, H. X. Gr-catégories. Ph.D. Thesis, Université Paris VII, Paris, France,
1975. Aviable at https://pnp.mathematik.uni-stuttgart.de/lexmath/kuenzer/sinh.html); that is, categories G
endowed with a tensor functor ⊗ : G ⊗ G → G , a unit object ι ∈ G , and coherent constraints of associativity,
left and right units and commutativity, in which every morphism is invertible (i.e. the underlying category
is a groupoid) and every object is quasi-invertible. In that classification process, a complete invariant for the
equivalence class of a Picard category G is given by a triple of data (B,A, c) , where B = Π0G is the abelian
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group of isomorphism classes of its objects, with multiplication induced by the tensor product, Π1G = AutG(ι) is
the abelian group of automorphisms of its unit object, and c is a level-3 fifth-cohomology class c ∈ H5(B, 3, A) ,
which is canonically defined from the coherence pentagons and hexagons in G . Subsequently, Joyal and Street in
[24] stated an analogous classification result for braided categorical groups (defined similarly to Picard categories
but without the symmetry requirement cY,XcX,Y = 1X⊗Y ) in terms of triples (B,A, c) as above, but now with
c ∈ H4(B, 2, A) a fourth-cohomology class of second-level.

Most of the work we present here was motivated by the challenge of establishing a precise classification
for braided and symmetric C-fibred categories G = (G, π,⊗, ι,a, l, r, c) , where C is any given small category;
that is, categories G endowed with a (Grothendieck) fibration π : G → C and a braided or symmetric C -fibred
monoidal structure by means of cartesian C -functors ⊗ : G ×C G → G and ι : C → G , and corresponding
associativity, unit, and braiding or symmetry C -fibred constraints. Indeed, in this paper, we generalize the
aforementioned results for the nonfibred case by Joyal–Street and Sinh by achieving a cohomological solution to
that problem for those braided or symmetric C -fibred categories G in which every fibre category GU = π−1(1U )

is a groupoid whose automorphisms groups AutGU
(X) are all abelian. Any such a braided or symmetric C -fibred

category G produces, by taking isoclasses of objects in the fibre categories, a presheaf on C of commutative
monoids Π0G : Cop → CMon , as well as, by taking automorphisms groups of objects in the fibre categories,
an abelian group object Π1G in the comma category of presheaves of commutative monoids on C over Π0G .
Thus, we were naturally led to research for suitable cohomology theories for presheaves of commutative monoids
M : Cop → CMon with coefficients in abelian group objects A in the slice category of presheaves of commutative
monoids over them. In the paper, we call these coefficients H(M) -modules, because they can be described in
a simpler way as abelian group valued functors A : H(M)→ Ab on a small category H(M) that the presheaf
M suitably defines (this key observation is essentially due to Grillet [22, Chapter XII, §2]).

Presheaves on small categories are rather familiar objects and arise in many situations. The cohomology
of presheaves of several algebraic structures (groups, rings, etc.) has been object of study with interest along
the last decades. Particularly, we should refer here to the seminal work by Gerstenhaber–Shack (in deformation
theory) on cohomology of presheaves of algebras (e.g., associative or Lie) [19–21], which greatly inspires part
of this paper on higher cohomology of presheaves of commutative monoids. Also, our exposition is strongly
influenced by several papers on cohomology of presheaves of simplicial sets (in equivariant homotopy theory).
Particularly we should refer those by Dwyer–Kan [14, 15], Moerdijk–Svensson [28, 29], and Blanc–Johnson–
Turner [4]. Particularly, following Moerdijk and Svensson, we define the cohomology groups of a presheaf of
simplicial sets S : Cop → SSet , denoted by Hn(S,A) , to be those of its category of simplices ∆(S) , and following
Gerstenhaber and Shack, we show suitable cochain complexes C•(S,A) to compute them. The pointed case is
relevant for our development, and we define the pointed cohomology groups of a presheaf of pointed simplicial
sets S , denoted by Hn

pt(S,A) , as the relative cohomology groups to the subcategory ∆(pt) ⊆ ∆(S) , where
pt : Cop → SSet denote the constant presheaf on C defined by the constant simplicial set defined by the unitary
set pt . These are computed by the subcomplex C•(S,pt,A) ⊆ C•(S,A) of cochains on S which vanish on
pt . Both cohomology theories Hn(S,A) and Hn

pt(S,A) base the higher cohomology theories of presheaves of
commutative monoids we treat in the paper. We would like to emphasize that some of our results for presheaves
of commutative monoids can also be proved in a more ad hoc way. However, our approach of using presheaves
of simplicial sets opens further possibilities by considering other categories of presheaves of algebraic structures.

If M : Cop → CMon is a presheaf of commutative monoids, the classical W -construction by Eilenberg–
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MacLane [17] and Moore (Moore, J.C. Algebraic homotopy theory, unpublished lecture notes, 1958) works
recursively on it, giving rise to presheaves of simplicial commutative monoids K(M, r) : Cop → SCMon , one
for each integer r ≥ 0 . Furthermore, these come with a canonical funtor ∆(K(M, r)) → H(M) , through
which every H(M) -module A produces a system of coefficients on the underlying presheaf of pointed simplicial
sets K(M, r) . This leads to the two definitions of level-r cohomology groups of M with coefficients in A we
consider. We define the first one as the cohomology of the presheaf of the simplicial sets K(M, r) , that is, by
the cohomology groups

Hn(M, r,A) = Hn(K(M, r),A) (n ≥ 0),

while the second one, which following to Gerstenhaber and Shack [20] we call the simple level-r cohomology, is
defined to be the pointed cohomology of K(M, r) , that is, by the cohomology groups

Hn
s (M, r,A) = Hn

pt(K(M, r),A) (n ≥ 0).

Although both extensions of the higher order Eilenberg–MacLane cohomology theory are closely related,
they are different in general. However, they coincide (for n ≥ 2) in most of the relevant cases that we have
in mind. For instance, this holds when a) C = O(X) , the category defined by the partially ordered set of
open subsets of a topological space X , that is, for presheaves of commutative monoids on topological spaces;
b) C = [p] , the category defined by the ordered set {0 < 1 < · · · < p} , that is, for p -ads of commutative
monoids connected by a homomorphism; in particular, when p = 0 , for commutative monoids; c) C = ∆ ,
the simplicial category of finite ordered sets [p] , with nondecreasing maps between them as its morphisms,
that is, for simplicial commutative monoids; d) C = O(X) × ∆ , where X is a topological space, that is, for
presheaves of simplicial commutative monoids on a topological space; e) C = Or(G)×∆ , where Or(G) is the
orbit category of a group G , whose objects are the transitive left G -sets G/H , for any subgroup H ⊆ G ,
and whose morphisms are the G -equivariant maps between them, that is, for simplicial commutative monoids
endowed with a left G -action by automorphisms. Here, one regards such a simplicial commutative monoid M
as the presheaf of commutative monoids on Or(G)×∆ such that (G/H, [p]) 7→ HomG(G/H,Mp) ∼=MH

p ; etc.

The first-level cohomology groups Hn(M, 1,A) and Hn
s (M, 1,A) are already known, since they are

actually particular cases of the cohomology theories for presheaves of (not necessarily commutative) monoids
recently studied by the authors in [10]. That is why here we focus mainly on those Hn(M, r,A) and Hn

s (M, r,A)
with r ≥ 2 . Some special cases of these high-level cohomology groups for presheaves have been previously
treated by the second author and collaborators in papers as [8, 9, 11, 12], where the reader can also find some
results on the classification of monoidal fibred categories that are now particular cases of the classification that
we carry out here for braided C -fibred categories (in abelian groupoids) G , which we give in terms of triples
(M,A, c) , with M = Π0G , A = Π1G and c a cohomology class c ∈ H4

s (M, 2,A) , or c ∈ H5
s (M, 3,A) in

case G is symmetric, which is canonically defined from the coherence pentagons and hexagons in G . But our
result has more precedents. For instance, we should refer those for the classification of strictly commutative
Picard stacks by Deligne [13] and of braided and symmetric categorical group stacks by Breen [6, 7]. The
cohomology groups H2

s (M, 2,A) and H3
s (M, 3,A) are isomorphic and they have a natural interpretation in

terms of equivariant derivations d :M→ A . The cohomology groups H3
s (M, 2,A) and H4

s (M, 3,A) are also
isomorphic and they classify commutative group coextensions of M by A , that is, locally surjective morphisms
of presheaves of commutative monoids E → M equipped with a simply-transitive group action A ×M E → E
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in the slice category of presheaves of commutative monoids over M . We show how this classification is useful
in the study of commutative coextensions of presheaves of commutative monoids E → M whose congruence
kernel is contained in the presheaf of Green’s congruence H of E , particularly when M is valued in regular
commutative monoids.

A brief outline of the plan of the paper is as follows. After this first introductory and summary section,
Section 2 comprises a brief review of some standard definitions and constructions related to the cohomology of
small categories and presheaves of small categories. Section 3 provides framework on the cohomology groups of
presheaves of simplicial sets. Its content is pretty standard, except perhaps the linking long exact sequence in
our Theorem 3.4. In Section 4 we mainly define the level-r cohomology groups of presheaves of commutative
monoids Hn(M, r,A) and Hn

s (M, r,A) , and we devote the following two sections to cochains, cocycles and
coboundaries to compute them. Thus, we provide in Section 5 of suitable cochain complexes for computing
the high-level cohomology groups of presheaves of commutative monoids, and in Section 6 we specify, for
later reference in applications, what low dimensional cocycles of second and third level are. In Section 7
we establish de classification of commutative group coextensions of presheaves of commutative monoids by
means of the cohomology groups H3

s (M, 2,A) , and we apply this result to the study of commutative H -
coextensions of presheaves of commutative monoids. The following long Section 8 is entirely dedicated to prove
in great detail the classification of braided and symmetric fibred categories by means of the cohomology groups
H4
s (M, 3,A) and H5

s (M, 2,A) . Finally, we include Section 9, where we highlight how our previous results
and constructions specialize when one limits the attention to presheaves of abelian groups, instead of general
presheaves of commutative monoids.

2. Preliminaries
This section aims to make this paper as self-contained as possible; hence, at the same time as fixing some
notations and terminology, we review some needed constructions and facts concerning cohomology of small
categories and presheaves of small categories.

2.1. Cohomology of small categories

Let K be a small category. A (left) K-module is an abelian group valued functor A : K → Ab . For any such
a K -module, we usually denote by f∗ : A(k) → A(k′) , a 7→ f∗a , to the homomorphism A(f) associated by
A to a morphism f : k → k′ of K . The category of K -modules, with morphisms the natural transformations,
is denoted by K-Mod. We refer to Mac Lane [27, Chapter VIII, §3] for formalities, but recall that this is an
abelian category where all limits and colimits are objectwise constructed.

There is a forgetful functor U : K-Mod→ Set↓ObK , from the category of K -modules to the slice category
of sets over the set of objects of K , which carries a K -module A to the set UA = {(k, a) | k ∈ ObK, a ∈ A(k)} ,
endowed with the projection map π : UA → ObK , given by π(k, a) = k . This functor U has a left adjoint, the
free K-module functor

F : Set↓ObK → K-Mod,

which assigns to each S = (S, π : S → ObK) the K -module FS =
⊕

s∈S ZHomK(πs,−) , where Z : Set → Ab

denotes the free abelian group functor. We regard every element s ∈ S as a generator of FS(πs) by writing
s = (s, idπs) . Yoneda Lemma shows that the functor F is actually left adjoint to the functor U . Thus, for
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S = (S, π) any set over ObK and any K -module A , there is a natural isomorphism

HomK(FS,A) ∼=
∏
s∈S
A(πs), f 7→

(
fπs(s)

)
s∈S . (2.1)

From this, it is plain to see that any free K -module is projective and, moreover, the counit FUA → A is a
projective presentation of any K -module A . Hence, the category K -Mod has enough projective objects (it has
also enough injective objects, but we will not use this fact).

The cohomology groups of the category K with coefficients in a K -module A (see Roos [31] and Watts
[33]), denoted by Hn(K,A) , are defined by

Hn(K,A) = ExtnK(Z,A) (n ≥ 0),

where Z : K→ Ab is the constant K -module defined by the abelian group of integers.
A canonical cochain complex C•(K,A) , which computes the cohomology groups Hn(K,A) , is as follows.

Recall that the nerve NK of a small category K is the simplicial set whose p -simplices are sequences

σ = (σ0
σ1→ · · · σp→ σp)

of p composable morphisms in K (objects σ0 of K if p = 0), with faces d0σ = (σ2, . . . , σp) (σ1 if p = 1),
diσ = (σ1, . . . , σi+1σi, . . . , σp) if 0 < i < p , and dpσ = (σ1, . . . , σp−1) (σ0 if p = 1), and degeneracies
siσ = (σ1, . . . , σi, 1σi, σi+1, . . . , σp) . The cochain complex C•(K,A) consists of the abelian groups

Cp(K,A) =
∏

σ∈NpK

A(σp)

with ∂ : Cp−1(K,A) → Cp(K,A) given by (∂ξ)σ =
∑p−1
i=0 (−1)iξdiσ + (−1)p σp∗ξdpσ . By Gabriel–Zisman [18,

Appendix II, Prop. 3.3], there are natural isomorphisms

Hn(K,A) ∼= HnC•(K,A) (n ≥ 0).

2.2. The Grothendieck construction
Let C be a small category. If P : Cop → Cat is a presheaf of small categories on C , for any morphism σ : V → U

in C , we write ( )σ : P(U) → P(V ) , x 7→ xσ , to denote the functor P(σ) . The Grothendieck construction
(see Thomason [32]) on such a presheaf P is the category

∫
C
P whose objects are pairs (U, x) where U is an

object of C and x is one of P(U) . A morphism (σ, f) : (U, x)→ (V, y) in
∫
C
P is a pair where σ : V → U is

a morphism in C and f : xσ → y is a morphism in P(V ) . Composition is defined by (τ, g)(σ, f) = (στ, gfτ ) ,
and the identities are 1(U,x) = (1U , 1x) .

Note a morphism of presheaves π : P→ P′ (i.e. a natural transformation) induces a functor π :
∫
C
P→∫

C
P′ given by

π
(
(σ, f) : (U, x)→ (V, y)

)
= (σ, πV (f)) : (U, πU (x))→ (V, πV (y)).

We set the following notations for a functor A :
∫
C
P→ Ab , that is, for an

∫
C
P -module:
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(a) For any object U of C and any morphism f : x→ y in P(U) , we write

f∗ = A(1U , f) : A(U, x)→ A(U, y), a 7→ f∗a.

(b) If σ : V → U is a morphism in C , for any object x of P(U) , we write

( )σ = A(σ, 1xσ ) : A(U, x)→ A(V, xσ), a 7→ aσ.

(c) For each object U of C , we denote by

A(U) : P(U)→ Ab

the P(U) -module obtained by restriction of A along the inclusion functor P(U) ↪→
∫
C
P , which carries

a morphism f : x→ y of P(U) to the morphism (1U , f) : (U, x)→ (U, y) of
∫
C
P .

(d) If σ : V → U is a morphism in C , we denote by

A(V )σ : P(U)→ Ab

the P(U) -module obtained by composing A(V ) with the functor ( )σ : P(U)→ P(V ) , that is,

A(V )σ(f : x→ y) = A(1V , fσ) : A(V, xσ)→ A(V, yσ).

Thus, ( )σ : A(U)→ A(V )σ becomes a canonical morphism of P(U) -modules.

2.3. The category of factorizations

Let C be a small category. The category of factorizations of the category Cop (see Baues–Wirsching [3]), denoted
by F(Cop) , is the category whose objects are the morphisms σ of C and whose morphisms (τ, τ ′) : σ → σ′ in
F(Cop) are pairs of morphisms of C such that σ′ = τ ′στ , that is, making commutative the square

V
σ // U

τ ′

��
V ′

τ

OO

σ′
// U ′

Composition is given by (γ, γ′)(τ, τ ′) = (τγ, γ′τ ′) , and the identities are 1
V

σ→U
= (1V , 1U ) .

If D : F(Cop)→ Ab is an F(Cop) -module (i.e. a natural system on Cop in the terminology of [3]), for any
morphisms W τ→ V

σ→ U in C , we write σ∗ = D(1W , σ) : D(τ)→ D(στ) and τ∗ = D(τ, 1U ) : D(σ)→ D(στ) .
Thus, for any morphism (τ, τ ′) : σ → σ′ in F(Cop) as above, we can write D(τ, τ ′) = τ∗τ ′∗ = τ ′∗τ∗ : D(σ) →
D(σ′) .

The cohomology groups of Cop with coefficients in a F(Cop) -module D [3] are defined by

Hn(Cop,D) = Hn(F(Cop),D) (n ≥ 0).

To compute these cohomology groups, we have the cochain complex F•(Cop,D) where, for each integer p ≥ 0 ,

Fp(Cop,D) =
∏

σ∈NpCop

D(σ1 · · ·σp).
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Here, we represent the p -simplices σ of the nerve of Cop as sequences σ = (σ0
σ1← · · · σp← σp) of p composable

arrows in C (objects σ0 of C if p = 0). The coboundary ∂ : Fp−1(Cop,D) → Fp(Cop,D) is given by
(∂ξ)σ = σ1∗ ξd0σ +

∑p−1
i=1 (−1)iξdiσ + (−1)p σ∗

p ξdpσ . By [3, Theorem (4.4)], there are natural isomorphisms

Hn(Cop,D) ∼= HnF•(Cop,D) (n ≥ 0).

Example 2.1 Let P : Cop → Cat be a presheaf of small categories on a small category C . Every pair of∫
C
P -modules B,A gives rise to a F(Cop) -module Hom(B,A) , which acts on morphisms σ : V → U of C by

Hom(B,A)(σ) = HomP(U)(B(U),A(V )σ).

If τ : W → V is also a morphism in C , the homomorphism σ∗ : Hom(B,A)(τ) → Hom(B,A)(στ) carries a
morphism of P(V ) -modules f : B(V ) → A(W )τ to the morphism of P(U) -modules σ∗f : B(U) → A(W )στ

whose component at an object x of P(U) is the composite

B(U, x)
( )σ

// B(V, xσ)
fxσ // A(W,xστ ), b 7→ fxσb

σ,

and the homomorphism τ∗ : Hom(B,A)(σ)→ Hom(B,A)(στ) carries a morphism of P(U) -modules f : B(U)→
A(V )σ to the morphism of P(U) -modules τ∗f : B(U)→ A(W )στ whose component at an object x of P(U) is
the composite

B(U, x)
fx // A(V, xσ)

( )τ
// A(W,xστ ), b 7→ (fxb)

τ .

Hence, we have the cochain complex F•(Cop,Hom(B,A)) , whose group of p -cochains is

Fp(Cop,Hom(B,A)) =
∏

σ∈NpCop

HomP(σ0)

(
B(σ0),A(σp)σ1···σp

)
.

For any ξ ∈ Fp−1(Cop,Hom(B,A)) , the component at each σ ∈ NpC
op of its coboundary ∂ξ ∈

Fp(Cop,Hom(B,A)) is the morphism of P(σ0) -modules (∂ξ)σ : B(σ0) → A(σp)σ1···σp defined on each object
x of P(σ0) by the homomorphism (∂ξ)σ,x : B(σ0, x)→ A(σp, xσ1···σp) given by

(∂ξ)σ,xb = ξd0σ,xσ1 bσ1 +

p−1∑
i=1

(−1)i ξdiσ,xb+ (−1)p (ξdpσ,xb)σp .

The construction of F•(Cop,Hom(B,A)) is clearly functorial both in B and in A . In particular, if B•
is a chain complex of

∫
C
P -modules, we have a cochain bicomplex

F•(Cop,Hom(B•,A)) (2.2)

where, for each q ≥ 0 , the horizontal complex F•(Cop,Hom(Bq,A)) is defined as above, and, for each p ≥ 0 ,
the vertical coboundary ∂v = ∂∗ : Fp(Cop,Hom(Bq,A))→ Fp(Cop,Hom(Bq+1,A)) is induced by the boundary
∂ : Bq+1 → Bq of B• . Explicitly, for each ξ ∈ Fp(Cop,Hom(Bq,A)) and σ ∈ NpCop , (∂vξ)σ = (−1)p ξσ∂σ0 ,
the signed composite of ξσ with ∂σ0 : Bq+1(σ0)→ Bq(σ0) .

2540



CARRASCO and CEGARRA/Turk J Math

3. Cohomology of presheaves of (pointed) simplicial sets

Let ∆ be the category of finite ordered sets n = {0, . . . , n} with weakly order-preserving maps between them.
Recall that ∆ is generated by the cofaces δi : n− 1 → n (the monotone injections whose image omit i) and
the codegeneracies εi : n+ 1 → n (the monotone surjections which repeats i), 0 ≤ i ≤ n , subject to the
well-known cosimplicial identities: δjδi = δiδj−1 if i < j , etc. (see MacLane [26, V §5]). Let SSet denote the
category of simplicial sets S : ∆op → Set . As usually, we write α∗ : Sn → Sm for the map S(α) induced by
a map α : m → n in ∆ . In particular, di = (δi)∗ : Sn → Sn−1 and si = (εi)∗ : Sn → Sn+1 are the face and
degeneracy maps of S .

We will use the cohomology theory of simplicial sets by Gabriel–Zisman [18, Appendix II]. Briefly, recall
that the category of simplices of a simplicial set S , denoted by ∆(S) , is the category whose objects are the
simplices u ∈ S . If u ∈ Sn and v ∈ Sm , then a morphism α : u → v is a map α : n → m in ∆ such that
u = α∗v . This category is generated by the morphisms

δi : diu→ u, εi : siu→ u (u ∈ Sn, 0 ≤ i ≤ n), (3.1)

with relations the cosimplicial identities. A coefficient system on a simplicial set S is a ∆(S) -module, that
is, an abelian group valued functor A : ∆(S) → Ab , and the cohomology groups of S with coefficients in A ,
denoted by Hn(S,A) , are defined to be those of its category of simplices:

Hn(S,A) = Hn(∆(S),A) (n ≥ 0).

Now, let C be a fixed small category. A presheaf of simplicial sets on C is a contravariant functor
S : Cop → SSet ; thus, S provides to each object U of C of a simplicial set S(U) and to each arrow σ : V → U

of a simplicial map S(σ) which we denote by

( )σ : S(U)→ S(V ), u 7→ uσ.

We define the category of simplices of the presheaf S ,

∆(S) =
∫
C
∆S,

to be the category obtained by applying the Grothendieck construction on the presheaf of categories ∆S : Cop →
Cat obtained by composing S with the functor ∆ : SSet→ Cat , which assigns to each simplicial set its category
of simplices. Explicitly, ∆(S) has objects the pairs (U, u) where U ∈ ObC and u ∈ S(U) . If u ∈ S(U)m and
v ∈ S(V )n , then a morphism (σ, α) : (U, u) → (V, v) in ∆(S) consists of a morphism σ : V → U in C and a
map α : m→ n in ∆ such that uσ = α∗v . The composition in ∆(S) of two morphisms (σ, α) : (U, u)→ (V, v)

and (τ, β) : (V, v) → (W,w) is the morphism (στ, βα) : (U, u) → (W,w) , and the identity of an object (U, u)

with u ∈ S(U)n is 1(U,u) = (1U , 1n) .
For the following definition, c.f. Moerdijk–Svensson [29, Definition 2.1].

Definition 3.1 A system of coefficients on a presheaf of simplicial sets S is a ∆(S)-module, that is, an abelian
group valued functor on its category of simplices A : ∆(S)→ Ab . The cohomology groups Hn(S,A) are defined
to be those of the category ∆(S) :

Hn(S,A) = Hn(∆(S),A) (n ≥ 0) . (3.2)
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3.1. The cochain complex C•(S,A)

We show below a workable cochain complex to compute the cohomology groups of a presheaf of simplicial sets,
which comes from the homotopy colimit construction by Bousfield–Kan [5]. First, recall that, to compute the
cohomology groups of a simplicial set S with coefficients in a ∆(S) -module A , we have the cochain complex
C•(S,A) which consists of the abelian groups

Cq(S,A) =
∏
u∈Sq

A(u)

with coboundary ∂ : Cq−1(S,A) → Cq(S,A) defined by (∂ξ)u =
∑q
j=0(−1)j δ

j
∗ ξdju . By Gabriel–Zisman [18,

Appendix II, Prop. 4.2], there are natural isomorphisms Hn(S,A) ∼= HnC•(S,A) .
Now, suppose S : Cop → SSet is a presheaf of simplicial sets and let A be a ∆(S) -module. Using the

notations (a)–(d) in subsection 2.2, for each integer q ≥ 0 , let Cq(S,A) be F(Cop) -module which carries a
morphism σ : V → U of C to the abelian group

Cq(S,A)(σ) = Cq(S(U),A(V )σ) =
∏

u∈S(U)q

A(V, uσ). (3.3)

If τ : W → V is also a morphism in C , then σ∗ : C q(S,A)(τ) → C q(S,A)(στ) is defined by (σ∗ξ)u = ξuσ ,
and τ∗ : C q(S,A)(σ) → C q(S,A)(στ) by (τ∗ξ)u = ξ τu . As q varies, we have a cochain complex C•(S,A)
of F(Cop) -modules which carries each morphism σ : V → U of C to the cochain complex C•(S(U),A(V )σ) .
Hence, as in subsection 2.3, we have the cochain bicomplex

F•(Cop,C•(S,A)), (3.4)

whose group of (p, q) -cochains is

Fp(Cop,C q(S,A)) =
∏

σ∈NpCop

Cq(S(σ0),A(σp)σ1···σp) =
∏

σ∈NpCop

∏
u∈S(σ0)q

A(σp, uσ1···σp),

and whose horizontal and vertical coboundaries

Fp−1(Cop,Cq(S,A))
∂h // Fp(Cop,Cq(S,A)) Fp(Cop,C q−1(S,A))

∂voo

are respectively given by

(∂hξ)σ,u = ξd0σ,uσ1 +

p−1∑
i=1

(−1)i ξdiσ,u + (−1)p ξ σp

dpσ,u
,

(∂vξ)σ,u = (−1)p
q∑
j=0

(−1)j δj∗ξσ,dju.

We define the complex of cochains of the presheaf S with coefficients in a ∆(S)-module A as

C•(S,A) = TotF•(Cop,C •(S,A)), (3.5)
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the total cochain complex of the bicomplex F•(Cop,C •(S,A)) . That is,

Cn(S,A) =
⊕
p+q=n

Fp(Cop,C q(S,A)), ∂ = ∂h + ∂v : C
n−1(S,A)→ Cn(S,A).

Theorem 3.2 For any coefficient system A on a presheaf of simplicial sets S , there are natural isomorphisms

Hn(S,A) ∼= HnC•(S,A) (n ≥ 0).

Proof Let Ψ(S) be the simplicial replacement of the presheaf S (see Bousfield–Kan [5]), that is, the bisimplicial
set whose set of (p, q) -bisimplices is

Ψp,q(S) = {(σ, u) | σ ∈ NpCop, u ∈ S(σ0)q}.

The horizontal face and degeneracy maps on a bisimplex (σ, u) ∈ Ψp,q(S) are defined by

dhi (σ, u) =

{
(d0σ, u

σ1) i = 0,

(diσ, u) i > 0,
shi (σ, u) = (siσ, u),

and the vertical ones by dvj (σ, u) = (σ, dju) and svj (σ, u) = (σ, sju) . We endow each set Ψp,q(S) with the map
π : Ψp,q(S)→ Ob∆(S) given by π(σ, u) = (σp, uσ1···σp) , and let Pp,q be the free ∆(S) -module on (Ψp,q(S), π) .
These Pp,q provide a bisimplicial ∆(Sc) -module P in which the horizontal and vertical face and degeneracy
operators

Pp+1,q Pp,q
shioo dhi // Pp−1,q, Pp,q+1 Pp,q

svjoo
dvj // Pp,q−1,

are respectively defined on generators (σ, u) ∈ Ψp,q(S) by

dhi (σ, u) =


(d0σ, u

σ1) i = 0, shi (σ, u) = (siσ, u),

(diσ, u) 0 < i < p, dvj (σ, u) = δj∗(σ, dju),

(dpσ, u)
σp i = p, svj (σ, u) = εj∗(σ, sju).

A brief analysis of P tell us that, for any object (V, v) of ∆(S) where v ∈ S(V )n , the bisimplicial abelian
group P(V, v) can be described as follows: Pp,q(V, v) = Z{(σ, u, α)} is the free abelian group on the set of triples
(σ, u, α) where σ ∈ Np+1C

op , u ∈ S(σ0)q , and α : q→ n is a map in ∆ satisfying that α∗v = uσ1···σp+1 . The
horizontal and vertical face and degeneracy homomorphisms

Pp+1,q(V, v) Pp,q(V, v)
shioo dhi // Pp−1,q(V, v), Pp,q+1(V, v) Pp,q(V, v)

svjoo
dvj // Pp,q−1(V, v),

are respectively defined on generators (σ, u, α) of Pp,q by

dhi (σ, u, α) =

{
(d0σ, u

σ1 , α) i = 0,

(diσ, u, α) 0 < i ≤ p,
dvj (σ, u, α) = (σ, dju, αδ

j),

shi (σ, u, α) = (siσ, u, α), svj (σ, u, α) = (σ, sju, αε
j).
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Let us now write P•,• for the alternating faces sum chain bicomplex associated to P , that is, the
bicomplex with Pp,q as ∆(S) -module of bidegree (p, q) and the horizontal and vertical boundaries are ∂h =∑p
i=0(−1)idhi : Pp,q → Pp−1,q and ∂v = (−1)p

∑q
j=0(−1)jdvj : Pp,q → Pp,q−1 .

We claim that the total complex TotP•,• is a projective resolution of the constant ∆(S) -module Z ,
with augmentation the morphism of ∆(S) -modules µ : P0,0 ↠ Z defined on generators (U, u) ∈ Ψ0,0(S) by
µ(U, u) = 1 ∈ Z = Z(U, u) . In effect, as every ∆(S) -module

⊕
p+q=n Pp,q is free, whence projective, it suffices to

prove that, for any object (V, v) of ∆(S) , the chain complex of abelian groups TotP•,•(V, v)
µ→ Z = Z(V, v)→ 0

is exact. To do this, let us fix such a (V, v) , say with v ∈ S(V )n , and proceed as follows: Let ∆n = Hom∆(−,n)
be the standard simplicial n -simplex and let C•(∆

n) denote the alternating faces sum chain complex associated
to the simplicial abelian group Z∆n : ∆op → Ab , q 7→ ZHom∆(q,n) . Regarding C•(∆

n) as a bicomplex
concentrated in horizontal degree zero, there is a bicomplex morphism µ : P•,•(V, v) → C•(∆

n) which is
defined by the homomorphisms µ : P0,q → Z∆n

q given on generators by µ(σ, u, α) = α . For every q ≥ 0 ,
the augmented chain complex P•,q → Z∆n

q → 0 admits a contracting homotopy h , which is given by the
homomorphisms h−1 : Z∆n

q → P0,q and hp : Pp,q(V, v) → Pp+1,q(V, v) defined respectively on generators by
h−1(α) = (1V , α

∗v, α) and hp(σ, u, α) = (−1)p+1((σ1, . . . , σp+1, 1σ(p+1)), u, α) . It follows that the induced

µ : TotP•,•(V, v)→ TotC•(∆
n) = C•(∆

n)

is a homology isomorphism. Hence, the result follows from the well-known fact that Hp(∆
n) = 0 for p < 0

and H0(∆
n) ∼= Z . Indeed, the augmented complex C•(∆

n)
µ→ Z → 0 , where µ : Z∆n

0 → Z is defined on any
generator α ∈ ∆n

0 by µ(α) = 1 , has a contracting homotopy given by the homomorphisms k−1 : Z→ Z∆n
0 and

kq : Z∆n
q → Z∆n

q+1 , where k−1(1) : 0→ n is the map 0 7→ 0 and, for any α : q→ n in ∆ , kp(α) : q+ 1→ n

is the map 0 7→ 0 and i+ 1 7→ α(i) .
Therefore, for any ∆(S) -module A , the cohomology groups Hn(S,A) can be computed as those of the

cochain complex Hom∆(S)(TotP•,•,A) . To complete the proof, note the isomorphisms

Hom∆(S)(Pp,q,A)
(2.1)∼=

∏
(σ,u)∈Ψp,q(S)

A(σp, uσ1···σp)

=
∏

σ∈NpCop

∏
u∈S(σ0)q

A(σp, uσ1···σp) = Fp(Cop,C q(S,A)),

which provide an isomorphism of bicomplexes Hom∆(S)(P•,•,A) ∼= F•(Cop, C•(S,A)) , whence an isomorphism
of complexes

Hom∆(S)(TotP•,•,A) = TotHom∆(S)(P•,•,A) ∼= TotF•(Cop,C •(S,A)) = C•(S,A).

2

Remark 3.3 The cochain bicomplex F•(Cop,C •(S,A)) in (3.4) is actually an instance of the bicomplex (2.2) in
Example 2.1. With a little more generality, suppose S : Cop → SSet a presheaf of simplicial sets, P : Cop → Cat

a presheaf of small categories, and π : ∆S → P a morphism of presheaves of small categories. Let, for each
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q ≥ 0 and U ∈ ObC , the set S(U)q be endowed with the composite map

S(U)q
� � inc. // Ob∆(S(U))

π // ObP(U),

and let Fq(S(U)) be the corresponding free P(U)-module. These Fq(S(U)) provide a chain complex of
∆(S(U))-modules F•(S(U)) , whose boundary ∂ : Fq(S(U)) → Fq−1(S(U)) is given on generators by ∂(u) =∑q
j=0(−1)jδ

j
∗dju . Denote by

F•(S) (3.6)

the chain complex of
∫
C
P-modules such that F•(S)(U) = F•(S(U)) , for each object U of C , and, for every

morphism σ : V → U in C , the morphism of chain complexes of P(U)-modules ( )σ : F•(S(U))→ F•(S(V ))σ

acts, at each degree q ≥ 0 , on the generators u ∈ S(U)q of Fq(S(U)) by u 7→ uσ . If A is an
∫
C
P-module and

we regard A also as a ∆(S)-module by restriction along the induced functor π : ∆(S) =
∫
C
∆S →

∫
C
P , then

there is a natural isomorphism of cochain complexes of F(Cop)-modules

Hom(F•(S),A) ∼= C •(S,A), (3.7)

whose component at a morphism σ : V → U of C consists of the isomorphism of chain complexes of abelian
groups HomP(U)(F•(S(U)),A(V )σ) ∼= C•(S(U),A(V )σ) which are given by the isomorphisms (2.1)

HomP(U)(Fq(S(U)),A(V )σ)) ∼=
∏

u∈S(U)q

A(V, π(u)σ).

Therefore, there is an induced isomorphism of cochain bicomplexes

F•(Cop,Hom(F•(S),A) ∼= F•(Cop,C •(S,A)).

3.2. The pointed case
The pointed case is relevant for our development. Let pt : ∆op → SSet denote the simplicial set with only one
n -simplex ptn , for any n ≥ 0 , and α∗ptn = ptm , for any map α : m → n in ∆ , and let also pt : Cop → SSet

denote the constant presheaf on C defined by the simplicial set pt . Then, a pointed presheaf of simplicial sets
means a presheaf S : Cop → SSet endowed with a presheaf map pt→ S . This is the same thing as a presheaf
on C with values in the category of pointed simplicial sets. For any such a pointed presheaf, ∆(pt) ⊆ ∆(S) is a
full subcategory and every coefficient system A on S gives by restriction a coefficient system on pt , say A|pt .
We write Cn(S,pt,A) for the group of n -cochains on S with values in A which vanish on pt . These cochains
form a subcomplex C•(S,pt,A) which fits into a short exact sequence

0→ C•(S,pt,A)→ C•(S,A)→ C•(pt,A|pt)→ 0.

In cohomology this gives a long exact sequence

· · · → Hn
pt(S,A)→ Hn(S,A)→ Hn(pt,A|pt)→ Hn+1

pt (S,A)→ · · · (3.8)

where we refer to the relative cohomology groups

Hn
pt(S,A) = HnC•(S,pt,A) (3.9)
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as the cohomology groups of the pointed presheaf of simplicial sets S .
Note that ∆(pt) ∼= Cop ×∆ , (U,ptn)↔ (U,n) , so that a coefficient system on the presheaf pt identifies

with a functor ∆→ Cop-Mod, that is, with a cosimplicial Cop -module. We say that a coefficient system A on
a pointed presheaf of simplicial set S is pointed whenever the cosimplicial Cop -module A|pt : ∆ → Cop-Mod
is constant. This means that, for any object U of C and n ≥ 0 , A(U,ptn) = A(U,pt0) and, for any map
α : m→ n in ∆ , α∗ = idA(U,pt0)

. Also, if we denote by

A|Cop : Cop → Ab

the Cop -module obtained by restriction of A via the canonical inclusion functor

Cop ↪→ ∆(S), (U
σ← V ) 7→

(
(U,pt0)

(σ,10)−→ (V, pt0)
)
, (3.10)

then we can say that a coefficient system A on a pointed presheaf of simplicial set S is pointed if the diagram
below commutes.

∆(pt) �
� //

∼=

∆(S) A
((QQQ

QQQ

Ab

Cop ×∆
pr // Cop A|Cop

66llllll

For a pointed coefficient system A on a pointed presheaf of simplicial set S , we define the complex of
pointed cochains of S with coefficients in A as the subcomplex

C•
pt(S,A) ⊆ C•(S,A),

where C0
pt(S,A) = 0 and, for n ≥ 1 ,

Cnpt(S,A) =
⊕

p+ q = n
q ≥ 1

Fp(Cop,C q(S,A)) =
⊕

p+q=n−1

Fp(Cop,C q+1(S,A)).

Theorem 3.4 Let pt → S be a pointed presheaf of simplicial sets on a category C . For any pointed ∆(S)-
module A ,

(a) there are natural isomorphisms Hn
pt(S,A) ∼= HnC•

pt(S,A) ,

(b) there are natural isomorphisms Hn(pt,A|pt) ∼= Hn(Cop,A) ,

(c) there is a natural long exact sequence

· · · → Hn
pt(S,A)→ Hn(S,A)→ Hn(Cop,A)→ Hn+1

pt (S,A)→ · · ·

Proof For any integer q ≥ 0 , the F(Cop) -module C q(pt,A|pt) carries a morphism σ : V → U of C to the
abelian group C q(pt,A|pt)(σ) = A(V, pt0) and, if τ :W → V is in Cop , then

σ∗ = id : C q(pt,A|pt)(τ) = A(W,pt0) // C q(pt,A|pt)(στ) = A(W,pt0),

τ∗ = ( )τ : C q(pt,A|pt)(σ) = A(V, pt0) // C q(pt,A|pt)(στ) = A(W,pt0).
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This way, we see that C •(pt,A|pt) is the cochain complex of F(Cop) -modules

C 0(pt,A|pt)
0−→ C 0(pt,A|pt)

id−→ C 0(pt,A|pt)
0−→ C 0(pt,A|pt)

id−→ · · ·

and there is a cochain homotopy equivalence

C •(pt,A|pt)

��

C 0(pt,A|pt)
0 // C 0(pt,A|pt)

��

id // C 0(pt,A|pt)

��

0 // C 0(pt,A|pt)
id //

��

· · ·

C 0(pt,A|pt) : C 0(pt,A|pt) // 0 // 0 // 0 // · · ·

which induces a cohomology isomorphism cochain map

C•(pt,A|pt) = TotF•(Cop,C •(pt,A|pt))→ TotF•(Cop,C 0(pt,A|pt)) = F•(Cop,C 0(pt,A|pt)).

Since a direct comparison shows that F•(Cop,C 0(pt,A|pt)) = C•(Cop,A|Cop) , we actually have a natural
cohomology isomorphism cochain map C•(pt,A|pt) → C•(Cop,A|Cop) . This gives part (b) of the Theorem,
whence the exact sequence in part (c) follows from that in (3.8). Furthermore, since the complex C•

pt(S,A)
occurs into the commutative diagram of short exact sequences

0 // C•(S,pt,A) //
� _

��

C•(S,A) // C•(pt,A|pt) //

f
��

0

0 // C•
pt(S,A) // C•(S,A) // C•(Cop,A|Cop) // 0

we conclude that the inclusion C•(S,pt,A) ↪→ C•
pt(S,A) is also a cohomology isomorphism cochain map.

Hence, part (a) of the theorem follows. 2

4. Cohomologies for presheaves of commutative monoids
Throughout the paper, the monoids are denoted multiplicatively and the letter e is used to designate their
units. Also e = {e} denotes the trivial monoid.

Let C be a fixed small category. A presheaf of commutative monoids on C is a contravariant functor
M : Cop → CMon from C into the category CMon of commutative monoids. Thus, M provides a commutative
monoid M(U) to each object U of C , and a homomorphism

( )σ :M(U)→M(V ), x 7→ xσ,

to each arrow σ : V → U in C . If M and M′ are presheaves of commutative monoids on C , then a morphism
f :M→M′ is a natural transformation, so it consists of homomorphisms f = fU :M(U) →M′(U) , one for
each object U of C , such that fxσ = (fx)σ for any σ : V → U in C and x ∈M(U) .

4.1. The coefficients: H(M)-modules

For a commutative monoid M , let H(M) be the category whose objects are the elements x ∈ M and an
arrow z : x → y is an element z ∈ M such that zx = y . Composition in H(M) is given by multiplication
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in M and the identity of an object x is e : x → x . In [22, Chapter XII, §2], Grillet observes that there
is an equivalence Ab(CMon ↓M ) ' H(M)-Mod between the category of abelian group objects in the comma
category of commutative monoids over M and the category of H(M) -modules. The construction of Grillet’s
category H(M) defines a functor H : CMon→ Cat , which assigns to a homomorphism f :M →M ′ the functor
H(f) : H(M)→ H(M ′) defined by H(f)(z : x→ y) = f(z) : f(x)→ f(y) .

Definition 4.1 If M : Cop → CMon is a presheaf of commutative monoids, we define

H(M) =
∫
C
HM

to be the category obtained by applying the Grothendieck construction on the presheaf of categories obtained by
composing M with the functor H .

Explicitly, the objects of H(M) are pairs (U, x) where U ∈ ObC and x ∈ M(U) , and a morphism
(σ, z) : (U, x)→ (V, y) in H(M) consists of a morphism σ : V → U in C together with an element z ∈ M(V )

such that zxσ = y . Composition is defined by (τ, t)(σ, z) = (στ, t zτ ) , and the identities are 1(U,x) = (1U , e) .
After Grillet’s equivalence, it is quite straightforward to see that there is an equivalence

Ab
(
Psh(C,CMon)↓M

)
' H(M)-Mod (4.1)

between the category of abelian group objects in the comma category of presheaves of commutative monoids
on C over M and the category of H(M) -modules. Hence, H(M) -modules naturally arise as coefficients for
the cohomology of the presheaf of commutative monoids M .

4.2. The rth-level cohomology groups Hn(M, r,A) and Hn
s (M, r,A)

For a commutative monoid M , the simplicial commutative monoids K(M, r) , for r ≥ 0 , are defined by iterating
the classifying (or delooping) W -construction by Eilenberg–MacLane [17] and Moore (Moore, J.C. Algebraic
homotopy theory, unpublished lecture notes, 1958) on the constant simplicial monoid given by M . Thus
K(M, 0) is the simplicial monoid with Kn(M, 0) = M and di = si = idM : M → M for all 0 ≤ i ≤ n , and
K(M, r + 1) is constructed from K(M, r) by taking{

K0(M, r + 1) = e,

Kn+1(M, r + 1) = Kn(M, r)×Kn−1(M, r)× · · · ×K0(M, r).

The face and degeneracy maps on a simplex u ∈ Kn+1(M, r + 1) , written as u = (un, . . . , u0) with uj ∈
Kj(M, r) , are defined by

diu=


(un−1, . . . , u0), i = 0,

(di−1un, . . . , d1un−i+2, (d0un−i+1)un−i, un−i−1, . . . , u0), 1 ≤ i ≤ n,
(dnun, . . . , d1u1), i = n+ 1,

siu = (si−1un, . . . , s0un−i+1, e, un−i, . . . , u0).
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The category H(M) has a natural structure of commutative monoid object in Cat , where the product is
given by (z : x→ y)(z′ : x′ → y′) = (zz′ : xx′ → yy′) , and there is a canonical functor

π = πM : ∆(K(M, r))→ H(M)

satisfying that, for any simplices u, v ∈ Kn(M, r) and any map α : m→ n in ∆ , the equations

π(α : α∗u→ u)π(α : α∗v → v) = π(α : α∗(uv)→ uv), π(α : α∗e→ e) = e : e→ e.

hold (see Calvo–Cegarra [9, §4.1]). This functor π is recursively defined: If r = 0 , it acts on objects by
π(u) = u , and on the generator morphisms (3.1) by π(δi : diu → u) = π(εi : siu → u) = e : u → u . Then,
the functor π : ∆(K(M, r + 1)) → H(M) is constructed from π : ∆(K(M, r)) → H(M) as follows: On the
0 -simplex e of K(M, r + 1) the functor π acts by πe = e , on an (n + 1) -simplex u = (un, . . . , u0) with
uj ∈ Kj(M, r) , by πu =

∏n
j=0 πuj , and on the generating morphisms by

π(δi : diu→ u) =



n−1∏
j=0

(e : πuj → πuj)(πun : e→ πun), i = 0,

n−i∏
j=0

(e : πuj → πuj)
n∏

j=n−i+1

π(δn−j : dn−juj−i+1 → uj−i+1), 1 ≤ i ≤ n,

(πu0 : e→ πu0)
n∏
j=1

π(δj : djuj → uj), i = n+ 1,

π(εi : siu→ u) = e : πu→ πu.

By composition with the functor π , every H(M) -module A provides a coefficient system on each
simplicial set K(M, r) , which we also denote by A , and therefore the cohomology groups Hn(K(M, r),A)
are defined. These are the r th-level cohomology groups Hn(M, r,A) of the commutative monoid M (see [9,
Theorem 4.5]), that is, Hn(M, r,A) = Hn(K(M, r),A) , for n ≥ 0 .

Note the construction of K(M, r) from M defines a functor K(−, r) : CMon → SCMon from the
category of commutative monoids to the category of simplicial commutative monoids, and that the functor
πM : ∆(K(M, r))→ H(M) is natural in M , so we have actually a natural transformation

CMon

∆K(−,r)
))

H
66↓π Cat. (4.2)

Now, let M : Cop → CMon be a presheaf of commutative monoids on a small category C . For each
integer r ≥ 1 , by composing M with K(−, r) , we have a presheaf of simplicial commutative monoids, denoted
by

K(M, r) : Cop → SCMon,

which carries an object U of C to the simplicial commutative monoid K(M(U), r) , and a morphism σ : V → U

of C to the simplicial homomorphism ( )σ : K(M(U), r)→ K(M(V ), r) , u 7→ uσ . Let us stress that K(M, r)

is obviously pointed by the presheaf morphism

e : pt→ K(M, r)
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defined by the unit elements e ∈ Kn(M(U), r) , for every U ∈ ObC and n ≥ 0 .
The natural transformation (4.2) defines a morphism of presheaves of small categories

Cop

∆K(M,r)
))

HM
77↓π Cat.

and thus, we have a canonical functor

π : ∆(K(M, r)) =
∫
C
∆K(M, r) −→

∫
C
HM = H(M). (4.3)

Hence, by composition with it, every H(M) -module A defines a coefficient system on the pointed presheaf of
simplicial sets K(M, r) : Cop → SSet , which we also denote by A . Let us stress that this is always a pointed
system of coefficients on K(M, r) . In effect, if

A|Cop : Cop → Ab

denote the Cop -module obtained by restriction of A via the canonical inclusion functor

Cop ↪→ H(M), (U
σ← V ) 7→

(
(U, e)

(σ,e)−→ (V, e)
)
,

we have the commutative diagram of functors

∆(pt)
∆(e) //

∼=

∆(K(M, r))
π // H(M)

A
��

Cop ×∆
pr // Cop

A|Cop // Ab

.

Thus, the restriction of A to ∆(pt) , A|pt , identifies with constant cosimplicial Cop -module defined by A|Cop .

Definition 4.2 Let M be a presheaf of commutative monoids on a small category C . For each integer r ≥ 1 ,
we define the (respect. simple) r th-level cohomology groups of M with coefficients in an H(M)-module A ,
denoted by Hn(M, r,A) (respect. Hn

s (M, r,A)), to be those of the presheaf of simplicial sets K(M, r) , that is,

Hn(M, r,A) = Hn(K(M, r),A), Hn
s (M, r,A) = Hn

pt(K(M, r),A) (n ≥ 0).

The cohomology groups Hn(M, r,A) and the simple ones Hn
s (M, r,A) are closely related.

Proposition 4.3 Let M be a presheaf of commutative monoids on C . For any H(M) module A , there is a
natural long exact sequence

· · · → Hn
s (M, r,A)→ Hn(M, r,A)→ Hn(Cop,A|Cop)→ Hn+1

s (M, r,A)→ · · · (4.4)

Proof This follows from Theorem 3.4 (c). 2
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Corollary 4.4 If C has a final object, for any presheaf of commutative monoids M on C , any H(M)-module
A , and any integer r ≥ 1 , there are natural isomorphisms

Hn
s (M, r,A) ∼= Hn(M, r,A) (n ≥ 2).

As we said in the introduction, the first-level cohomology cohomology groups Hn(M, 1,A) and Hn
s (M, 1,A)

are already known. Recall that, if M is a (not necessarily commutative) monoid, the Leech category D(M) is
the category of factorization of M regarded as an only-one object category. Thus, the objects of D(M) are
the elements x ∈ M and an arrow (z, z′) : x → y is a pair of elements z, z′ ∈ M such that z′xz = y . The
cohomology groups of M with coefficients in a D(M) -module A (see Leech, J., The cohomology of monoids,
unpublished 1976 lecture notes) are defined as Hn(M,A) = ExtnD(M)(Z,A) . In [10], the authors present two
extensions of Leech cohomology theory of monoids to presheaves of (not necessarily commutative) monoids
M : Cop → Mon , by introducing cohomology groups Hn(M,A) = ExtnD(M)(Z,A) and simple cohomology

groups Hn
s (M,A) = Extn−1

D(M)(IM,A) . Here, D(M) =
∫
C
DM is the Grothendieck construction on the

presheaf of small categories obtained by composition of M with the functor D : Mon → Cat , the coefficients
A are D(M) -modules, and IM is the ideal augmentation of the presheaf M . When a monoid M is commu-
tative, there is a canonical functor D(M) → H(M) which is the identity on objects and carries a morphism
(z, z′) : x → y of D(M) to the morphism zz′ : x → y of H(M) . This is natural in M , so for any presheaf
of commutative monoids M : Cop → CMon there is an induced functor D(M) → H(M) through which every
H(M) -module A is regarded as a D(M) -module, and therefore, the groups Hn(M,A) and Hn

s (M,A) are
defined.

Proposition 4.5 Let M be a presheaf of commutative monoids on a small category C . For any H(M)-module
A there are natural isomorphisms

Hn(M, 1,A) ∼= Hn(M,A), Hn
s (M, 1,A) ∼= Hn

s (M,A).

Proof For any commutative monoid M , K(M, 1) is the classifying simplicial monoid of M , that is, the
simplicial monoid whose q -simplices are sequences x = (x1, · · · , xq) of n elements in M (e , if n = 0),
with faces d0x = (x2, . . . , xq) , dix = (x1, . . . , xixi+1, . . . , xq) if 0 < i < q , and dqx = (x1, . . . , xq−1) , and
degeneracies six = (x, . . . , xi, e, xi+1, . . . , xq) . In other words, K(M, 1) is the nerve of the only-one object
category defined by the monoid M . Then, for any presheaf M : Cop → CMon and any H(M) -module A , the
cochain bicomplex (3.4), F•(Cop,C •(K(M, 1),A)) , consists of the groups

Fp(Cop,C q(K(M, 1),A)) =
∏

σ∈NpCop

∏
x∈M(σ0)q

A
(
σp, (x1 · · ·xq)σ1···σp

)
,

with horizontal and vertical coboundaries respectively given by

(∂hξ)σ,x = ξd0σ,xσ1 +

p−1∑
i=1

(−1)i ξdiσ,x + (−1)p ξ σp

dpσ,x
,

(∂vξ)σ,x = (−1)p
(
x
σ1···σp

1∗ ξσ,d0x +

q−1∑
j=1

(−1)jξσ,djx + (−1)qxσ1···σp
q∗ ξσ,dqx

)
.
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By a direct comparison, we see that its total complex, that is, the complex C•(K(M, 1),A) of cochains of the
presheaf of simplicial sets K(M, 1) with coefficients in A , agrees with the complex of cochains of the presheaf of
monoids C•(M,A) defined in [10, Definition 1], as well as the subcomplex C•

pt(K(M, 1),A) ⊆ C•(K(M, 1),A)
of pointed cochains agrees with the subcomplex of simple cochains C•

s (M,A) ⊆ C•(M,A) defined in [10,
Definition 2]. The claimed isomorphisms in the proposition follow from Theorems 3.2 and 3.4(a) above and [10,
Theorem 2]. 2

5. The complexes C•(M, r,A) and C•
s (M, r,A)

If M is a commutative monoid, there is a cochain complex more lucid than C•(K(M, r),A) to compute its
cohomology groups Hn(M, r,A) . This is defined by Calvo–Cegarra [9, §4.2] as HomH(M)(A•(M, r),A) , from
a certain chain complex of H(M) -modules A•(M, r) which we describe below. Previously, recall from [9, §1.1]
that the category H(M) -Mod is symmetric monoidal. Here, the tensor product of two H(M) -modules A and
B , denoted by A ⊗H(M)

B , is the H(M) -module whose component at any x ∈ M , (A ⊗H(M)
B)(x) , is the

quotient of the abelian group
⊕

zt=xA(z)⊗Z B(t) by the subgroup generated by the elements y∗a⊗ b−a⊗y∗b ,
for y, z, t ∈ M with yzt = x , a ∈ A(z) and b ∈ B(t) . For any y ∈ M , the induced homomorphism
y∗ : (A⊗H(M)

B)(x)→ (A⊗H(M)
B)(xy) is given on generators by y∗

(
a⊗b

)
= y∗a⊗b = a⊗y∗b . For the following

needed proposition, recall from subsection 2.1 we have the free H(M) -module functor F : Set↓M → H(M)-Mod,
which assigns to every set over M , say S = (S, π : S →M) , the H(M) -module FS whose component at each
x ∈M is the free abelian group FS(x) = Z{(s, u) | s ∈ S, u ∈M, uπ(s) = x} .

Proposition 5.1 For S = (S, π) and T = (T, π) two sets over M , there is an isomorphism of H(M)-modules

F(S × T ) ∼= FS ⊗H(M)
FT,

where the product set S × T is over M with π(s, t) = π(s)π(t) .

Proof This is in [9, Proposition 1.3]. The isomorphism acts on generators by (s, t) 7→ s⊗ t . 2

The chain complexes of H(M) -modules A•(M, r) , for r ≥ 1 , are recursively defined as follows.

♦1: An(M, 1) is the free H(M)-module on the set over M consisting of n-tuples of elements of M

αn = [x1| · · · |xn], with π(αn) = x1 · · ·xn,

(the empty 0-tuple [ ] with π[ ] = e if n = 0) which are called generic n-cells of A(M, 1) , with the
relations αn = 0 whenever some xi = e .

For r ≥ 1 , An(M, r + 1) is constructed from A•(M, r) by taking A0(M, r + 1) = A0(M, r) and, for
n ≥ 1 ,

An(M, r + 1) =
⊕

n1, . . . , np ≥ r

p+
∑
ni = n

An1(M, r)⊗H(M)
· · · ⊗H(M)

Anp(M, r),

where we shall use the bar notation: If x1, . . . , xp ∈ M are elements with x1 · · ·xp = x , then for any
cni
∈ Ani

(M, r)(xi) , we write
[cn1
|
r+1
· · · |

r+1
cnp
|
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for the generator cn1 ⊗ · · · ⊗ cnp of the abelian group An(M, r + 1)(x) . It follows from Proposition 5.1 and
induction that

♦2: Each An(M, r+1) is the free H(M)-module generated by the set over M consisting of all p-tuples, which
we call generic n -cells of A•(M, r + 1) ,

αn = [αn1 |r+1αn2 |r+1 · · · |r+1αnp ], with π(αn) = π(αn1) · · ·π(αnp),

of generic ni -cells αni of A•(M, r) , such that ni ≥ r and p +
∑
ni = n , with the relations αn = 0

whenever some αni
= 0 .

♦3: The boundary ∂ : An(M, 1) → An−1(M, 1) is the morphism of H(M)-modules whose action on generic
cells is given by

∂[x1| · · · |xn] = x1∗[x2| · · · |xn] +
n−1∑
i=1

(−1)i[x1| · · · |xixi+1| · · · |xn]

+ (−1)n xn∗[x1| · · · |xn−1].

To describe recursively the differential of A•(M, r + 1) , for r ≥ 1 , we need the shuffle products

◦r : An(M, r)⊗H(M)
Am(M, r)→ An+m(M, r),

which are the morphisms of H(M) -modules whose effect on generic cells is given by

[βm1
|
r
· · · |

r
βmp

] ◦r [βmp+1
|
r
· · · |

r
βmp+q

] =
∑
σ

(−1)e(σ)[βmσ-1(1)
|
r
· · · |

r
βmσ-1(p+q)

],

where the sum is taken over all (p, q) -shuffles σ and e(σ) =
∑

(1 + mi)(1 + mp+j) summed over all pairs
(i, p+ j) such that σ(i) > σ(p+ j) .

♦4: The boundary ∂ : An(M, r + 1) → An−1(M, r + 1) is the morphism of H(M)-modules which acts on a
generic n-cell αn = [αn1

|
r+1
· · · |

r+1
αnp

] by

∂αn = −
∑p
i=1(−1)ei−1 [αn1

|
r+1
· · · |

r+1
αni−1

|
r+1

∂αni
|
r+1

αni+1
|
r+1
· · · |

r+1
αnp

]

+
∑p−1
i=1 (−1)ei [αn1

|
r+1
· · · |

r+1
αni−1

|
r+1

αni
◦rαni+1

|
r+1

αni+2
|
r+1
· · · |

r+1
αnp

],

where the exponents of the signs are ei = i+
∑
ni .

Now, suppose M : Cop → CMon a presheaf of commutative monoids on a small category C . For each
integer r ≥ 1 , let A•(M, r) be the chain complex of H(M) -modules such that, for each object U of C ,

A•(M, r)(U) = A•(M(U), r),

and, for each morphism σ : V → U , the action morphism of chain complexes of H(M(U)) -modules

( )σ : A•(M(U), r)→ A•(M(V ), r)σ
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on generic cells of A•(M(U), r) is given by the (recursive on r ) formula

[αn1 |r · · · |rαnk
]σ = [ασn1

|r · · · |rασnk
].

Then, as in (2.2), for any H(M) -module A , we have a cochain bicomplex

C•,•(M, r,A) = F•(Cop,Hom(A•(M, r),A))

whose group of (p, q) -cochains is

Cp,q(M, r,A) =
∏

σ∈NpCop

HomH(M(σ0))

(
Aq(M(σ0), r),A(σp)σ1···σp

)
.

For any ξ ∈ Cp−1,q(M, r,A) , its horizontal coboundary ∂hξ ∈ Cp,q(M, r,A) at any σ ∈ NpCop is the morphism
of H(M(σ0)) -modules (∂hξ)σ : Aq(M(σ0), r)→ A(σp)σ1···σp which acts on generic cells by

(∂hξ)σ[αn1
|
r
· · · |

r
αnk

] = ξd0σ[α
σ1
n1
|
r
· · · |

r
ασ1
nk
] +

p−1∑
i=1

(−1)iξdiσ[αn1
|
r
· · · |

r
αnk

]

+ (−1)p (ξdpσ[αn1
|
r
· · · |

r
αnk

])σp ,

and for any ξ ∈ Cp,q−1(M, r,A) its vertical coboundary ∂vξ ∈ Cp,q(M, r,A) at any σ ∈ NpCop is the morphism
of H(M(σ0)) -modules

(∂vξ)σ = (−1)p ξσ ∂ : Aq(M(σ0), r)→ A(σp)σ1···σp ,

the signed composite of ξσ with the coboundary ∂ : Aq(M(σ0), r)→ Aq−1(M(σ0), r) .
We define the complex of reduced level-r cochains of the presheaf M with coefficients in a H(M)-module

A as
C•(M, r,A) = TotC•,•(M, r,A), (5.1)

and the complex of simple reduced level-r cochains as the subcomplex

C•
s (M, r,A) ⊆ C•(M, r,A), (5.2)

where C0
s (M, r,A) = 0 and, for n ≥ 1 ,

Cns (M, r,A) =
⊕

p+ q = n
q ≥ 1

Cp,q(M, r,A) =
⊕

p+q=n−1

Cp,q+1(M, r,A).

Theorem 5.2 Let M be a presheaf of commutative monoids on C . For any H(M)-module A and integers
r, n ≥ 0 , there are natural isomorphisms

Hn(M, r,A) ∼= HnC•(M, r,A), (5.3)

Hn
s (M, r,A) ∼= HnC•

s (M, r,A). (5.4)

Proof Let F•(K(M, r)) be the chain complex of H(M) -modules defined as in (3.6). By [9, Theorems 3.1
and 3.3], for every object U of C , there is a chain homotopy equivalence

gU : A•(M(U), r)→ F•(K(M(U), r)),
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which is natural in the monoid M(U) . In particular, for any morphism σ : V → U in C , the square

A•(M(U), r)
gU //

( )σ

��

F•(K(M(U), r))

( )σ

��
A•(M(V ), r)σ

gσV // F•(K(M(V ), r)σ

commutes. Thus, we have a homotopy equivalence between chain complexes of H(M) -modules g : A•(M, r)→
F•(K(M, r)) which, as in Example 2.1, induces a chain homotopy equivalence of F(Cop) -modules

g∗ : Hom(F•(K(M, r)),A)→ Hom(A•(M, r),A).

Since there is a natural isomorphism of cochain complexes of F(Cop) -modules

Hom(F•(K(M, r)),A)
(3.7)∼= C•(K(M, r),A),

we also have a chain homotopy equivalence of complexes of F(Cop) -modules

g∗ : C•(K(M, r),A))→ Hom(A•(M, r),A), (5.5)

which induces a cochain bicomplex map

g∗ : F•(Cop, C•(K(M, r),A)) −→ F•(Cop, Hom(A•(M, r),A),

where every vertical chain map Fp(Cop, C•(K(M, r),A)) −→ Fp(Cop, Hom(A•(M, r),A)) is a homotopy
equivalence. Therefore, the induced map on the total complexes

Tot(g∗) : C•(K(M, r),A)→ C•(M, r,A)

is a cohomology isomorphism. Then, the isomorphisms (5.3) follow from Theorem 3.2.
For the remaining isomorphisms (5.4), note that g∗ in (5.5) induces a homotopy equivalence on the

corresponding suspension cochain complexes (i.e. those obtained by shifting the degrees up by one and changing
the sign in the original coboundary)

Σ g∗ : Σ C•(K(M, r),A))→ ΣHom(A•(M, r),A).

This induces a cochain bicomplex map

Σg∗ : F•(Cop, Σ C•(K(M, r),A)) −→ F•(Cop, ΣHom(A•(M, r),A)),

where every vertical chain map is a homotopy equivalence. Therefore, the induced map on the total complexes

Tot(Σg∗) : ΣC•
pt(K(M, r),A)→ ΣC•

s (M, r,A)

is a cohomology isomorphism. As both C0
pt(K(M, r),A) and C0

s (M, r,A) are zero, the isomorphisms (5.4)
follow from Theorem 3.4 (a). 2
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6. Low dimensional simple cocycles of second and third level

Let M be a presheaf of commutative monoids on C , and let A be any given H(M) -module. As we pointed
out in Proposition 4.5, the level-1 simple cohomology groups Hn

s (M, 1,A) are the same as the already known
simple cohomology groups Hn

s (M,A) , which are studied in detail by the authors in [10]. In the rest of this
paper, we focus on the cohomology groups Hn

s (M, 2,A) , for n ≤ 4 , and Hn
s (M, 3,A) , for n ≤ 5 . Since, by

(5.4), there are natural isomorphisms Hn
s (M, r,A) ∼= HnC•

s (M, r,A) , we specify below the relevant truncated
subcomplexes of the complexes C•

s (M, 2,A) and C•
s (M, 3,A) .

Previously, a brief analysis of the chain complexes of H(M) -modules A•(M, 2) and A•(M, 3) in low
dimensions is needed. There are suspension monomorphisms

S : ΣA•(M, r) ↪→ A•(M, r + 1), (6.1)

by means of which, for any U ∈ ObC , we identify each generic cell α of An−1(M(U), r) with the generic cell
Sα = [α] of An(M(U), r + 1) (see Calvo–Cegarra [9, (21)]). Note that, by induction, one proves that any
generic non-zero n -cell of A•(M(U), r + 1) can be written uniquely in the form

αn = [x1|k1
x2|k2

· · · |
km−1

xm]

with xi ∈M(U) , xi 6= e , 1 ≤ m , 1 ≤ ki ≤ r + 1 , and r + 1 +
∑m−1
i=1 ki = n . So written,

παn = x1 · · ·xm.

It follows that An(M(U), r + 1) = 0 for 0 < n ≤ r . Furthermore, if some ki = r + 1 , then n ≥ 2r + 2 .
Indeed, the generic n -cells of lowest n appearing in A•(M(U), r + 1) but not in A•(M(U), r) are those
generic (2r+ 2) -cells of the form [x|

r+1
y] . Hence, via the suspension morphism, An−1(M, r) is identified with

An(M, r + 1) for r + 1 ≤ n < 2r + 2 , whereas An−1(M, r) ⊊ An(M, r + 1) for n ≥ 2r + 2 . In particular,

A1(M, 2) = 0 = A1(M, 3) = A2(M, 3)

and we have the anticommutative (i.e. with ∂S = −S∂ ) diagram of suspensions

A•(M, 1) : · · · A4(M, 1) //
� _

S
��

A3(M, 1) //
� _

S
��

A2(M, 1) //

S

A1(M, 1)

S

A•(M, 2) : · · · A5(M, 2) //
� _

S
��

A4(M, 2) //

S

A3(M, 2) //

S

A2(M, 2)

S

A•(M, 3) : · · · A6(M, 3) // A5(M, 3) // A4(M, 3) // A3(M, 3)

where, for each U ∈ ObC , the complex A•(M(U), 1) is explicitly described in ♦1 and ♦3 , and, by ♦2 and
♦4 , we have that

♦ A4(M(U), 2) is the free H(M(U)) -module on the set over M(U) consisting of the suspensions of the
nonzero generic cells [x|y|z] of A3(M(U), 1) together the nonzero generic cells [x|

2
y] , whose coboundary

is
∂[x|

2
y] = [x|y]− [y|x].
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♦ A5(M(U), 2) is the free H(M(U)) -module on the set over M(U) consisting of the suspensions of the
nonzero generic cells [x|y|z|t] of A4(M(U), 1) together the nonzero generic 5-cells [x|2y|z] and [x|y|2z] ,
whose coboundaries are

∂[x|
2
y|z] = −y∗[x|2z] + [x|

2
yz]− z∗[x|2y] + [x|y|z]− [y|x|z] + [y|z|x]

∂[x|y|
2
z] = −x∗[y|2z] + [xy|

2
z]− y∗[x|2z]− [x|y|z] + [x|z|y]− [z|x|y].

♦ A6(M(U), 3) is the free H(M(U)) -module on the set over M(U) consisting of the suspensions of the
nonzero generic cells [x|y|z|t] of A4(M(U), 1) and the nonzero generic cells [x|

2
y|z] and [x|y|

2
z] of

A5(M(U), 2) , together with noncero generic 6-cells [x|
3
y] , whose coboundary is

∂[x|
3
y] = −[x|

2
y]− [y|

2
x].

Then, recalling that C•
s (M, r,A) is the subcomplex of C•(M, r,A) with

Cns (M, r,A) =
⊕

p+q=n−1

Fp(Cop,Hom(Aq+1(M, r),A))

=
⊕

p+q=n−1

∏
σ∈NpCop

HomH(M(σ0))(Aq+1(M(σ0), r),A(σp)σ1···σp)

and using the isomorphisms (2.1), we get the following description of the complexes C•
s (M, 2,A) and C•

s (M, 3,A)
in low dimensions:

C1
s (M, 2,A) = 0 = C1

s (M, 3,A) = C2
s (M, 3,A). (6.2)

There is an anticommutative diagram of chain complexes

C2
s (M, 2,A) //

S∗

C3
s (M, 2,A) //

S∗

C4
s (M, 2,A) //

S∗

C5
s (M, 2,A)

C3
s (M, 3,A) // C4

s (M, 3,A) // C5
s (M, 3,A) // C6

s (M, 3,A)

S∗

OOOO
(6.3)

where:

♦ A pointed 2-cochain f ∈ C2
s (M, 2,A) is a map assigning an element

f(U ;x) ∈ A(U, x), to each U ∈ ObC and x ∈M(U) , (6.4)

such that f(U ; e) = 0 .

♦ a pointed 3 -cochain g ∈ C3
s (M, 2,A) is a map assigning elements{

g(U ;x|y) ∈ A(U, xy), to each U ∈ ObC and x, y ∈M(U),

g(σ;x) ∈ A(U1, x
σ), to each U0

σ← U1 of C and x ∈M(U0),
(6.5)

such that g(U ;x|y) = 0 if x = e or y = e , and g(σ; e) = 0 .
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♦ The coboundary ∂ : C2
s (M, 2,A)→ C3

s (M, 2,A) acts on an 2-cochain f by

∂f(U ;x|y) = −x∗f(U ; y) + f(U ;xy)− y∗f(U ;x), (6.6)

∂f(σ;x) = f(U0;x)
σ − f(U1;x

σ). (6.7)

♦ A pointed 4 -cochain h ∈ C4
s (M, 2,A) is a map assigning elements


h(U ;x|y|z) ∈ A(U, xyz), to each U ∈ ObC and x, y, z ∈M(U),

h(U ;x|
2
y) ∈ A(U, xy), to each U ∈ ObC and x, y ∈M(U),

h(σ;x|y) ∈ A(U1, x
σyσ), to each U0

σ← U1 of C and x, y ∈M(U0),

h(σ, τ ;x) ∈ A(U2, x
στ ), to each U0

σ← U1
τ← U2 of C and x ∈M(U0),

(6.8)

such that h(U ;x|y|z) = 0 if some of x, y, z is e , h(U ;x|
2
y) = 0 = h(σ;x|y) if x = e or y = e , and

h(σ, τ ; e) = 0 .

♦ The coboundary ∂ : C3
s (M, 2,A)→ C4

s (M, 2,A) acts on a 3-cochain g by

∂g(U ;x|y|z) = −x∗g(U ; y|z) + g(U ;xy|z)− g(U ;x|yz) + z∗g(U ;x|y), (6.9)

∂g(U ;x|
2
y) = g(U ;x|y)− g(U ; y|x), (6.10)

∂g(σ;x|y) = g(U0;x|y)σ − g(U1;x
σ|yσ) + xσ∗g(σ; y)− g(σ;xy) + yσ∗ g(σ;x), (6.11)

∂g(σ, τ ;x) = −g(τ ;xσ) + g(στ ;x)− g(σ;x)τ . (6.12)

♦ A pointed 5 -cochain ξ ∈ C5
s (M, 2,A) is a map assigning elements

ξ(U ;x|y|z|t) ∈ A(U, xyzt), to each U ∈ ObC and x, y, z, t ∈M(U),

ξ(U ;x|2y|z) ∈ A(U, xyz), to each U ∈ ObC and x, y, z ∈M(U),

ξ(U ;x|y|2z) ∈ A(U, xyz), to each U ∈ ObC and x, y, z ∈M(U),

ξ(σ;x|y|z) ∈ A(U1, x
σyσzσ), to each U0

σ← U1 of C and x, y, z ∈M(U0),

ξ(σ;x|
2
y) ∈ A(U1, x

σyσ), to each U0
σ← U1 of C and x, y ∈M(U0),

ξ(σ, τ ;x|y) ∈ A(U2, x
στyστ ), to each U0

σ← U1
τ← U2 of C and x, y ∈M(U0),

ξ(σ, τ, γ;x) ∈ A(U3, x
στγ), to each U0

σ← U1
τ← U2

γ← U3 of C and x ∈M(U0).

(6.13)

such that ξ(U ;x|y|z|t) = 0 if some of x, y, z or t is e , ξ(σ;x|y|z) = 0 = ξ(U ;x|
2
y|z) = ξ(U ;x|y|

2
z) if

some of x, y or z is e , ξ(σ;x|
2
y) = 0 = ξ(σ, τ ;x|y) if x = e or y = e , and ξ(σ, τ, γ; e) = 0 .

♦ The coboundary ∂ : C4
s (M, 2,A)→ C5

s (M, 2,A) acts on a 4-cochain h by

∂h(U ;x|y|z|t) =− x∗h(U ; y|z|t) + h(U ;xy|z|t)− h(U ;x|yz|t) + h(U ;x|y|zt) (6.14)

− t∗h(U ;x|y|z),
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∂h(U ;x|2y|z) =− y∗h(U ;x|2z) + h(U ;x|2yz)− z∗h(U ;x|2y) + h(U ;x|y|z) (6.15)

− h(U ; y|x|z) + h(U ; y|z|x),

∂h(U ;x|y|
2
z) =− x∗h(U ; y|

2
z) + h(U ;xy|

2
z)− y∗h(U ;x|

2
z)− h(U ;x|y|z) (6.16)

+ h(U ;x|z|y)− h(U ; z|x|y),

∂h(σ;x|y|z) = h(U0;x|y|z)σ − h(U1;x
σ|yσ|zσ) + xσ∗h(σ; y|z)− h(σ;xy|z) (6.17)

+ h(σ;x|yz)− zσ∗h(σ;x|y),

∂h(σ;x|2y) = h(U0;x|2y)σ − h(U1;x
σ|2yσ)− h(σ;x|y) + h(σ; y|x), (6.18)

∂h(σ, τ ;x|y) =− h(τ ;xσ|yσ) + h(στ ;x|y)− h(σ;x|y)τ − xστ∗ h(σ, τ ; y) (6.19)

+ h(σ, τ ;xy)− yστ∗ h(σ, τ ;x),

∂h(σ, τ, γ;x) = −h(τ, γ;xσ) + h(στ, γ;x)− h(σ, τγ;x) + h(σ, τ ;x)γ . (6.20)

♦ A pointed 6 -cochain ξ ∈ C6
s (M, 3,A) is a map assigning elements such as a pointed 5-cocycle does in

(6.13), together with the assignment of an element

ξ(U ;x|
3
y) ∈ A(U, xy), to each U ∈ ObC and x, y ∈M(U) , (6.21)

such that ξ(U ;x|
3
y) = 0 whenever x = e or y = e .

♦ The coboundary ∂ : C5
s (M, 3,A)→ C6

s (M, 3,A) acts on a 5-cochain h such as −∂h does in the formulas
(6.14)-(6.20) above and, in addition, by

∂h(U ;x|
3
y) = −h(U ;x|

2
y)− h(U ; y|

2
x). (6.22)

As we said at the beginning of this section, in the rest of the paper we are going to use only the
cohomology groups Hn

s (M, 2,A) , for n ≤ 4 , and Hn
s (M, 3,A) , for n ≤ 5 , and for them we have the following

first consequences of (6.2) and (6.3).

Theorem 6.1 Let M be a presheaf of commutative monoids. For any H(M)-module A

H1
s (M, 2,A) = 0 = H1

s (M, 3,A) = H2
s (M, 3,A),

there are natural isomorphisms

H2
s (M, 2,A) ∼= H3

s (M, 3,A), H3
s (M, 2,A) ∼= H4

s (M, 3,A),

and a natural monomorphism H5
s (M, 3,A) ↪→ H4

s (M, 2,A) .
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The cohomology groups H2
s (M, 2,A) have a natural description in terms of equivariant derivations

d :M→A , that is, functions that assigns to each pair (U, x) , where U is an object of C and x an element of
M(U) , an element d(U ;x) ∈ A(U, x) satisfying

d(U ;xy) = x∗d(U ; y) + y∗d(U ;x), for any object U of C and x, y ∈M(U), (6.23)

d(U, x)σ = d(V ;xσ), for any morphism σ : V → U of C and x ∈M(U). (6.24)

Under pointwise addition, the set of all derivations d :M→A has an abelian group structure. We denote this
abelian group by Der(M,A) .

Theorem 6.2 Let M be a presheaf of commutative monoids. For any H(M)-module A there is a natural
isomorphism H2

s (M, 2,A) ∼= Der(M,A) .

Proof H2
s (M, 2,A) ∼= Z2

s (M, 2,A) , since C1
s (M, 2,A) = 0 . As the derivation requirements (6.23) and (6.24)

just read the 2-cocycle conditions ∂f = 0 in (6.6) and (6.7), and the normalization condition f(U ; e) = 0

for a simple 2-cochain f ∈ C2
s (M, 2,A) is always satisfied by a derivation (from the equality d(U ; e) =

d(U ; e) + d(U ; e)), we see that Z2
s (M, 2,A) = Der(M,A) . 2

In the next sections, we show natural realizations of cohomology classes in H3
s (M, 2,A) , H4

s (M, 2,A)
and H5

s (M, 3,A) .

7. Commutative group coextensions

If M is a presheaf of commutative monoids on C , by a commutative coextension (or extension) of M we mean
a morphism of presheaves of commutative monoids f : E →M such that, for any U ∈ ObC , the homomorphism
f : E(U)→M(U) is surjective. If A is an H(M) -module, a commutative group coextension E = (E , f,+) of M
by A is a commutative coextension f : E → M endowed, for every U ∈ ObC and x ∈ M(U) , with a simply
transitive action group action + of A(U, x) on the fibre set

E(U, x) = {u ∈ E(U) | fu = x},

satisfying

u′(a+ u) = x′∗a+ u′u for all a ∈ A(U, x), u ∈ E(U, x), u′ ∈ E(U, x′), (7.1)

(a+ u)σ = aσ + uσ for all σ : V → U in C, a ∈ A(U, x), u ∈ E(U, x). (7.2)

Two such commutative group coextensions of M by A , say E and E ′ , are equivalent in case there is an
isomorphism of presheaves of monoids g : E ∼= E ′ which preserves projection to M and the action of A , that
is, f′g = f , so that gE(U, x) = E ′(U, x) for all U ∈ ObC and x ∈ M(U) , and g(a + u) = a + gu whenever
u ∈ E(U, x) and a ∈ A(U, x) . Let Ext(M,A) denote the set of equivalence classes [E ] of commutative group
coextensions E of M by A .

Theorem 7.1 Let M be a presheaf of commutative monoids on C . For any H(M)-module A , there is a
natural bijection Ext(M,A) ∼= H3

s (M, 2,A) .
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Proof We first define a map Ext(M,A) → H3
s (M, 2,A) . Let E = (E , f,+) be a commutative group

coextension of M by A . For each object U of C and each x ∈ M(U) , let us choose an element sx ∈ E(U, x)
(in particular, we select se = e). Then, a 3-cocycle

gE ∈ Z3
s (M, 2,A)

is constructed as follows: For each object U of C and x, y ∈ M(U) , let gE(U ;x|y) ∈ A(U, xy) be the element
such that s(xy) = gE(U ;x|y) + sx sy . Also, for every morphism σ : V → U of C and each x ∈ M(U) ,
let gE(σ;x) ∈ A(V, xσ) be the element such that (sx)σ = gE(σ;x) + sxσ . Clearly, we have gE(U ;x|y) = 0

if x = e or y = e , and gE(σ; e) = 0 . So we have a cochain g ∈ C3
pt(M, 2,A) . It is well-known that the

cocycle conditions ∂gE(U ;x|y|z) = 0 in (6.9) and ∂gE(U ;x|2y) = 0 in (6.10) follow, respectively, from the
associativity and commutativity laws (sx sy)sz = sx(sy sz) and sx sy = sx sy in each monoid E(U) (see the
proof of Theorem 4.1 by Grillet in [22, Chaper V]). To see that the cocycle condition ∂g(σ;x|y) = 0 in (6.7)
holds, let us compute (sx sy)σ = (sx)σ(sy)σ in two ways

(sx sy)σ =(−gE(U ;x|y) + s(xy))σ
(7.2)
= −gE(U ;x|y)σ + (s(xy))σ

= −gE(U ;x|y)σ + gE(σ;xy) + s(xy)σ = −gE(U ;x|y)σ + gE(σ;xy) + s(xσyσ),

(sx)σ(sy)σ =(gE(σ;x) + sxσ)(gE(σ; y) + syσ)
(7.1)
= xσ∗g

E(σ; y) + yσ∗ g
E(σ;x) + sxσsyσ

=xσ∗g
E(σ; y) + yσ∗ g

E(σ;x)− gE(V ;xσ|yσ) + s(xσyσ).

Hence, comparison gives (∂g)(σ;x|y) = 0 . Similarly, the cocycle condition (∂g)(σ, τ ;x) = 0 in (6.12) follows
from the equality (sx)στ = ((sx)σ)τ , since

((sx)σ)τ =(gE(σ;x) + sxσ)τ = gE(σ;x)τ + gE(τ ;xσ) + s(xσ)τ = gE(σ;x)τ + gE(τ ;xσ) + sxστ ,

(sx)στ =gE(στ ;x) + sxστ .

The cohomology class [gE ] ∈ H3
s (M, 2,A) does not depend on the choice of the crossed section s .

In effect, suppose s′ is another one, and let g′ be the 3-cocycle defined as above but from s′ . If we take,
for each U ∈ ObC and x ∈ M(U) , the element f(U ;x) ∈ A(U, x) which is determined by the equation
f(U ;x) + s′x = sx , then we have a 2-cochain f ∈ C2

s (M, 2,A) . Since, for any x, y ∈M(U) ,

s(xy) =gE(U ;x|y) + sx sy = gE(U ;x|y) + (f(U ;x) + s′x)(f(U ; y) + s′y)

(7.1)
= gE(U ;x|y) + y∗f(U ;x) + x∗f(U ; y) + s′x s′y,

s(xy) =f(U ;xy) + s′(xy) = f(U ;xy) + g′(U ;x|y) + s′x s′y,

it follows, by comparison, that gE(U ;x|y) = g′(U ;x|y) + ∂f(U ;x|y) , see (6.6). Similarly, for any arrow
σ : V → U in C and any x ∈M(U) , we have

(sx)σ =gE(σ;x) + sxσ = gE(σ;x) + f(V ;xσ) + s′xσ,

(sx)σ =(f(U ;x) + s′x)σ
(7.2)
= f(U ;x)σ + (s′x)σ = f(U ;x)σ + g′(σ;x) + s′xσ,
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whence gE(σ;x) = g′(σ;x) + ∂f(σ;x) , see (6.7). Thus, gE = g′ + ∂f and [gE ] = [g′] .

Furthermore, for an equivalence of extensions g : E ∼= E ′ we easily see that gE
′
= gE if we take the

representative elements s′x = gsx ∈ E ′(U, x) for the construction of gE′ , and therefore we have a well-defined
map

H : Ext(M,A)→ H3
s (M, 2,A), given by [E ] 7→ [gE ].

To see that H is surjective, for every g ∈ Z3
s (M, 2,A) we can construct a commutative group coextension

of M by A
Eg = (Eg, f,+) (7.3)

such that H[Eg] = [g] as follows. For each object U of C , Eg(U) =
{
(x, a) | x ∈ M(U), a ∈ A(U, x)

}
with multiplication (x, a)(y, b) = (xy,−g(U ;x|y) + x∗b + y∗a) . A straightforward verification shows that this
multiplication is associative, commutative, and unitary thanks to the cocycle conditions (∂g)(U ;x|y|z) = 0 in
(6.9), ∂g(U ;x|

2
y) = 0 in (6.10), and the condition g(U ;x|e) = e (see [22, Chapter V, Theorem 4.1]). For

every arrow σ : V → U of C , the map ( )σ : Eg(U) → Eg(V ) is given by (x, a)σ = (xσ, g(σ, x) + aσ). This is
multiplicative and unitary due the cocycle condition (∂g)(σ;x|y) = 0 in (6.11) and the equality g(σ, e) = 0 .
If τ : W → V is also an arrow in C , the equality ((x, a)σ)τ = (x, a)στ , for any (x, a) ∈ Eg(U) , follows
from the cocycle condition (∂g)(σ, τ ;x) = 0 in (6.12). Furthermore, for any object U of C , the cocycle
condition (∂g)(1U , 1U ;x) = 0 gives g(1U , x) = 0 , which implies the equality (x, a)1U = (x, a) , for any
(x, a) ∈ Eg(U) . Thus, Eg is a presheaf of monoids on C . The locally surjective morphism f : Eg → M
is, at each U ∈ ObC , the projection f : Eg(U)→M(U) , (x, a) 7→ x . For any x ∈M(U) , the simply transitive
action + : A(U, x) × Eg(U, x) → Eg(U, x) is given by b + (x, a) = (x, b + a) . Conditions (7.1) and (7.2) are
easily verified, so that Eg = (Eg, f,+) is actually a commutative group coextension of M by A . Moreover,
H[Eg] = [g] , since gEg

= g if we take the obvious crossed section for this extension which is given by sx = (x, 0) ,
for each U ∈ ObC and x ∈M(U) .

Finally, we see that the map H is injective: For any commutative group coextension E of M by A and
any of its crossed sections s , there is an equivalence EgE ∼= E which is locally defined by the isomorphisms of
monoids EgE (U) ∼= E(U) given by (x, a) 7→ a + sx . Furthermore, if g, g′ ∈ Z3

s (M, 2,A) are cohomologous,
say g = g′ + ∂f for some f ∈ C2

s (M, 2,A) , then there is an equivalence Eg ∼= Eg
′ which is locally defined by

the isomorphisms of monoids Eg(U) ∼= Eg′(U) given by (x, a) 7→ (x, f(U ;x) + a) . Hence, the injectivity of H

follows. 2

Theorem 7.1 is useful to study commutative H -coextensions of a presheaf of commutative monoids M
on a small category C ; that is, commutative coextensions f : E → M such that, for every object U of C , the
congruence kernel of f : E(U) → M(U) is contained in the Green’s relation (congruence in this case) H of
the monoid E(U) . For any such commutative H -coextension, every element x ∈M(U) determines an abelian
group

Kf(U, x),

the so-called Schützenberger group of the H -class E(U, x) of the monoid E(U) . Explicitly, see Grillet [22,
Chapter I, Proposition 4.6], Kf(U, x) consists of equivalence classes [a]x of elements a ∈ E(U) such that
fa x = x , where [a]x = [a′]x whenever au = a′u for some (then, for any) u ∈ E(U, x) . The addition in Kf(U, x)

is induced by the multiplication in E(U) : [a]x+[a′]x = [aa′]x . The assignment (U, x) 7→ Kf(U, x) is the function
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on objects of an H(M) -module Kf (the Schützenberger kernel of the H -coextension) where, for any object U
of C and x, y ∈M(U) , the homomorphism

y∗ : Kf(U, x)→ Kf(U, xy), is given by y∗[a]x = [a]xy,

(see [22, Chapter V, Lemma 2.1]) and, for any morphism σ : V → U in C and x ∈M(U) , the homomorphism

( )σ : Kf(U, x)→ Kf(V, x
σ), is given by ([a]x)

σ = [aσ]xσ .

Furthermore, for every U ∈ ObC and x ∈ M(U) , there is a canonical simply transitive group action + of
Kf(U, x) on E(U, x) , which is given by [a]x + u = au . Conditions (7.1) and (7.2) are easily verified, so we are
in presence of a commutative group coextension (E , f,+) of M by Kf .

Notice the Schützenberger kernel of the H -coextension Kf is an H(M) -module having an additional
property: It is thin. An H(M) -module A is thin if, for any object U of C and x, y, z ∈ M(U) such that
xz = yz , the equality x∗ = y∗ : A(U, z)→ A(U, xz) holds (see Grillet [22, page 118]). Therefore:

Proposition 7.2 Every commutative H -coextension of a presheaf of commutative monoids M is a commutative
group coextension of M by a thin H(M)-module.

In general, the converse of the above proposition fails. The following is a sufficient condition for a
commutative group coextension of a presheaf of commutative monoids M on a small category C to be an H -
coextension of M . We say that an H(M) -module A is surjecting if, for every object U of C and x ∈M(U) ,
there exists y ∈M(U) such that xy = x and the homomorphism x∗ : A(y)→ A(x) is surjective (cf. Grillet [22,
page 119] and Leech (Leech, J., The cohomology of monoids, Chapter V,3.21, unpublished 1976 lecture notes).
This, for instance, holds whenever x∗ : A(U, e)→ A(U, x) is surjective for every U ∈ ObC and x ∈M(U) .

Lemma 7.3 Every commutative group coextension of a presheaf of commutative monoids M by a surjecting
H(M)-module is a commutative H -coextension of M .

Proof Let M be a presheaf of commutative monoids on a small category C , and let A be any thin H(M) -
module. By Theorem 7.1, every commutative group coextension of M by A is, up to equivalence, of the form
Eg = (Eg, f,+) , as in (7.3), for some g ∈ Z3

s (M, 2,A) . Then, it suffices to prove that, for any U ∈ ObC , the
congruence kernel of f : Eg(U) → M(U) is contained in H . That is, to prove that for any x ∈ M(U) and
(x, a), (x, b) ∈ Eg(U, x) there is (y, c) ∈ Eg(U) such that (x, a) = (x, b)(y, c) : By hypothesis, there is y ∈M(U)

with xy = x and x∗ : A(U, y) → A(U, x) surjective. Taking c ∈ A(U, y) such that x∗c = a − y∗b + g(U, x|y) ,
we have (x, b)(y, c) = (xy, x∗c+ y∗b− g(U ;x|y)) = (x, a) . 2

As a relevant consequence, we have the following (cf. Leech [25, Theorems 3.9, 5.18]).

Proposition 7.4 Every commutative group coextension of a presheaf of commutative regular monoids M by a
thin H(M)-module is a commutative H -coextension of M .

Proof We prove that every thin H(M) -module A is surjecting: Let U ∈ ObC and x ∈ M(U) . As
M(U) is regular, there is y ∈ M(U) such that x = xyx . Since A is thin, the equality (xy)x = ex yields
(xy)∗ = e∗ : A(U, x)→ A(U, x) ; that is, x∗y∗ = idA(U,x) whence x∗ : A(U, xy)→ A(U, x) is surjective. 2
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8. Braided and symmetric fibred categories

To fix notation, we recall from Grothendieck [23] some terminology about fibred categories.
Let π : G → C be a functor. For any object U of C , GU denotes the fibre category of π over U . Its

objects, called U -objects, are those objects X of G which are mapped to U by π and its morphisms, termed
U -morphisms, are those mapped to 1U by π . More generally, if σ : V → U is a morphism in C , then those
morphisms f in G such that π(f) = σ are termed σ -morphisms. A σ -morphism f : Y → X is deemed
cartesian if, for any σ -morphism g : Y ′ → X , there exists a unique V -morphism g′ : Y ′ → Y such that
fg′ = g . The functor π is called a fibration provided that, for any morphism σ : V → U of C and any
object X ∈ GU , there exists a cartesian σ -morphism f : Y → X and, moreover, the composition of cartesian
morphisms is also cartesian.

A C -fibred category G = (G, π) is a category G endowed with a fibration π : G → C . The C -fibred
categories are the objects of a 2-category, whose 1-morphisms are the C -fibred functors between them, that is,
functors F : G → G′ such that π′ F = π and carry cartesian morphisms in G to cartesian morphisms in G′ , and
whose 2-morphisms are the C -fibred transformations between them, that is, natural transformations θ : F ⇒ F ′

such that π′θ = idπ . An equivalence F : G → G′ in this 2-category is termed a C -fibred equivalence.
In a C -fibred category G occurs that all morphisms are cartesian if and only if it is fibred in groupoids, that

is, in every fibre category GU all morphisms are invertible. In this paper, we deal only with C -fibred categories in
abelian groupoids, that is, C -fibred categories G in which the fiber categories GU are groupoids whose automor-
phism groups AutGU

(X) are all abelian. Hence, from now on, C -fibred category means C -fibred categories in
abelian groupoids. In any such C -fibred category the following basic property holds.

Lemma 8.1 Let G be a C-fibred category. Suppose σ : V → U is a morphism in C and the squares in G
below commute, where f and g are σ -morphisms, a is a U -morphism, and b and b′ are V -morphisms. Then
b = b′ .

Y
f //

b
��

X

a

��
Y

f // X

Y
g //

b′

��

X

a

��
Y

g // X

Proof Since f is cartesian, g = fc for some V -morphism c : Y → Y . As AutGU
(Y ) is abelian, bc = cb .

Then, fcb′ = afc = fbc = fcb . Since fc is cartesian, it follows that b′ = b . 2

For necessary notational accuracy, we detail below the monoidal fibred categories, in the sense of Saavedra
[30, Chapter I, §4.5], we are going to work with.

Let C be a category. A braided C-fibred category G = (G, π,⊗, ι,a, r, l, c) consists of a C -fibred category
G = (G, π) endowed with C -fibred functors ⊗ : G ×C G → G and ι : C→ G , and C -fibred transformations

a =
{
aX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z)

}
(X,Y,Z)∈Ob(G×CG×CG) (8.1)

c =
{
cX,Y : X ⊗ Y → Y ⊗X

}
(X,Y )∈Ob(G×CG) (8.2)

l =
{
lX : ιπX ⊗X → X

}
X∈ObG , r =

{
rX : X ⊗ ιπX → X

}
X∈ObG (8.3)

(called the associativity, braiding, and unit constraints, respectively) satisfying, for all objects U ∈ ObC and
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X,Y, Z, T ∈ ObGU , the commutativity of the following coherence diagrams (see Joyal–Street [24]):

((X⊗Y )⊗Z)⊗T
aX,Y,Z⊗ 1T //

aX⊗Y,Z,T

��

(X⊗(Y ⊗Z))⊗T
aX,Y ⊗Z,T // X⊗((Y ⊗Z)⊗T )

1X⊗aY,Z,T

��
(X⊗Y )⊗(Z⊗T )

aX,Y,Z⊗T // X⊗(Y ⊗(Z⊗T ))

(8.4)

(X⊗ιU)⊗Y
aX,ιU,Y //

rX⊗ 1Y $$HH
HHH

HH
X⊗(ιU⊗Y )

1X⊗ lYzzvvv
vvv

v

X⊗Y

(8.5)

(X⊗Y )⊗Z
cX,Y ⊗ 1Z //

aX,Y,Z

��

(Y ⊗X)⊗Z
aY,X,Z // Y ⊗(X⊗Z)

1Y ⊗ cX,Z

��
X⊗(Y ⊗Z)

cX,Y ⊗Z // (Y ⊗Z)⊗X
aY,Z,X // Y ⊗(Z⊗X)

(8.6)

X ⊗ (Y ⊗ Z)
1X⊗ cY,Z //

a−1
X,Y,Z

��

X ⊗ (Z ⊗ Y )
a−1

X,Z,Y // (X ⊗ Z)⊗ Y

cX,Z⊗ 1Y

��
(X ⊗ Y )⊗ Z

cX⊗Y,Z // Z ⊗ (X ⊗ Y )
a−1

Z,X,Y // (Z ⊗X)⊗ Y

(8.7)

A symmetric C-fibred category is a braided C -fibred category G , as above, whose braiding is a symmetry,
that is, the equation

cY,X cX,Y = 1X⊗Y (8.8)

holds for any pair of objects (X,Y ) of G ×C G .
Let G , G′ be braided C -fibred categories. A braided C-fibred functor F = (F,φ,φ∗) : G → G′ is a

C -fibred functor F : G → G′ endowed with C -fibred transformations

φ =
{
φX,Y : F (X ⊗ Y )→ FX ⊗′ FY

}
(X,Y )∈Ob(G×CG), (8.9)

φ∗ =
{
φ∗
U : FιU → ι′U

}
U∈ObC

, (8.10)

such that, for any object U of C and U -objects X,Y, Z of G , the following four diagrams commute

F ((X ⊗ Y )⊗ Z)

FaX,Y,Z

��

φX⊗Y,Z // F (X ⊗ Y )⊗′ FZ
φX,Y ⊗′1FZ// (FX ⊗′ FY )⊗′ FZ

a′
FX,FY,FZ

��
F (X ⊗ (Y ⊗ Z))

φX,Y ⊗Z // FX ⊗′ F (Y ⊗ Z)
1FX⊗′φY,Z // FX ⊗′ (FY ⊗′ FZ)

(8.11)

F (X ⊗ Y )
φX,Y //

FcX,Y

��

FX ⊗′ FY

c′
FX,FY

��
F (Y ⊗X)

φY,X // FY ⊗′ FX

(8.12)
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F (X ⊗ ιU)
φX,ιU //

FrX

��

FX ⊗′ FιU

1FX⊗′φ∗
U

��
FX FX ⊗′ ι′U

r′
FXoo

F (ιU ⊗X)
φιU,X //

F lX

��

FιU ⊗′ FX

φ∗
U⊗′1FX

��
FX ι′U ⊗′ FX

l′FXoo

(8.13)

If F, F ′ : G → G′ are braided C -fibred functors between braided C -fibred categories, then a monoidal C-
fibred transformation between them is a C -fibred transformation on the underlying C -fibred functors θ : F ⇒ F ′

such that, for any object U of C and U -objects X,Y of G , the following two diagrams commute.

F (X ⊗ Y )
φX,Y //

θX⊗Y

��

FX ⊗′ FY

θX⊗′θY
��

F ′(X ⊗ Y )
φ′

X,Y // F ′X ⊗′ F ′Y

FιU

θιU

��

φ∗
U

''NN
NNN

ι′U

F ′ιU φ′∗
U

88pppp

(8.14)

The composite F ′F : G → G′′ of two braided fibred functors F : G → G′ and F ′ : G′ → G′′ is also
braided with structure data (8.9) and (8.10) respectively given by the compositions

F ′F (X ⊗ Y )
F ′φX,Y // F ′(FX ⊗′ FY )

φ′
FX,FY // F ′FX ⊗′′ F ′FY,

F ′FιU
F ′φ∗

U // F ′ι′U
φ′∗

U // ι′′U.

This composition is associative and unitary, so that the category of braided C -fibred categories is defined.
Actually, this is the underlying category of the 2-category of braided C-fibred categories, whose 2-cells are the
monoidal C -fibred transformations. In this 2-category, both the horizontal and vertical composition of 2-cells
are defined as the ordinary vertical and horizontal composition of natural transformations. Note every 2-cell
is invertible, and therefore this 2-category is a track category in the sense of Baues–Jibladze [2] (also known as
(2, 1) -categories). An equivalence F : G → G′ in this 2-category is called a braided C-fibred equivalence. We say
that two braided (or symmetric) C -fibred categories are equivalent if they are connected by a braided C -fibred
equivalence.

In this section, our goal is to give a cohomological classification for equivalence classes of braided and
symmetric C -fibred categories. The following is an useful basic fact.

Lemma 8.2 Let F : G → G′ be a braided C-fibred functor between braided C-fibred categories. The following
conditions are equivalent.

1. F is a braided C-fibred equivalence.

2. F is a C-fibred equivalence.

3. F is fully faithful, and for any U ∈ ObC and X ′ ∈ G′U , there is an X ∈ ObGU and a U -morphism
FX → X ′ .

4. For any object U of C , the induced functor FU : GU → G′U is an equivalence.

2566



CARRASCO and CEGARRA/Turk J Math

Proof (1) ⇒ (2) is obvious and (2) ⇔ (3) ⇔ (4) is proved by Grothendieck in [23, Propositions 4.2 and
6.10]. (2) ⇒ (1) : If F is a C -fibred equivalence, there exists a C -fibred functor F ′ : G′ → G and C -fibred
transformations θ : FF ′ ⇒ 1G′ and θ′ : F ′F ⇒ 1G such that θF = Fθ′ and F ′θ = θ′F ′ . Then, F ′ can be
provided in a unique way with a structure of braided C -fibred functor such that θ and θ′ become monoidal
C -fibred transformations. Indeed, the structure constraints are given, for each U ∈ ObC , by the U -morphisms
φ′
X′,Y ′ : F ′(X ′⊗′ Y ′)→ F ′X ′⊗F ′Y ′ , for X ′, Y ′ ∈ G′U , and φ′∗

U : F ′ι′U → ιU which make the diagrams below
commutative.

FF ′(X ′ ⊗′ Y ′)
Fφ′

X′,Y ′
//

θX′⊗′Y ′

��

F (F ′X ′ ⊗ F ′Y ′)

φF ′X′,F ′Y ′

��
X ′ ⊗′ Y ′ FF ′X ′ ⊗′ FF ′Y ′θX′⊗′θY ′oo

FF ′ι′U

θι′U

��

Fφ′∗
U

((RR
RRR

FιU

φ∗
U

vvllll
ll

ι′U

The verification of all requirements is entirely parallel to the given by Sinh (Sinh, H. X. Gr-catégories.
Ph.D. Thesis, Université Paris VII, Paris, France, 1975, Chapitre I, §5. Aviable at https://pnp.mathematik.uni-
stuttgart.de/lexmath/kuenzer/sinh.html) for the nonfibred case, so we omit the details. 2

8.1. The classifying invariants of a braided (symmetric) C-fibred category

For the following definition, recall from Theorem 6.1 that, for any presheaf of commutative monoids M and
and H(M) -module A , the pointed cohomology group H5

s (M, 3,A) is canonically a subgroup of H4
s (M, 2,A) .

Definition 8.3 A ”classifying system” for braided (resp. symmetric) C-fibred categories is a triple (M,A, c) ,
where M is a presheaf of commutative monoids, A is an H(M)-module, and c is a cohomology class
c ∈ H4

s (M, 2,A) (resp. c ∈ H5
s (M, 3,A)). Two such classifying systems (M,A, c) and (M′,A′, c′) are

isomorphic whenever there exists an isomorphism of presheaves of commutative monoids f :M ∼=M′ and an
isomorphism of H(M)-modules F : A ∼= f∗A′ such that f∗(c′) = F∗(c) , where

f∗ : H4
s (M′, 2,A′) ∼= H4

s (M, 2, f∗A′), F∗ : H4
s (M, 2,A) ∼= H4

s (M, 2, f∗A′)

are the corresponding induced isomorphisms in cohomology. Let [M,A, c] denote the isomorphism class of a
classifying system (M,A, c) .

Let G be a braided C -fibred category. We associate to G a classifying system (Π0G,Π1G, [hG ]) as follows.

8.1.1. The presheaf Π0G : Cop → CMon

For each U ∈ ObC , let
Π0G(U) = {[X] | X ∈ ObGU}

be the commutative monoid of U -isomorphism classes [X] of U -objects X of G , with multiplication [X][Y ] =

[X ⊗ Y ] and unit e = [ιU ] . If σ : V → U is a morphism in C and [X] ∈ π0G(U) , then we write
[X]σ = [X ′] ∈ π0G(V ) whenever there exists a σ -morphism X ′ → X . To see that the class [X]σ is well
defined, suppose that f : X ′ → X and g : Y ′ → Y are both σ -morphisms and h : X → Y is a U -morphism.
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Then, as g is cartesian there exits a V -morphism h′ : X ′ → Y ′ such that hf = gh′ , and therefore, [X ′] = [Y ′]

in Π0G(V ) . Furthermore, as π : G → C is a fibration, xσ is defined for all x ∈ π0G(U) and so we have a map

( )σ : Π0G(U)→ Π0G(V ), x 7→ xσ,

which is actually a homomorphism of monoids: If x = [X], y = [Y ] ∈ Π0G(U) and f : X ′ → X and g : Y ′ → Y

are σ -morphisms, then f ⊗ g : X ′ ⊗ Y ′ → X ⊗ Y is also a σ -morphism; whence, ([X][Y ])σ = [X ⊗ Y ]σ =

[X ′ ⊗ Y ′] = [X ′][Y ′] = [X]σ[Y ]σ . Moreover, as ισ : ιV → ιU is a σ -morphism, eσ = [ιU ]σ = [ιV ] = e .
So defined, Π0G is a presheaf of commutative monoids. Note that if σ : V → U and σ′ :W → V are any

two composable morphisms of C . For any [X] ∈ Π0G(U) , any σ -morphism f : X ′ → X and any σ′ -morphism
f ′ : X ′′ → X ′ , the composite ff ′ : X ′′ → X is a σσ′ -morphism, and therefore [X]σσ

′
= [X ′′] = [X ′]σ

′
=

([X]σ)σ
′ .

8.1.2. The module Π1G : H(Π0G)→ Ab

Let U be any object of C . For each x ∈ Π0G(U) , we choose a representative U -object of x , say

sx = s(U, x) ∈ ObGU , (8.15)

that is, such that x = [sx] (in particular, we select se = ιU ) and define

Π1G(U, x) = AutGU
(sx),

the abelian group of U -automorphisms of sx in G . For any pair of elements x, y ∈ Π0G(U) , the homomorphism

x∗ : Π1G(U, y)→ Π1G(U, xy), a 7→ x∗a,

carries each U -automorphism a : sy → sy to the U -automorphism x∗a : s(xy) → s(xy) determined by the
commutativity of either of the following two diagrams

s(xy)

x∗a

��

Γx,y // sx⊗ sy

1⊗a
��

s(xy)
Γx,y // sx⊗ sy

s(xy)

x∗a

��

Γy,x // sy ⊗ sx

a⊗1

��
s(xy)

Γy,x // sy ⊗ sx

(8.16)

where
Γx,y : s(xy)→ sx⊗ sy (8.17)

is a U -morphism (any, by Lemma 8.1). For instance, we take

Γe,x = l−1
sx : sx→ ιU ⊗ sx and Γx,e = r−1

sx : sx→ sx⊗ ιU. (8.18)

Since we have the commutative diagram

s(xy)

x∗a

��

Γ // sx⊗ sy

1⊗a
��

c // sy ⊗ sx

a⊗1

��
s(xy)

Γ // sx⊗ sy c // sy ⊗ sx,
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it follows from Lemma 8.1 that the square on the left in (8.16) commutes if and only if the one on the right
does. The equality e∗ = 1Π1G(U,y) holds, since the left unit constraint l : ιU ⊗ sy → sy is natural. For any
x, y, z ∈ Π0G(U) , the equality (xy)∗ = x∗y∗ : Π1G(U, z)→ Π1G(U, xyz) follows from Lemma 8.1, since, for any
a ∈ Π1G(U, z) , we have the commutative diagrams in GU

s(xyz)

(xy)∗a

��

Γ // s(xy)⊗sz

1⊗a
��

Γ⊗1 // (sx⊗sy)⊗sz a //

(1⊗1)⊗a
��

sx⊗(sy⊗sz)

1⊗(1⊗a)
��

s(xyz)
Γ // s(xy)⊗sz Γ⊗1 // (sx⊗sy)⊗sz a // sx⊗(sy⊗sz),

s(xyz)

x∗y∗a

��

Γ // sx⊗s(yz) 1⊗Γ //

1⊗y∗a
��

sx⊗(sy⊗sz)

1⊗(1⊗a)
��

s(xyz)
Γ // sx⊗s(yz) 1⊗Γ // sx⊗(sy⊗sz).

If σ : V → U is a morphism in C , for any x ∈ Π0G(U) , the homomorphism

( )σ : Π1G(U, x)→ Π1G(V, xσ), a 7→ aσ,

carries each U -automorphism a : sx → sx to the V -automorphism aσ : sxσ → sxσ determined by the
commutativity of the diagram

sxσ
Θσ,x //

aσ

��

sx

a

��
sxσ

Θσ,x // sx

(8.19)

where
Θσ,x : sxσ → sx (8.20)

is a σ -morphism (any, by Lemma 8.1). For instance, we take

Θσ,e = ισ : ιV → ιU and Θ1U ,x = 1sx. (8.21)

For any other y ∈ Π0G(U) , the equality (y∗a)
σ = yσ∗ a

σ follows, by Lemma 8.1, from the commutativity of the
diagrams

s(yx)σ
Θ //

(y∗a)
σ

��

s(yx)
Γ //

y∗a

��

sy ⊗ sx

1⊗a
��

s(yx)σ
Θ // s(yx)

Γ // sy ⊗ sx

s(yx)σ
Γ //

yσ∗ a
σ

��

syσ ⊗ sxσ

1⊗aσ

��

Θ⊗Θ // sy ⊗ sx

1⊗a
��

s(yx)σ
Γ // syσ ⊗ sxσ Θ⊗Θ // sy ⊗ sx

The equalities a1U = a and (aσ)τ = aστ , for any morphism τ : W → V in C , are quite obviously verified.
Thus, Π1G is actually an H(Π0G) -module.

8.1.3. The cohomology class [hG ] ∈ H4
s (Π0G, 2,Π1G)

We define a 2th-level pointed 4-cocycle

hG ∈ Z4
s (Π0G, 2,Π1G), (8.22)
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as follows: For each U ∈ ObC and x, y, z ∈ Π0G(U) , the elements hG(U ;x|y|z) ∈ Π1G(U, xyz) and
hG(U ;x|2y) ∈ Π1G(U, xy) are, respectively, those U -automorphisms in G uniquely determined by the com-
mutativity of the diagrams

s(xyz)

hG(U ;x|y|z)
��

Γ // s(xy)⊗ sz Γ⊗1 // (sx⊗ sy)⊗ sz

a

��
s(xyz)

Γ // sx⊗ s(yz) 1⊗Γ // sx⊗ (sy ⊗ sz)

s(xy)

hG(U ;x|
2
y)

��

Γ // sx⊗ sy

c

��
s(yx)

Γ // sy ⊗ sx

(8.23)

Also, for any morphism σ : V → U , we define hG(σ;x|y) ∈ Π1G(V, xσyσ) to be the V -automorphism in
G making commutative the diagram on the left below; and similarly, for any τ : W → V , the element
hG(σ, τ ;x) ∈ Π1G(W,xστ ) is the W -automorphism in G determined by the commutativity of the diagram
on the right below.

s(xy)σ

hG(σ;x|y)
��

Θ // s(xy)

Γ

��
s(xy)σ

Γ // sxσ ⊗ syσ Θ⊗Θ // sx⊗ sy

sxστ

hG(σ,τ ;x)

��

Θ // sxσ

Θ

��
sxστ

Θ // sx

(8.24)

Let us point out that hG satisfies extra normalization properties, namely

hG(1U , 1U ;x) = 1 for any U -object x,
hG(1U ;x, y) = 1 for any U -objects x, y. (8.25)

The required normalization conditions in (6.8) follow from the commutativity of the diagrams below, where
the inner regions labeled with (A) commute by naturality of the unit constraints l or r and the other by the
references therein:

hG(U ; e|x|y) = 1 = hG(U ;x|e|y) = hG(U ;x|y|z), for any U ∈ ObC and y, z ∈ ΠG(U) :

s(exy) = s(xy)
Γ //

1 (A)

sx⊗ sy l−1⊗1 //
l−1

((QQ
QQQ

QQQ
QQQ

QQ
(ιU ⊗ sx)⊗ sy

a

��

[24,2.1]

s(exy) = s(xy)
l−1

// ιU ⊗ s(xy) 1⊗Γ // ιU ⊗ (sx⊗ sy)

s(xey) = s(xy)
Γ //

1

sx⊗ sy r−1⊗1 // (sx⊗ ιU)⊗ sy

a

��
(8.5)

s(xey) = s(xy)
Γ // sx⊗ sy 1⊗ l−1

//

r−1⊗1
77nnnnnnnnnnnn

sx⊗ (ιU ⊗ sy)

s(xye) = s(xy)
r−1

//

1 (A)

s(xy)⊗ ιU Γ⊗1 // (sx⊗ sy)⊗ ιU

a

��
[24,2.1]

s(xye) = s(xy)
Γ // sx⊗ sy 1⊗ r−1

//

r−1
66mmmmmmmmmmmmm

sx⊗ (sy ⊗ ιU)
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hG(σ; e|x) = 1 = hG(σ;x|e), for any σ : V → U in ObC and x ∈ ΠG(U) :

s(ex)σ=sxσ
Θ //

1 (A)

sx

l−1

��
s(ex)σ=sxσ

l−1
// ιV ⊗sxσ ισ⊗Θ // ιU⊗sx

s(xe)σ=sxσ
Θ //

1 (A)

sx

r−1

��
s(xe)σ=sxσ

r−1
// sxσ⊗ιV Θ⊗ισ // sx⊗ιU

hG(σ, τ ; e) = 1, for any W τ→ V
σ→ U in ObC :

ιW
ιτ //

1

ιV

ισ

��
ιW

ι(στ) // ιU

To verify the cocycle conditions ∂h = 1 in (6.14)-(6.20), we observe the commutativity of the outside
of the seven diagrams below, where the inner regions labeled with (A) commute by the naturality of a or c ,
those with (B) commute since ⊗ is a functor, and the other ones by the references therein. In all cases the
composite vertical arrow on the right of the diagram is an identity, and therefore Lemma 8.1 implies that the
composite vertical arrow on the left must be also an identity, which reads the required cocycle condition.

∂hG(U ;x|y|z|t) = 1, for any U ∈ ObC and x, y, z, t ∈ Π0G(U):

s(xyzt)
Γ //

t∗h
G(U ;x|y|z)

��
(8.16)

s(xyz)⊗st Γ⊗1 //

hG(U ;x|y|z)⊗1

��
(8.23)

(s(xy)⊗sz)⊗st
(Γ⊗1)⊗1// ((sx⊗sy)⊗sz)⊗st

a⊗1

��
s(xyzt)

Γ //

hG(U ;x|yz|t)
��

(8.23)

s(xyz)⊗st Γ⊗1 // (sx⊗s(yz))⊗st
(1⊗Γ)⊗1//

a

��
(A)

(sx⊗(sy⊗sz))⊗st

a

��
s(xyzt)

Γ //

x∗h
G(U ;y|z|t)

��
(8.16)

sx⊗s(yzt) 1⊗Γ //

(8.23)1⊗hG(U ;y|z|t)
��

sx⊗(s(yz)⊗st)
1⊗(Γ⊗1)// sx⊗ ((sy⊗sz)⊗st)

1⊗a

��
s(xyzt)

Γ //

hG(U ;x|y|zt)−1

��

(8.23)

sx⊗s(yzt) 1⊗Γ // sx⊗(sy⊗s(zt))
1⊗(1⊗Γ)//

a−1

��

sx⊗ (sy⊗(sz⊗st))

a−1

��

(sx⊗sy)⊗s(zt)
1⊗Γ

))SSS
SSSS

SSSS
SSS

(A)

s(xyzt)
Γ //

hG(U ;xy|z|t)−1

��

(8.23)

s(xy)⊗s(zt)

Γ⊗1
66mmmmmmmmmmmm

1⊗Γ

((QQ
QQQ

QQQ
QQQ

Q
(B) (sx⊗sy)⊗(sz⊗st)

a−1

��

s(xy)⊗(sz⊗st)

Γ⊗1
55kkkkkkkkkkkkkk

a−1

��
s(xyzt)

Γ // s(xyz)⊗st Γ⊗1 // (s(xy)⊗sz)⊗st
(Γ⊗1)⊗1//

(A)

((sx⊗sy)⊗sz)⊗st
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∂hG(U ;x|2y|z) = 1, for any U ∈ ObC and x, y, z ∈ Π0G(U):

s(xyz)
Γ //

(8.16)z∗h
G(U ;x|

2
y)

��

s(xy)⊗ sz Γ⊗1 //

hG(U ;x|
2
y)⊗1

��
(8.23)

(sx⊗ sy)⊗ sz

c⊗1

� �
s(xyz)

Γ //

hG(U ;y|x|z)
��

s(xy)⊗ sz Γ⊗1 //

(8.23)

(sy ⊗ sx)⊗ sz

a

� �
s(xyz)

Γ //

y∗h
G(U ;x|

2
z)

��
(8.16)

sy ⊗ s(xz) 1⊗Γ //

1⊗hG(U ;x|
2
z)

��
(8.23)

sy ⊗ (sx⊗ sz)

1⊗c

��
s(xyz)

Γ //

hG(U ;y|z|x)−1

��

sy ⊗ s(xz) 1⊗Γ //

(8.23)

sy ⊗ (sz ⊗ sx)

a−1

��
s(xyz)

Γ //

hG(U ;x|2yz)
−1

��
(8.23)

s(yz)⊗ sx Γ⊗1 //

c−1

��
(A)

(sy ⊗ sz)⊗ sx

c−1

��
s(xyz)

Γ //

hG(U ;x|y|z)−1

��
(8.23)

sx⊗ s(yz) 1⊗Γ // sx⊗ (sy ⊗ sz)

a−1

��
s(xyz)

Γ // s(xy)⊗ sz Γ⊗1 // (sx⊗ sy)⊗ sz

∂hG(U ;x|y|
2
z) = 1, for any U ∈ ObC and x, y, z ∈ Π0G(U):

s(xyz)
Γ //

hG(U ;x|y|z)−1

��
(8.23)

sx⊗ s(yz) 1⊗Γ // sx⊗ (sy ⊗ sz)

a−1

��
s(xyz)

Γ //

hG(U ;xy|
2
z)

��
(8.23)

s(xy)⊗ sz Γ⊗1 //

(A)c

��

(sx⊗ sy)⊗ sz

c

��
s(xyz)

Γ //

hG(U ;z|x|y)−1

��
(8.23)

sz ⊗ s(xy) Γ⊗1 // sz ⊗ (sx⊗ sy)

a−1

��
s(xyz)

Γ //

y∗h
G(U ;x|

2
z)−1

��

s(xz)⊗ sy Γ⊗1 //

(8.16) hG(U ;x|
2
z)−1⊗1

��
(8.23)

(sz ⊗ sx)⊗ sy

c⊗1

��
s(xyz)

Γ //

hG(U ;x|z|y)
��

(8.23)

s(xz)⊗ sy Γ⊗1 // (sx⊗ sz)⊗ sy

a−1

��
s(xyz)

Γ //

x∗h
G(U ;y|

2
z)−1

��
(8.16)

sx⊗ s(yz) 1⊗Γ //

1⊗hG(U ;y|
2
z)−1

��

sx⊗ (sz ⊗ sy)

1⊗c

��
(8.23)

s(xyz)
Γ // sx⊗ s(yz) 1⊗Γ // sx⊗ (sy ⊗ sz)
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∂hG(σ;x|y|z) = 1, for any σ : V → U in C and x, y, z ∈ Π0G(U):

s(xyz)σ
Θ //

hG(U ;x|y|z)σ

��
(8.19)

s(xyz)
Γ //

hG(U ;x|y|z)
��

s(xy)⊗sz Γ⊗1 //

(8.23)

(sx⊗sy)⊗sz

a

��

s(xyz)σ

hG(σ;x|yz)
��

Θ // s(xyz)

Γ

) )RR
RRR

RRR
RRR

RRR

(8.24)

s(xyz)σ

xσ
∗h

G(σ;y|z)
��

Γ //

(8.16)

sxσ⊗s(yz)σ

1⊗hG(σ;y|z)
��

Θ⊗Θ // sx⊗s(yz)
1⊗Γ

))RRR
RRRR

RRRR
RRR

(8.24),(B)

s(xyz)σ
Γ //

��
hG(V ;xσ|yσ|zσ)−1

sxσ⊗s(yz)σ 1⊗Γ / /

(8.23)

sxσ⊗ (syσ⊗szσ)
Θ⊗(Θ⊗Θ)//

a−1

��

sx⊗ (sy⊗sz)

a−1

��

s(xyz)σ
Γ //

zσ∗h
G(σ;x|y)−1

��
(8.16)

s(xy)σ⊗szσ Γ⊗1 //

hG(σ;x|y)−1⊗1

��

(sxσ⊗syσ)⊗szσ

(Θ⊗Θ)⊗Θ

""F
FF

FF
FF

FF
FF

FF
FF

FF
FF

FF

(8.24),(B)

(A)

s(xyz)σ
Γ //

hG(σ;xy|z)−1

��

s(xy)σ⊗szσ

Θ⊗Θ

) )RR
RRR

RRR
RRR

RR

s(xyz)σ
Θ // s(xyz)

Γ //

(8.24)

s(xy)⊗sz Γ⊗1 // (sx⊗sy)⊗sz

∂hG(σ;x|
2
y) = 1, for any σ : V → U in C and x, y ∈ Π0G(U):

s(xy)σ

hG(U ;x|2y)
σ

��

Θ //

(8.19)

s(xy)
Γ //

hG(U ;x|2y)
��

sx⊗ sy

c

��

s(xy)σ

hG(σ;y|x)
��

Θ // s(xy)

Γ

''NN
NNN

NNN
NNN

N

(8.23)

(8.24)

s(xy)σ

hG(V ;xσ|
2
yσ)−1

��

Γ //

(8.23)

syσ ⊗ sxσ Θ⊗Θ //

c−1

��

sy ⊗ sx

c−1

��

s(xy)σ

hG(σ;x|y)−1

��

Γ // sxσ ⊗ syσ

Θ⊗Θ

''NN
NNN

NNN
NNN

N

(A)

(8.24)

s(xy)σ
Θ // s(xy)

Γ // sx⊗ sy
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∂hG(σ, τ ;x|y) = 1, for any W τ→ V
σ→ U in C and x, y ∈ Π0G(U):

s(xy)στ
Θ //

hG(σ;x|y)τ

��
(8.19)

s(xy)σ
Θ //

hG(σ;x|y)
��

s(xy)

Γ

��

s(xy)στ
Θ //

hG(τ ;xσ|yσ)
��

s(xy)σ

Γ

''OO
OOO

OOO
OOO

(8.24)

(8.24)

s(xy)στ
Γ //

xστ
∗ hG(σ,τ ;y)

��
(8.16)

sxστ ⊗ syστ Θ⊗Θ //

1⊗hG(σ,τ ;y)

��

sxσ ⊗ syσ

Θ⊗Θ

&&LL
LLL

LLL
LLL

s(xy)στ
Γ //

(8.16)yστ
∗ hG(σ,τ ;x)

��

sxστ ⊗ syστ

hG(σ,τ ;x)⊗1

��

(8.24),(B)
sx⊗ sy

Γ−1

��

s(xy)στ
Γ //

hG(στ ;x|y)−1

��

sxστ ⊗ syστ

Θ⊗Θ

33hhhhhhhhhhhhhhhhhhhhh

(8.24)

s(xy)στ

Θ

,,YYYYYY
YYYYYY

YYYYYY
YYYYYY

YYYYYY
YYYYYY

YY

hG(σ,τ ;xy)−1

��
(8.24)

s(xy)στ
Θ // s(xy)σ

Θ // s(xy)

∂hG(σ, τ, γ;x) = 1, for any T γ→W
τ→ V

σ→ U in C and x ∈ Π0G(U):

sxστγ
Θ //

hG(σ,τ ;x)γ

��
(8.19)

sxστ
Θ //

hG(σ,τ ;x)

��

sxσ
Θ // sx

1

sxστγ

hG(στ,γ;x)

��

Θ // sxστ

Θ

��:
::

::
::

::
::

::
::

::
::

::
::

::
::

(8.24)

sxστγ

hG(σ,τγ;x)−1

��

(8.24)

Θ

''OO
OOO

OOO
OOO

OOO
OOO

OOO
OOO

OOO
OO

sxστγ

hG(τ,γ;xσ)−1

��

Θ

))SSS
SSSS

SSSS
SSSS

S (8.24)

sxστγ
Θ //

(8.24)

sxστ
Θ // sxσ

Θ // sx

Let us remark that if G is a symmetric C -fibred category, then

hG ∈ Z5
s (Π0G, 3,Π1G), (8.26)

that is, for any U ∈ ObC and x, y ∈ Π0(U) , the 5-cocycle condition ∂hG(U ;x|
3
y) = 1 in (6.22) holds. This
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follows from Lemma 8.1, since we have the commutative diagram below, where c2 = 1 .

s(xy)
Γ //

hG(U ;x|2y)
��

(8.24)

sx⊗ sy

c

��
s(xy)

Γ //

hG(U ;y|
2
x)

��
(8.24)

sy ⊗ sx

c

��
s(xy)

Γ // sx⊗ sy.

Let [hG ] denote the cohomology class of hG in H4
s (Π0G, 2,Π1G) (or in H5

s (Π0G, 3,Π1G) if G is symmet-
ric).

Proposition 8.4 The class [Π0G,Π1G, [hG ]] only depends on the equivalence class [G] .

Proof First, we observe that [Π0G,Π1G, [hG ]] does not depend on the selections we have made for its
construction. Suppose we have another choice of representative elements s′x = s′(U, x) (also with s′e = ιU ),
U -morphisms Γ′ : s′(xy) → s′x ⊗ s′y (with Γ′

e,x = l−1 and Γ′
x,e = r−1 ) and σ -morphisms Θ′ : s′xσ → s′x

(with Θ′
σ,e = ισ and Θ′

1U ,x = 1s′x ), and let Π′
1G and h′ denote the corresponding H(Π0G) -module and cocycle

in Z4
s (Π0G, 2,Π′

1G) constructed from this choice. We show an isomorphism of H(Π0G) -modules F : Π1G ∼= Π′
1G

such that F∗[h
G ] = [h′] as follows. Let us select U -morphisms ψ = ψU,x : sx→ s′x (with ψU,e = 1ιU ). Then,

we have isomorphisms F : Π1G(U, x) ∼= Π′
1G(U, x) defined by the commutativity of the squares

s′x
ψ //

Fa

��

sx

a

��
s′x

ψ // sx.

(8.27)

If x, y ∈ Π0G(U) , for any a ∈ Π1G(U, x) we see that y∗Fa = F(y∗a) by applying Lemma 8.1 to the commutative
diagrams

s′(yx)
ψ //

F(y∗a)
��

s(yx)
Γ //

y∗a

��

sy ⊗ sx

1⊗a
��

s′(yx)
ψ // s(yx)

Γ // sy ⊗ sx

s′(yx)
Γ′

//

y∗F(a)
��

s′y ⊗ s′x
ψ⊗ψ //

1⊗Fa
��

sy ⊗ sx

1⊗a
��

s′(yx)
Γ′

// s′y ⊗ s′x
ψ⊗ψ // sy ⊗ sx

Similarly, if σ : V → U is a morphism in C , we see that Faσ = (Fa)σ by the commutative diagrams

s′xσ
ψ //

Faσ

��

sxσ
Θ //

aσ

��

sx

a

��
s′xσ

ψ // sxσ
Θ // sx

s′xσ
Θ′

//

(Fa)σ

��

s′x
ψ //

Fa

��

sx

a

��
s′xσ

Θ′
// s′x

ψ // sx.

Thus, F : Π1G ∼= Π′
1G is an isomorphism of H(Π0G) -modules. We now define a pointed 3-cochain g ∈

C3
s (Π0G, 2,Π′

1G) such that h′ = F∗h
G · ∂g by taking, for each U ∈ ObC and x, y ∈ Π0G(U) , g(U ;x|y) ∈
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Π′
1G(U, xy) the U -automorphism in G determined by the commutativity of the square on the left below and,

for each morphism σ : V → U in C , g(σ;x) ∈ Π′
1G(V, xσ) the V -automorphism which makes commutative the

diagram on the right.

s′(xy)

g(U ;x|y)
��

Γ′
// s′x⊗s′y

ψ⊗ψ
��

s′(xy)
ψ // s(xy)

Γ // sx⊗sy

s′xσ

g(σ;x)

��

ψ // sxσ

Θ

��
s′xσ

Θ′
// s′x

ψ // sx

(8.28)

The required normalization conditions g(U ;x|e) = 1 = g(U ; e|y) follow from the naturality of the unit
constraints l and r , while the equality g(σ; e) = 1 becomes obvious. To verify that h′ = F∗h

G · ∂g , we
observe the commutativity of the outside of the four diagrams below, where the inner regions labeled with (A)

commute by the naturality of a or c , those with (B) commute since ⊗ is a functor, and the other ones by the
references therein. In each case, the composite vertical arrow on the left of the diagram is the corresponding
value of F∗h

G · ∂g while, by definition, it must be the corresponding value of h′ :

h′(U ;x|y|z) = FhG(U ;x|y|z) · ∂g(U ;x|y|z), for any U ∈ ObC and x, y, z ∈ Π0G(U):

s′(xyz)
Γ′

//

z∗g(U ;x|y)
��

(8.16)

s′(xy)⊗s′z Γ′⊗1 //

g(U ;x|y)⊗1

��

(s′x⊗s′y)⊗s′z

(ψ⊗ψ)⊗ψ

��~~
~~
~~
~~
~~
~~
~~
~~
~~
~

a

��

s′(xyz)
Γ′

//

g(U ;xy|z)
��

(8.28)

s′(xy)⊗s′z

ψ⊗ψ
��

(8.28),(B)

s′(xyz)
ψ //

FhG(U ;x|y|z)
��

(8.27)

s(xyz)
Γ //

hG(U ;x|y|z)
��

(8.23)

s(xy)⊗sz Γ⊗1 // (sx⊗sy)⊗sz

a

��
(A)

s′(xyz)
ψ //

g(U ;x|yz)−1

��
(8.28)

s(xyz)
Γ // sx⊗s(yz) 1⊗Γ //

ψ−1⊗ψ−1

��

sx⊗ (sy⊗sz)

ψ−1⊗(ψ−1⊗ψ−1)

��@
@@

@@
@@

@@
@@

@@
@@

@@
@@

s′(xyz)
Γ′

//

x∗g(U ;y|z)−1

��
(8.16)

s′x⊗s′(yz)

1⊗g(U ;y|z)−1

��

(8.28),(B)

s′(xyz)
Γ′

// s′x⊗s′(yz) 1⊗Γ′
// s′x⊗ (s′y⊗s′z)
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h′(U ;x|
2
y) = FhG(U ;x|

2
y) · ∂g(U ;x|

2
y), for any U ∈ ObC and x, y ∈ Π0G(U):

s′(xy)
Γ′

//

g(U ;x|y)
��

(8.28)

s′x⊗ s′y

c

��

ψ⊗ψ

yysss
sss

sss
ss

s′(xy)
ψ //

FhG(U ;x|2y)
��

(8.27)

s(xy)
Γ //

hG(U ;x|2y)
��

(8.23)

sx⊗ sy

c

��
(A)

s′(xy)
ψ //

g(U ;y|x)−1

��

s(xy)
Γ // sy ⊗ sx

ψ−1⊗ψ−1

%%KK
KKK

KKK
KK

s′(xy)
Γ′

//

(8.28)

s′y ⊗ s′x

h′(σ, τ ;x) = FhG(σ, τ ;x) · ∂g(σ, τ ;x), for any W τ→ V
σ→ U in C and x ∈ Π0G(U):

s′xστ
Θ′

//

(g(σ,x)τ )−1

��
(8.19)

s′xσ

Θ′

��

g(σ,x)−1

{{xx
xx
xx
xx

s′xστ
Θ′

//

(8.28)g(τ,xσ)−1

��

s′xσ

ψ

��
s′xστ

ψ //

(8.27)FhG(σ,τ ;x)
��

sxστ
Θ //

(8.24)hG(σ,τ ;x)

��

sxσ

Θ

��

(8.28)

s′xστ
ψ //

g(στ ;x)

��

sxστ
Θ // sx

ψ−1

##F
FF

FF
FF

FF

s′xστ
Θ′

//

(8.28)

s′x
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h′(σ;x|y) = FhG(σ;x|y) · ∂g(σ;x|y), for any σ : V → U in C and x, y ∈ Π0G(U):

s′(xy)σ
Θ′

//

g(U ;x|y)σ

��
(8.19)

s′(xy)

Γ′

��

g(U ;x|y)

yyttt
tt
tt
tt

s′(xy)σ
Θ′

//

g(σ;xy)−1

��
(8.28)

s′(xy)

ψ

��
s′(xy)σ

ψ //

FhG(σ;x|y)
��

(8.27)

s(xy)σ
Θ //

hG(σ;x|y)
��

(8.24)

s(xy)

Γ

��
s′(xy)σ

ψ //

g(V ;xσ|yσ)−1

��
(8.28)

s(xy)σ
Γ // sxσ⊗syσ Θ⊗Θ //

ψ−1⊗ψ−1

��

sx⊗sy

ψ−1⊗ψ−1

��0
00
00
00
00
00
00
00
00
00
00
00
0

(8.28)

s′(xy)σ
Γ′

//

xσ
∗g(σ;y)

��
(8.16)

s′xσ⊗s′yσ

1⊗g(σ;y)
��

s′(xy)σ
Γ′

//

y∗g(σ;x)

��
(8.16)

s′xσ⊗s′yσ

g(σ;x)⊗1

��
s′(xy)σ

Γ′
// s′xσ⊗s′yσ Θ′⊗Θ′

//

(8.28),(B)

s′x⊗s′y

Suppose now that F : G → G′ is a braided C -fibred functor establishing an equivalence between the
braided C -fibred categories G and G′ , and suppose that the construction of (Π0G,Π1G, hG) has been made
by means of representative objects U -objects sx of G , U -morphisms Γ : s(xy) → sx ⊗ sy and σ -morphisms
Θ : sxσ → sx . There is an induced isomorphism of presheaves of commutative monoids

f : Π0G ∼= Π0G′,

where, for every object U of C , the bijection f : Π0G(U) → Π0G′(U) is given by f[X] = [FX] . This is a
homomorphism of monoids since, for any U -objects X,Y of G

f([X][Y ]) = f[X ⊗ Y ] = [F (X ⊗ Y )]
(8.9)
= [FX ⊗′ FY ] = [FX][FY ] = f[X]f[Y ],

fe = f[U ] = [FιU ]
(8.10)
= [ι′U ] = e.

Moreover, if σ : V → U is a morphism in C and f : X ′ → X is any σ -morphism in G , then Ff : FX ′ → FX

is a σ -morphism of G′ and therefore

(f[X])σ = [FX]σ = [FX ′] = f[X ′] = f([X]σ),

so that f : Π0G → Π0G′ is actually an isomorphism of presheaves. Now, every element of Π0G′(U) writes
uniquely as fx for a unique x ∈ Π0G(U) and, for the construction of the triple (Π0G′,Π1G′, hG

′
) , we can take

the U -object s′fx = Fsx of G′ as representative of fx (but s′e = ι′U ), the composite of the U -morphisms

Fs(xy)
FΓ // F (sx⊗ sy)

φ / / Fsx⊗′ Fsy
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as the U -morphism Γ′
fx,fy : s′f(xy) → s′fx ⊗ s′fy (but Γ′

e,y = l′
−1 and Γ′

x,e = r′
−1 ), and the σ -morphisms

Θ′
σ,fx = FΘσ,x : s′fxσ → s′fx . Then, an isomorphism of H(Π0G) -modules

F : Π1G ∼= f∗Π1G′

such that F∗h
G = f∗hG

′ , where

f∗ : Z4
s (Π0G′, 2,Π1G′)→ Z4

s (Π0G, 2, f∗Π1G′), F∗ : Z4
s (Π0G, 2,Π1G)→ Z4

s (Π0G, 2, f∗Π1G′)

are the corresponding induced homomorphisms on cocycles, is given by the isomorphisms of abelian groups

F : Π1G(U, x) = AutGU
(sx) ∼= AutG′

U
(Fsx) = Π1G′(U, fx), a 7→ Fa,

defined by restriction of the functor F . All the needed requirements for F follow from the commutativity of
the outside of the diagrams below, where the inner regions labeled with (A) commute by the naturality of φ

and the other ones by the references therein (and using that F is a functor):

fy∗Fa = F(y∗a), for any object U of C, x, y ∈ Π0G(U) and a ∈ Π1G(U, x):

Fs(yx)
FΓ //

F (y∗a)

��
(8.16)

F (sy ⊗ sx)
φ //

F (1⊗a)
��

(A)

Fsy ⊗′ Fsx

1⊗′Fa

��
Fs(yx)

FΓ // F (sy ⊗ sx)
φ // Fsy ⊗′ Fsx

(Fa)σ = Faσ, for any morphism σ : V → U of C, x ∈ Π0G(U) and a ∈ Π1G(U, x):

Fsxσ
FΘ //

Faσ

��
(8.19)

Fsx

Fa
��

Fsxσ
FΘ // Fsx.

hG
′
(U ; fx|fy|fz) = FhG(U ;x|y|z), for any U ∈ ObC and x, y, z ∈ Π0G(U):

Fs(xyz)
FΓ //

FhG(U ;x|y|z)

��

F (s(xy)⊗sz)
φ //

F (Γ⊗1) ((QQ
QQQ

QQQ
QQQ

Q

(8.23)

Fs(xy)⊗′Fsz
FΓ⊗′1 //

(A)

F (sx⊗sy)⊗′Fz
φ⊗′1 //

(8.11)

(Fsx⊗′Fsy)⊗′Fsz

a′

��

F ((sx⊗ sy)⊗sz)

Fa

��

φ

66lllllllllllll

F (sx⊗(sy⊗sz))
φ

((RR
RRR

RRR
RRR

RR

(A)

Fs(xyz)
FΓ // F (sx⊗s(yz))

φ //

F (1⊗Γ)
66mmmmmmmmmmmm

Fsx⊗′Fs(yz)
1⊗′FΓ // Fsx⊗′F (sy⊗sz)

1⊗′φ // Fsx⊗′(Fsy⊗′Fsz)
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hG
′
(U ; fx|2 fy) = FhG(U ;x|2y), for any U ∈ ObC and x, y ∈ Π0G(U):

Fs(xy)
FΓ //

FhG(U ;x|
2
y)

��
(8.23)

F (sx⊗ sy)
φ //

Fc

��
(8.12)

Fsx⊗′ Fsy

c′

��
Fs(xy)

FΓ // F (sy ⊗ sx)
φ // Fsy ⊗′ Fsx

hG
′
(σ; fx|fy) = FhG(σ;x|y), for any σ : V → U in C and x, y ∈ Π0G(U):

Fs(xy)σ
FΘ //

FhG(σ;x|y)

��

(8.24)

Fs(xy)

FΓ

��

(A)

F (sx⊗ sy)

φ

��
Fs(xy)σ

FΓ // F (sxσ ⊗ syσ)
φ //

F (Θ⊗Θ)

22ffffffffffffffffffffffffffff
Fsxσ ⊗′ Fsyσ

FΘ⊗′FΘ // Fsx⊗′ Fsy

hG
′
(σ, τ ; fx) = FhG(σ, τ ;x), for any W τ→ V

σ→ U in C and x ∈ Π0G(U):

Fsxστ
FΘ //

FhG(σ,τ ;x)
��

(8.24)

Fsxσ

FΘ
��

Fsxστ
FΘ // Fsx

2

Below is our main result in this section.

Theorem 8.5 The mapping [G] 7→ [Π0G,Π1G, [hG ]] establishes a natural one-to-one correspondence between
equivalence classes of braided or symmetric C-fibred categories and isomorphism classes of classifying systems
for them.

Proof The result follows from Propositions 8.6, 8.8 and 8.9 below. 2

Proposition 8.6 Let M a presheaf of commutative monoids on C and A an H(M)-module. For every
h ∈ Z4

s (M, 2,A) there exists a braided C-fibred category Gh such that

[Π0Gh,Π1Gh, [hG
h

]] = [M,A, [h]].

Furthermore, Gh is symmetric whenever h ∈ Z5
s (M, 3,A) .

Proof Previously to construct Gh , we state the following useful technical lemma.

Lemma 8.7 Suppose h ∈ Z4
s (M, 2,A) . For any morphism σ : V → U in C and x ∈M(U) ,

h(1U , 1U , x)
σ = h(1U , σ;x), (8.29)

h(1V , 1V ;x
σ) = h(σ, 1V ;x), (8.30)
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and, for any U ∈ ObC and x, y ∈M(U) ,

h(1U , 1U ;xy) = x∗h(1U , 1U ; y) + y∗h(1U , 1U ;x) + h(1U ;x|y). (8.31)

Proof (8.29) and (8.30) follow from the cocycle conditions ∂h(1U , 1U , σ;x) = 0 and ∂h(σ, 1V , 1V ;x) = 0 in
(6.20), respectively, while (8.31) follows from the cocycle condition ∂h(1U , 1U ;x|y) = 0 in (6.19). 2

The claimed braided C -fibred category Gh is as follows. Its objects are pairs (U, x) with U an object
of C and x an element of the monoid M(U) . A morphism (V, x′) → (U, x) in Gh is a pair (σ, a) where
σ : V → U is a morphism in C such that x′ = xσ and a ∈ A(V, x′) . The composition of two morphisms
(σ, a) : (V, x′)→ (U, x) and (τ, b) : (W,x′′)→ (V, x′) is defined by

(σ, a)(τ, b) = (στ, b+ aτ + h(σ, τ ;x)) : (W,x′′)→ (U, x).

If (T, x′′′)
(γ,c) // (W,x′′)

(τ,b) // (V, x′)
(σ,a) // (U, x) are any three composible morphisms, then(

(σ, a)(τ, b)
)
(γ, c) =

(
στγ, c+ bγ + aτγ + h(σ, τ ;x)γ + h(στ, γ;x)

)
,

(σ, a)
(
(τ, b)(γ, c)

)
=

(
στγ, c+ bγ + aτγ + h(τ, γ;x′) + h(σ, τγ;x)

)
,

and, by comparison, we see that the composition in Gh is associative thanks to the cocycle condition ∂h(σ, τ, γ;x) =
0 in (6.14). Furthermore, the identity of an object (U, x) is

1(U,x) = (1U ,−h(1U , 1U ;x)) : (U, x)→ (U, x). (8.32)

In effect, for any morphism (σ, a) : (V, x′)→ (U, x) in Gh ,

1(U,x)(σ, a) =
(
σ, a− h(1U , 1U ;x)σ + h(1U , σ;x)

) (8.29)
= (σ, a),

(σ, a)1(V,x′) =
(
σ, a− h(1V , 1V ;x′) + h(σ, 1V ;x)

) (8.30)
= (σ, a).

There is a canonical functor π : Gh → C that sends an object (U, x) to U and a morphism (σ, a)

to σ . This is a fibration. Indeed, every σ -morphism (σ, a) : (V, x′) → (U, x) is cartesian since any other
σ -morphism with target (U, x) writes as (σ, b) : (V, x′) → (U, x) , for some element b ∈ A(V, x′) , and then
(1V , b−a−h(σ, 1V ;x)) : (V, x′)→ (V, x′) is the unique 1V -morphism such that (σ, a)(1V , b−a−h(σ, 1V ;x)) =
(σ, b) . Let us observe that every fibre category GhU is the groupoid whose objects are the pairs (U, x) with
x ∈ M(U) , there are no morphisms between different objects, and the group of automorphisms of each object
(U, x) is the abelian group

AutGh
U
(U, x) = {(1U , a), a ∈ A(U, x)}

where the composition is defined by (1U , a)(1U , b) = (1U , a + b + h(1U , 1U ;x)) . Its unit is (8.32) and inverses
are (1U , a)

−1 = (1U ,−a− 2h(1U , 1U ;x)) . Thus, the functor π makes Gh into a C -fibred category.
The C -fibred tensor product ⊗ : Gh ×C Gh → Gh is defined on objects by (U, x)⊗ (U, y) = (U, xy) and

on morphisms by

(
(V, x′)

(σ,a) / / (U, x)
)
⊗
(
(V, y′)

(σ,b) // (U, y)
)

=
(
(V, x′y′)

(σ,x′
∗b+y

′
∗a−h(σ;x|y)) // (U, xy)

)
.
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For any morphisms (W,x′′)
(τ,b) // (V, x′)

(σ,a) // (U, x) and (W,y′′)
(τ,d) // (V, y′)

(σ,c) // (U, y),(
(σ, a)(τ, b)

)
⊗
(
(σ, c)(τ, d)

)
=

(
στ, x′′∗d+ x′′∗c

τ + y′′∗a
τ + y′′∗ b+ x′′∗h(σ, τ ; y) + y′′∗h(σ, τ ;x)− h(στ ;x|y)

)
,(

(σ, a)⊗ (σ, c)
)(
(τ, b)⊗ (τ, d)

)
=

(
στ, x′′∗d+ x′′∗c

τ + y′′∗a
τ + y′′∗ b− h(τ ;x′|y′)− h(σ;x|y)τ + h(σ, τ ;xy)

)
,

whence, by comparison, it follows that ⊗ preserves compositions due to the cocycle condition ∂h(σ, τ ;x|y) = 0

in (6.19). Besides, ⊗ preserves identities since, for any objects (U, x) and (U, y) of Gh ,

1(U,x) ⊗ 1(U,y) =
(
1U ,−x∗h(1U , 1U , y)− y∗h(1U , 1U ;x)− h(1U ;x|y)

)
(8.31)
=

(
1U ,−h(1U , 1U ;xy)

)
= 1(U,xy) = 1(U,x)⊗(U,y).

The C -fibred associativity constraint a in Gh is given by the family of morphisms

a(U,x),(U,y),(U,z) = (1U , h(U ;x|y|z)− h(1U , 1U ;xyz)) : (U, (xy)z)→ (U, x(yz)).

These are natural: for any σ -morphisms (σ, a) : (V, x′)→ (U, x) , (σ, b) : (V, y′)→ (U, y) , and (σ, c) : (V, z′)→
(U, z) , a direct computation gives(

(σ, a)⊗ ((σ, b))⊗ (σ, c)
)
a(V,x′),(V,y′),(V,z′) =

(σ, x′∗y
′
∗c+ x′∗z

′
∗b+ y′∗z

′
∗a− x′∗h(σ; y|z)− h(σ;x|yz) + h(V ;x′|y′|z′)− h(1V , 1V ;x′y′z′) + h(σ, 1V ;xyz))

(8.30)
= (σ, x′∗y

′
∗c+ x′∗z

′
∗b+ y′∗z

′
∗a− x′∗h(σ; y|z)− h(σ;x|yz) + h(V ;x′|y′|z′)),

a(U,x),(U,y),(U,z)

(
(σ, a)⊗ ((σ, b))⊗ (σ, c))

)
=

(σ, x′∗y
′
∗c+ x′∗z

′
∗b+ y′∗z

′
∗a− z′∗h(σ;x|y)− h(σ;xy|z) + h(U ;x|y|z)σ − h(1U , 1U ;xyz)σ + h(1U , σ;xyz))

(8.29)
= (σ, x′∗y

′
∗c+ x′∗z

′
∗b+ y′∗z

′
∗a− z′∗h(σ;x|y)− h(σ;xy|z) + h(U ;x|y|z)σ).

Hence, by comparison, we see that the naturality requirement for a follows from the cocycle condition
∂h(σ;x|y|z) = 0 in (6.17). Furthermore, it satisfies the coherence condition (8.4). To see that, first we observe
that, for any U ∈ ObC and x, y, z, t ∈M(U) ,

1(U,x) ⊗ a(U,y),(U,z),(U,t)) = (1U ,−h(1U , 1U ;x))⊗ (1U , h(U ; y|z|t)− h(1U , 1U ; yzt))

= (1U , x∗h(U ; y|z|t)− x∗h(1U , 1U ; yzt)− y∗z∗t∗h(1U , 1U ;x)− h(1U ;x|yzt))

(8.31)
= (1U , x∗h(U ; y|z|t)− h(1U ;xyzt)),

a(U,x),(U,y),(U,z))⊗ 1(U,t) = (1U , h(U ;x|y|z)− h(1U , 1U ;xyz))⊗ (1U ,−h(1U , 1U ; t))

= (1U , t∗h(U ;x|y|z)− t∗h(1U , 1U ;xyz)− x∗y∗z∗h(1U , 1U ; t)− h(1U ;xyz|t))

(8.31)
= (1U ; t∗h(U ;x|y|z)− h(1U ;xyzt)).
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Then, thanks to the cocycle condition ∂h(U, x|y|z|t) = 0 in (6.14), we have

(1(U,x) ⊗ a(U,y),(U,z),(U,t))a(U,x),(U,yz),(U,t)(a(U,x),(U,y),(U,z) ⊗ 1(U,t))

= (1U , x∗h(U ; y|z|t)− h(1U ;xyzt))(1U , h(U ;x|yz|t)− h(1U , 1U ;xyzt))

(1U ; t∗h(U ;x|y|z)− h(1U ;xyzt))

= (1U ;x∗h(U ; y|z|t) + h(U ;x|yz|t) + t∗h(U ;x|y|z)− h(1U , 1U ;xyzt))

(6.14)
= ((1U , h(U ;x|y|zt) + h(U ;xy|z|t)− h(1U , 1U ;xyzt))

= (1U ; t∗h(U ;x|y|zt)− h(1U ;xyzt))(1U ; t∗h(U ;xy|z|t)− h(1U ;xyzt))

= a(U,x),(U,y),(U,zt) a(U,xy),(U,z),(U,t).

The C -fibred braiding c consists of the morphisms

c(U,x),(U,y) =
(
1U , h(U ;x|

2
y)− h(1U , 1U , xy)

)
: (U, xy)→ (U, yx). (8.33)

If (σ, a) : (V, x′)→ (U, x) , (σ, b) : (V, y′)→ (U, y) are σ -morphisms in Gh , then

c(U,x),(U,y)
(
(σ, a)⊗ (σ, b)

)
= (1U , h(U ;x|2y)− h(1U , 1U , xy)) (σ, x′∗b+ y′∗a− h(σ;x|y))

= (σ, x′∗b+ y′∗a− h(σ;x|y) + h(U ;x|2y)σ − h(1U , 1U ;xy)σ + h(1U , σ;xy))

(8.29)
= (σ, x′∗b+ y′∗a− h(σ;x|y) + h(U ;x|2y)σ)

(6.18)
= (σ, x′∗b+ y′∗a− h(σ; y|x) + h(V ;x′|2y′))

(8.30)
= (σ, x′∗b+ y′∗a− h(σ; y|x) + h(V ;x′|

2
y′)− h(1V , 1V ;x′y′) + h(σ, 1V ;xy))

= (σ, x′∗b+ y′∗a− h(σ; y|x)) (1V , h(V ;x′|2y′))− h(1V , 1V ;x′y′))

=
(
(σ, b)⊗ (σ, a)

)
c(V,x′),(V,y′),

whence we see that the naturality of c holds owing to cocycle condition ∂h(σ;x|
2
y) = 0 in (6.18). Moreover,

the coherence requirement (8.6) holds. To prove this, first observe that, for any U ∈ ObC and x, y, z ∈M(U) ,
we have

1(U,x) ⊗ c(U,y),(U,z) = (1U , x∗h(U ; y|
2
z)− x∗h(1U , 1U ; yz)− y∗z∗h(1U , 1U ;x)− h(1U ;x|yz))

(8.31)
= (1U , x∗h(U ; y|

2
z)− h(1U , 1U ;xyz)),

c(U,x),(U,y) ⊗ 1(U,z) = (1U , z∗h(U ;x|
2
y)− z∗h(1U , 1U ;xy)− x∗y∗h(1U , 1U ;x)− h(1U ;xy|z)

(8.31)
= (1U , x∗h(U ;x|

2
y)− h(1U , 1U ;xyz)).
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Then,

(1(U,y) ⊗ c(U,x),(U,z))a(U,y),(U,x),(U,z) (c(U,x),(U,y) ⊗ 1(U,z))

= (1U , y∗h(U ; y|
2
z)− h(1U , 1U ;xyz))(1U , h(U ; y|x|z)− h(1U , 1U ;xyz))

(1U , z∗(U ;x|
2
y)− h(1U , 1U ;xyz))

= (1U , y∗h(U ;x|2z) + h(U ; y|x|z) + z∗h(U ;x|2y)− h(1U , 1U ;xyz)),

a(U,y),(U,z),(U,x) c(U,x),(U,yz) a(U,x),(U,y),(U,z)

= (1U , h(U ; y|z|x)− h(1U , 1U ;xyz))(1U , h(U ;x|
2
yz)− h(1U , 1U ;xyz))

(1U , h(U ;x|y|z)− h(1U , 1U ;xyz))

= (1U , h(U ; y|z|x) + h(U ;x|2yz) + h(U ;x|y|z)− h(1U , 1U ;xyz)),

whence, by comparison, (8.6) follows from the cocycle condition ∂h(U ;x|
2
y|z) = 0 in (6.15). Similarly,

(c(U,x),(U,z) ⊗ 1(U,y))a
−1
(U,x),(U,z),(U,y) (1(U,x) ⊗ c(U,y),(U,z))

= (1U , y∗h(U ;x|
2
z)− h(1U , 1U ;xyz))(1U ,−h(U ;x|z|y)− h(1U , 1U ;xyz))

(1U , x∗h(U ; y|
2
z)− h(1U , 1U ;xyz))

= (1U , y∗h(U ;x|2z)− h(U ;x|z|y) + x∗h(U ; y|2z)− h(1U , 1U ;xyz)),

a−1
(U,z),(U,x),(U,y) c(U,xy),(U,z) a

−1
(U,x),(U,y),(U,z)

= (1U ,−h(U ; z|x|y)− h(1U , 1U ;xyz))(1U , h(U ;xy|
2
z)− h(1U , 1U ;xyz))

(1U ,−h(U ;x|y|z)− h(1U , 1U ;xyz))

= (1U ,−h(U ; z|x|y) + h(U ;xy|
2
z)− h(U ;x|y|z)− h(1U , 1U ;xyz)),

and the coherence condition (8.7) follows from the cocycle condition ∂h(U ;x|y|
2
z) = 0 in (6.16).

The unit C -functor ι : C → Gh is defined on objects by ι(U) = (U, e) and on morphisms by ι(σ : V →
U) = (σ, 0) : (V, e) → (U, e) . This is plainly recognized as a functor thanks to the normalization condition
h(σ, τ ; e) = 0 . The C -fibred unit constraints l and r in Gh are both identities, that is, for any U ∈ ObC and
x ∈M(U) ,

l(U,x) = 1(U,x) = r(U,x) : (U, x)→ (U, x).

Notice that (U, x)⊗ (U, e) = (U, x) = (U, e)⊗ (U, x) and, for any morphism (σ, a) : (V, x′)→ (U, x) in Gh ,

(σ, a)⊗ (σ, 0) = (σ, e∗a+ x∗0− h(σ;x|e)) = (σ, a),

(σ, 0)⊗ (σ, a) = (σ, e∗a+ x∗0− h(σ; e|x)) = (σ, a),

since e∗a = a , x∗0 = 0 , and h(σ;x|e) = 0 = h(σ; e|x) . Furthermore, the coherence requirement (8.5) trivially
holds since, for any U ∈ ObC and x, y ∈M(U) ,

1(U,x) ⊗ l(U,y) = 1(U,x) ⊗ 1(U,y) = 1(U,xy),

a(U,x),(U,e),(U,y) = (1U , h(U ;x|e|y)− h(1U , 1U ;xy)) = (1U ,−h(1U , 1U ;xy)) = 1(U,xy),

r(U,x) ⊗ 1(U,y) = 1(U,x) ⊗ 1(U,y) = 1(U,xy).
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All in all, we have that Gh is actually a braided C -fibred category. Furthermore, in case that h ∈
Z5
s (M, 3,A) , then the 5-cocycle condition ∂h = 0 in (6.22) says us that, for any U ∈ ObC and x, y ∈ M(U) ,

h(U ;x|
2
y) + h(U ; y|

2
x) = 0 , which implies the symmetry condition (8.8) for the braiding c of Gh :

c(U,y),(U,x)c(U,x),(U,y) = (1U , h(U ;x|
2
y) + h(U ; y|

2
x)− h(1U , 1U ;xy)) = 1(U,xy) = 1(U,x)⊗(U,y).

We now prove that [Π0Gh,Π1Gh, [hG
h

]] = [M,A, [h]] : If, for each object U of C and x ∈ M(U) , we
denote by [U, x] the U -isomorphism class of (U, x) in Gh , then [U, x] = [U, x′]⇔ x = x′ , [U, x][U, y] = [U, xy]

and, for any morphism σ : V → U in C , [U, x]σ = [V, xσ] . Hence, an isomorphism of presheaves of commutative
monoids

f :M∼= Π0Gh

is defined by the monoid isomorphisms

f :M(U) ∼= Π0Gh(U) given by x 7→ fx = [U, x].

Moreover, there is an isomorphism of H(M) -modules

F : A ∼= f∗Π1Gh

such that F∗h = f∗hG
h , which is defined by the isomorphisms of abelian groups

F : A(U, x) ∼= AutGh
U
(U, x) = Π1Gh(U, fx), given by a 7→ Fa = (1U , a− h(1U , 1U ;x)).

This proves the result. The verification of all the needed requirements for F is as follows.

fy∗Fa = F(y∗a) , for any object U of C , x, y ∈ M(U) , and a ∈ A(U, x) : From the commutativity of the
diagram

(U, xy)
Γ=1 //

fy∗Fa

��

(U, y)⊗ (U, x)

1⊗Fa

��
(U, xy)

Γ=1 // (U, y)⊗ (U, x),

it follows that

fy∗Fa = 1(U,y) ⊗ Fa = (1U ,−h(1U , 1U ; y)⊗ (1U , a− h(1U , 1U , x))

= (1U , y∗a− y∗h(1U , 1U ;x)− x∗h(1U , 1U , y)− h(1U ; y|x))

(8.31)
= (1U , y∗a− h(1U , 1U ;xy)) = F(y∗a).

(Fa)σ = Faσ , for any morphism σ : V → U of C , x ∈ M(U) and a ∈ A(U, x) : By Lemma 8.1, it suffices to

check the commutativity of the square in Gh

(V, xσ)
Θ=(σ,0) //

Faσ

��

(U, x)

Fa

��
(V, xσ)

Θ=(σ,0) // (U, x)
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(σ, 0)Faσ = (σ, 0)(1V , a
σ − h(1V , 1V ;xσ)) = (σ, aσ − h(1V , 1V ;xσ) + h(σ, 1V ;x))

(8.30)
= (σ, aσ)

Fa (σ, 0) = (1U , a− h(1U , 1U ;x))(σ, 0) = (σ, aσ − h(1U , 1U ;x)σ + h(1U , σ;x))
(8.29)
= (σ, aσ).

Fh(U ;x|y|z) = hG
h

(U ; fx|fy|fz) , for any U ∈ ObC and x, y, z ∈M(U) : By the commutativity of the diagram

(U, xyz)
Γ=1 //

hGh
(U ;fx|fy|fz)

��

(U, xy)⊗ (U, z)
Γ⊗1=1⊗1=1 // ((U, x)⊗ (U, y))⊗ (U, z)

a

��
(U, xyz)

Γ=1 // (U, x)⊗ (U, yz)
1⊗Γ=1⊗1=1 // (U, x)⊗ ((U, y))⊗ (U, z))

it follows that hGh

(U ; fx|fy|fz) = a = (1U , h(U ;x|y|z)− h(1U , 1U ;xyz)) = Fh(U ;x|y|z) .

Fh(U ;x|
2
y) = hG

h

(U ; fx|
2
fy) , for any U ∈ ObC and x, y ∈M(U) : From the commutative diagram

(U, xy)
Γ=1 //

hGh
(U ;fx|

2
fy)

��

(U, x)⊗ (U, y)

c

��
(U, xy)

Γ=1 // (U, y)⊗ (U, x)

it follows that hGh

(U ; fx|
2
fy) = c = (1U , h(U ;x|

2
y)− h(1U , 1U ;xy)) = Fh(U ;x|

2
y) .

Fh(σ;x|y)) = hG
h

(σ; fx|fy) , for any morphism σ : V → U of C and x, y ∈M(U) : By Lemma 8.1, it suffices to

check the commutativity of the square in Gh

(V, xσyσ)
Θ=(σ,0) //

Fh(σ;x|y)
��

(U, xy)

Γ=1

� �
(V, xσyσ)

Γ=1 // (V, xσ)⊗ (V, yσ)
Θ⊗Θ=(σ,0)⊗(σ,0)// (U, x)⊗ (U, y)

((σ, 0)⊗ (σ, 0))Fh(σ;x|y) = (σ,−h(σ, x|y))(1V , h(σ;x|y)− h(1V , 1V ;xσyσ) = (σ, 0).

Fh(σ, τ ;x)) = hG
h

(σ, τ ; fx) , for any W
τ→ V

σ→ U in C and x ∈M(U) : By Lemma 8.1, it suffices to check the

commutativity of the square in Gh

(W,xστ )
Θ=(τ,0) //

Fh(σ,τ ;x)

��

(V, xσ)

Θ=(σ,0)

��
(W,xστ )

Θ=(στ,0) // (U, x)

(στ, 0)Fh(σ, τ ;x) = (στ, 0)(1W , h(σ, τ ;x)− h(1W , 1W ;xστ ))

= (στ, h(σ, τ ;x)− h(1W , 1W ;xστ ) + h(στ, 1W ;x))
(8.30)
= (στ, h(σ, τ ;x)

= (σ, 0)(τ, 0).

2
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Proposition 8.8 If [M,A, [h]] = [M′,A′, [h′]] , then [Gh] = [Gh′
] .

Proof Suppose we have an isomorphism of presheaves of commutative monoids f :M∼=M′ , an isomorphism
of H(M) -modules F : A ∼= f∗A′ and a 3-cochain g ∈ C3

s (M, 2, f∗A′) such that Fh = f∗h′+∂g . Then, a braided
C -fibred isomorphism F : Gh ∼= Gh

′ is defined by

(V, x′)
(σ,a) // (U, x)

F7→ (V, fx′)
(σ,Fa−g(σ;x))// (U, fx),

together with the structure isomorphisms F ((U, x)⊗ (U, y)) = (U, fxfy)
φ=(1U ,g(U ;x|y)−h′(1U ,1U ;fxfy)) // F (U, x)⊗ F (U, y) = (U, fxfy)

FιU = (U, e)
φ∗=1(U,e) // ιU = (U, e).

So defined, we see that F is a C -fibred functor because of the coboundary equation Fh(σ, τ ;x) =

h′(σ, τ ; fx) + ∂g(σ, τ ;x) :

F (1(U,x)) = (1U ,−Fh(1U , 1U ;x)− g(1U ;x)) = (1U ,−h′(1U , 1U ; fx)) = 1F (U,x)

and, for (W,x′′)
(τ,b)−→ (V, x′)

(σ,a)−→ (U, x) any two composable morphisms in Gh ,

F ((σ, a)(τ, b)) = F (στ, b+ aτ + h(σ, τ ;x)) = (στ,Fb+ Faτ + Fh(σ, τ ;x)− g(στ ;x))

= (στ,Fb+ Faτ − g(τ ;x′)− g(σ;x)τ + h′(σ, τ ; fx))

= (σ,Fa− g(σ;x))(τ,Fb− g(τ ;x′)) = F (σ, a)F (τ, b).

The structure constraints φ of F are natural: for any two σ -morphisms (σ, a) : (V, x′) → (U, x) and
(σ, b) : (V, y′)→ (U, y) in Gh , a direct computation gives

φ(U,x),(U,y) F ((σ, a)⊗ (σ, b))

= (1U , g(U ;x|y)− h′(1U , 1U ; fxfy))(σ,F(x′∗b) + F(y′∗a)− Fh(σ;x|y)− g(σ;xy))

= (1U , g(U ;x|y)− h′(1U , 1U ; fxfy))(σ, fx′∗Fb+ fy′∗Fa− Fh(σ;x|y)− g(σ;xy))

(8.29)
= (σ, fx′∗Fb+ fy′∗Fa− Fh(σ;x|y)− g(σ;xy) + g(U ;x|y)σ),

(F (σ, a)⊗ F (σ, b))φ(V,x′),(V,y′)

= ((σ,Fa− g(σ, x))⊗ (σ,Fb− g(σ, y))(1V , g(V, x′|y′)− h′(1V , 1V ; fx′fy′))

= (σ, fx′∗Fb− fx′∗g(σ, y) + fy′∗Fa− fy′∗g(σ, x)− h′(σ; fx|fy))(1V , g(V ;x′|y′) + h′(1V , 1V ; fx
′fy′))

(8.30)
= (σ, g(V ;x′|y′) + fx′∗Fb− fx′∗g(σ, y) + fy′∗Fa− fy′∗g(σ, x)− h′(σ; fx|fy)).

Hence, by comparison, we see that the coboundary equation Fh(σ;x|y) = h′(σ; fx, fy) + ∂g(σ;x|y) implies the
naturality requirement.
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The coherence condition (8.11) holds. To prove it, we first observe that, for any U ∈ ObC and
x, y, z ∈M(U) ,

Fa(U,x),(U,y),(U,z) = (1U ,Fh(U ;x|y|z)− Fh(1U , 1U ;xyz)− g(1U ;xyz))

(6.12)
= (1U ,Fh(U ;x|y|z)− h′(1U , 1U ; fxfyfz)).

1F (U,x) ⊗φ(U,y),(U,z) = (1U ,−h′(1U , 1U ; fx)⊗ (1U , g(U ; y|z)− h′(1U , 1U ; fyfz))

=
(
1U , fx∗g(U ; y|z)− fx∗h

′(1U , 1U , fyfz)− fy∗fz∗h
′(1U , 1U ; fx)− h′(1U ; fx|fyfz)

)
(8.31)
= (1U , fx∗g(U ; y|z)− h′(1U , 1U ; fxfyfz)),

φ(U,x),(U,y) ⊗ 1F (U,z) = (1U , g(U ;xy)− h′(1U , 1U ; fxfy))⊗ (1U ,−h′(1U , 1U ; fz))

= (1U ,−fx∗fy∗h′(1U , 1U ; fz) + fz∗g(U ;x|y)− fz∗h
′(1U , 1U ; fxfy)− h′(1U ; fxfy|fz))

(8.31)
= (1U , fz∗g(U ;x|y)− h′(1U , 1U ; fxfyfz)),

Then, a direct computation gives

(1F (U,x) ⊗φ(U,x),(U,y))φ(U,x),(U,yz))Fa(U,x),(U,y),(U,z)

= (1U , fx∗g(U ; y|z) + g(U ;x|yz) + Fh(U ;x|y|z)− h′(1U , 1U ; fxfyfz))),

aF (U,x),F (U,y),F (U,z)(φ(U,x),(U,y) ⊗ 1F (U,z))φ(U,xy),(U,z)

= (1U , h
′(U ; fx|fy|fz)− fx∗g(U ; y|z)− g(U ;x|yz)− h′(1U , 1U ; fxfyfz)),

so that (8.11) holds thanks to the equality Fh(U ;x|y|z) = h′(U ; fx|fy|fz) + ∂g(U ;x|y|z) .
With respect to the verification of the coherence condition (8.12), first we observe that, for any U ∈ ObC

and x, y ∈M(U) ,

Fc(U,x),(U,y) = (1U ,Fh(U ;x|2y)− Fh(1U , 1U ;xy)− g(1U ;xy))

(6.12)
= (1U ,Fh(U ;x|2y)− h′(1U , 1U ; fxfy)).

Then, a direct computation gives

φ(U,y),(U,x) Fc(U,x),(U,y) = (1U , g(U ; y|x) + Fh(U ;x|2y)− h′(1U , 1U ; fxfy)),

cF (U,x),F (U,y) φ(U,x),(U,y) = (1U , h
′(U ; fx|

2
fy) + g(U ;x|y)− h′(1U , 1U ; fxfy)),

whence the result follows from the coboundary equation Fh(U ;x|
2
y) = h′(U ; fx|

2
fy) + ∂g(U ;x|

2
y) .

Finally, the coherence conditions in (8.13) trivially hold since φ(U,x),(U,e) = 1(U,fx) = φ(U,e),(U,x) , for any
U ∈ ObC and x ∈M(U) , due to the normalization condition g(U ;x|e) = 0 = g(U ; e|x) . 2

Proposition 8.9 For any braided C-fibred category G , [G] = [GhG
] .
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Proof Suppose that the construction of (Π0G,Π1G, hG) has been made by means of representative U -
objects s(U, x) , as in (8.15), U -morphisms Γx,y : s(U, xy) → s(U, x) ⊗ s(U, y) , (8.17), and σ -morphisms

Θσ,x : s(V, xσ) → s(U, x) , (8.20). Then, a braided C -fibred equivalence s : GhG → G is defined by the functor
given by

(V, xσ)
(σ,a) // (U, x)

s7→ s(V, xσ)
Θσ,x a // s(U, x), (8.34)

together with the structure isomorphisms φ(U,x),(U,y) = Γx,y : s((U, x)⊗ (U, y)) = s(U, xy) // s(U, x)⊗ s(U, y),

φ∗
U = 1ιU : s(U, e) = ιU // ιU.

Since

s(1(U,x)) = s(1U , h
G(1U , 1U ;x)

−1)
(8.25)
= s(1U , 1s(U,x)) = Θ1U ,x1s(U,x)

(8.21)
= 1s(U,x),

and, for (W,xστ )
(τ,b)−→ (V, xσ)

(σ,a)−→ (U, x) any two composable morphisms in GhG ,

s((σ, a)(τ, b)) = s(στ, b aτhG(σ, τ ;x)) = Θστ,xb a
τhG(σ, τ ;x)

(8.24)
= Θσ,xΘτ,xσb aτ

(8.19)
= Θσ,x aΘτ,xσb = s(σ, a)(τ, b).

s is actually a functor, which is clearly C -fibred. The structure constraints φ of s are natural since, for any
two σ -morphisms (σ, a) : (V, x′)→ (U, x) and (σ, b) : (V, y′)→ (U, y) in GhG ,

φ(U,x),(U,y) s((σ, a)⊗ (σ, b)) = Γx,y s(σ, x
′
∗b y

′
∗a h

G(σ;x|y)−1) = Γx,y Θσ,xy x
′
∗b y′∗a h

G(σ;x|y)−1

(8.24)
= (Θσ,x ⊗Θσ,y) Γx′,y′ x

′
∗b y′∗a

(8.16)
= (Θσ,x ⊗Θσ,y) (1⊗ b) (a⊗ 1) Γx′,y′

= (Θσ,x a⊗Θσ,y b) Γx′,y′ = (s(σ, a)⊗ s(σ, b)) φ(V,x′),(V,y′).

Furthermore, the coherence conditions (8.13) for s trivially follow from the equalities in (8.18) whereas those in
(8.11) and (8.12) are, respectively, a direct consequence of the own definition of hG(U ;x|y|z) and hG(U ;x|

2
y)

in (8.23), since

sa(U,x),(U,y),(U,z)
(8.25)
= s(1U , h

G(U ;x|y|z)) = Θ1U ,xyzh
G(U ;x|y|z) (8.21)

= hG(U ;x|y|z),

s c(U,x),(U,y)
(8.25)
= s(1U , h

G(U ;x|
2
y)) = Θ1U ,xyh

G(U ;x|
2
y)

(8.21)
= hG(U ;x|

2
y).

If U is any object of C , then every U -object X of G is U -isomorphic to s(U, [X]) , and therefore the

functor s : GhG → G is essentially surjective. If σ : V → U is a morphism in C , for any objects (V, x′) and

(U, x) of GhG , there is a σ -morphism in GhG from (V, x′) to (U, x) if and only if x′ = xσ , that is, if and only
if there is a σ -morphism in G from s(V, x′) to s(U, x) . Moreover, in such a case, since Θσ,x is cartesian, the

mapping (8.34) establishes a bijection between the set of σ -morphisms in GhG from (V, x′) to (U, x) and the
set of σ -morphisms in G from s(V, x′) to s(U, x) . Therefore, the functor s is full and faithful. Hence, by
Lemma 8.2, s is a braided C -fibred equivalence. 2
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9. The special case of presheaves of abelian groups

In this section, we review how our results specialize when we limit our attention to presheaves of abelian groups
Cop → Ab (i.e. Cop -modules) instead of general presheaves of commutative monoids Cop → CMon .

Let B be a Cop -module (written multiplicatively). The canonical embedding

Cop ↪→ H(B), (U
σ← V ) 7→

(
(U, e)

(σ,e)−→ (V, e)
)
,

is an equivalence of categories, since for any object (U, x) of H(B) , the morphisms (1U , x) : (U, e) → (U, x)

and (1U , x
−1) : (U, x) → (U, e) are mutually inverse of each other. Then, there is an induced equivalence of

categories
H(B)-Mod ' Cop-Mod, A 7→ A|Cop , (9.1)

whose quasi-inverse sends a Cop -module A to the H(B) -module, equally denoted by A , such that A(U, x) =
A(U) and y∗a = a for any U ∈ ObC , x, y ∈ B(U) , and a ∈ A(U) . For any H(B) -module A , the isomorphism
of H(B) -modules

F : A ∼= A|Cop

is given by the isomorphisms of abelian groups x−1
∗ : A(U, x) ∼= A(U, e) .

Hence, there is no loss of generality in assuming that the coefficients A for the r th-level cohomology
groups Hn

s (B, r,A) of a Cop -module B are simply Cop -modules, regarded as H(B) -modules as above. For
these, most of our constructions and results are rewritten in a simpler way and revise many of the previously
established facts on the topic by Calvo–Cegarra–Quang in [8] and by Cegarra-Khmaladze in [11] and [12]. Notice
that, when we plug a Cop -module A into the complex of cochains C•

s (B, r,A) of Section 5, we just obtain (up
to normalization) the cochain complex shown in [8, §3] to compute the cohomology groups of B with coefficients
in A .

For instance, Theorem 6.2 specializes by giving, for any Cop -modules A,B , a natural isomorphism

H2
s (B, 2,A) ∼= HomCop(B,A).

The main result in Section 7 particularizes here by giving the cohomological classification of isomorphism
classes of coextensions of Cop -modules of B by A , so that there is a natural isomorphism

H3
s (B, 2,A) ∼= ExtCop(B,A).

Notice that in a commutative group coextension E = (E , f,+) of B by A , as defined in Section 7, every monoid
E(U) is a group, so that E is actually a Cop -module. In effect, let u ∈ E(U) and suppose that fu = x . Let
us choose any u′ ∈ E(U) such that fu′ = x−1 . Since uu′ ∈ E(U, e) , we can write uu′ = a + e for some
a ∈ A(U) . Then, by (7.1), u(−a + u′) = −a + a + e = e and u is invertible in E(U) . Furthermore, the
isomorphisms i : A(U) ∼= E(U, e) , a 7→ ia = a + e , define an isomorphism of Cop -modules i : A ∼= Ker(f) , so

that we are in presence of a short exact sequence of Cop -modules 0 → A i→ E f→ B → 1 . And conversely,
any such short exact sequence can be regarded as a group coextension, where the simply-transitive actions
+ : A(U)× E(U, x)→ E(U, x) are given by a+ u = ia u . This way, we see that a group coextension of B by A
is the same thing as a coextension of B by A in the abelian category of Cop -modules.
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The results in Section 8 specialize here by giving a cohomological classification of braided C-fibred
categorical groups and Picard C-fibred categories, that is, braided or symmetric C -fibred categories G which
are locally compact in the sense that, for any object U of C and any U -object X of G , the endofuntor
X⊗− : GU → GU is an autoequivalence. We should mention here the work of Breen in [6, 7] (see also Aldrovandi
and Noohi [1]), where he offers an excellent discussion about the cohomology classification of symmetric and
braided categorical group stacks over an arbitrary site C . However, Breen’s results are far from being as explicit
as ours in this work in terms of cocycles when C is discrete.

Notice that, if G is a braided C -fibred categorical group, the presheaf Π0G : Cop → CMon is actually
a presheaf of abelian groups, that is, a Cop -module, since for any U -object X of G there is a U -object X ′

with a U -morphism X ⊗ X ′ → ιU , and therefore [X ′] = [X]−1 in Π0G(U) , that is, Π0G(U) is an abelian
group for any object U of C . By (9.1), the H(Π0G) -module Π1G is isomorphic to the Cop -module Π1G|Cop ,
which is simply given by U 7→ AutGU

(ιU) , and the classifying system (Π0G,Π1G, [hG ]) becomes isomorphic
to (Π0G,Π1G|Cop , [F∗h

G ]) . Furthermore, for any Cop -modules A , B , and any cocycle h ∈ Z4
s (B, 2,A) , the

associated braided C -fibred category Gh in Proposition 8.6 is easily recognized to be a braided C -fibred
categorical group, which is a Picard C -fibred category if h ∈ Z5

s (B, 3,A) . Then, Theorem 8.5 particularizes as
follows.

Theorem 9.1 The mapping [G] 7→ [Π0G,Π1G|Cop , [F∗h
G ]] establishes a natural one-to-one correspondence

between equivalence classes of braided C-fibred categorical groups (resp. Picard C-fibred categories) and
isomorphism classes of classifying systems [B,A, c] , where A and B are Cop -modules and c ∈ H4

s (B, 2,A)
(resp. c ∈ H5

s (B, 3,A)).

To finish, let us recall that a Picard C -fibred category G is termed strictly commutative whenever
its symmetry constraint satisfies cX,X = 1X⊗X , for any X ∈ ObG . If B and A are Cop -modules and
h ∈ Z5

s (B, 3,A) , then the associated Picard C -fibred category Gh becomes strictly commutative if and only
if h(U ;x|

2
x) = 0 , for any object U of C and x ∈ B(U) . Then, thanks to the universal coefficient exact

sequence 0 → Ext2Cop(B,A) → H5
s (B, 3,A) → HomCop(B/B2,A) , where the last homomorphism carries a

cohomology class [h] ∈ H5
s (B, 3,A) to the homomorphism of Cop -modules which, at any object U of C , is

the homomorphism qh : B(U)/B(U)2 → A(U) given by qh[x] = h(U ;x|
2
x) , we see that que Gh is a strictly

commutative Picard C -fibred category if and only if [h] ∈ Ext2Cop(B,A) . Thus, we recover from Theorem 9.1 the
well-known result by Deligne [13, Proposition 1.4.15] showing that equivalence classes of strictly commutative
Picard C -fibred categories are classified by isomorphism classes of classifying systems [B,A, c] , where A and
B are Cop -modules and c ∈ Ext2Cop(B,A) .
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