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Abstract: We present an extension of the classical Eilenberg-MacLane higher order cohomology theories of abelian
groups to presheaves of commutative monoids (and of abelian groups, then) over an arbitrary small category. These
high-level cohomologies enjoy many desirable properties and the paper aims to explore them. The results apply directly
in several settings such as presheaves of commutative monoids on a topological space, simplicial commutative monoids,
presheaves of simplicial commutative monoids on a topological space, commutative monoids or simplicial commutative
monoids on which a fixed monoid or group acts, and so forth. As a main application, we state and prove a precise
cohomological classification both for braided and symmetric monoidal fibred categories whose fibres are abelian groupoids.
The paper also includes a classification for extensions of commutative group coextensions of presheaves of commutative

monoids, which is relevant to the study of H-coextensions of presheaves of commutative regular monoids.
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1. Introduction and summary

In the past fifties, Eilenberg and MacLane [16, 17] introduced what we now know as higher cohomology theories
for abelian groups: For every integer r > 2, the level-r cohomology groups of an abelian group B with coefficients
in an abelian group A, denoted by H™(B,r, A), are the cohomology groups of the Eilenberg-MacLane minimal
simplicial sets K (B,r) with coefficients in A, that is

H"™(B,r,A) = H*(K(B,r),A), n>0.

At first, these high-level cohomology groups were studied mainly with interest in algebraic topology. But
later, these cohomologies found applications in solving problems of a purely algebraic nature. For instance,
in the classification of Picard categories G = (G,®,t,a,l,r,c) (also known as symmetric categorical groups)
by Grothendieck and Sinh (Sinh, H. X. Gr-catégories. Ph.D. Thesis, Université Paris VII, Paris, France,
1975. Aviable at https://pnp.mathematik.uni-stuttgart.de/lexmath /kuenzer/sinh.html); that is, categories G
endowed with a tensor functor ® : G ® G — G, a unit object ¢ € G, and coherent constraints of associativity,
left and right units and commutativity, in which every morphism is invertible (i.e. the underlying category
is a groupoid) and every object is quasi-invertible. In that classification process, a complete invariant for the

equivalence class of a Picard category G is given by a triple of data (B, A,c), where B = II)G is the abelian
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group of isomorphism classes of its objects, with multiplication induced by the tensor product, II1G = Autg(¢) is
the abelian group of automorphisms of its unit object, and c is a level-3 fifth-cohomology class ¢ € H°(B, 3, A),
which is canonically defined from the coherence pentagons and hexagons in G. Subsequently, Joyal and Street in
[24] stated an analogous classification result for braided categorical groups (defined similarly to Picard categories
but without the symmetry requirement cy,xcx,y = lxgy ) in terms of triples (B, A, ¢) as above, but now with
c € H*(B,2,A) a fourth-cohomology class of second-level.

Most of the work we present here was motivated by the challenge of establishing a precise classification
for braided and symmetric C-fibred categories G = (G, 7, ®,¢,a,l,r,c), where C is any given small category;
that is, categories G endowed with a (Grothendieck) fibration 7 : G — C and a braided or symmetric C-fibred
monoidal structure by means of cartesian C-functors ® : G Xxc G — G and ¢ : C — G, and corresponding
associativity, unit, and braiding or symmetry C-fibred constraints. Indeed, in this paper, we generalize the
aforementioned results for the nonfibred case by Joyal-Street and Sinh by achieving a cohomological solution to
that problem for those braided or symmetric C-fibred categories G in which every fibre category Gy = 7= 1(1y/)
is a groupoid whose automorphisms groups Autg,, (X) are all abelian. Any such a braided or symmetric C-fibred
category G produces, by taking isoclasses of objects in the fibre categories, a presheaf on C of commutative
monoids IIG : C°? — CMon, as well as, by taking automorphisms groups of objects in the fibre categories,
an abelian group object 111G in the comma category of presheaves of commutative monoids on C over IIyG.
Thus, we were naturally led to research for suitable cohomology theories for presheaves of commutative monoids
M : C°? — CMon with coefficients in abelian group objects A in the slice category of presheaves of commutative
monoids over them. In the paper, we call these coefficients H(M)-modules, because they can be described in
a simpler way as abelian group valued functors A : H(M) — Ab on a small category H(M) that the presheaf
M suitably defines (this key observation is essentially due to Grillet [22, Chapter XII, §2]).

Presheaves on small categories are rather familiar objects and arise in many situations. The cohomology
of presheaves of several algebraic structures (groups, rings, etc.) has been object of study with interest along
the last decades. Particularly, we should refer here to the seminal work by Gerstenhaber—Shack (in deformation
theory) on cohomology of presheaves of algebras (e.g., associative or Lie) [19-21], which greatly inspires part
of this paper on higher cohomology of presheaves of commutative monoids. Also, our exposition is strongly
influenced by several papers on cohomology of presheaves of simplicial sets (in equivariant homotopy theory).
Particularly we should refer those by Dwyer—Kan [14, 15], Moerdijk—Svensson [28, 29], and Blanc—Johnson—
Turner [4]. Particularly, following Moerdijk and Svensson, we define the cohomology groups of a presheaf of
simplicial sets S : C°P — SSet, denoted by H"(S,.A), to be those of its category of simplices A(S), and following
Gerstenhaber and Shack, we show suitable cochain complexes C*(S,.A) to compute them. The pointed case is
relevant for our development, and we define the pointed cohomology groups of a presheaf of pointed simplicial
sets S, denoted by H[;(S,.A), as the relative cohomology groups to the subcategory A(pt) € A(S), where
pt : C°P — SSet denote the constant presheaf on C defined by the constant simplicial set defined by the unitary
set pt. These are computed by the subcomplex C*(S,pt, A) C C*(S,.A) of cochains on § which vanish on
pt. Both cohomology theories H"(S,.A) and H[;(S,.A) base the higher cohomology theories of presheaves of
commutative monoids we treat in the paper. We would like to emphasize that some of our results for presheaves
of commutative monoids can also be proved in a more ad hoc way. However, our approach of using presheaves

of simplicial sets opens further possibilities by considering other categories of presheaves of algebraic structures.

If M : C° — CMon is a presheaf of commutative monoids, the classical W-construction by Eilenberg—
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MacLane [17] and Moore (Moore, J.C. Algebraic homotopy theory, unpublished lecture notes, 1958) works
recursively on it, giving rise to presheaves of simplicial commutative monoids K(M,r) : C°? — SCMon, one
for each integer r > 0. Furthermore, these come with a canonical funtor A(K(M,r)) — H(M), through
which every H(M)-module A produces a system of coefficients on the underlying presheaf of pointed simplicial
sets K(M,r). This leads to the two definitions of level-r cohomology groups of M with coefficients in A we
consider. We define the first one as the cohomology of the presheaf of the simplicial sets K(M,r), that is, by
the cohomology groups
H*(M,r,A)=H"(K(M,r),A) (n>0),

while the second one, which following to Gerstenhaber and Shack [20] we call the simple level-r cohomology, is

defined to be the pointed cohomology of K(M,r), that is, by the cohomology groups
H(M,r,A) = Hy(K(M,r), A) (n=0).

Although both extensions of the higher order Eilenberg—MacLane cohomology theory are closely related,
they are different in general. However, they coincide (for n > 2) in most of the relevant cases that we have
in mind. For instance, this holds when a) C = O(X), the category defined by the partially ordered set of
open subsets of a topological space X, that is, for presheaves of commutative monoids on topological spaces;
b) C = [p], the category defined by the ordered set {0 < 1 < --- < p}, that is, for p-ads of commutative
monoids connected by a homomorphism; in particular, when p = 0, for commutative monoids; ¢) C = A,
the simplicial category of finite ordered sets [p], with nondecreasing maps between them as its morphisms,
that is, for simplicial commutative monoids; d) C = O(X) x A, where X is a topological space, that is, for
presheaves of simplicial commutative monoids on a topological space; ) C = Or(G) x A, where Or(G) is the
orbit category of a group G, whose objects are the transitive left G-sets G/H, for any subgroup H C G,
and whose morphisms are the G-equivariant maps between them, that is, for simplicial commutative monoids
endowed with a left G-action by automorphisms. Here, one regards such a simplicial commutative monoid M
as the presheaf of commutative monoids on Or(G) x A such that (G/H, [p]) — Homg(G/H, M,) = MJ!; ete.

The first-level cohomology groups H"™(M,1, A) and H?(M,1, A) are already known, since they are
actually particular cases of the cohomology theories for presheaves of (not necessarily commutative) monoids
recently studied by the authors in [10]. That is why here we focus mainly on those H" (M, r, A) and H?(M,r, A)
with » > 2. Some special cases of these high-level cohomology groups for presheaves have been previously
treated by the second author and collaborators in papers as [8, 9, 11, 12], where the reader can also find some
results on the classification of monoidal fibred categories that are now particular cases of the classification that
we carry out here for braided C-fibred categories (in abelian groupoids) G, which we give in terms of triples
(M, A,c), with M = TI,G, A = I,G and ¢ a cohomology class ¢ € H2(M,2, A), or ¢ € H>(M,3,A) in
case G is symmetric, which is canonically defined from the coherence pentagons and hexagons in G. But our
result has more precedents. For instance, we should refer those for the classification of strictly commutative
Picard stacks by Deligne [13] and of braided and symmetric categorical group stacks by Breen [6, 7]. The
cohomology groups H2(M,2, A) and H3(M,3,A) are isomorphic and they have a natural interpretation in
terms of equivariant derivations d : M — A. The cohomology groups H3(M,2, A) and H%(M,3, A) are also
isomorphic and they classify commutative group coextensions of M by A, that is, locally surjective morphisms

of presheaves of commutative monoids & — M equipped with a simply-transitive group action A x & — &

2536



CARRASCO and CEGARRA /Turk J Math

in the slice category of presheaves of commutative monoids over M. We show how this classification is useful
in the study of commutative coextensions of presheaves of commutative monoids £ — M whose congruence
kernel is contained in the presheaf of Green’s congruence H of &£, particularly when M is valued in regular
commutative monoids.

A brief outline of the plan of the paper is as follows. After this first introductory and summary section,
Section 2 comprises a brief review of some standard definitions and constructions related to the cohomology of
small categories and presheaves of small categories. Section 3 provides framework on the cohomology groups of
presheaves of simplicial sets. Its content is pretty standard, except perhaps the linking long exact sequence in
our Theorem 3.4. In Section 4 we mainly define the level-r cohomology groups of presheaves of commutative
monoids H"(M,r, A) and H}(M,r, A), and we devote the following two sections to cochains, cocycles and
coboundaries to compute them. Thus, we provide in Section 5 of suitable cochain complexes for computing
the high-level cohomology groups of presheaves of commutative monoids, and in Section 6 we specify, for
later reference in applications, what low dimensional cocycles of second and third level are. In Section 7
we establish de classification of commutative group coextensions of presheaves of commutative monoids by
means of the cohomology groups H2(M,2, A), and we apply this result to the study of commutative H-
coextensions of presheaves of commutative monoids. The following long Section 8 is entirely dedicated to prove
in great detail the classification of braided and symmetric fibred categories by means of the cohomology groups
H*(M,3,A) and H>(M,2, A). Finally, we include Section 9, where we highlight how our previous results
and constructions specialize when one limits the attention to presheaves of abelian groups, instead of general

presheaves of commutative monoids.

2. Preliminaries

This section aims to make this paper as self-contained as possible; hence, at the same time as fixing some
notations and terminology, we review some needed constructions and facts concerning cohomology of small

categories and presheaves of small categories.

2.1. Cohomology of small categories

Let K be a small category. A (left) K-module is an abelian group valued functor A : K — Ab. For any such
a K-module, we usually denote by f, : A(k) = A(k'), a — f.a, to the homomorphism A(f) associated by
A to a morphism f: k — k' of K. The category of K-modules, with morphisms the natural transformations,
is denoted by K-Mod. We refer to Mac Lane [27, Chapter VIII, §3] for formalities, but recall that this is an
abelian category where all limits and colimits are objectwise constructed.

There is a forgetful functor U : K-Mod — Set|opk , from the category of K-modules to the slice category
of sets over the set of objects of K, which carries a K-module A to the set U A = {(k,a) | k € ObK, a € A(k)},
endowed with the projection map 7 : YA — ObK, given by 7(k,a) = k. This functor U has a left adjoint, the

free K-module functor

F SetLObK — K-N[Od7

which assigns to each S = (5,7 : S — ObK) the K-module 7S = P, g ZHomxk(7s, —), where Z : Set — Ab
denotes the free abelian group functor. We regard every element s € S as a generator of FS(ws) by writing

s = (s,idrs). Yoneda Lemma shows that the functor F is actually left adjoint to the functor &. Thus, for
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S = (S,7) any set over ObK and any K-module A, there is a natural isomorphism

Homg (FS,A) = [[Alms), fr (frs(5)),cq- (2.1)

seS

From this, it is plain to see that any free K-module is projective and, moreover, the counit FUA — A is a
projective presentation of any K-module A. Hence, the category K-Mod has enough projective objects (it has
also enough injective objects, but we will not use this fact).

The cohomology groups of the category K with coefficients in a K-module A (see Roos [31] and Watts
[33]), denoted by H"(K,.A), are defined by

H"(K, A) = Ext(Z, A) (n > 0),

where Z : K — Ab is the constant K-module defined by the abelian group of integers.
A canonical cochain complex C*(K, .A4), which computes the cohomology groups H"(K, A), is as follows.

Recall that the nerve NK of a small category K is the simplicial set whose p-simplices are sequences

c=(00% .- B op)

of p composable morphisms in K (objects 00 of K if p = 0), with faces doo = (09,...,0p) (ol if p = 1),
dic = (01,...,0i4104,...,0p) if 0 < i < p, and dpo = (01,...,0p—1) (00 if p = 1), and degeneracies

$i0 = (01,...,0i, 104, 0441, ...,0p). The cochain complex C*(K,.A) consists of the abelian groups

CP(K,A) = ][ Alop)
oceN,K
with 9 : CP~1(K, A) — CP(K,.A) given by (9¢), = Zf;&(—l)ifdia + (=1)? 0ps€a,o - By Gabriel-Zisman [18,

Appendix II, Prop. 3.3], there are natural isomorphisms

H™(K, A) = H"C*(K, A) (n>0).

2.2. The Grothendieck construction
Let C be a small category. If P : C°P — Cat is a presheaf of small categories on C, for any morphism o : V — U
in C, we write ()7 : BU) = P(V), = — a7, to denote the functor P(o). The Grothendieck construction
(see Thomason [32]) on such a presheaf P is the category [P whose objects are pairs (U, x) where U is an
object of C and x is one of P(U). A morphism (o, f) : (U,x) = (V,y) in [P is a pair where o : V — U is
a morphism in C and f:z% — y is a morphism in B(V). Composition is defined by (7, g)(o, f) = (o71,9f7),
and the identities are 1y, = (1y, 12).

Note a morphism of presheaves 7 : 9 — P’ (i.e. a natural transformation) induces a functor 7 : fC B —
Jo B’ given by

(o, f): (U.zx) = (V,y)) = (o, 7v(f)) : (U.v (@) = (Voy ().

We set the following notations for a functor A : fC‘B — Ab, that is, for an fC‘B—module:
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(a) For any object U of C and any morphism f:z — y in P(U), we write
f*:A(1U7f>A(U7‘r)_>‘A<Uay>7 a|—>f*a.

(b) If 0: V — U is a morphism in C, for any object = of B(U), we write

() =Ao,140) : AU, z) = AV, 27), ar a°.

(¢) For each object U of C, we denote by
AU) :B(U) — Ab

the P (U)-module obtained by restriction of A along the inclusion functor B(U) < [P, which carries
a morphism f:x — y of P(U) to the morphism (1y, f) : (U,z) = (U,y) of [B.

(d) If 0: V — U is a morphism in C, we denote by
AV)? :BU) — Ab
the P(U)-module obtained by composing A(V) with the functor ()7 : PB(U) — P(V), that is,
AWVY (f 2= y) = Ay f7) : A(V.27) = AV.y).
Thus, ()7 : A(U) = A(V)? becomes a canonical morphism of (U)-modules.

2.3. The category of factorizations

Let C be a small category. The category of factorizations of the category C°P (see Baues—Wirsching [3]), denoted
by F(C°P), is the category whose objects are the morphisms o of C and whose morphisms (7,7') : 0 — ¢’ in

F(C°P) are pairs of morphisms of C such that ¢’ = 7’07, that is, making commutative the square

Composition is given by (v,7')(r,7) = (77,7'7’), and the identities are 1,0, = (1y, 1y).

If D:F(C°) — Ab is an F(C°P)-module (i.e. a natural system on C°P in the terminology of [3]), for any
morphisms W 5 V % U in C, we write o, = D(lw,0) : D(7) = D(o7) and 7 = D(r, 1) : D(0) — D(o7).
Thus, for any morphism (7,7') : ¢ — ¢’ in F(C°P) as above, we can write D(r,7') = 7*7, = 7.7 : D(0) —
D(d").

The cohomology groups of C°P with coefficients in a F(C°P)-module D [3] are defined by

H"(C°?, D) = H"(F(C°?), D) (n >0).
To compute these cohomology groups, we have the cochain complex F*(C°P, D) where, for each integer p > 0,

FP(CP, D)= [] Dlor---0p).

oEN,Cop
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Here, we represent the p-simplices o of the nerve of C°P as sequences ¢ = (¢0 ESRA op) of p composable
arrows in C (objects 00 of C if p = 0). The coboundary 0 : FP~1(C°P, D) — FP(C°P, D) is given by
(0€) s = 014 &dyo + Zf;ll(fl)iédia + (=1)? 0, &a,0- By [3, Theorem (4.4)], there are natural isomorphisms

H"™(C°P, D) = H"F*(C°P, D) (n>0).

Example 2.1 Let 3 : C°? — Cat be a presheaf of small categories on a small category C. Every pair of
JoB-modules B, A gives rise to a F(C°)-module Hom(B,.A), which acts on morphisms o : V — U of C by

Hom(B, A)(o) = Homg ) (B(U), A(V)?).

If 7:W — V is also a morphism in C, the homomorphism o, : Hom(B,A)(t) — Hom(B, A)(cr) carries a
morphism of PB(V)-modules §: B(V) — A(W)T to the morphism of P(U)-modules o.f : B{U) — AW)°T
whose component at an object z of B(U) is the composite

0" e

B(U,z) —— B(V,z?) AW, 2°7), b 007,

and the homomorphism 7 : Hom(B, A)(c) — Hom(B, A)(oT) carries a morphism of B(U)-modules f : B(U) —
A(V)? to the morphism of P(U)-modules 7*f : B(U) — A(W)°" whose component at an object x of P(U) is

the composite

B(U, 2) —= AV, 2°) 7 AW, z°7), b (f2b)".

Hence, we have the cochain complex F*(C°P, Hom(B,.A)), whose group of p-cochains is

FP(CP, Hom(B, A)) =[] Homg(so)(B(00), A(op)™ 7).

o€N,Cop

For any ¢ € FP=1(C°P, Hom(B,A)), the component at each o € N,C° of its coboundary 9¢ €
FP(C°P, Hom(B,.A)) is the morphism of PB(c0)-modules (9¢), : B(c0) — A(op)?r?» defined on each object
z of P(c0) by the homomorphism (9),., : B(c0,z) — A(op, 271 7?) given by

p—1
(ag)a,mb - gdoa,afl b7t + Z (_1)1 gdz‘Uﬂ?b + (_1)1) (gde,Ib)Up'
i=1
The construction of F*(C°P, Hom(B,.A)) is clearly functorial both in B and in A. In particular, if B,
is a chain complex of fC&TS-modules, we have a cochain bicomplex

F*(C, Hom(Ba, A)) (2.2)

where, for each ¢ > 0, the horizontal complex F*(C°P, Hom(B,, A)) is defined as above, and, for each p > 0,
the vertical coboundary 9, = 9* : FP(C°P, Hom(B,, A)) — FP(C°P, Hom(By+1,.A)) is induced by the boundary
0 : Bgy1 — B, of Be. Explicitly, for each £ € FP(CP, Hom(B,, A)) and o € N,CP, (0,8)s = (—1)&,050,
the signed composite of &, with O0yg : Bg+1(00) — By (c0).
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3. Cohomology of presheaves of (pointed) simplicial sets

Let A be the category of finite ordered sets n = {0,...,n} with weakly order-preserving maps between them.
Recall that A is generated by the cofaces §° : m — 1 — n (the monotone injections whose image omit i) and
the codegeneracies ¢' : n+1 — n (the monotone surjections which repeats i), 0 < i < n, subject to the
well-known cosimplicial identities: 78" = 6471 if i < j, etc. (see MacLane [26, V §5]). Let SSet denote the
category of simplicial sets S : A% — Set. As usually, we write o* : S;, — S, for the map S(«) induced by
amap a:m — n in A. In particular, d; = (6°)* : S,, = S,_1 and s; = (¢")* : S, — S,41 are the face and
degeneracy maps of S.

We will use the cohomology theory of simplicial sets by Gabriel-Zisman [18, Appendix II]. Briefly, recall
that the category of simplices of a simplicial set S, denoted by A(S), is the category whose objects are the
simplices u € S. If w € S, and v € S,,,, then a morphism « : 4 — v isa map « : n — m in A such that

u = «*v. This category is generated by the morphisms
St idiu—u, e:isu—u  (ueS, 0<i<n), (3.1)

with relations the cosimplicial identities. A coefficient system on a simplicial set S is a A(S)-module, that
is, an abelian group valued functor A : A(S) — Ab, and the cohomology groups of S with coefficients in A,
denoted by H™(S,.A), are defined to be those of its category of simplices:

H™(S, A) = H"(A(S), A) (n > 0).

Now, let C be a fixed small category. A presheaf of simplicial sets on C is a contravariant functor
S : C°P — SSet; thus, S provides to each object U of C of a simplicial set S(U) and to each arrow o : V — U

of a simplicial map S(o) which we denote by
() :8U)—=8V), uw—u’.
We define the category of simplices of the presheaf S,

A(S) = [ AS,

to be the category obtained by applying the Grothendieck construction on the presheaf of categories AS : CP —
Cat obtained by composing S with the functor A : SSet — Cat, which assigns to each simplicial set its category
of simplices. Explicitly, A(S) has objects the pairs (U,u) where U € ObC and uw € S(U). If u € S(U),, and
v € §(V),, then a morphism (o,«) : (U,u) = (V,v) in A(S) consists of a morphism ¢ : V — U in C and a
map «:m — n in A such that u” = a*v. The composition in A(S) of two morphisms (o, @) : (U,u) = (V,v)
and (7,0) : (V,v) = (W,w) is the morphism (o7, Ba) : (U,u) — (W, w), and the identity of an object (U,u)
with v € S(U)n is 1(y,4) = (1u, 1n)-
For the following definition, c.f. Moerdijk—Svensson [29, Definition 2.1].

Definition 3.1 A system of coefficients on a presheaf of simplicial sets S is a A(S)-module, that is, an abelian
group valued functor on its category of simplices A : A(S) — Ab. The cohomology groups H™(S,.A) are defined
to be those of the category A(S):

H™(S, A) = H"(A(S), A) (n>0). (3.2)
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3.1. The cochain complex C*(S, A)

We show below a workable cochain complex to compute the cohomology groups of a presheaf of simplicial sets,
which comes from the homotopy colimit construction by Bousfield—Kan [5]. First, recall that, to compute the
cohomology groups of a simplicial set S with coefficients in a A(S)-module A, we have the cochain complex

C*(S,.A) which consists of the abelian groups

(8, A) = [ A(u)

u€Sy

with coboundary 0 : C971(S, A) — C9(S, A) defined by (9¢), = 37_(—1)7 6 &4,u. By Gabriel-Zisman [18,

§=0
Appendix II, Prop. 4.2], there are natural isomorphisms H"(S, A) =2 H"C*(S,A).
Now, suppose S : C°P — SSet is a presheaf of simplicial sets and let A be a A(S)-module. Using the
notations (a)-(d) in subsection 2.2, for each integer ¢ > 0, let €9(S,.A) be F(C°P)-module which carries a
morphism ¢ : V — U of C to the abelian group

¢S, A)(0) = CUSU), AV)) =[] AWV, (3-3)

ueS(U),q

If 7: W — V is also a morphism in C, then o, : €9(S, A)(1) — €9(S,A)(o7) is defined by (0.&)y = Eue,
and 7 : €9(S, A)(0) = €S, A)(o7) by (7%¢), = &I. As ¢ varies, we have a cochain complex €*(S,.A)
of F(C°P)-modules which carries each morphism ¢ : V' — U of C to the cochain complex C*(S(U), A(V)?).

Hence, as in subsection 2.3, we have the cochain bicomplex
F*(C°P (S, A)), (3.4)

whose group of (p, ¢)-cochains is

(e eis )= ] cSw0), Awp)on = [T [T Aopuo),

oc€N,Cop gEN,CoP 4eS(00),

and whose horizontal and vertical coboundaries

FP1(Co%, €1(S, A)) s FP(Co0, €9(8, A)) <2 Fr(Cor, €1-1(S, A))

are respectively given by

p—1
(8h£)a,u = gdoa,uf’l + Z (71)1 Edio,u + (71)17 fj:a,u7
1=1

(avg)mu = (71)17

M-

Il
o

(71)J 61£ﬂ,d‘7u-
J

We define the complex of cochains of the presheaf S with coefficients in a A(S)-module A as

C*(S, A) = Tot F*(C°P, €*(S, A)), (3.5)

2542



CARRASCO and CEGARRA /Turk J Math

the total cochain complex of the bicomplex F*(C°P, €*(S,.A)). That is,

C™(S,A) = P FP(CP,€S,A), Id=0n+0,:C" (S, A) = C™(S, A).

ptg=n
Theorem 3.2 For any coefficient system A on a presheaf of simplicial sets S, there are natural isomorphisms
H"(S,A) 2 H"C*(S, A) (n>0).

Proof Let ¥(S) be the simplicial replacement of the presheaf S (see Bousfield-Kan [5]), that is, the bisimplicial

set whose set of (p, ¢)-bisimplices is
U, 4(S)=A{(o,u) | 0 € N,CP, u € S(c0),}.
The horizontal face and degeneracy maps on a bisimplex (o,u) € U, ,(S) are defined by

(doo,u’) =0,

d?((f? U) = { (diO’, U) P> 0, S?(O’a ’LL) = (Siga u)7
and the vertical ones by dj(o,u) = (0,d;ju) and s%(0,u) = (0, s;u). We endow each set ¥, ,(S) with the map
T ¥y o(S) = ObA(S) given by w(o,u) = (op,u”??), and let P, 4 be the free A(S)-module on (¥, 4(S), 7).

These P, , provide a bisimplicial A(Sc)-module P in which the horizontal and vertical face and degeneracy

operators
sh h sY v
i 7 J J
Pp-&-l,q < Pp,q > Pp—l,qv Pp,q-&-l =< Pp,q > Pp,q—lv

are respectively defined on generators (o,u) € ¥, ,(S) by

(doo,u’t) =0, sh(o,u) = (sio,u),
dl(o,u) =< (dio,u) 0<i<p, dj(o,u) = 61 (o, dju),
(dpav u)?r i=p, S; (o,u) = 51 (0, Sju)'

A brief analysis of P tell us that, for any object (V,v) of A(S) where v € S(V),,, the bisimplicial abelian
group P(V,v) can be described as follows: P, ,(V,v) = Z{(0,u, )} is the free abelian group on the set of triples
(0,u,a) where o € Np11CP, u € S§(00),, and o : g — n is a map in A satisfying that a*v = u”""7»+1. The
horizontal and vertical face and degeneracy homomorphisms

h v v

s d; Sj d;
Pp+17q(Vv v) <— Pp,q(vyv) - p—Lq(Va v), 73107<1+1(V:U) =~ Pp,q(vv v) —> p,q—l(Va v),

are respectively defined on generators (o, u,a) of P, by

h (doo, u’t, ) i =0, ,
d} (o, u,a) = ] dj(o,u,a) = (0,dju,ad’),
(dio, u, @) 0<i<p,
s?(a,u,a) = (sio0,u, ), sj(o,u,a) = (0, 55u,ae’)
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Let us now write P, for the alternating faces sum chain bicomplex associated to P, that is, the

bicomplex with P, , as A(S)-module of bidegree (p,q) and the horizontal and vertical boundaries are 9" =
i—o(=1)'d} : Ppg = Pp1,4 and 9V = (=1)? Z?:o(*l)jd}? : Ppqg = Ppg—1-

We claim that the total complex TotP, . is a projective resolution of the constant A(S)-module Z,

with augmentation the morphism of A(S)-modules p : Py — Z defined on generators (U, u) € ¥y o(S) by

pw(U,u) =1€Z =7Z(U,u). Ineffect, as every A(S)-module Pp.q is free, whence projective, it suffices to

pt+q=n
prove that, for any object (V,v) of A(S), the chain complex of abelian groups Tot P, o (V, v) KZ=2(V,v) =0
is exact. To do this, let us fix such a (V,v), say with v € S(V),,, and proceed as follows: Let A™ = Homa (—, n)
be the standard simplicial n-simplex and let Co(A™) denote the alternating faces sum chain complex associated
to the simplicial abelian group ZA™ : A°® — Ab, q — ZHoma(q,n). Regarding Co(A™) as a bicomplex
concentrated in horizontal degree zero, there is a bicomplex morphism g : P o(V,v) — Co(A™) which is
defined by the homomorphisms u : P, — ZA} given on generators by j(o,u,a) = a. For every ¢ > 0,
the augmented chain complex P, ; — ZAp — 0 admits a contracting homotopy h, which is given by the

homomorphisms h_y : ZA} — Poq and hy : Ppo(V,v) = Ppiy4(V,v) defined respectively on generators by

h_i(a) = (ly,a*v,a) and hy(o,u,a) = (=1)PT (01, ..., 0p41, 1o(ps1)), u, ). It follows that the induced
1 TotPe o (V,v) = TotCe(A™) = Co(A™)

is a homology isomorphism. Hence, the result follows from the well-known fact that H,(A™) =0 for p < 0

and Hy(A™) = Z. Indeed, the augmented complex Cy(A™) £ Z — 0, where p : ZAL — 7 is defined on any
generator a € A}l by p(a) =1, has a contracting homotopy given by the homomorphisms k_; : Z — ZA} and
kg ZAY — ZAGq, where k_1(1) : 0 — n is the map 0~ 0 and, for any a:q - n in A, ky(a) :q+1—n
is the map 0 — 0 and i+ 1 — «(i).

Therefore, for any A(S)-module A, the cohomology groups H™(S,.A) can be computed as those of the

cochain complex Homa (s)(TotPs e, A). To complete the proof, note the isomorphisms

(2.1)
Homa(s)(Pp,g, A) = H A(op,u )

(o, u)ETp,4(S)

= I II Alpum o) =Fr(Cc™, (s, A),

gENRCoP 4eS(a0)q

which provide an isomorphism of bicomplexes Homa (s (P8, A) = F*(C°P,C*(S, .A)), whence an isomorphism

of complexes

Homp (sy(TotPs o, A) = TotHomp (s)(Pa,e, A) = TotF*(CP,€°(S, A)) = C*(S, A).

Remark 3.3 The cochain bicomplex F*(CP,€*(S, A)) in (3.4) is actually an instance of the bicomplex (2.2) in
Example 2.1. With a little more generality, suppose S : C°P — SSet a presheaf of simplicial sets, P : C°P — Cat

a presheaf of small categories, and m : AS — P a morphism of presheaves of small categories. Let, for each
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g >0 and U € ObC, the set S(U), be endowed with the composite map
S(U), 2 ObA(S(U)) —== ObP(U),

and let Fo(S(U)) be the corresponding free P(U)-module. These Fy(S(U)) provide a chain complex of
A(S(U))-modules Fo(S(U)), whose boundary 0 : Fo(S(U)) = Fq-1(S(U)) is given on generators by O(u) =
Z?ZO(—l)jéidju. Denote by

Fo(S) (3.6)
the chain complex of [ 3 -modules such that F4(S)(U) = Fe(S(U)), for each object U of C, and, for every
morphism o : V. — U in C, the morphism of chain complezes of P(U)-modules ()7 : Fo(S(U)) — Fo(S(V))°
acts, at each degree q¢ > 0, on the generators u € S(U)q of Fo(S(U)) by w—u?. If A is an [P -module and
we regard A also as a A(S)-module by restriction along the induced functor m : A(S) = fCAS — fC‘JS, then

there is a natural isomorphism of cochain complexes of F(CP)-modules
Hom(Fe(S), A) 2 €*(S, A), (3.7)
whose component at a morphism o : V. — U of C consists of the isomorphism of chain complexes of abelian

groups Homyr)(Fe(S(U)), A(V)7) = C*(S(U), A(V)?) which are given by the isomorphisms (2.1)

Homg 0y (Fy(SU)), AV))) =[] AV 7(w)?).
ueS(U)q

Therefore, there is an induced isomorphism of cochain bicomplexes

F*(CP, Hom(Fa(S), A) 2 F*(C°P, € *(S, A)).

3.2. The pointed case

The pointed case is relevant for our development. Let pt : A°? — SSet denote the simplicial set with only one
n-simplex pt,,, for any n > 0, and a*pt,, = pt,,,, for any map o : m — n in A, and let also pt : C°? — SSet
denote the constant presheaf on C defined by the simplicial set pt. Then, a pointed presheaf of simplicial sets
means a presheaf S : C°P — SSet endowed with a presheaf map pt — S. This is the same thing as a presheaf
on C with values in the category of pointed simplicial sets. For any such a pointed presheaf, A(pt) C A(S) isa
full subcategory and every coefficient system A on S gives by restriction a coefficient system on pt, say Ay .
We write C™(S, pt,.A) for the group of n-cochains on & with values in A which vanish on pt. These cochains

form a subcomplex C*(S,pt,.A) which fits into a short exact sequence
0— C*(S,pt, A) = C*(S, A) — C*(pt, Al) — 0.
In cohomology this gives a long exact sequence
= HJ (S, A) = H"(S, A) — H"(pt, Alpt) = Hi (S, A) — - (3.8)
where we refer to the relative cohomology groups

HIL(S, A) = H'C*(S, pt, A) (3.9)
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as the cohomology groups of the pointed presheaf of simplicial sets S.

Note that A(pt) =2 CP x A, (U, pt,,) « (U,n), so that a coeflicient system on the presheaf pt identifies
with a functor A — C°P-Mod, that is, with a cosimplicial C°P?-module. We say that a coefficient system 4 on
a pointed presheaf of simplicial set S is pointed whenever the cosimplicial C°P-module Al : A — C°P-Mod
is constant. This means that, for any object U of C and n > 0, A(U,pt,,) = A(U,pty) and, for any map
a:m—=nin A, o, =id ) - Also, if we denote by

Alcor 1 C°P = Ab

the C°P-module obtained by restriction of A via the canonical inclusion functor

CP 5 A(S), (U Z V) ((U,pte) T2 (V, pto)), (3.10)

then we can say that a coefficient system A on a pointed presheaf of simplicial set S is pointed if the diagram
below commutes.
A0S

Ab

oy

CoP x A —s Q0P T Aleor

For a pointed coefficient system A on a pointed presheaf of simplicial set S, we define the complex of

pointed cochains of S with coefficients in A as the subcomplex
O3S, 4) € C*(S, A),

where C’gt(S,A) =0 and, for n > 1,

Ch(S, A= @ Fr(CPeiS A)= P Fr(CP e (S, A)).

p+qg=n ptg=n—1
qg=>1

Theorem 3.4 Let pt — S be a pointed presheaf of simplicial sets on a category C. For any pointed A(S)-
module A,

(a) there are natural isomorphisms HY (S, A) = H"C3 (S, A),
(b) there are natural isomorphisms H™(pt, A|) = H"(C°P, A),

(c) there is a natural long exact sequence

o= HI(S, A) = H™(S, A) — H"(C®, A) — HTH(S, A) = -

Proof For any integer ¢ > 0, the F(C°P)-module €%(pt,.A|y) carries a morphism o : V — U of C to the
abelian group €9(pt, A|p)(0) = A(V,pty) and, if 7: W — V isin C°P, then

0w = id : €9(pt, Al ) (1) = AW, pt) —— €9(pt, Al ) (07) = AW, pto),
7= ()7 €9(pt, Alpe)(0) = A(V, pto) ——= € (pt, Alpi ) (07) = AW, pto).
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This way, we see that €*(pt, Al ) is the cochain complex of F(C°P)-modules

id

CO(pt, Alp) — €O(pt, Alp) —5 €O (pt, Alp) — €O (pt, Alp) —

and there is a cochain homotopy equivalence

€ (pt, Alye) CO(pt, Alpe) —= €O(pt, Alpe) — 5= €0(pt, Alp) —= €0(pt, Alpy) — -
Ot Alp) - €O(pt, Aly) 0 0 /

which induces a cohomology isomorphism cochain map
C* (pt, Al ) = TotF*(CP, €*(pt, Al ) — TotF*(CP, €%(pt, Alp)) = F*(CP, €%(pt, Alp))-

Since a direct comparison shows that F®(C°P,&%(pt, A|y)) = C*(C°P, Alcer), we actually have a natural
cohomology isomorphism cochain map C®(pt, Alp) — C*(C°P, A|cor). This gives part (b) of the Theorem,
whence the exact sequence in part (c) follows from that in (3.8). Furthermore, since the complex CF (S, A)

occurs into the commutative diagram of short exact sequences

0—C*(S,pt, A) — C*(S, A) — C*(pt, A|pt) —=0

| I

0 — C%(S, A) —= C*(S, A) — C*(C°P, Algon) —= 0

we conclude that the inclusion C*(S,pt, A) — C3(S,A) is also a cohomology isomorphism cochain map.

Hence, part (a) of the theorem follows. O

4. Cohomologies for presheaves of commutative monoids

Throughout the paper, the monoids are denoted multiplicatively and the letter e is used to designate their

units. Also e = {e} denotes the trivial monoid.

Let C be a fixed small category. A presheaf of commutative monoids on C is a contravariant functor
M : C°? — CMon from C into the category CMon of commutative monoids. Thus, M provides a commutative

monoid M(U) to each object U of C, and a homomorphism
()Y :MU) = MV), z~— 2z,

to each arrow o : V — U in C. If M and M’ are presheaves of commutative monoids on C, then a morphism
f: M — M’ is a natural transformation, so it consists of homomorphisms f = fy : M(U) — M’'(U), one for
each object U of C, such that fz° = (fz)? for any 0 : V — U in C and z € M(U).

4.1. The coefficients: H(M)-modules

For a commutative monoid M, let H(M) be the category whose objects are the elements z € M and an

arrow z : x — y is an element z € M such that zz = y. Composition in H(M) is given by multiplication
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in M and the identity of an object = is e : & — z. In [22, Chapter XII, §2], Grillet observes that there
is an equivalence Ab(CMon | s) ~ H(M)-Mod between the category of abelian group objects in the comma
category of commutative monoids over M and the category of H(M)-modules. The construction of Grillet’s
category H(M) defines a functor H : CMon — Cat, which assigns to a homomorphism f : M — M’ the functor
H(f) : (M) — H(M") defined by H(f)(= 2 — y) = f(2) : f(z) = f(y).

Definition 4.1 If M : C°® — CMon is a presheaf of commutative monoids, we define
H(M) = [ HM

to be the category obtained by applying the Grothendieck construction on the presheaf of categories obtained by
composing M with the functor H.

Explicitly, the objects of H(M) are pairs (U,z) where U € ObC and x € M(U), and a morphism
(0,2) : (U,z) = (V,y) in H(M) consists of a morphism o : V — U in C together with an element z € M(V)
such that zx? = y. Composition is defined by (7,t)(c,2) = (o7, 27), and the identities are 1y, = (1y,e).

After Grillet’s equivalence, it is quite straightforward to see that there is an equivalence
Ab(Psh(C, CMon)| ) ~ H(M)-Mod (4.1)

between the category of abelian group objects in the comma category of presheaves of commutative monoids
on C over M and the category of H(M)-modules. Hence, H(M)-modules naturally arise as coefficients for

the cohomology of the presheaf of commutative monoids M.

4.2. The rth-level cohomology groups H"(M,r, A) and H(M,r, A)

For a commutative monoid M , the simplicial commutative monoids K (M,r), for r > 0, are defined by iterating
the classifying (or delooping) W-construction by Eilenberg-MacLane [17] and Moore (Moore, J.C. Algebraic
homotopy theory, unpublished lecture notes, 1958) on the constant simplicial monoid given by M. Thus
K(M,0) is the simplicial monoid with K, (M,0) = M and d; = s; = idpy : M — M for all 0 <4 < n, and
K(M,r+ 1) is constructed from K(M,r) by taking

KO(M7T+ 1) =6
Koppi(M,r+1)=K,(M,r) x K_1(M,r) x --- x Ko(M,r).

The face and degeneracy maps on a simplex v € K, (M,r + 1), written as u = (up,...,uo) with u; €
K;(M,r), are defined by

(unflv'”uuo)u 7’:07
diu=X (di—1tn, ..., d1Un_it2, (doUn—iy1)Un—i, Un—i—1,...,up), 1 <i<m,

(dntin, ..., dyuy), i=n+1,
St = (Sim1Un,y .-+, SOUn—it1s €, Un—iy--.,Up)-
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The category H(M) has a natural structure of commutative monoid object in Cat, where the product is

given by (z:2x = y)(z 12’ = y') = (22 : 2’ — yy'), and there is a canonical functor
m=mp: AK(M,r)) — H(M)
satisfying that, for any simplices u,v € K,,(M,r) and any map o : m — n in A, the equations
m(la: 'y = u)m(a: v = v) =7(a: a®(w) = w), w(a:a’e—e)=ec:e—e.

hold (see Calvo—Cegarra [9, §4.1]). This functor 7 is recursively defined: If r» = 0, it acts on objects by
7(u) = u, and on the generator morphisms (3.1) by m(8 : dju — u) = w(¢' : s;u — u) = e : u — u. Then,
the functor = : A(K(M,r 4+ 1)) — H(M) is constructed from 7 : A(K(M,r)) — H(M) as follows: On the
0-simplex e of K(M,r + 1) the functor 7 acts by me = e, on an (n + 1)-simplex u = (up,...,up) with

uj € K;(M,r), by mu = H?:o muj, and on the generating morphisms by

n—1
(e:muj — muy)(Tuy : e — TUy,), i=0,
=0
. 7jzfi n .

w6 diu — u) = (e:muj; = mu;) [ 7(6"77 tdp—juj—ix1 = uj_it1), 1<i<n,

=0 j=n—i+1
L .
(rug : e = Tup) Hl (67 s djuj — uy), i=n+1,
]:

m(e: s;u — u) = e: U — TU.

By composition with the functor m, every H(M)-module A provides a coefficient system on each
simplicial set K(M,r), which we also denote by A, and therefore the cohomology groups H"(K(M,r),.A)
are defined. These are the rth-level cohomology groups H™(M,r, A) of the commutative monoid M (see |9,
Theorem 4.5]), that is, H"(M,r, A) = H"(K(M,r), A), for n > 0.

Note the construction of K(M,r) from M defines a functor K(—,r) : CMon — SCMon from the
category of commutative monoids to the category of simplicial commutative monoids, and that the functor

o A(K(M,r)) — H(M) is natural in M, so we have actually a natural transformation

AK(—,r)
R
CMon =  Cat. (4.2)

N
H

Now, let M : C°°* — CMon be a presheaf of commutative monoids on a small category C. For each
integer r > 1, by composing M with K(—,r), we have a presheaf of simplicial commutative monoids, denoted
by

K(M,r): C® — SCMon,

which carries an object U of C to the simplicial commutative monoid K(M(U),r), and a morphism o : V — U
of C to the simplicial homomorphism ()7 : K(M(U),r) = K(M(V),r), u u®. Let us stress that K(M,r)
is obviously pointed by the presheaf morphism

e:pt — K(M,r)
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defined by the unit elements e € K,,(M(U), ), for every U € ObC and n > 0.

The natural transformation (4.2) defines a morphism of presheaves of small categories

AK(M,r)
——x
C°P  Jr  Cat.
S~ 7
HM

and thus, we have a canonical functor
7 AK(M,r)) = fc AK(M,r) — fc HM =H(M). (4.3)

Hence, by composition with it, every H(M)-module A defines a coefficient system on the pointed presheaf of
simplicial sets K (M,r) : C°P — SSet, which we also denote by A. Let us stress that this is always a pointed
system of coefficients on K(M,r). In effect, if

Alcep : CP — Ab
denote the C°P-module obtained by restriction of A via the canonical inclusion functor
CP S HM), (UL V) (Ue) 29 (v,0)),
we have the commutative diagram of functors

Ale)

A(pt) —= A(K (M, 1)) ——=H(M) .
N iA
P x A P cop Aler_ap

Thus, the restriction of A to A(pt), Ay, identifies with constant cosimplicial C°P-module defined by A|cor .

Definition 4.2 Let M be a presheaf of commutative monoids on a small category C. For each integer r > 1,
we define the (respect. simple) rth-level cohomology groups of M with coefficients in an H(M)-module A,
denoted by H"(M,r, A) (respect. H}(M,r, A)), to be those of the presheaf of simplicial sets K(M,r), that is,

H"(M,r,A) = H"(K(M,r), A), H}(M,r,A)=Hj(K(M,r),A) (n=0).
The cohomology groups H™(M,r, A) and the simple ones H"(M,r, A) are closely related.

Proposition 4.3 Let M be a presheaf of commutative monoids on C. For any H(M) module A, there is a

natural long exact sequence
o= HY (M, r, A) — H"(M,r, A) — H"(CP, Alcor) — HMM (M1, A) — - (4.4)

Proof This follows from Theorem 3.4 (c). O
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Corollary 4.4 If C has a final object, for any presheaf of commutative monoids M on C, any H(M)-module

A, and any integer r > 1, there are natural isomorphisms
H)(M,r,A) =2 H"(M,r, A) (n>2).

As we said in the introduction, the first-level cohomology cohomology groups H™(M, 1, A) and H*(M, 1, A)
are already known. Recall that, if M is a (not necessarily commutative) monoid, the Leech category D(M) is
the category of factorization of M regarded as an only-one object category. Thus, the objects of D(M) are
the elements z € M and an arrow (z,2’) : * — y is a pair of elements z,z’ € M such that z'zz = y. The
cohomology groups of M with coefficients in a D(M)-module A (see Leech, J., The cohomology of monoids,
unpublished 1976 lecture notes) are defined as H" (M, A) = Extp ) (Z,.A). In [10], the authors present two
extensions of Leech cohomology theory of monoids to presheaves of (not necessarily commutative) monoids
M : C°? — Mon, by introducing cohomology groups H"(M,A) = Exty g (Z,A) and simple cohomology
groups HI'(M, A) = Extg(ﬁl/l)(IM,A). Here, D(M) = [,DM is the Grothendieck construction on the
presheaf of small categories obtained by composition of M with the functor D : Mon — Cat, the coefficients
A are D(M)-modules, and I M is the ideal augmentation of the presheaf M. When a monoid M is commu-
tative, there is a canonical functor (M) — H(M) which is the identity on objects and carries a morphism
(2,2") : & = y of D(M) to the morphism zz’ : x — y of H(M). This is natural in M, so for any presheaf
of commutative monoids M : C°? — CMon there is an induced functor D(M) — H(M) through which every
H(M)-module A is regarded as a D(M)-module, and therefore, the groups H"(M, A) and H}(M,.A) are
defined.

Proposition 4.5 Let M be a presheaf of commutative monoids on a small category C. For any H(M) -module

A there are natural isomorphisms
H*"(M,1,A) = H*"(M,A), H}M,1,A) =2 H}M,A).

Proof For any commutative monoid M, K(M,1) is the classifying simplicial monoid of M, that is, the

simplicial monoid whose g¢-simplices are sequences x = (z1,---,x4) of n elements in M (e, if n = 0),
with faces dox = (22,...,24), dix = (z1,...,T%iq1,...,2¢) If 0 < i < ¢, and dygz = (z1,...,24-1), and
degeneracies s;z = (z,...,%;,€,&it1,...,2q). In other words, K(M,1) is the nerve of the only-one object

category defined by the monoid M. Then, for any presheaf M : C°® — CMon and any H(M)-module A, the
cochain bicomplex (3.4), F*(C°P,€*(K(M,1),.A)), consists of the groups

FP(COP,Q:q(K(M71)’A)) = H H .A(O'p7 (xl-.-];q)o-l“'o'p)’

oEN,CP zeM(c0),

with horizontal and vertical coboundaries respectively given by

(8115)0 T = gdoa zo1 T Z gdla T ( 1) (Z,po,a:’

(avg)mx = (_ ) ($1* Upgo dox + Z gad T ( 1)qxg*l<map€0,dqx)~
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By a direct comparison, we see that its total complex, that is, the complex C*(K(M,1),.A) of cochains of the
presheaf of simplicial sets K (M, 1) with coefficients in A, agrees with the complex of cochains of the presheaf of
monoids C*(M, A) defined in [10, Definition 1], as well as the subcomplex C3 (K (M, 1), A) € C*(K(M, 1), A)
of pointed cochains agrees with the subcomplex of simple cochains C?(M,A) C C*(M,.A) defined in [10,
Definition 2]. The claimed isomorphisms in the proposition follow from Theorems 3.2 and 3.4(a) above and [10,
Theorem 2]. O

5. The complexes C*(M,r, A) and C?(M,r, A)

If M is a commutative monoid, there is a cochain complex more lucid than C*(K(M,r), A) to compute its
cohomology groups H"(M,r, A). This is defined by Calvo-Cegarra [9, §4.2] as Homg(ar)(Ae(M, 1), A), from
a certain chain complex of H(M)-modules Aq4(M,r) which we describe below. Previously, recall from [9, §1.1]
that the category H(M)-Mod is symmetric monoidal. Here, the tensor product of two H(M)-modules A and
B, denoted by A ®,,, B, is the H(M)-module whose component at any z € M, (A ®,,, B)(z), is the
quotient of the abelian group ,,_, A(2) ®, B(t) by the subgroup generated by the elements y,a ®b—a® y.b,
for y,z,t € M with yzt = z, a € A(z) and b € B(t). For any y € M, the induced homomorphism
Ys t (A®y ., B)(2) = (A®y,,, B)(zy) is given on generators by y. (a®b) = y.a®b = a®y.b. For the following
needed proposition, recall from subsection 2.1 we have the free H(M)-module functor F : Set|y; — H(M)-Mod,
which assigns to every set over M, say S = (S,7:S — M), the H(M)-module FS whose component at each
x € M is the free abelian group FS(z) = Z{(s,u) | s € S, u € M, un(s) = z}.

Proposition 5.1 For S = (S,7) and T = (T, ) two sets over M, there is an isomorphism of H(M)-modules

F(SxT)=FS®,,, FT,
where the product set S x T is over M with w(s,t) = w(s)n(t).
Proof This is in [9, Proposition 1.3]. The isomorphism acts on generators by (s,t) — s®t. O

The chain complexes of H(M)-modules Aq(M,r), for r > 1, are recursively defined as follows.

¢1: A, (M,1) is the free H(M)-module on the set over M consisting of n-tuples of elements of M
ap = [z1] -+ |xn],  with w(on) =21 X,
(the empty O-tuple | | with w[ | = e if n = 0) which are called generic n-cells of A(M,1), with the

relations o, = 0 whenever some x; =e.

For r > 1, A,(M,r + 1) is constructed from A4(M,r) by taking Ao(M,r + 1) = Ao(M,r) and, for
n>1,

AH(M7 T+ 1) = @ Anl (M7 T) ®I-H(M) T ®]HI(1\/I) A”p (M7 T)’
Niyeee, np >r
p+d>n;=n
where we shall use the bar notation: If zq,...,z, € M are elements with z;---x, = =z, then for any

Cn; € Ap,(M,r)(z;), we write

[Cnl |1‘+1 o |7‘+lcnp‘
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for the generator c,, ® --- ® c,, of the abelian group A, (M,r + 1)(x). It follows from Proposition 5.1 and

induction that

42: Fach A,(M,r+1) is the free H(M)-module generated by the set over M consisting of all p-tuples, which
we call generic n-cells of Ae(M,r+1),

Qn = [anl |r+1an2|7‘+l e |r+1anp]7 with 7T(Oén) = 7T(anl) e 7T(O“Lp)?
of generic n;-cells a,, of Ae(M,r), such that n; > r and p+ > n; = n, with the relations o, = 0

whenever some a,, =0.

43: The boundary 0 : A, (M,1) — A,_1(M,1) is the morphism of H(M)-modules whose action on generic
cells is given by

n—1
Oza| -+ |wn] = mra[wa] - |wn] + D (=1 ] - |wiziga] - - ]
=1
+ (_1)n xn*[x1| s |xn71]'

To describe recursively the differential of Ae(M,r + 1), for 7 > 1, we need the shuffle products
or t A (M, 1) @y ppy Am(M, 1) = A (M, 1),

which are the morphisms of H(M)-modules whose effect on generic cells is given by

[Brms

r r

Tﬂmp} Or [ﬁmp+1 ,.Bmp+q] = Z<_1)e(a) [ﬁmo,l(l)

[ea

"'5ma’l(p+q)]’

r

where the sum is taken over all (p,q)-shuffles ¢ and e(o) = > (1 + m;)(1 + mypy;) summed over all pairs

(i,p + J) such that (i) > o(p+ 7).

®4: The boundary 0 : A,(M,r+1) = Ap_1(M,r + 1) is the morphism of H(M)-modules which acts on a

generic n-cell an = [, |, - |, 0m,] by
80én = - Zf:l(_l)Ci_l [anl |7‘+1 e |r+1ani71 |'r‘+1 80‘m |r+1a”i+1 |7‘+1 Y |7‘+1a”p]
—1 B
+ Zf:l (_1)61 [an1 1 1O 1 O O O (1 O o g 7 i anp]a

where the exponents of the signs are e; =i+ > n;.

Now, suppose M : C°? — CMon a presheaf of commutative monoids on a small category C. For each
integer r > 1, let Aq(M, 1) be the chain complex of H(M)-modules such that, for each object U of C,

Ae(M,r)(U) = Ae(M(U), 1),
and, for each morphism o : V' — U, the action morphism of chain complexes of H(M(U))-modules

()7 AdM(U), 1) = Ae(M(V),7)7
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on generic cells of Ae(M(U),r) is given by the (recursive on r) formula

o o

nilr '.|7‘a0 ]

=la o

[an, |, -], 0m,]
Then, as in (2.2), for any H(M)-module A, we have a cochain bicomplex
C**(M,r, A) = F*(CP, Hom(Ae(M, 1), A))

whose group of (p, ¢)-cochains is

CPI(M,r,A) = H Homg wm(o0)) (Ag (M(00), ), A(ap)7 7).

o€ N,Cop

For any & € CP~19(M,r, A), its horizontal coboundary 9,¢ € CP4(M,r, A) at any o € N,C°P is the morphism
of H(M(00))-modules (94€)s : Ay(M(00),r) — A(op)°*7» which acts on generic cells by

(OnE)slam, |, - |, ] = Eapolal ~-~rnk+2 ) laiolom, |, ], 0]

+ (=" Eapolan |, - | an ),

and for any £ € CP971 (M, r, A) its vertical coboundary 0, € CP9(M,r, A) at any o € N,C is the morphism
of H(M(00))-modules
(08)r = (~1) & 9 : A(M(00).7) = A(op) 777,

the signed composite of £, with the coboundary 9 : A,(M(c0),7) = Ay—1(M(c0),7).
We define the complex of reduced level-r cochains of the presheaf M with coefficients in a H(M)-module

A as
C*(M,r, A) = TotC**(M,r, A), (5.1)

and the complex of simple reduced level-r cochains as the subcomplex
C3(M,r,A) CC*(M,r, A), (5.2)

where C9(M,r, A) =0 and, for n > 1,

M A= @ criMr A= P (M, A).

p+qg=mn p+g=n—1
qg=1

Theorem 5.2 Let M be a presheaf of commutative monoids on C. For any H(M)-module A and integers

r,n > 0, there are natural isomorphisms
H'M,r, A) 2 H"C*(M,r, A), (5.3)
H)(M,r,A) 2 H"C(M,r, A). (5.4)

Proof Let Fo(K(M,r)) be the chain complex of H(M)-modules defined as in (3.6). By [9, Theorems 3.1

and 3.3], for every object U of C, there is a chain homotopy equivalence

v Ad(M(U), 1) = Fo(K(M(U), 7)),
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which is natural in the monoid M(U). In particular, for any morphism o : V' — U in C, the square

AdMU),r) —2= Fy(K(M(U), 1))

()"i i()“
M

Ad(MV), 1) L FU(K(M(V),7)°

commutes. Thus, we have a homotopy equivalence between chain complexes of H(M)-modules ¢ : Ae(M, 1) —

Fo(K(M,r)) which, as in Example 2.1, induces a chain homotopy equivalence of F(C°P)-modules
9" Hom(Fo(K(M,r)), A) = Hom(Ae(M, 1), A).

Since there is a natural isomorphism of cochain complexes of F(C°P)-modules

w

Hom(Fa(K(M, 7)), A) = c*(K (M, r), A),

we also have a chain homotopy equivalence of complexes of F(C°P)-modules
g C*(KM,r),A)) = Hom(Ae(M,7), A), (5.5)
which induces a cochain bicomplex map
g  F*(C C*(K(M,r), A)) — F*(C°, Hom(Aes(M,1),A),

where every vertical chain map FP(C°P, C*(K(M,r), A)) — FP(C°P, Hom(Ae(M,7), A)) is a homotopy

equivalence. Therefore, the induced map on the total complexes
Tot(g*) : C*(K(M,r), A) = C*(M,r, A)

is a cohomology isomorphism. Then, the isomorphisms (5.3) follow from Theorem 3.2.
For the remaining isomorphisms (5.4), note that ¢* in (5.5) induces a homotopy equivalence on the
corresponding suspension cochain complexes (i.e. those obtained by shifting the degrees up by one and changing

the sign in the original coboundary)
Yg* :XCH (K (M,r),A) = ZHom(Ae(M,7), A).
This induces a cochain bicomplex map
Yg" : F*(CP, XC*(K(M,7), A)) — F*(C°®, L Hom(Ae(M, 1), A)),
where every vertical chain map is a homotopy equivalence. Therefore, the induced map on the total complexes
Tot(Xg") : ZCH(K (M, 1), A) = X Cs(M,r, A)
is a cohomology isomorphism. As both C% (K (M,r), A) and C?(M,r, A) are zero, the isomorphisms (5.4)

follow from Theorem 3.4 (a). O
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6. Low dimensional simple cocycles of second and third level
Let M be a presheaf of commutative monoids on C, and let A be any given H(M)-module. As we pointed
out in Proposition 4.5, the level-1 simple cohomology groups H!'(M, 1, A) are the same as the already known
simple cohomology groups H?(M, A), which are studied in detail by the authors in [10]. In the rest of this
paper, we focus on the cohomology groups H(M,2, A), for n < 4, and H*(M,3,A), for n < 5. Since, by
(5.4), there are natural isomorphisms H(M,r, A) = H"C3(M,r, A), we specify below the relevant truncated
subcomplexes of the complexes C?(M,2, A) and C3(M,3,.A).

Previously, a brief analysis of the chain complexes of H(M)-modules A4(M,2) and Ae(M,3) in low

dimensions is needed. There are suspension monomorphisms
S:YA(M,1) = Ag(M,r + 1), (6.1)

by means of which, for any U € ObC, we identify each generic cell « of A,_1(M(U),r) with the generic cell
Sa = [a] of A,(M(U),r + 1) (see Calvo-Cegarra [9, (21)]). Note that, by induction, one proves that any

generic non-zero n-cell of Ay (M(U),r + 1) can be written uniquely in the form

O‘n:[$1|klx2|k2 |k xm]

‘m—1
with 2; e M(U), z; #e, 1 <m, 1<k <r+1,and r—i—l—l—zzq:llk:i:n. So written,
Ty = T1 -+ Ty

It follows that A, (M(U),r +1) =0 for 0 < n < r. Furthermore, if some k; =r + 1, then n > 2r + 2.
Indeed, the generic n-cells of lowest n appearing in As(M(U),r + 1) but not in A.(M(U),r) are those
generic (2r + 2)-cells of the form [z],, y]. Hence, via the suspension morphism, A,,_1(M,r) is identified with

Ap(Myr+1) for r+1<n<2r+2, whereas A,_1(M,r) & A,(M,r+1) for n > 2r + 2. In particular,

A1(M,2) = 0 = A1 (M, 3) = Ay (M, 3)

and we have the anticommutative (i.e. with 9S = —S0) diagram of suspensions
Ae(M, 1) : As(M, 1) — A3(M, 1) — A3(M, 1) — A1 (M, 1)
: 5| o o
Ae(M,2) : As(M,2) — Ay (M, 2) — A3(M,2) — A3(M, 2)
s| o o o
AO(Ma3) : AG(M73)4>A5(Ma3)4>A4(Ma3)%A3(Ma3)

where, for each U € ObC, the complex A,(M(U),1) is explicitly described in 41 and 43, and, by 42 and
44, we have that

¢ Ay (M(U),2) is the free H(M(U))-module on the set over M(U) consisting of the suspensions of the
nonzero generic cells [z|y|z] of A3(M(U), 1) together the nonzero generic cells [z|,y], whose coboundary
is
z],y] = [zly] = lyla].
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¢ As(M(U),2) is the free H(M(U))-module on the set over M(U) consisting of the suspensions of the
nonzero generic cells [z]y|z|t] of A4(M(U),1) together the nonzero generic 5-cells [z|,y|z] and [z|y],Z],

whose coboundaries are
Ozl,ylz) = —yulal,2] + [2l,y2] — 2fzly] + [2lyl2] — [yl2]2] + [yl2l2]
Axlyl,z] = —zulyly2] + [wyl, 2] — vulol,2] — [2lyl2] + [2]2]y] — [2]=]y].
¢ As(M(U),3) is the free H(M(U))-module on the set over M(U) consisting of the suspensions of the

nonzero generic cells [z|y|z|t] of A4(M(U),1) and the nonzero generic cells [z|,y|z] and [z|y|,z] of

As(M(U),2), together with noncero generic 6-cells [z|,y], whose coboundary is
Olal,y] = —[=l,y] — [yl.].
Then, recalling that C?(M,r, A) is the subcomplex of C*(M,r, A) with

CT(M,r, A) = P FP(CP, Hom(Ag1(M,7), A))

p+g=n—1

N @ H Homg( aq(00)) (Agr1(M(00),7), A(op)?t %)

p+q=n—1o0€eN,CoP

and using the isomorphisms (2.1), we get the following description of the complexes C?(M, 2, A) and C?(M, 3, A)

in low dimensions:

Ci(M,2,4) = 0= C;(M,3,4) = CZ(M,3, A). (6.2)

There is an anticommutative diagram of chain complexes

CSQ(M7 2v-’4> - C::’(M7 2>A) e C;I(Mv 27-’4) e CSS(Ma 27-’4) (6'3)

-

S* S S*

where:

¢ A pointed 2-cochain f € C?(M, 2, A) is a map assigning an element
fU;z) € A(U,z), toeach U € ObC and xz € M(U), (6.4)
such that f(U;e) =0.
4 a pointed 3-cochain g € C3(M,2, A) is a map assigning elements

g(U;zly) € A(U,zy), toeach U € ObC and z,y € M(U),
g(o;z) € A(U,27),  to each Uy & Uy of C and x € M(Uy),

such that g(U;z|ly) =0 if z =e or y =e¢, and g(o;e) =0.
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4 The coboundary 8 : C%(M,2, A) — C3(M,2, A) acts on an 2-cochain f by

of(Uszly) = —z. f(Usy) + f(Us2y) — yu f(U; ), (6.6)
Of (o;2) = f(Uos )7 — f(Ur; 7). (6.7)

¢ A pointed 4-cochain h € C%(M,2, A) is a map assigning elements

h(U;zlylz) € A(U,zyz), toeach U € ObC and z,y,z € M(U),

hU;zl,y) € AU, zy), to each U € ObC and z,y € M(U),

h(o;xly) € A(Uy,2%y%), to each Uy & Uy of C and 2,y € M(Uyp), (68)
h(o,7;2) € A(Uz,2°7),  to each Uy & Uy < Us of C and z € M(Uy),

such that h(U;z|y|z) = 0 if some of z,y,z is e, h(U;z|,y) = 0 = h(o;zly) if z = e or y = e, and
h(o, 7€) = 0.

¢ The coboundary 9 : C3(M,2, A) — C4(M,2, A) acts on a 3-cochain g by

9g(Usalylz) = —w.g(Usylz) + g(Us ylz) — g(Us 2lyz) + 2.9(U; 2ly), (6.9)
9g(Uszl,y) = g(Uszly) — g(U; ylz), (6.10)
9g(o; xly) = g(Uos xly)” — g(Ur; 27 |y”) + 2Zg(0:y) — gloszy) + ylg(o:z), (6.11)
9g(o,7;x) = —g(327) + g(o7;2) — 903 7). (6.12)

4 A pointed 5-cochain & € C5(M, 2, A) is a map assigning elements

EU;xly|z|t) € A(U,xzyzt),  toeach U € ObC and x,y,2,t € M(U),

EU; x),y|2) € AU, zyz), to each U € ObC and x,y,z € M(U),

EU; zlyl,2) € AU, zyz), to each U € ObC and x,y,z € M(U),

E(osxlylz) € AU, 2%y 2%), to each Uy & Uy of C and z,y, 2 € M(Uy), (6.13)
&(o;z),y) € A(Ur, 2° ) to each Uy & U; of C and z,y € M(Up),

E(o, 7 7|y) € AUz, 2°7y"T), to each Uy & Uy < Us of C and z,y € M(Up),

&(o,1,7v;2) € A(Ug,x‘”"f), to each Uy & Uy & Uy <&~ Uz of C and z € M(Uy).

such that &(U;x|y|z|t) = 0 if some of z,y,z or ¢t is e, &(o;z|y|z) = 0 = E(U;z|,ylz) = E(U;zlyl,2) if
some of z,y or z is e, &(o;x|,y) =0=E&(o,m;zly) if =€ or y =€, and &(o,7,7v;€) = 0.

¢ The coboundary 9 : C%(M,2, A) — C3(M,2, A) acts on a 4-cochain h by
Oh(Us; zlylzlt) = — 2. h(Us yl2t) + h(Us zy|z[t) — h(U; zlyz[t) + h(U; 2(y|2t) (6.14)
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oh(U;z),ylz) = — y«h(U; 2], 2) + h(U; 2|,y2) — 2.h(U; x|,y) + h(U; x|y|2) (6.15)
— hU;ylz|z) + h(U; y|z|x),

(U alyl,2) = — 2 h(U3yl,2) + h(Us 2yl,2) — y.h(Usal,2) — h(Us alyl) (6.16)
+ h(Uslzly) — WU 2laly),

Oh(o; zly|z) = h(Uo; x[y|2)” — h(Uy; 27 |y”|27) + 2T h(o3yl|z) — h(o;zy|2) (6.17)

+ ho; zlyz) — 27 h(o; zly),
Oh(o; x],y) = h(Uo; x],y)” — h(U; 27,y7) — h(o; zly) + h(osy|), (6.18)

Oh(o, 75 xly) = — h(m;27|y7) + h(oT;zly) — hos z|y)” — 27" h(o, 75 y) (6.19)

+ h(U7 T, l’y) - szh(O', T3 l’),

Oh(o,7,v;x) = —h(1,7v;2°) + h(oT,v;x) — h(o,7v; x) + h(o, 7;2)7. (6.20)

4 A pointed 6-cochain & € C%(M,3,.A) is a map assigning elements such as a pointed 5-cocycle does in

(6.13), together with the assignment of an element
EU;x),y) € A(U,zy), toeach U € ObC and z,y € M(U), (6.21)

such that &(U;x|,y) =0 whenever x = e or y =e.

¢ The coboundary 9 : C3(M, 3, A) — C5(M, 3, A) acts on a 5-cochain h such as —dh does in the formulas
(6.14)-(6.20) above and, in addition, by

On(U; z|,y) = —h(U;l,y) — M(Usyl, ). (6.22)

As we said at the beginning of this section, in the rest of the paper we are going to use only the
cohomology groups H?(M,2, A), for n <4, and H?(M,3, A), for n <5, and for them we have the following
first consequences of (6.2) and (6.3).

Theorem 6.1 Let M be a presheaf of commutative monoids. For any H(M)-module A
Hi(M,2,A) =0=H}(M,3,A) = H}(M,3, A),
there are natural isomorphisms
HZ(M,2,A) = H}(M,3, A), H}(M,2,A) = H(M,3,A),

and a natural monomorphism H2(M,3, A) — H2(M,2, A).
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The cohomology groups HZ2(M,2, A) have a natural description in terms of equivariant derivations
d: M — A, that is, functions that assigns to each pair (U, z), where U is an object of C and x an element of
M(U), an element d(U;z) € A(U,z) satisfying

d(U;xy) = z.d(U;y) + y«d(U;x), for any object U of C and z,y € M(U), (6.23)

d(U,z)° =d(V;2°), for any morphism o :V — U of C and z € M(U). (6.24)

Under pointwise addition, the set of all derivations d : M — A has an abelian group structure. We denote this
abelian group by Der(M, A).

Theorem 6.2 Let M be a presheaf of commutative monoids. For any H(M)-module A there is a natural
isomorphism HZ2(M,2, A) = Der(M, A).

Proof HZ(M,2,A) = Z2(M,2,A), since C}(M,2, A) =0. As the derivation requirements (6.23) and (6.24)
just read the 2-cocycle conditions 9f = 0 in (6.6) and (6.7), and the normalization condition f(U;e) = 0
for a simple 2-cochain f € C2%(M,2, A) is always satisfied by a derivation (from the equality d(U;e) =
d(U;e) +d(U;e)), we see that Z2(M,2, A) = Der(M, A). O

In the next sections, we show natural realizations of cohomology classes in H2(M,2, A), H}(M,2, A)

and H2(M,3,A).

7. Commutative group coextensions

If M is a presheaf of commutative monoids on C, by a commutative coextension (or extension) of M we mean
a morphism of presheaves of commutative monoids f : &€ — M such that, for any U € ObC, the homomorphism
f: E(U) = M(U) is surjective. If A is an H(M)-module, a commutative group coextension & = (€,f,+) of M
by A is a commutative coextension f: & — M endowed, for every U € ObC and x € M(U), with a simply

transitive action group action + of A(U,x) on the fibre set
EU,x) ={u e &(U) | fu =z},
satisfying
u(a+u)=aa+vu for all a € A(U,z), u € E(U,z), v € E(U,2"), (7.1)
(a+u)? =a’ +u’ forallo: V = U in C, a € A(U,z), u € E(U, x). (7.2)
Two such commutative group coextensions of M by A, say £ and &', are equivalent in case there is an
isomorphism of presheaves of monoids g : £ = £ which preserves projection to M and the action of A, that
is, f'g = f, so that g&€(U,z) = &'(U,z) for all U € ObC and = € M(U), and g(a + u) = a + gu whenever

u € EU,x) and a € A(U,z). Let Ext(M, A) denote the set of equivalence classes [€] of commutative group
coextensions £ of M by A.

Theorem 7.1 Let M be a presheaf of commutative monoids on C. For any H(M)-module A, there is a
natural bijection Ext(M,A) = H3(M,2,A).
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Proof We first define a map Ext(M,A) — H3(M,2,A). Let & = (£,f,+) be a commutative group
coextension of M by A. For each object U of C and each z € M(U), let us choose an element sz € E(U, x)

(in particular, we select se = e). Then, a 3-cocycle
9° € ZI(M,2,A)

is constructed as follows: For each object U of C and xz,y € M(U), let ¢¢(U;z|y) € A(U,zy) be the element
such that s(zy) = ¢%(U;x|y) + sz sy. Also, for every morphism o : V — U of C and each z € M(U),
let ¢¢(o;2) € A(V,2°) be the element such that (sx)° = ¢g%(o;x) 4+ sx°. Clearly, we have ¢¢(U;z|y) = 0
if 2 =e or y=-e, and g°(o;e) = 0. So we have a cochain g € Cgt(M,Q,A). It is well-known that the
cocycle conditions 9¢¢(U;z|y|z) = 0 in (6.9) and d¢°(U;z|2y) = 0 in (6.10) follow, respectively, from the
associativity and commutativity laws (sx sy)sz = sz(sy sz) and sx sy = sz sy in each monoid E(U) (see the
proof of Theorem 4.1 by Grillet in [22, Chaper V]). To see that the cocycle condition dg(c;z|y) = 0 in (6.7)

holds, let us compute (sx sy)? = (sz)?(sy)? in two ways

(s259)7 =(—g° (U3 2ly) + s(ay))” "= —g (Usaly)” + (s(zy))”

= —9°(Usly)” + g (o3 2y) + s(wy)” = —g" (U3 2ly)” + g% (o:29) + s(27y7),
(s2)7 (s9)7 = (g (0:2) + 52" (" (o) + sy") =) 2Zg% (01y) + 7" (030) + s sy”
=279 (03y) +y7 9% (0:2) = g°(V327ly7) + s(2”y7).
Hence, comparison gives (9g)(o;x|y) = 0. Similarly, the cocycle condition (9¢g)(o,7;2) = 0 in (6.12) follows
from the equality (sx)°" = ((sx)?)7, since
((52)7)7 =(¢° (03.2) + s27)7 = g* (0:2)" + ¢°(m;27) + 5(27)7 = g* (0;.2)7 + ¢° (7327 + 5277,
(s2)°" =g (o7;2) + 5277
The cohomology class [¢¢] € H3(M,2,A) does not depend on the choice of the crossed section s.

In effect, suppose s’ is another one, and let ¢’ be the 3-cocycle defined as above but from s'. If we take,

for each U € ObC and = € M(U), the element f(U;x) € A(U,z) which is determined by the equation
f(U;z) + s'x = sz, then we have a 2-cochain f € C?(M,2, A). Since, for any =,y € M(U),

s(zy) =g (U zly) + sz sy = g5 (U zly) + (f(Us 2) + s'2)(f(Us y) + s'y)
(g)gg(U; zly) + y« f(U;2) + 2 f(Us y) + x5y,

s(zy) =f(U;ay) + 8’ (zy) = f(U;zy) + ¢ (Us zly) + s’z s'y,

it follows, by comparison, that ¢(U;zly) = ¢'(U;z|y) + 0f(U;x|y), see (6.6). Similarly, for any arrow
0:V = U in C and any z € M(U), we have

(s2)7 =g% (o5 2) + s2” = ¢ (05.2) + f(V;27) + 5’27,

(s2)7 =(f(Us2) + §2)° =) f(U2)7 + (s'2)7 = F(U;2)7 + ¢'(033) + /2,
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whence ¢¢(o;2) = ¢'(0;2) + 0f(0;2), see (6.7). Thus, ¢¢ = ¢’ + df and [¢°] = [¢'].
Furthermore, for an equivalence of extensions g : £ = £’ we easily see that ggl = ¢% if we take the

representative elements s'x = gsxz € £'(U,x) for the construction of ggl , and therefore we have a well-defined
map

H: Ext(M, A) = H3(M,2, A),  given by [£] — [¢°].

To see that H is surjective, for every g € Z3(M, 2, A) we can construct a commutative group coextension
of M by A
&9 =(&91,4) (7.3)

such that H[EY] = [g] as follows. For each object U of C, £9(U) = {(z,a) | # € M(U),a € AU, z)}
with multiplication (z,a)(y,b) = (zy, —g(U; x|y) + z+b + y.a). A straightforward verification shows that this
multiplication is associative, commutative, and unitary thanks to the cocycle conditions (9g)(U;z|y|z) = 0 in
(6.9), 9g(U;x|,y) = 0 in (6.10), and the condition g(U;x|e) = e (see [22, Chapter V, Theorem 4.1]). For
every arrow o : V. — U of C, the map ()7 : E9(U) — £9(V) is given by (x,a)’ = (27, ¢9(0,x) + a”). This is
multiplicative and unitary due the cocycle condition (9g)(o;z|y) = 0 in (6.11) and the equality g(o,e) = 0.
If 7: W — V is also an arrow in C, the equality ((z,a)?)” = (z,a)?7, for any (z,a) € £9(U), follows
from the cocycle condition (dg)(c,7;2) = 0 in (6.12). Furthermore, for any object U of C, the cocycle
condition (9g)(1ly,1y;z) = 0 gives g(ly,r) = 0, which implies the equality (z,a)'V = (z,a), for any
(x,a) € E9(U). Thus, &9 is a presheaf of monoids on C. The locally surjective morphism § : £9 — M
is, at each U € ObC, the projection f: EI(U) - M(U), (z,a) — x. For any € M(U), the simply transitive
action + : A(U,z) x E9(U,z) — £9(U,z) is given by b+ (x,a) = (z,b+ a). Conditions (7.1) and (7.2) are
easily verified, so that & = (€9,f,+) is actually a commutative group coextension of M by A. Moreover,
H[E9] = [g], since g®° = g if we take the obvious crossed section for this extension which is given by sz = (x,0),
for each U € ObC and z € M(U).

Finally, we see that the map H is injective: For any commutative group coextension £ of M by A and
any of its crossed sections s, there is an equivalence & 9° > & which is locally defined by the isomorphisms of
monoids SQS(U) =~ £(U) given by (v,a) — a + sx. Furthermore, if g,¢' € Z3(M,2, A) are cohomologous,
say g = g + Of for some f € C2(M,2,A), then there is an equivalence £9 = &9" which is locally defined by
the isomorphisms of monoids £9(U) = &, (U) given by (z,a) — (z, f(U;z) + a). Hence, the injectivity of H
follows. a

Theorem 7.1 is useful to study commutative H-coextensions of a presheaf of commutative monoids M
on a small category C; that is, commutative coextensions f: & — M such that, for every object U of C, the
congruence kernel of f: E(U) — M(U) is contained in the Green’s relation (congruence in this case) H of
the monoid £(U). For any such commutative H-coextension, every element z € M(U) determines an abelian
group

Ki(U, x),
the so-called Schiitzenberger group of the H-class £(U,z) of the monoid £(U). Explicitly, see Grillet [22,
Chapter I, Proposition 4.6], ICs(U,z) consists of equivalence classes [a], of elements a € £(U) such that
fax = x, where [a], = [a'], whenever au = a’u for some (then, for any) u € £(U,x). The addition in K;(U, x)

is induced by the multiplication in £(U): [a],+[a'], = [aa’],. The assignment (U, z) — K;(U, x) is the function
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on objects of an H(M)-module K; (the Schiitzenberger kernel of the H -coextension) where, for any object U
of C and z,y € M(U), the homomorphism

yi  Ks(U, ) = K5(U, zy), is given by yi[ale = [a]zy,
(see [22, Chapter V, Lemma 2.1]) and, for any morphism o : V — U in C and z € M(U), the homomorphism
()7 :Ks(U,xz) = Ks(V,27), is given by ([a]z)7 = [a7]s.

Furthermore, for every U € ObC and = € M(U), there is a canonical simply transitive group action + of
K;(U,z) on £(U,x), which is given by [a], +u = au. Conditions (7.1) and (7.2) are easily verified, so we are
in presence of a commutative group coextension (€,f,+) of M by K;.

Notice the Schiitzenberger kernel of the H-coextension Kj is an H(M)-module having an additional
property: It is thin. An H(M)-module A is thin if, for any object U of C and z,y,z € M(U) such that
xz = yz, the equality z. = y. : A(U, z) = A(U,zz) holds (see Grillet [22, page 118]). Therefore:

Proposition 7.2 Every commutative H -coextension of a presheaf of commutative monoids M is a commutative

group coextension of M by a thin H(M)-module.

In general, the converse of the above proposition fails. The following is a sufficient condition for a
commutative group coextension of a presheaf of commutative monoids M on a small category C to be an H-
coextension of M. We say that an H(M)-module A is surjecting if, for every object U of C and z € M(U),
there exists y € M(U) such that xy = x and the homomorphism z, : A(y) — A(x) is surjective (cf. Grillet [22,
page 119] and Leech (Leech, J., The cohomology of monoids, Chapter V,3.21, unpublished 1976 lecture notes).
This, for instance, holds whenever z, : A(U,e) — A(U, ) is surjective for every U € ObC and z € M(U).

Lemma 7.3 FEvery commutative group coextension of a presheaf of commutative monoids M by a surjecting

H(M) -module is a commutative H -coextension of M.

Proof Let M be a presheaf of commutative monoids on a small category C, and let A be any thin H(M)-
module. By Theorem 7.1, every commutative group coextension of M by A is, up to equivalence, of the form
E9 = (&9,f,+), as in (7.3), for some g € Z3(M,2, A). Then, it suffices to prove that, for any U € ObC, the
congruence kernel of f: £(U) — M(U) is contained in H. That is, to prove that for any z € M(U) and
(x,a), (z,b) € £4(U, z) there is (y,c) € &(U) such that (z,a) = (z,b)(y,c): By hypothesis, there is y € M(U)
with zy = 2 and x, : A(U,y) — A(U, z) surjective. Taking ¢ € A(U,y) such that x.c =a — y.b+ g(U, z|y),
we have (z,b)(y,c) = (zy, x.c+ yb — g(U; z|y)) = (z,a). O

As a relevant consequence, we have the following (cf. Leech [25, Theorems 3.9, 5.18]).

Proposition 7.4 Every commutative group coextension of a presheaf of commutative reqular monoids M by a

thin H(M) -module is a commutative H -coextension of M.

Proof We prove that every thin H(M)-module A is surjecting: Let U € ObC and z € M(U). As
M(U) is regular, there is y € M(U) such that z = axyx. Since A is thin, the equality (xy)x = ex yields
(zy)s = ex : A(U,z) — A(U, x); that is, 2.y, = id 4 ,) whence z, : AU, zy) — A(U,x) is surjective. O

2563



CARRASCO and CEGARRA /Turk J Math

8. Braided and symmetric fibred categories

To fix notation, we recall from Grothendieck [23] some terminology about fibred categories.

Let m : G — C be a functor. For any object U of C, Gy denotes the fibre category of m over U. Its
objects, called U-objects, are those objects X of G which are mapped to U by m and its morphisms, termed
U-morphisms, are those mapped to 1y by w. More generally, if o : V — U is a morphism in C, then those
morphisms f in G such that 7(f) = o are termed o-morphisms. A o-morphism f :Y — X is deemed
cartesian if, for any o-morphism ¢ : Y’ — X, there exists a unique V-morphism ¢’ : Y/ — Y such that
fg' = g. The functor w is called a fibration provided that, for any morphism ¢ : V. — U of C and any
object X € Gy, there exists a cartesian o-morphism f :Y — X and, moreover, the composition of cartesian
morphisms is also cartesian.

A C-fibred category G = (G, m) is a category G endowed with a fibration 7 : G — C. The C-fibred
categories are the objects of a 2-category, whose 1-morphisms are the C-fibred functors between them, that is,
functors F' : G — G’ such that 7' F' = w and carry cartesian morphisms in G to cartesian morphisms in G’, and
whose 2-morphisms are the C-fibred transformations between them, that is, natural transformations 6 : F = F”
such that 7’60 = id,;. An equivalence F' : G — G’ in this 2-category is termed a C-fibred equivalence.

In a C-fibred category G occurs that all morphisms are cartesian if and only if it is fibred in groupoids, that
is, in every fibre category Gy all morphisms are invertible. In this paper, we deal only with C-fibred categories in
abelian groupoids, that is, C-fibred categories G in which the fiber categories Gy are groupoids whose automor-

phism groups Autg, (X) are all abelian. Hence, from now on, C-fibred category means C-fibred categories in

abelian groupoids. In any such C-fibred category the following basic property holds.

Lemma 8.1 Let G be a C-fibred category. Suppose o : V. — U is a morphism in C and the squares in G
below commute, where f and g are o-morphisms, a is a U-morphism, and b and V' are V -morphisms. Then
b="b".

vy Lo x y 4o x
WEN
f g
Y — X Y — X

Proof Since f is cartesian, g = fc for some V-morphism ¢ :Y — Y. As Autg, (V) is abelian, bc = cb.
Then, fcb' = afc= fbc= fcb. Since fc is cartesian, it follows that ' = b. O
For necessary notational accuracy, we detail below the monoidal fibred categories, in the sense of Saavedra
[30, Chapter I, §4.5], we are going to work with.
Let C be a category. A braided C-fibred category G = (G, 7, ®,t,a,r,l,c) consists of a C-fibred category
G = (G, ) endowed with C-fibred functors ® : G xc G — G and ¢ : C — G, and C-fibred transformations

a={axyz: (X®Y)®Z X (Y ® Z)}(X7Y7Z)60b(%gx€g) (8.1)
c={exy :X®Y—>Y®X}(X,Y)€Ob(gXCg) (8.2)
I={lx: mX®X — X}XeObg’ r={rx: X®@uwX — X}XeObg (8.3)

(called the associativity, braiding, and unit constraints, respectively) satisfying, for all objects U € ObC and
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X,Y,Z, T € ObGy, the commutativity of the following coherence diagrams (see Joyal-Street [24]):

ax,y,z®lr ax,yez,T
_—

(XeY)o2)eT XeoYoz)eT Xo(Y®2)oT) (8.4)

axggy,zmi \LIX® ay,z,T

(XeY)®(ZeT)

ax.,y,zZT

XY ®(ZeT))

ax,u,y

(X2U)®Y ——= X@(URY) (8.5)

rx®k ;@ly

XY

cx,y®1lz ay, x,z

(XoY)ez 224 (veX)eZ Yo(X®Z) (8.6)

aXTY,Z\L \LIY@) cx.z

XR(YRZ) — 2 (YRZ)8 X — 255 YR (Z2X)

-1
I1xQcy,z ax,

X® (Y ®2) X®ZeY) —22s (X®2)®Y (8.7)

-1
a‘X,Y,Z\L

(XQY)®Z

lcx,z(@ 1y

-1
CxX®Y,Z Az Xy

ZR(XQY)————=(ZX)®Y

A symmetric C-fibred category is a braided C-fibred category G, as above, whose braiding is a symmetry,
that is, the equation
cy.xcxyy = lxovy (8.8)
holds for any pair of objects (X,Y) of G Xx¢ G.

Let G, G’ be braided C-fibred categories. A braided C-fibred functor F = (F,p,9*) : G — G’ is a
C-fibred functor F : G — G’ endowed with C-fibred transformations

o ={pxy FIXOY) 5 FX® FY} | 0o (8.9)
o ={py: FlU - L/U}UeObC’ (8.10)

such that, for any object U of C and U-objects X,Y, Z of G, the following four diagrams commute

®1
F(X®Y)®Z) —22"" p(X oY) & FZ 2" "2 (FX ®' FY) &' FZ (8.11)
Fax,Y,zi J/GIFX,FY,FZ
1px®’
FX®(Y®2) 22 px e F(Y ® Z) —— "2 pX o (FY & FZ)
FXoY) 2L pX o FY (8.12)

’
FCX,Yi icFX,FY

FY @ X) 225 py @ FX

2565



CARRASCO and CEGARRA /Turk J Math

FX @) 2% pX @ FuU FOU ® X) 2% pu @ FX (8.13)
FTX\L \LlFX@)/‘P;/ lel l‘P?J@’/lFX
r 1
FX<=—— FpPX /U FX<—" JUQ FX

If I, F': G — G are braided C-fibred functors between braided C-fibred categories, then a monoidal C-
fibred transformation between them is a C-fibred transformation on the underlying C-fibred functors 6 : ' = F’
such that, for any object U of C and U-objects X,Y of G, the following two diagrams commute.

FIX®Y) 2% FX @' FY FU_ . (8.14)
\
Oxey Ox®'0y 0.u JU
’ /
FI(X®Y) 2L X o F'Y Ly e

The composite F'F : G — G” of two braided fibred functors F : G — G’ and F’' : G’ — G” is also
braided with structure data (8.9) and (8.10) respectively given by the compositions

F'o ‘P,FX,FY

FFX®Y)—" F(FX @ FY) —"% F'FX ®" F'FY,
Fl * 7 *
FRU—2% F/U —2% > T

This composition is associative and unitary, so that the category of braided C-fibred categories is defined.
Actually, this is the underlying category of the 2-category of braided C-fibred categories, whose 2-cells are the
monoidal C-fibred transformations. In this 2-category, both the horizontal and vertical composition of 2-cells
are defined as the ordinary vertical and horizontal composition of natural transformations. Note every 2-cell
is invertible, and therefore this 2-category is a track category in the sense of Baues—Jibladze [2] (also known as
(2,1)-categories). An equivalence F': G — G’ in this 2-category is called a braided C-fibred equivalence. We say
that two braided (or symmetric) C-fibred categories are equivalent if they are connected by a braided C-fibred
equivalence.

In this section, our goal is to give a cohomological classification for equivalence classes of braided and

symmetric C-fibred categories. The following is an useful basic fact.

Lemma 8.2 Let F: G — G’ be a braided C-fibred functor between braided C-fibred categories. The following

conditions are equivalent.
1. F is a braided C-fibred equivalence.
2. F is a C-fibred equivalence.

3. F s fully faithful, and for any U € ObC and X' € G;, there is an X € ObGy and a U -morphism
FX —» X'.

4. For any object U of C, the induced functor Fy : Gu — G, is an equivalence.
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Proof (1) = (2) is obvious and (2) < (3) < (4) is proved by Grothendieck in [23, Propositions 4.2 and
6.10]. (2) = (1): If F is a C-fibred equivalence, there exists a C-fibred functor F’ : ¢’ — G and C-fibred
transformations 6 : FF' = 1g: and ¢ : F'F = 1g such that 6F = F¢' and F'0 = §'F’. Then, F’ can be
provided in a unique way with a structure of braided C-fibred functor such that 6 and 6 become monoidal
C-fibred transformations. Indeed, the structure constraints are given, for each U € ObC, by the U-morphisms
iy FI(X'@Y') = F'X'@F'Y', for X',Y' € Gy, and ¢'f; : F///U — (U which make the diagrams below

commutative.

FSO/ ’ oy
FF/(X/ ®/ Y/) XYy F(F/X/ ® F/y/) FF/L/U Fcp',;
\
GX/®/y/\L l‘PF’X’,F’Y’ GLIU FLU
X' &Y Ox1® 0y FF'X' &' FF'Y' JU I3

The verification of all requirements is entirely parallel to the given by Sinh (Sinh, H. X. Gr-catégories.
Ph.D. Thesis, Université Paris VII, Paris, France, 1975, Chapitre I, §5. Aviable at https://pnp.mathematik.uni-
stuttgart.de/lexmath /kuenzer/sinh.html) for the nonfibred case, so we omit the details. O

8.1. The classifying invariants of a braided (symmetric) C-fibred category

For the following definition, recall from Theorem 6.1 that, for any presheaf of commutative monoids M and
and H(M)-module A, the pointed cohomology group H?(M, 3, A) is canonically a subgroup of HZ(M,2, A).

Definition 8.3 A 7classifying system” for braided (resp. symmetric) C-fibred categories is a triple (M, A, c),
where M is a presheaf of commutative monoids, A is an H(M)-module, and ¢ is a cohomology class
c € HY(M,2,A) (resp. ¢ € H>(M,3,A)). Two such classifying systems (M, A,c) and (M',A',c') are
isomorphic whenever there exists an isomorphism of presheaves of commutative monoids §: M = M’ and an
isomorphism of H(M)-modules § : A= §* A’ such that () = §«(c), where

f*r HA (M 2, A) =2 HY (M, 2,§* A),  Fu: HE(M,2, A) = HY(M,2,f* A

are the corresponding induced isomorphisms in cohomology. Let [M, A, c] denote the isomorphism class of a

classifying system (M, A, c).

Let G be a braided C-fibred category. We associate to G a classifying system (IIoG,11,G, [h9]) as follows.

8.1.1. The presheaf I1,G : C°? — CMon

For each U € ObC, let
oG (U) = {[X] | X € ObGy }

be the commutative monoid of U-isomorphism classes [X] of U-objects X of G, with multiplication [X][Y] =
[X ® Y] and unit e = [WU]. If 0 : V — U is a morphism in C and [X] € myG(U), then we write
[X]7 = [X'] € mG(V) whenever there exists a o-morphism X’ — X. To see that the class [X]7 is well
defined, suppose that f: X’ — X and ¢g:Y’ — Y are both o-morphisms and h : X — Y is a U-morphism.
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Then, as g is cartesian there exits a V-morphism A’ : X’ — Y’ such that hf = gh’, and therefore, [X'] = [Y’]
in IIpG(V). Furthermore, as 7 : G — C is a fibration, 27 is defined for all x € mpG(U) and so we have a map

() :eG(U) = MeG(V), x> a?,

which is actually a homomorphism of monoids: If z = [X],y =[Y] € II(G(U) and f: X' - X and g:Y' - Y
are o-morphisms, then f®g: X' ®Y' - X ®Y is also a o-morphism; whence, ([X][Y])? = [X ®Y]° =
[X'®@Y']=[X'[Y'] = [X]°[Y]°. Moreover, as to : 1V — (U is a o-morphism, e? = [[U]? = [[V] =e.

So defined, I1yG is a presheaf of commutative monoids. Note that if o : V — U and ¢’ : W — V are any

two composable morphisms of C. For any [X] € II(G(U), any o-morphism f: X’ — X and any ¢’-morphism
ff: X" — X', the composite ff’ : X" — X is a oo’-morphism, and therefore [X]""' = [X"] = [X’}Ul =

’

(X]7)7.

8.1.2. The module II;,G : H(II,G) — Ab

Let U be any object of C. For each z € II(G(U), we choose a representative U-object of z, say
sz = s(U,z) € ObGy, (8.15)
that is, such that z = [sx] (in particular, we select se = (U ) and define
II,G(U, z) = Autg, (sz),
the abelian group of U -automorphisms of sz in G. For any pair of elements x,y € II(G(U), the homomorphism
i  ILG(U,y) = L G(U, zy), ar zya,

carries each U-automorphism a : sy — sy to the U-automorphism z.a : s(xy) — s(xy) determined by the

commutativity of either of the following two diagrams

Tay Ty
s(xy) ——— s @ sy s(zy) —— sy ® sz (8.16)
w*aé ll@a TxQ la@l
v I, Y Ty »
s(zy) —2= sz @ sy s(zy) ——= sy @ sw
where
Tyy:s(zy) = sz ® sy (8.17)

is a U-morphism (any, by Lemma 8.1). For instance, we take

5T — st @ UL (8.18)

ST

Tep=1 sz > WU@sr and T, =7

) ST

Since we have the commutative diagram

s(zy) *F>sx®sy*c>sy®sx

Tea \Ll@a la@l
v T

s(zy) — 52 @ sy —— sy @ sz,
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it follows from Lemma 8.1 that the square on the left in (8.16) commutes if and only if the one on the right
does. The equality e, = 1p1,g(v,y) holds, since the left unit constraint I : (U ® sy — sy is natural. For any
x,y,z € IG(U), the equality (zy). = x.ys : I1G(U, 2) = I1G(U, xyz) follows from Lemma 8.1, since, for any

a € I11G(U, z), we have the commutative diagrams in Gy

s(zyz) SR s(zy)®@sz R (52@5Y)®52 — 2> 52 (syR52)
(zy)*al 1®ai (1®1)®al il@(l@a)

s(zyz) — s(zy) sz —— (52R5Y)Rs2 —> sTR (sYRD52),

s(zyz) -5 sx®s(yz) el ST®(sy®sz)

w*y*ai ll@y*a ll@(l@a)
1

s(xyz) —— sz ®s(yz) —— sz (sy®sz).

If 0:V — U is a morphism in C, for any z € I[(G(U), the homomorphism
() :ILGWU,z) — 1,G(V,27), aw a,

carries each U-automorphism a : sx — sz to the V-automorphism a? : sz — sz determined by the

commutativity of the diagram

527 — "> 51 (8.19)

where
Op 527 — sz (8.20)

is a o-morphism (any, by Lemma 8.1). For instance, we take
Ope=1t0:V = U and Oq, 5 = 1gs. (8.21)

For any other y € I(G(U), the equality (y.a)? = yZa’ follows, by Lemma 8.1, from the commutativity of the

diagrams
s(yx)? o, s(yx) L sy ® sx s(yx)” A sy’ @ sz’ il sy ® sx
(y*a)"i y*ai J/1®a yfa”l il@a" J/1®a
s(yxz)? o, s(yx) L sy ® sx s(yx)” I sy’ @ sz’ g sy ® sx

The equalities a'¥ = a and (a®)” = a°7, for any morphism 7 : W — V in C, are quite obviously verified.
Thus, I1;G is actually an H(IIyG)-module.

8.1.3. The cohomology class [hY] € H(11,G,2,11,G)

We define a 2th-level pointed 4-cocycle

hY e Z4(11,G,2,11,G), (8.22)
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as follows: For each U € ObC and z,y,z € II,G(U), the elements h9(U;zly|z) € I,G(U,xyz) and
h9(U;z|,y) € I1G(U,xy) are, respectively, those U-automorphisms in G uniquely determined by the com-

mutativity of the diagrams

s(zyz) SR s(zy) ® sz LY (sz ® sy) ® sz s(zy) L sz @ sy (8.23)
W Usalyl2) la W Usalyy) l
\ Y
s(zyz) ——= sz @ s(yz) —— sz ® (sy ® sz) s(yx) — sy @ sz

Also, for any morphism o : V — U, we define h9(o;z|y) € II;G(V,2°y%) to be the V-automorphism in
G making commutative the diagram on the left below; and similarly, for any 7 : W — V., the element
hY(o,7;x) € I G(W,x°7) is the W -automorphism in G determined by the commutativity of the diagram
on the right below.

s(zy) 52T —2 > 527 (8.24)

s(zy)?

h9 (oz|y) T h (o,752) \L@
\ v e

T [SI]C] oT
s(zy)? —— 527 ® sy’ ——> ST Q sY ST > ST

Let us point out that h9 satisfies extra normalization properties, namely

h9(1y,1y;z) =1 for any U-object z,

hg(lU;ﬂf,y) =1 for any U-objects z,y. (8.25)

The required normalization conditions in (6.8) follow from the commutativity of the diagrams below, where
the inner regions labeled with (A) commute by naturality of the unit constraints I or = and the other by the

references therein:

h9(Uselzly) = 1 = h9(U; zlely) = h9(U; z|y|z), for any U € ObC and vy, z € TIg(U) :

-1
s(exy) = s(zy) — L s srwsy el (WU ® sz) ® sy

-1
—1

s(exy) = s(zy) L s wUe s(zy) U (sz ® sy)

1

—1

s(zey) = s(zy) L s sr®sy el (sx @U) ® sy

r’1®1 i
(8.5) a

—1

s(zey) = s(zy) —> sz @ sy —> sz ® (LU ® sy)

1

-1

s(zye) = s(wy) —— s(zy) @ U el (sz ® sy) @ U

7,71
1 4) [24,2.1] l“
s(zye) = s(zy) — I s ae sy 8T L@ (sy®.U)
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hY(o;e|z) =1 = hY(o;x|e), for any o : V — U in ObC and z € TIg(U) :

s(ex)? =sz” © sz s(ze)? =sz” © s

(A) J/zl 1
! !

RO ORLo
s(ex)” =s27 —> 1V @s2” > U@sx  s(we)” =517 T s2° 91V — sz @l

1 (A) rt

h9(o,7;e) =1, for any W 5V 5 U in ObC :

A 1|/ /g

v(oT) i

W ——= U

1

To verify the cocycle conditions Oh = 1 in (6.14)-(6.20), we observe the commutativity of the outside

of the seven diagrams below, where the inner regions labeled with (A) commute by the naturality of a or ¢,

those with (B) commute since ® is a functor, and the other ones by the references therein. In all cases the
composite vertical arrow on the right of the diagram is an identity, and therefore Lemma 8.1 implies that the

composite vertical arrow on the left must be also an identity, which reads the required cocycle condition.

OhY (U; z|y|z|t) = 1, for any U € ObC and x,y, 2, t € oG (U):

renel
s(zyzt) . s(zyz)@st et (s(xy)®sz)®st(ﬂ8; ((sx®sy)Rsz)Rst

tch9 (Usz|y|z) (8.16) lhg(U;zlylzy@l (8.23) a®l
18T)®1

s(zyzt) I s(zyz)@st et (sm®s(yz))®st(*)> (s2®(sy®sz))Rst

hY (U;z|yz|t) (8.23) la (4) a

19Tl
s(zyzt) . sz®s(yzt) ler, sz®(s(yz)Rst) M)sx@) ((sy®sz)®st)

@ h® (Usy|=[t) (8.16) ll@hgw;ym (8.23) 18a

11T
s(zyzt) . sx®s(yzt) ler, sT®(sy®s(zt)) %)sw@) (sy®(sz®st))

l“_l (4)

(8.23)

hY (Usz|y|=t) (sz®sy)®s(2t) a!
s(zyzt) — 5L s(zy)®@s(zt) (sx®sY)R(szRst)
B (Uszylzlt) ! 29 ®(s2@st) ot

s
regnel
s(zyzt) . s(zyz)@st ret (s(xy)@sz)@st(ﬂi ((sx®sy)Rs2z)Rst
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onY (U; z|,y|z) = 1, for

any U € ObC and z,y, z € IyG(U):

s(zyz) —r s(zy) ® sz el (s ® sy) ® sz

z:h (Usz],y)
s(x

WS (Usylal)
s(x

y.h9 (Usz|, 2)
s(x

R (Usy|zlz)
s(z

b9 (Usz],yz) "
s(z

R (Usz|y|z)

(8.16) \th(U;xzy)@)l (8.23)
(8.23)

(8.16) \Ll@hg(U;xbz) (8.23)
(8.23)

(8.23)

lcl (A)
1®T

(8.23)

c®1

yz) —r s(zy) ® sz el (sy ® sx) ® sz

a

yz) — I sy s(zz) et sy ® (s ® $2)

1®c

yz) — LI sy s(zz) et sy ® (sz ® sx)
yz) —r s(yz) @ sx e, (sy ® sz) ® sx

yz) — L s ae s(yz) L a® (sy ® sz)

s(zyz) —r s(zy) ® sz et (s ® sy) ® sz

o8 (U; zly|,2) = 1, for

s(zyz)

h9 (Usalylz)

any U € ObC and z,y, z € I(G(U):

sz ® s(yz) @ (s

(8.23)

s(zyz) —r s(zy) ® sz et (sx®s

(8.23) lc (A)

s(zyz) L e s(zy) Bl e (s

(8.23)

s(zyz) —r s(zz) ® sy LG (sz2®s

(8.16) lhg(U;ﬂzz)_l@l (8.23)

Yy ® sz)

T ® sy)
a~!

) @ sy

c®1

s(zyz) L s(zz) ® sy LG (sx ® s2) ® sy
he (Uszlzly) (8:23) a”!
r 1@T
s(xyz) ——=sx @ s(yz) —— sx R (s2 Q sy)
2z, h9 (Usyly2) " (8.16) J{l@hg(U;y2z)_](8.23) 1®c
r 1@T
s(zyz) ——=sx @ s(yz) —— sx R (sy ® s2)



CARRASCO and CEGARRA /Turk J Math

OhY(o;x|y|lz) =1, forany 0 : V — U in C and z,y, z € IiG(U):

s(xyz)” —° . s(xyz) - r s(zy)®sz _ret | (szx®sy)®sz
h (Uszlylz)” (8.19) lhg(U;wl?ﬂz)
s(xyz)” - ° . s(zyz) (8.23)

W (osaly2) (s.21) \ a

s(xyz)” — I sz7 ®s(yz)? %% sx®s(yz)
1®T
27 h9 (o5y|2) (8.16) l1®hg(0;y|2) (8.24),(B) g
CEICET)

s(xyz)” —— 527 ®s(yz)° A (sy” ®527) (*>)sx® (sy®sz)

he (V327 y7]27)" (8.23) lal

r rel
s(zyz)? ——— s(2y)’ @2’ ——— (527 ®sy’ ) Rs2° (4)
27 h9 (a3zly) (8.16) lhg(d;my)lgﬂ a?
080)2e

s(zyz)° — L s(zy)? ®s2° (8:24),(B) (O20)®

hé (oszylz) ! (8.24) \

s(zyz)° —° . (zyz) — I . (zy)®sz —————— (sx®sYy)Rsz

ohY(o;x],y) =1, forany o : V — U in C and z,y € HoG(U):

() s(ay) sy
b9 (Usz|,y)° (8.19) lhg(U;xlzy)
- (8.23)
s(zy)? ——— s(zy) e

K (i) (8.2) \

0%e
s(zy)® . sy’ ® sx’ o2%0 sy ® sw
h (Viz?|,y7) 7" (8-23) lc—l
- (4)
s(xy)? ——— s27 ® sy’ et

(SIC]
h (osaly) " (8.24)

s(wy)” — > s(ay) ———= 5@ sy
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ohY(o,m;zly) =1, forany W 5V 5 U in C and z,y € IyG(U):

(S]

T2 s s(ay)°

s(zy)” s(zy)

1 (o52ly)™ (8.19) ihg(o;wy)

s(zy)’T —2 > s(zy)° (8.24)

W9 (5% |y (8:24) \ '
(S]

r ®O
S(.I‘y)GT s 57T ® Syar 27 s’ ® Syo

oORO
a:ifhg (o,759) (8.16) ll@hg (o,759)

8.24),(B
L T @ sy (8.24),(B) sz ® sy

OR6
Y h (o,75) (8.16) lhg (U)TM

s(xy)?T —— 5277 @ sy°"

he (orsaly) ™" (8.24) -t
s(zy)77

hY (o,7zy) * (8.24) ©
s(ay) T ——> s(ay)” . s(ay)

Oh(o,7,v;x) =1, forany T 5> W 5V 5 U in C and = € IG(U):

<) <) <)
sx’™Y sx’T sx?

ST
hg(o,T;w)"’ (8.19) ihg(U,T;aZ)

oT @ oT

sx’™V ——= sx (8.24)

h9 (o7,v;x)

SxoTY
h9 CEE T

SxO'T"}/

hg(""“/ﬂa)_l (8.24)
(S]

SxO'T"/

Let us remark that if G is a symmetric C-fibred category, then
h9 € Z3(1oG, 3,11, G), (8.26)

that is, for any U € ObC and z,y € Io(U), the 5-cocycle condition OhY(U;x|,y) = 1 in (6.22) holds. This
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follows from Lemma 8.1, since we have the commutative diagram below, where ¢? = 1.

s(zy) L sr®sy
hg(U;ac|2y)\L (8.24) lc

s(xy) —— sy @ sx
hg(U;ygz)\L (8.24) lc

s(zy) L sz ®sy.

Let [h9] denote the cohomology class of hY in H2(I[yG,2,11,G) (or in H?(I1xG,3,11;G) if G is symmet-

ric).
Proposition 8.4 The class [I1oG,11,G, [h9]] only depends on the equivalence class [G].

Proof First, we observe that [I1oG,I1;G, [hY]] does not depend on the selections we have made for its
construction. Suppose we have another choice of representative elements s’z = s/ (U, z) (also with s’e = .U),
U-morphisms IV : s'(zy) — s’z ® s’y (with ', , = I”! and I, . =7"') and o-morphisms ©' : s'2° — 'z
(with ©F, , = 10 and O], , = 14, ), and let TIY'G and A" denote the corresponding H(IlyG)-module and cocycle
in Z}(I1pG,2,111G) constructed from this choice. We show an isomorphism of H(IIG)-modules § : I1,G = IT}G
such that §.[h9] = [I/] as follows. Let us select U-morphisms ¢ = ¢y, : sx — s’z (with ¥y = 1,;7). Then,
we have isomorphisms § : II;G(U, x) 2 111 G(U, z) defined by the commutativity of the squares

o' —2 > sz (8.27)

4T

s’y —— sx.

If 2,y € IG(U), for any a € IIG(U, x) we see that y.Fa = F(y«a) by applying Lemma 8.1 to the commutative

diagrams
! ®
s'(yx) 2, s(yx) LN sy ® sT s'(yx) N sy® sz vey sy ® sz
S"(y*a)l y*al \Ll@a y*S"(a)l 1®{§ai \Ll@a
, P r , o, , YeY
§'(yx) — s(yz) — sy ® sx s'(yr) —= sy ® s'e — sy ® sz

Similarly, if ¢ : V — U is a morphism in C, we see that Fa® = (Fa)? by the commutative diagrams

! O ¥ o © ! O ' / ¥
ST~ —>= ST —> ST ST" ——=>ST ——>8T
! O ¥ o © ! O e’ / ¥
ST —= 8T —> S, ST —> ST —> ST.

Thus, § : I,G = II1G is an isomorphism of H(IIpG)-modules. We now define a pointed 3-cochain g €
C3(I1pG,2,11}G) such that h' = F.hY - g by taking, for each U € ObC and z,y € I,G(U), g(U;zly) €
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IT'G(U, zy) the U-automorphism in G determined by the commutativity of the square on the left below and,
for each morphism o : V — U in C, g(o;2) € II1G(V,27) the V-automorphism which makes commutative the
diagram on the right.

I’ b

§(zy) ——————— s'z®s'y §'17 ———————— sa” (8.28)
oUsaly) vew  glow) o
v V o o »
§'(xy) — s(xy) — sx@sy §'x? —— s’y ——— sx
The required normalization conditions g(U;zle) = 1 = g(U;ely) follow from the naturality of the unit

constraints I and 7, while the equality g(o;e) = 1 becomes obvious. To verify that A’ = F.hY - dg, we
observe the commutativity of the outside of the four diagrams below, where the inner regions labeled with (A)
commute by the naturality of a or ¢, those with (B) commute since ® is a functor, and the other ones by the
references therein. In each case, the composite vertical arrow on the left of the diagram is the corresponding

value of F.hY - Og while, by definition, it must be the corresponding value of h':

W (U; zly|z) = Fh9(U; z|y|2) - 09(U; x|y|2), for any U € ObC and z,y, z € MG(U):

s (zy2) s'(zy)®@s'z rel (s'z®s'y)Rs'2
2. g(Usz|y) (8.16) J{g(U z|y)®1
4 RY)®
s (1yz) ———— &/ (zy) @52 (29,81
9(Uszyl2) (8.28) J{d)@d}
s'(zyz) A s(zyz) — s(xy)®sz e (sx®sy)Rsz
319 (Uszlylz) (8:27) lhg(U zlylz)  (8.23) ia (4) a
s'(zyz) — s(zyz) L sz®s(yz) e (sy®sz)
9(Uszlyz)~" (8.28) J{w*@w—l
/ (8.28),(B)
s'(xyz) ————— 2 ®5' (yz
(zyz) (v2) PIREW ey
@2 g(Usylz) ™! (8:16) \L1®g(U;y|Z)1
r’ 1Qr’

§'(xyz) ——————= 2 ®5' (y=2)

sr® (s'y®s'z)
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W (U;z|,y) = §h9(U; x|,y) - 09(U; z|,y), for any U € ObC and z,y € TG (U):

g

s'(zy) s'r®s'y
®
g(Usz|y) (8.28) vy
, P r
(ay) — s(ay) —L» 52 ® 59
\
Fh9Uszl,y) | (8:27) h9(Uszl,y) (8.23) lc (A) c
s/ (wy) ——= s(wy) — = sy @ sz
U
g(Usylz) =" (8.28) \

F/
sy® s’z

W (o,7;2) = §h9 (o, 7;2) - dg(o,7;2), for any W 5V 5 U in C and = € IyG(U):

@/
SI:L.O'T S/IO-
g(o,2)™!
(9(o,2)7) " (8.19) /
@l
S/Z,O’T S/xd
g(r,a®)7! (8.28) il/)
! .,.0T w oT @ o -
s'x ST sz’ (8.28) e’

Fh(omz)|  (8:21hE(o,m5w)8.24) le

P
s'x°T sx°7 ST
71)71
g(oT;x) (8.28)
@/
s'x°T s'x
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s/ () =4 en
9(Uszly)® (8.19) g(y
s (ay)” = ' (ey)
g(osay) ! (8.28) J/w
s/ (ay)” ——= s(xy)? . s(ay)
§h9(o3zly) (8.27) lh%;xly) (8:24) lr (8:28)
§'(xy)” —— s(zy)? . 7 ® sy’ ——= STRSY r
g(Viz7|yo) =t (8.28) Pyt
s’ (xy)? r s'r7 @8y’ Vet
z7g(o3y) (8.16) 1®g(osy)  (8.28),(B)
s’ (xy)? F’ sz @8y’
y«g(o3z) (8.16) g9(o;7)®1
s'(zy)° F’ s’ ®s'y° o'we! s'r®s'y

Suppose now that F : G — G’ is a braided C-fibred functor establishing an equivalence between the
braided C-fibred categories G and G’, and suppose that the construction of (IoG,I1;G,h9) has been made
by means of representative objects U-objects sz of G, U-morphisms T : s(zy) — sz ® sy and o-morphisms

O : sz? — sx. There is an induced isomorphism of presheaves of commutative monoids
f: oG = G,

where, for every object U of C, the bijection f : IIoG(U) — IIG'(U) is given by f[X] = [FX]. This is a

homomorphism of monoids since, for any U-objects X,Y of G

(8.9)

J(XIY]) =fXoY]=[F(XeY)] =" [FX& FY]=[FX][FY] = fX]jY],

(8.10)

fe = §lU] = [F.U] [(U] = e.

Moreover, if o : V — U is a morphism in C and f: X’ — X is any o-morphism in G, then Ff : FX' — FX

is a o-morphism of G’ and therefore
(FX])7 = [FX]7 = [FX'] = f[X'] = }([X]"),

so that f : I[(G — IIHG’ is actually an isomorphism of presheaves. Now, every element of IIoG'(U) writes

uniquely as fz for a unique z € I,G(U) and, for the construction of the triple (IIyG’,I1,G’, h9"), we can take

the U-object s'fx = Fsx of G’ as representative of fx (but s’e = /U ), the composite of the U-morphisms
FT » /
Fs(zy) — F(sx ® sy) —> Fszx ®' Fsy
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as the U-morphism T, ¢ : s'f(zy) — s'fx ® s'fy (but T, = " and .= 7’~'), and the o-morphisms

C_)/

o,fx

fz.fy
=FO,, : s'fr” — s'fx. Then, an isomorphism of H(IIyG)-modules

§:1LG = f*ng/
such that §.hY = f*hg/, where
1 Z (G, 2,11 G") — Z] (116G, 2, I G"),  Fs: Z1(1oG,2,111G) — Z) (116G, 2, §11,G")
are the corresponding induced homomorphisms on cocycles, is given by the isomorphisms of abelian groups
§:ILG(U,z) = Autg,, (sz) = Autg, (Fsz) = ILG' (U,fz), aw Fa,

defined by restriction of the functor F'. All the needed requirements for § follow from the commutativity of
the outside of the diagrams below, where the inner regions labeled with (A) commute by the naturality of ¢

and the other ones by the references therein (and using that F' is a functor):
fyssa = F(y«a), for any object U of C, x,y € [I(G(U) and a € I1;G(U, x):

Fs(yx)£>F(sy®sz)—¢>Fsy®’st

F(y*a)l (8.16) iF(l@a) (4) ll@’Fa

Fs(ya:)gF(sy(@sa:)LFsy@’st

(Fa)? = Fa’, for any morphism o : V = U of C, z € I[(G(U) and a € I[,G(U, z):

FO
Fsx® —— Fsx

Faol (8.19) \LFG

FO
Fsx® —— Fsx.

hg/(U;fsc\fy\fz) = Fh9(U;zly|2), for any U € ObC and x,v, 2z € IoG(U):

Fs(zyz) > F(s(xy)®s2) ——> Fs(zy)®'Fsz el F(sz®sy)®'Fz LA (Fsz®' Fsy)®'Fsz
m\ /
((sz® sy)®sz)

Fh9(Us;z|y|2) (8.23) Fal (8.11) o
5x® sy®sz

W \

Fs(xyz) LN F(sz®s(yz)) AN Fsx®'Fs(yz) o FsaQ'F(sy®sz) 1% Fsa®'(Fsy®'Fsz)
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w9 (U;§z|,fy) = §h9(U: z|,y), for any U € ObC and z,y € IyG(U):

Fs(xy) SN F(szr ® sy) —* . Fsa® Fsy
th(U;z|2y)l (8.23) ti (8.12) J/CI

Fs(xy) BN F(sy ® sx) —* . Fsye Fsx

h9'(o;5z|fy) = §h9 (o zly), for any 0 : V — U in C and z,y € IoG(U):

Fs(xy)° o Fs(zy)
\LFP
FhY(oszly) (8.24) F(sz ® sy)
F(O8©) J/
(4) ¥

Fs(xy)® . F(s2° @ sy°) ——— Fsa® @' Fsy® FOYFY pow & Fsy

K9 (o, 7:§x) = §h9(o, 7;2), for any W 5V 5 U in C and z € IoG(U):

FO
Fsx®" —— Fsa°

th(zr,‘r;ac)l (8:24) lF@

FO
Fsx®” —— Fsx

Below is our main result in this section.

Theorem 8.5 The mapping [G] — [[1oG, 111G, [h9]] establishes a natural one-to-one correspondence between

equivalence classes of braided or symmetric C-fibred categories and isomorphism classes of classifying systems
for them.

Proof The result follows from Propositions 8.6, 8.8 and 8.9 below. O

Proposition 8.6 Let M a presheaf of commutative monoids on C and A an H(M)-module. For every
h € Z*(M,2,A) there exists a braided C-fibred category G" such that

[MoG", 116", [h9"]] = [M, A, [h]].
Furthermore, G" is symmetric whenever h € Z3(M, 3, A).
Proof Previously to construct G, we state the following useful technical lemma.

Lemma 8.7 Suppose h € Z*(M,2, A). For any morphism o :V — U in C and x € M(U),
h(ly,ly,z)° = h(ly,o;x), (8.29)

h(lv,lv;.’ﬂg) = h(a,lv;x), (830)
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and, for any U € ObC and xz,y € M(U),

h(ly, s zy) = 2.h(ly, lu;y) + yh(l, 1y o) + h(1y; zly). (8.31)

Proof (8.29) and (8.30) follow from the cocycle conditions Oh(1y, 1y, 0;2) = 0 and Oh(o, 1y, 1y;2) =0 in
(6.20), respectively, while (8.31) follows from the cocycle condition Oh(1y, 1y;x|y) =0 in (6.19). O

The claimed braided C-fibred category G" is as follows. Its objects are pairs (U,z) with U an object
of C and z an element of the monoid M(U). A morphism (V,2') — (U,z) in G" is a pair (o,a) where
o :V — U is a morphism in C such that 2’ = 2° and a € A(V,z’). The composition of two morphisms
(0,a) : (V,2') = (U,z) and (7,b) : (W,2") — (V,2’) is defined by

(0,a)(1,b) = (o7,b+a” + h(o,T;2)) : (W,2") = (U, z).

If (T,2") (LC; (W, 2") @ (V,2) (La; (U,z) are any three composible morphisms, then

((O’, a)(T, b))(77 c) = ((77'7, c+b"+a"™" + h(o,T;2)" + h(oT,; 1:)),

(o, a)((T7 b)(~, c)) = (07'7, c+bY+a"" + h(r,v;2") + h(o, Ty; :5)),

and, by comparison, we see that the composition in G” is associative thanks to the cocycle condition dh(o, ,v; x)
0 in (6.14). Furthermore, the identity of an object (U,x) is

l(U@) = (lU, —h(lU, 1U;:E)) : (U, :E) — (U,LE) (832)

In effect, for any morphism (o,a) : (V,2') — (U,z) in G",

Loy (0,0) = (0,0 — 1y, 13 2)7 + h(ly, 012)) "2 (0, a),

(0,a) (v = (cr,a —h(ly,ly;a') + h(o, 1y; 1:)) (8:30) (0,a).

There is a canonical functor 7 : G" — C that sends an object (U,z) to U and a morphism (o,a)
to o. This is a fibration. Indeed, every o-morphism (c,a) : (V,2') — (U,z) is cartesian since any other
o-morphism with target (U,z) writes as (0,b) : (V,2') — (U,z), for some element b € A(V,z'), and then
(ly,b—a—h(o,1y;2)) : (V,2') — (V,2') is the unique 1y -morphism such that (c,a)(ly,b—a—h(o,ly;x)) =
(0,b). Let us observe that every fibre category GI is the groupoid whose objects are the pairs (U,z) with
x € M(U), there are no morphisms between different objects, and the group of automorphisms of each object
(U, x) is the abelian group

Autgn (U,2) = {(1v,a), a € A(U,z)}

where the composition is defined by (1y,a)(1y,b) = (1y,a + b+ h(ly, ly;2)). Its unit is (8.32) and inverses
are (1y,a)~t = (1y, —a — 2h(1y, 1y; x)). Thus, the functor 7 makes G" into a C-fibred category.
The C-fibred tensor product ® : G* xc G" — G" is defined on objects by (U,z) ® (U,y) = (U, zry) and

on morphisms by

(o,b) (0,2, b+yLa—h(oszly))

(v,2) 2L 0,2) @ (Vi) L (Uy) = ((Via'y)
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For any morphisms (W, ") "% (V,') “% (U,2) and (W,5") Z% (V) 22 (U, ),

((o,a)(7,b))@((0,¢)(T,d))

= (or,2ld+ 2l +yla” +ylb+ z!h(o,7;y) + yh(o,7;3) — h(oT; z]y)),
((0,a) ® (0,0)) ((1,b) ® (7, d))

= (o, ald+ 2™ +yla” +ylb—h(r;2'|y') — h(o;zly)” + h(o, 75 3y)),

whence, by comparison, it follows that ® preserves compositions due to the cocycle condition dh(o,7;z|y) =0

in (6.19). Besides, ® preserves identities since, for any objects (U,z) and (U,y) of G",

L) ® Ly = (1o, —2zh(lu, 1u,y) — yh(ly, 1us ) — h(1ly; zly))

(8.31)
=" (lv,=h(lv, lui2y)) = Lway = Lowev.y-

The C-fibred associativity constraint a in G" is given by the family of morphisms
AQU.),(Uy),(U,2) = (Lo, MUs zlylz) — h(lu, 1u;2y2)) « (U, (zy)z) — (U, 2(y2)).

These are natural: for any o-morphisms (o,a): (V,2') — (U, z), (0,b) : (V,y') = (U,y), and (o,¢): (V,2') —

(U, z), a direct computation gives

((0,0) @ ((0,b)) @ (0, ¢)) Qv (Vi) (vizr) =
! 1!

(0, 2lyie + 2l 2b + yizla — alh(oyylz) — Mo zlyz) + h(Via'ly']2) — h(Lv, 1y;2'y'2") + h(o, 1y 2y2))

C2 (0,0 yle + @ 2lb + yl2ha — 2L h(oyy]2) — hiosalyz) + h(Via' |y |2)),

A(U.2),(U),(U,2) ((0,0) @ ((0,0)) @ (0,¢))) =
(0, T ysc + 2, 2.0 + y,za — Z,h(o; xy) — h(o; xy|z) + W(U; zlyl2)” — h(1y, 1y 2yz)” + h(ly, 05 2y2))

C2 (0, ylc + al2lb+ y2la — 2Lh(oszly) — h(osaylz) + (U alyl2)?).

Hence, by comparison, we see that the naturality requirement for a follows from the cocycle condition
Oh(o;x|y|z) =0 in (6.17). Furthermore, it satisfies the coherence condition (8.4). To see that, first we observe
that, for any U € ObC and z,y,z,t € M(U),

Lwz) ® awy),w,z),we) = v, —h(ly, 1y ) @ (1y, M(U; y|z|t) — h(ly, 1u; yzt))
= (1y, 2. M(U;y|z|t) — 2 h(ly, 1y y2t) — yezith(ly, 1us ) — h(1y; xlyzt))

G2 1y, 2 h(Usyl2lt) — h(Ly; zyzt)),

AU, Uy, (U2) @ Ly = (Lu, MU;zly|2) — h(ly, Ly 2y2)) @ (1u, —h(1ly, 1u;t))
= (1y, t.h(U; z|y|2) — toh(lu, lu; 2yz) — zayezeh(lu, lus t) — h(1y; xyz|t))
(8:31)

(lu;teh(Us zly|2) — h(1y; xy2t)).
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Then, thanks to the cocycle condition Oh(U, z|y|z|t) = 0 in (6.14), we have

(Lwa) @ awy).w.0.00) U200 (@U).0).0 @ Lon)
= (v, zh(Usylz[t) — h(1u; zyzt)) (Lo, M(U; @lyz(t) — h(ly, Lus zyzt))
(Lu;teh(Us zlylz) — h(lu; zyzt))
= (1y; 2. h(U; y|z|t) + h(U; z|yz|t) + th(U; 2|y|z) — h(ly, lu; zyzt))

CLY (1, h(U; aly|2t) + WU 2y|2]t) — h(1y, 1o zy2t))

= (Lus th(Us zly|zt) — h(ly;s zyzt)) (Lus th(Us zyz(t) — h(1u; zyet))

= AU,2),(Uy),(U,2t) A(U,ay),(U,z),(U,t)*
The C-fibred braiding ¢ consists of the morphisms
Cwa), Uy = (v, h(U;zl,y) — h(ly, 1y, zy)) : (U, zy) — (U, yz). (8.33)
If (0,a): (V,2') — (U,z), (0,b) : (V,y') = (U,y) are o-morphisms in G", then

C(U2), Wy ((0.0) ® (0,0))
= (v, MU; z|,y) — h(lu, 1u, 2y)) (0, 2Lb + yla — h(o; z]y))
= (Ua l‘;b + y>/|<a’ - h(a; -'L'|y) + h(U, .T‘zy)a — h(lU, 1y; xy)” + h(lU, o; a’;y))

"2 (g, 2lb + vla — h(ozaly) + h(U:x],9)7)

CL (o, 2b+ yla — h(osylz) + h(Via'],y)

(8:30) (0, 200+ yia — ho;ylz) + M(V;2'[,y') — h(lv, 1v; 2'y') 4+ h(o, 1v; xy))

= (0,220 + yha — h(osylz)) 1y, (Vi 2',y) = h(lv, lv;2'y'))

= ((0:0) @ (0,a)) ev,en), (Vi)

whence we see that the naturality of ¢ holds owing to cocycle condition Oh(o;x|,y) = 0 in (6.18). Moreover,
the coherence requirement (8.6) holds. To prove this, first observe that, for any U € ObC and z,y,z € M(U),

we have

Lwe) @ cuy),w,2) = v, 2:h(Usy],2) — 2h(1y, 1u;y2) — yezuh(ly, 1y 2) — h(ly; 2|y2))

"2 (L@ h(Usy2) — h(Lo, Lo ay:)),

C,2), Uy @ Lwz = (v, 2h(U;z|,y) — 2:.0(1v, 1u; 2y) — zoyh(lv, 1y z) — h(1y; zyl2)

2 (e h(Usaly) — (1o, 1usay2).
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Then,
(Lwy) ® €).w.) GU).02).0.2) (€U0 © Lw.a)
= (1v,y=h(U;y|,2) — h(1lv, s 2yz)) (1o, M(U; ylz]2) — h(1u, 1u; vyz))
(Lu, 2 (Us zl,y) — h(lu, 1u; 2y2))
= (v, yh(Us z[22) + h(U; ylz|2) + 20U 2],y) — h(1u, 1u; 2y2)),
AU.).(U.2),(U2) CU.),(Uy2) CU).(U).(U.2)
(1v, h(Usylzlz) — h(ly, Ly zy2)) (1o, h(Us z|,y2) — h(1lu, 1u; 2yz))
(Lu, h(Us zly|z) — h(lu, 1u; zy2))
= (1v, k(U ylz|z) + h(U; 2],yz) + h(U; zly|2) — h(lu, 1u; 2yz)),

whence, by comparison, (8.6) follows from the cocycle condition Oh(U;x|,y|z) =0 in (6.15). Similarly,
(Cw,),2) @ Lw)) Q1) (0.2),(0,) L02) @ €W),0,2))
= (v, y:h(U; x[,2) — h(1lu, 1u; wy2)) (Lu, —h(U; zlzly) — h(lu, 1u; zy2))
(1, 2:h(Us yl,2) — h(ly, 1u; 2yz))

= (v, y:h(U; 2|22) = M(U; z[2]y) + 2.h(U; y|,2) — h(1v, Lu; 2y2)),

—1
A (U,2),(U,x),(U,y) CUzy),(U,2) a(U ©),(Uy),(U,2)

= (ly, =h(U; z|zly) — h(ly, 1u; 2y2)) (Lo, MU 2yl,2) = h(ly, 1u; 2y2))
(1, =h(U; zlylz) — h(ly, 1u; 2yz))
= (Lv, =h(U; zlzly) + W(U; 2yl,2) — h(U; 2ly|2) — h(lu, v 2y2)),
and the coherence condition (8.7) follows from the cocycle condition Oh(U;z|y|,z) =0 in (6.16).
The unit C-functor ¢ : C — G" is defined on objects by +(U) = (U,e) and on morphisms by ¢(c : V —
U) = (0,0) : (V,e) = (U,e). This is plainly recognized as a functor thanks to the normalization condition

h(o,7;e) = 0. The C-fibred unit constraints I and = in G are both identities, that is, for any U € ObC and
x e MU),

l(U,m) = l(U,m) =TWUx) * (U7 x) — (U, x)
Notice that (U,z) ® (U,e) = (U,z) = (U,e) ® (U, x) and, for any morphism (o,a) : (V,z') = (U,z) in G",
(0,a) ® (0,0) = (0,e.a + 2,0 — h(o; z|e)) = (0, a),
(0,0) ® (0,0) = (0, st + 2.0 — h(0 e|)) = (0,),
since exa = a, .0 =0, and h(o;z|e) = 0 = h(o;e|x). Furthermore, the coherence requirement (8.5) trivially
holds since, for any U € ObC and z,y € M(U),
Lwa ®lwy =1was ® Loy = 1way,
AQU.2),Ue), Uy = (Lu, h(Uszlely) — h(lu, luszy)) = (1, —h(lu, lus2y)) = Ly,

T, © Lwy = Lwa) @ Ly = Lway-
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All in all, we have that G is actually a braided C-fibred category. Furthermore, in case that h €
Z3(M, 3, A), then the 5-cocycle condition dh = 0 in (6.22) says us that, for any U € ObC and z,y € M(U),
h(U;z|,y) + h(U;y|,z) = 0, which implies the symmetry condition (8.8) for the braiding ¢ of G":

CUy),(U2)CU,2),(Uy) = (Lu, MU;z|,y) + h(Usyl,7) — h(lu, lus2y)) = Lu,ay) = Lu.e)e@.y)-

We now prove that [IIoG" II;G" [h9"]] = [M, A, [h]]: If, for each object U of C and z € M(U), we
denote by [U, z] the U-isomorphism class of (U,z) in G", then [U,z] = [U,2'] & = = 2, [U,z][U,y] = [U, 2y
and, for any morphism ¢ : V' — U in C, [U,«x]° = [V, z°]. Hence, an isomorphism of presheaves of commutative

monoids

fi M =T,6"

is defined by the monoid isomorphisms
f: M(U) 2T,G"(U)  given by =+ fo = [U,x].
Moreover, there is an isomorphism of H(M)-modules
F:A=PILG!
such that §.h = f§* h9" , which is defined by the isomorphisms of abelian groups
§ AU, z) = Autgn (U, z) = ,G"(U,§x), givenby a— Fa = (1y,a —h(ly,1y;z)).

This proves the result. The verification of all the needed requirements for § is as follows.

fy.Fa = F(y«a), for any object U of C, z,y € M(U), and a € A(U,z): From the commutativity of the

diagram
(U, zy) —> (U,y) ® (U, )
fy*SaJ/ l1®3a
(U, zy) —= (U,y) ® (U, ),

it follows that
fy*ga = 1(U7y) & Sa = (an 7h(1U7 1U1 y) ® (1U,CL - h(an an‘r))
= (1y,y«a — yh(ly, ly; ) — z.h(ly, 1y, y) — h(lu; ylz))

8.31
G2 1y, gea — B(1y, 1y ) = F(y.a).

(§a)? = Fa’, for any morphism o : V — U of C, x € M(U) and a € A(U,z): By Lemma 8.1, it suffices to

check the commutativity of the square in G"

(V’ 1.0) m (U 1.)

3a"l l&a
©=(0,0)

(V’ 1'0) —
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(0,0)Fa’ = (0,0)(1y,a® — h(ly,ly;2%)) = (0,a° — h(ly,1y;2%) + h(o, 1v; z)) (8.:30) (0,a%)

§a(0,0) = (1y,a — h(ly, 1p;2))(0,0) = (0,0 — h(ly, s 2)° + b1y, 0:2)) = (0, a%).

Sh(U; x|y|z) = hgh(U; fz|fy|fz), for any U € ObC and z,y,z € M(U): By the commutativity of the diagram

rel=1gl=1 (U,z) ® (U,y)) ® (U, 2)

hgh(U;fxlfny)J/ J{“

(U, ayz) —— = (U,2) ® (U,y2) ——2"0 (U,2) @ (U, y) @ (U, 2))

(U, zy2) ———— (U,zy) @ (U, 2)

it follows that hgh(U; frlfylfz) = a = (1y, h(U; z|y|z) — h(ly, lu; 2yz)) = Sh(U; z|y|2) .

Sh(U;z|,y) = hgh(U; fx|,fy), for any U € ObC and x,y € M(U): From the commutative diagram

(U, zy) ————— (U,z) ® (U,y)
hgh(U;fony)i lc
(U, zy) ————— (U,y) @ (U, )

it follows that h9"(U; fz|,fy) = ¢ = (ly, (U3 2l,y) — h(ly, 1v; ay)) = Fh(U; 2l,y).

Shio;xly)) = hgh(a; fz|fy), for any morphism o : V — U of C and z,y € M(U): By Lemma 8.1, it suffices to

check the commutativity of the square in G"

©=(0,0)

(V,2%y7) (U, zy)
{?h(a;ﬂcly)l iF—l
_ 6®®=(a,0)®(a,0)
(V,279°) - (V,2%) ® (V,y°) —————> (U,z) @ (U.y)

((0,0) © (0,0)) §h(o; zly) = (o, =h(o, z[y)) (v, h(o; z[y) — h(lv, Lv; 27y7) = (,0).

Zh(o, 7)) = h9" (0, 73 §z), for any W 5V 5 U in C and 2 € M(U): By Lemma 8.1, it suffices to check the

commutativity of the square in G"

(W, 277) ———
Sh(o’,r;w)l

(VV7 ;L'UT) O=(oT,0)

(o7,0)Fh(o,152) = (o7,0) (1w, h(o,7;2) — h(lw, Lw;2°7))

(8.30)
=

= (o7, h(o,7;2) — h(lw, lw; 2°7) + h(oT, lw; 2)) ot, h(o,T;x)

= (0,0)(7,0).
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Proposition 8.8 If [M, A, [h]] = [M', A',[W]], then [G"] = [G"'].

Proof Suppose we have an isomorphism of presheaves of commutative monoids f: M = M’ an isomorphism
of H(M)-modules § : A = §* A" and a 3-cochain g € C2(M,2,{*A’) such that Fh = {*h’ +09g. Then, a braided
C-fibred isomorphism F : Gh =~ Qh/ is defined by

V,2) =2 U,2) B (V) D) (g,

together with the structure isomorphisms

»=(v,9(Uszly)—h'(lu,lusfzfy))

F((U,z) ® (U,y)) = (U,fzfy) FU,z) @ F(U,y) = (U,fzfy)

*=lw,e
FuU = (U,e) =Y U = (U, e).

So defined, we see that F' is a C-fibred functor because of the coboundary equation Fh(o,7;z) =

W (o, 7ifx) + dg(0, 75 7):

F(lww) = (v, =§h(ly, lys2) — g(lys ) = (1, —=h'(ly, 1u;fz)) = Lpw.e)

and, for (W,z") ™t (V,a") 9 (U,x) any two composable morphisms in G",
F((o,a)(7,b)) = F(oT,b+ a" 4+ h(o,7;2)) = (o7,Fb+ Fa™ + Fh(o,7;2) — g(oT;x))
= (07,8b+Fa” — g(r:2") — g(o32)" + b/ (0, 75 fx))
= (0,8a — g(o;2))(1,8b — g(1;2")) = F(0,a) F(1,b).
The structure constraints ¢ of F are natural: for any two o-morphisms (o,a) : (V,2') — (U,z) and
(0,b) : (V,4') — (U,y) in G", a direct computation gives
P,y F(o,a) @ (0,0))
= (lu, 9(Uszly) = I'(1v, 1u; f2fy)) (0, § (L) + F(yia) — Fh(o; zly) — g(o; 2y))
= (ly, g(U; zly) = I'(Lu, 1u; fafy)) (o, fo'8b + fy.§a — Sh(o; zly) — g(o; xy))
2 (0, 123 + TylFa — Fhio3 3ly) — g(o3 ) + 9(Us 2ly)°),
(F(o,a) @ F(0,0) .2, (v
- ((07 Sa — 9(07 aj)) ® (07 b — g(U, y))(]-Va g(v; (Z?/‘y/) - h/(1V3 IV; fx/fy/))
= (0, Jl b — felg(0,y) + fy.8a — fy.g(o, ) — h'(o: faliy)) (1v, g(Vi2'ly") + B (1v, 1v: f'fy))

P2 (0, g(Via'ly') + a3 — falg(o.y) + . Fa — fulg(o,x) — I (o flfy)).

Hence, by comparison, we see that the coboundary equation Fh(c;z|y) = h'(o;fz,fy) + dg(o; x|y) implies the

naturality requirement.
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The coherence condition (8.11) holds. To prove it, we first observe that, for any U € ObC and
z, Y,z c M(U)a

Faw.a) )., = v, Sh(U;zly|z) — Fh(lv, lus zyz) — 9(lu; zy2))

6.12
CZ (1, §h(U 2lyl=) — B (1o, v afuf=)).
Lpwe) @ YWy .2 = v, =0 (lv, 1y §z) @ (g, 9(Us ylz) — b (1u, 1u; fyfz))

= (v, fzeg(U; yl2) — fauh/ (Lo, 1u, §yfz) — fyafzh (Lo, 1us fz) — B (Lu; fzlfyfz))

8.31
C2 (1 g (Usyl2) — W (Lo, Lus fafyz),
P,y @ 1rw,) = (Lo, g(Usxy) — B (1, 1u; ffy)) @ (v, =’ (1u, 1u; 2))

= (1y, _fw*fy*h/(1U7 ly;fz) + fz*g(U§ 33|y) - fz*h,(an ly; frfy) — h/(lU; fxfylfz))

(8:31) (1u,fze9(Us zly) — W' (1y, 1u; fzfyfz)),

Then, a direct computation gives

(1pw,e) @ ‘P(U,w),(U,y)) ‘P(U,a;),(U,yz)) Fawq),w.y),U.2)
= (lu, fr.g(U;yl2) + 9(U; z|yz) + Fh(U; zly|z) — h' (1u, 1u; ffyfz))),
aF(U,w),F(U,y),F(U,z)(‘P(U,:c),(U,y) & 1F(U,z))<P(U,zy),(U,z)
= Ly, W' (Usfzlfylfz) — fr.g(Usylz) — g(Us zlyz) — 1’ (v, 1us fafyfz)),
so that (8.11) holds thanks to the equality Fh(U;z|y|z) = b'(U;fx|fy|fz) + 0g9(U; z|y|z).

With respect to the verification of the coherence condition (8.12), first we observe that, for any U € ObC
and z,y € M(U),

Fewa,wy = v, SMU; 2|,y) — Sh(ly, 1y;zy) — 9(lu; 2y))

(6.12) (1, §h(U;z|,y) — B (1u, 1u; fxfy)).

Then, a direct computation gives

Py U.r) Fewa),wy = v, 9(U;ylz) +Fh(U; z|,y) — b (1u, 1u; fzfy)),

CR(U,) F(Uy) P,2), U,y = (Lus W (Uszl,fy) + g(U; zly) — B’ (1u, 1u; ffy)),

whence the result follows from the coboundary equation Fh(U;z|,y) = b/ (U;fz|,fy) + 0g9(U; z|,y).
Finally, the coherence conditions in (8.13) trivially hold since ¢y .y (v.e) = L(v.jz) = P(v,e),(v,2) > fOr any

U € ObC and z € M(U), due to the normalization condition g(U;zle) =0 = g(U;e|x). O

Proposition 8.9 For any braided C-fibred category G, [G] = [th].
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Proof  Suppose that the construction of (IIoG,I1;G,h9) has been made by means of representative U-
objects s(U,z), as in (8.15), U-morphisms TI'y, : s(U,zy) — s(U,z) ® s(U,y), (8.17), and o-morphisms
O5 0 s(V,27) — s(U,x), (8.20). Then, a braided C-fibred equivalence s : Gh° — G is defined by the functor
given by

(0,a) Oz a

(V,27) —= (U, z) > s(V,2°) ——— 5(U, x), (8.34)

together with the structure isomorphisms

cp(U,r),(U,y) = F-T»y : 5((U7$) ® (U7 y)) = S(U7 l’y) - S(U,I) ® S(Ua y)?
w; =1y :sUe) =U——.U.

Since

1. (8.25) (8.21)
s(Lw.ey) = s, ALy, Lus2) ™) =" s(lu, Lywa) = Oy elswae) = lswa,

and, for (W, z°7) @; (V,z7) (U—ag (U, z) any two composable morphisms in ghg,
s((o,a)(1,b)) = s(or,ba"h9 (0, 7;x)) = Oy zba”h9 (o, T; 1)
(8:24) O5,20: z0ba’ (8.19) Op5aOr 40b = s(0,a)(T,b).
s is actually a functor, which is clearly C-fibred. The structure constraints ¢ of s are natural since, for any
two o-morphisms (o,a) : (V,2') = (U,z) and (o,b) : (V,y') — (U,y) in Gh,

W) (U $((0,0) @ (0,0)) =Ty s(o,2b yla ho32ly) ™) =Ty Oy b yia h¥(o;zly) ™"

(8.16)

U2 (000 ©0,) Tory 2lb v "2 (0,0 © 0,,) (180) (a©1) Tury

= (@0‘,1; a® @gvy b) F:E/,y/ = (S(O'7 a) ® S(U, b)) SO(V,m’),(V,y’)'

Furthermore, the coherence conditions (8.13) for s trivially follow from the equalities in (8.18) whereas those in
(8.11) and (8.12) are, respectively, a direct consequence of the own definition of h9(U;xz|y|z) and h9(U;z|,y)
in (8.23), since

8.25)
='s

( (8.21)
5 Q(U,2),(Uy),(U,2) (Lo, b9 (Us zly|2)) = O1y wyh (Us zlylz) =" 1Y (Uszlylz),

(8.25)
='3

(8.21)
S CU.a),(Uy) (g, kS (Us |,y)) = O14 2yh® Uszl,y) =" h8(Usxl,y).

If U is any object of C, then every U-object X of G is U-isomorphic to s(U, [X]), and therefore the
functor s : GM — G is essentially surjective. If o : V' — U is a morphism in C, for any objects (V,z') and
(U, x) of th, there is a o-morphism in G" from (V,2') to (U,x) if and only if 2’ = 27, that is, if and only
if there is a o-morphism in G from s(V,z') to s(U,z). Moreover, in such a case, since ©, , is cartesian, the

mapping (8.34) establishes a bijection between the set of o-morphisms in G"° from (V,2") to (U,z) and the
set of o-morphisms in G from s(V,z') to s(U,z). Therefore, the functor s is full and faithful. Hence, by

Lemma 8.2, s is a braided C-fibred equivalence. O
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9. The special case of presheaves of abelian groups

In this section, we review how our results specialize when we limit our attention to presheaves of abelian groups

C°P — Ab (i.e. C°P-modules) instead of general presheaves of commutative monoids C°? — CMon.

Let B be a C°P-module (written multiplicatively). The canonical embedding

CP S H(B), (ULV)e (Ue) 29 (v,e)),

is an equivalence of categories, since for any object (U,z) of H(B), the morphisms (1y,z) : (U,e) — (U, x)
and (1,27 1) : (U,x) — (U,e) are mutually inverse of each other. Then, there is an induced equivalence of
categories

H(B)-Mod ~ C°®*-Mod, A~ A|cer, (9.1)

whose quasi-inverse sends a C°P-module A to the H(B)-module, equally denoted by A, such that A(U,z) =
A(U) and y.a =a for any U € ObC, z,y € B(U), and a € A(U). For any H(B)-module A, the isomorphism
of H(B)-modules

F: A= Alcor

is given by the isomorphisms of abelian groups z; ! : A(U,z) = A(U,e).

Hence, there is no loss of generality in assuming that the coefficients A for the rth-level cohomology
groups H'(B,r, A) of a C°P-module B are simply C°P-modules, regarded as H(B)-modules as above. For
these, most of our constructions and results are rewritten in a simpler way and revise many of the previously
established facts on the topic by Calvo-Cegarra—Quang in [8] and by Cegarra-Khmaladze in [11] and [12]. Notice
that, when we plug a C°P-module A into the complex of cochains C¢(B,r, A) of Section 5, we just obtain (up
to normalization) the cochain complex shown in [8, §3] to compute the cohomology groups of B with coefficients
in A.

For instance, Theorem 6.2 specializes by giving, for any C°P-modules A, BB, a natural isomorphism
H?(B,2,A) = Homces (B, A).

The main result in Section 7 particularizes here by giving the cohomological classification of isomorphism

classes of coextensions of C°P-modules of B by A, so that there is a natural isomorphism
H?(B, 2, A) = EXtCOP (B, ./4)

Notice that in a commutative group coextension & = (£,f,+) of B by A, as defined in Section 7, every monoid
E(U) is a group, so that & is actually a C°P-module. In effect, let v € £(U) and suppose that fu = x. Let
us choose any u' € £(U) such that fu’ = x~!. Since uu’ € £(U,e), we can write uu’ = a + e for some
a € AWU). Then, by (7.1), u(—a+u') = —a+a+e = e and u is invertible in E£(U). Furthermore, the

isomorphisms i : A(U) = E(U,e), a — ia = a + e, define an isomorphism of C°P-modules i: A = Ker(f), so

that we are in presence of a short exact sequence of C°P-modules 0 — A Lel B 1. And conversely,
any such short exact sequence can be regarded as a group coextension, where the simply-transitive actions
+: AWU) x E(U,z) — E(U,z) are given by a+u = iaw. This way, we see that a group coextension of B by A

is the same thing as a coextension of B by A in the abelian category of C°P-modules.
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The results in Section 8 specialize here by giving a cohomological classification of braided C-fibred
categorical groups and Picard C-fibred categories, that is, braided or symmetric C-fibred categories G which
are locally compact in the sense that, for any object U of C and any U-object X of G, the endofuntor
X®—: Gy — Gy is an autoequivalence. We should mention here the work of Breen in [6, 7] (see also Aldrovandi
and Noohi [1]), where he offers an excellent discussion about the cohomology classification of symmetric and
braided categorical group stacks over an arbitrary site C. However, Breen’s results are far from being as explicit
as ours in this work in terms of cocycles when C is discrete.

Notice that, if G is a braided C-fibred categorical group, the presheaf IIpG : C°? — CMon is actually
a presheaf of abelian groups, that is, a C°P-module, since for any U-object X of G there is a U-object X'
with a U-morphism X ® X’ — (U, and therefore [X'] = [X]7! in I[,G(U), that is, II[pG(U) is an abelian
group for any object U of C. By (9.1), the H(ITG)-module II;G is isomorphic to the C°P-module IT;G|cop ,
which is simply given by U ~ Autg, (:U), and the classifying system (IIoG,11;G,[h9]) becomes isomorphic
to (IToG, 1 G|cop, [§+h9]). Furthermore, for any C°P-modules A, B, and any cocycle h € Z4(B,2,A), the
associated braided C-fibred category G" in Proposition 8.6 is easily recognized to be a braided C-fibred
categorical group, which is a Picard C-fibred category if h € Z2(B,3,.A). Then, Theorem 8.5 particularizes as

follows.

Theorem 9.1 The mapping [G] — [HoG,111G|cor, [§+hY]] establishes a natural one-to-one correspondence
between equivalence classes of braided C-fibred categorical groups (resp. Picard C-fibred categories) and
isomorphism classes of classifying systems [B, A, c], where A and B are C°P-modules and ¢ € H(B,2,A)
(resp. c € H2(B,3,A) ).

To finish, let us recall that a Picard C-fibred category G is termed strictly commutative whenever

its symmetry constraint satisfies ¢x,x = lxgx, for any X € ObG. If B and A are C°P-modules and
h € Z5(B,3,A), then the associated Picard C-fibred category G becomes strictly commutative if and only
if h(U;z|,x) = 0, for any object U of C and = € B(U). Then, thanks to the universal coeflicient exact
sequence 0 — ExtZo, (B, A) — H%(B,3, A) — Homco»(B/B?, A), where the last homomorphism carries a
cohomology class [h] € H2(B,3,A) to the homomorphism of C°P-modules which, at any object U of C, is
the homomorphism ¢, : B(U)/B(U)? — A(U) given by qu[x] = h(U;z|,z), we see that que G" is a strictly
commutative Picard C-fibred category if and only if [h] € Extg.,(B,.A). Thus, we recover from Theorem 9.1 the
well-known result by Deligne [13, Proposition 1.4.15] showing that equivalence classes of strictly commutative
Picard C-fibred categories are classified by isomorphism classes of classifying systems [B, A, c], where A and

B are C°P-modules and ¢ € ExtZ., (B, A).
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