Turkish Journal of Mathematics Turk J Math

(2021) 45: 2382 — 2392
© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-2002-89

http://journals.tubitak.gov.tr/math/

A third-order p-laplacian boundary value problem on an unbounded domain

Samuel Azubuike IYASE®, Ogbu Famous IMAGA*
Department of Mathematics, Covenant University, Ota, Ogun State, Nigeria

Received: 21.02.2020 . Accepted/Published Online: 16.08.2021 . Final Version: 29.11.2021

Abstract: In this work, we apply Leray-Schauder continuation principle to establish the existence of at least one solution

to the third order p-Laplacian boundary value problem on an unbounded domain of the form

(w(t)pp(u” (1)) = K(t,u(t), w'(t),u” (t)),t € (0, 00)

t—o0

m i
u(0) =0, u'(0) = Zai/o u(t)dt, lim (w(t)e,(u”(t)) =0

=1

under the nonresonant condition > " a;&? # 2.
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1. Introduction
The purpose of this paper is to obtain existence of at least one solution for the third order p-Laplacian boundary

value problem
(w(t)pp(u”(t)))" = K(t,u(t),u'(t),u"(t)),t € (0,00) (1.1)

&i
0

/ o ] o . " .
W= [ 0 u0) = 0. fim (o), (") = 0 (12)
where
op(s) =] s P72 s, K :[0,00)xR3 — R is a Caratheodory function with respect to L*[0,00), a; € R(1 <i <m),
1 m
0<& <& <o <&n<l.wlt)>0te0,00),we Cl0,00)NCHO,00), o € L'0,00) and Y_1", a;&2 # 2.

The condition 221 a;&? # 2 is critical since we require a trivial kernel for the differential operator. The
boundary value problem (1.1)—(1.2) is then said to be at nonresonance. In [6] we proved the existence of

solutions for the boundary value problem.

(qt)u” (t)) = f(t,u(t), v (t),u"(t)),t € (0,00) (1.3)

m &i
W) =Y a /O u(t)dt, u(0) =0, lim q(t)u"(t) = 0 (1.4)
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under the resonant condition Y 1" ;&2 = 2.

The method of investigation in [6] was based on coincidence degree arguments. In this work, we shall utilise
topological degree methods based on the Leray-Schauder degree theory [10]. The contribution of this paper is
to extend the results of (1.3)—(1.4) to a p -Laplacian boundary value problem where the differential operator

has trivial solutions.
Boundary value problems on an unbounded domain with integral boundary conditions have various

applications. For example they are used to model, the steady flow of gas through a semi-infinite porous
medium, theory of drain flows, blood flow models. Boundary value problems with p - Laplacian operators also
have applications in non-Newtonian mechanics, nonlinear elasticity, glaciology, etc.
For some recent works where Leray-Schauder principle has been applied for boundary value problems on
unbounded domain or half-line see [1, 2, 4, 6-8] and references therein.

This paper is organized as follows. In Section 2 we present some background definitions, theorems and
a-priori estimates that will be used in the proof of the main existence results. In Section 3 we prove the main

existence result. Section 4 will be devoted to providing an example to demonstrate our results.

2. Preliminaries

In what follows, we shall use the following definition and lemmas.

Definition 2.1 The mapping f : [0,00) x R" — R is an L]0, 00)- Caratheodory if the following conditions hold

(i) for each z € R"™, f(t,z) is Lebesque measurable;
(i) for a.et € (0,00), f(t,2) is a continuous on R"™;

(iii) for each r > 0 there exists a, € (0,00) such that for a.et € [0,00) and every z such that | z |< r we
have | f(t,2) |< ax(t)

Let ACI0,00) denote the space of absolutely continuous functions on [0,00). In what follows we shall utilise

the following spaces

X :{u € 0?0, 00), (wp,(u")))" € AC0, 00),

(2.1)
Jim et ulD(t) | exists for 0 < i <2, (wy,(u")) € L0, oo)},
— 00
| ull=maz | sup e Ju(t)|, sup e [u'()], sup e |u"(t) |- (2.2)
t€[0,00) te[0,00) te[0,00
Thus X is a Banach Space . Let Z = L]0, 00) with the norm
lolh= [ v ld yez (23)
0
Define the mapping N : X — Z by
Nu(t) = K(t,u(t),u'(t),u"(t)), t€]0,00) (2.4)
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In this work, we shall utilise the Leray-Schauder continuation principle which has been applied in many papers
in the literature. However since [0, 00) is not compact, the compactness principle on the bounded interval [0, 1]
cannot be applied here. We shall rely on the following compactness criterion.

Lemma 2.2 [1] Let H C X. Then H is relatively compact in X if the following conditions are satisfied

(i) H is bounded in X ;

(ii) The family W' = {wi 2 (t) = et (t),t > 0,u € H} s equicontinuous on any compact subinterval of
[0,00) fori=0,1,..n—1;

’

(iii) The family W' = {1/)1- ci(t) = e tut(t), t > 0,u € H} is equiconvergent at infinity for i =0,1..n — 1.

We shall need the following constants

1 1
15— 15— m | €2
A= e 1 ‘ p 1 +€71 S|P 1 Zz:l lna |§z2 (25)
Wiy Wiy |2 =300 aigf |
1 1
1lp = 1lp = m | g2
B:H‘p 1+H p—1_ inleil& i (2.6)
Wil Wil 12200 s | €|
1
1|p—1
c=|=|P 2.7
o &
Lemma 2.3 Let h € Z. Then the unique solution of the equation.
(w(t)pp(u”)))” = h(t),t € [0,00) (2.8)
subject to (1.2) is
/ / ! / " h(r)dr ) drd
r
©q w(r T S
(2.9)

2_2_2%1%5”1 /&//wq( )soq(/ h(r dT)drdsdt.

Proof From (2.8) and (1.2) we derive

and hence

//%(qub) (/ h(r dT)drds+tu(0)
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Therefore from (1.2) we obtain

o= 228 [ [ ) o [ 10

Hence (2.9) follows. O

Lemma 2.4 Let h € Z. Then the solution (2.9) satisfies

1
e ult) [< AR IP T (2.10)
L
et ut)|<B | h|P 1 (2.11)
and
e
ety <o nP L (2.12)
Hence,
1
p—1
| u || < max(4, B,C) | h|P L. (2.13)

Proof From (2.9) we obtain

et u(t)|=et

~f [ ) oo ([ o)

st ) Lo () oo ([ o) o

< UL e () e (o) o

s R (o RIVAIERIE e
i

<[ sup et P!
te[0,00)
1
_ eril | (67 | & /t /S 1 1

+2 sup e 't = g | ——— ) drdsdt| || b ||P

t€[0,00) 122" a2 [ Jo Jo Jo TP\ w(r) | !

1 1

oy Lp—1 - p—1 Yo | & —1

=le =17 +e 1||*||1 . (RN F

|2*Z:’;1 041512 ‘
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using (2.5), we get
1

_ —1
et lu(t) |= Al B IIY

o[ o)

et () | = et

g [ o () o ([ i) s
< [ [ () o0 () 100 1) s
+|le:131£ s / [ oo () oo ([ 1t ) s

M R L
Wil Wil |2 =32 it} |
and from (2.6), we have
L
_ -1
@) =B RIPT
e (t) | =e" g < 1 > ©q (/Oo h(T)deT> ds
w(t) t

IA

1 1
lllp—1 -1
~||P h p

IN

from (2.7), we have
1

_ —1
(W) |=C P

Hence
1

p—1
|l w||< max(A, B,C) || b ||{

Define M : Z — X by

// ( ) q(/mh( )dr)drds
Qtzjlfg /5/ / wq(ﬂ)b) (/roch(T)dT> drdsdt.

2386
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Then M is well defined for all h € Z and is the unique solution of the differential equation

(w(t)pp(u” (1)) = h(t) a. e t € (0,00),

subject to the boundary condition (1.2).
Let T=MN : X — X be defined by

// ( ) (/ h(r dT)drds
_%%leojgl /f’//¢q< )‘Pq(/ h(r dr>drdsdt

for a.et € [0,00). Then T is well defined. We use the compactness criterion in Lemma 2.1 to prove that T is
compact.

Lemma 2.5 The mapping T : X — X is compact.

Proof Let H C X be bounded i.e there exists 7 > 0 such that | u |< 7 for all u € H. Since K : [0,00) xR3 — R
is L]0, 00) Caratheodory there exists a, € Z such that | Nu(t) |< a,(t) for all t € [0,00) and all u € H.

For u € H, we have

e | Tu(t) | = // ( ) (/ Nuf )d7>drds
_(22@; wa [ Lo () v ([ vt
<, Lo () oo [ 05wt
= 11|§fg| L e () o ([ v v
<Alla u?j , (2.18)
ot o )

s 221 1125 /5/ / %( )% </ Nuf )dT)drdsdt‘
< g [ [ () o ([ 1000 107 )ar
T liig' e () o ([ v e s

—1
< Bl ar IIf) ; (2.19)
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el ([ )
(k) ([ 190014

1

—t

()] =

-1
<Cla ™. (2.20)

(2.18), (2.19) and (2.20) implies that

1 1

—1 —1
| T ||< max(4, B,C) | ay |~ " =D || v |If (2.21)

Thus T(H) is bounded in X .
To prove equicontinuity of T'(H), let ¢1,ts € [0, L] where L € (0,00) with ¢; < to then

(T (T || [ [~ (Tu)(s))

:‘ /t t _e=* [Tu] (s)ds + / ® = (Tl (s)ds

ty

< / e | Tu | (s)ds + / " s Tl () | ds

t1 t1

1

<ty — 1) | Tu | < 2D(ts — t1) [| e [P~ 1 5 0 as 1 — o

Similarly,

e (Tu) (t2) — e~ (Tw) (1) | = ] / et (Tuy ()] ds

‘ T (Tu) (s) + e *(Tw)"(s)] ds

1

< 2ts—t1) || Tu |< 2(ta —t)D [ ar [P ™1 5 0 s t1 = to,

and
1 > 1 >
| e 20, (Tu)" (t2) — e ", (Tu)" (t1) |= ‘ —et2 Nu(r)dr + e 't —— Nu(t)dr
w(tz) Jy, Wity Jiy
et et >/°° et [

= — Nu(r)dr — 7/ u(T)

‘ (U}(tl) U)(tQ) to U}(tl) ta t1

e_t —t1 to

< [ e lln + | a(7) | dT — 0 as t1 — ta.

w(ty) ’ Jwtr) | J;,

Therefore | e=2(Tu)" (t3) — e 1 (Tw)"(t1) |— 0 as t; — ta.

The above computations shows that the set T(H) is equicontinuous on every compact subinterval of [0, c0)
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Next we show that T'(H) is equiconvergent at infinity. For u € H, we have

(T ) < et V [ o () oo ([ 1vatoyar)
ot zt|1°;|§ |/§’/ / %( 0 (/OOONU(T)MT))drdet]

n_1 | o | &i
+ 2| a5 p i 1 / // ( )drdsdt —0ast— oo
|| ||1 |27 10416 | Sﬁq

et |(Tw) (1) |< e V e (g ) oo ([ 1vatr) 1ar)an
+2|2_z 1|10‘O;|£ I/gl// ( ))<pq</roo|Nu(7)|dT>drdsdt1

_ 1 -1
<e tll I o ||f’

n—1 | a | &i
+2 ar ||P Lic / //go ( )drdsdt — 0ast— oo,
L > v =1 :

and

et | (Tu)'(5)] < [wq (rogrr) e ([ 1vato) 1 ar)

1

_ 1 1
wq( )noonarw L 0ast s oo

This proves that T'(H) is equiconvergent at infinity. Therefore from lemma 2.1 we conclude that T(H) is
compact. The continuity of 7" can be proven using the Lebesque dominated convergence theorem. This proves

our lemma. 0

3. Existence result

We are now ready to prove our main existence Theorem.
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Theorem 3.1 Let K : [0,00) xR3 — R be an L'[0,00) Caratheodory function. Suppose that there exist positive
functions a;, b : [0,00) — [0,00),a;,b € L'[0,00),i =1,2,3 such that

K (. 2) [< 07D [ar(t) | ult) [P) +ast) | o/(t) [ +as(t) | w(2) 1] + b(t)

a.e t €[0,00) with DP~! Z§:1 Il a; 1< 1, where the constant D is defined in (2.21). Then the boundary value
problem (1.1) - (1.2) has at least one solution for every b € L'[0, 00)

Proof Let u be any solution of the A dependent differential equation

(w(t)pp(u” (1)) = AK(t,u(t), v’ (t),u" (t)) a.e t €[0,00),A € [0,1] (3.1)

Subject to the boundary condition (1.2)
Then

I (w(®)eop(u” ()" [ = Al Nu |1

<lFax ol w 7=+l az lllw 1770+ as [l w P75+ 110 1

From (2.17) we obtain

3
<DP'Y lai lll All+ 116 1L

3
=prt Z IFas [l1ll (w(®)ep(u” ()" L + 110 [l
which yields
3
(1 - Z @i lx D”‘1> I (w(®)eop(u” () 1< b IIx

or

" / ” b ”1
w(t)ep(u 1<
IO O IS Ty

and from (2.17) we obtain
1

AR
_ 3
L—Dr=1570  lailh

(3.1)—(1.2) are a - priori bounded by a constant independent of A and of solutions. The theorem is therefore

_ -1
| w < D (w(t)e,” @) [P 1 <D < )p . Therefore the set of solutions of

proved. O

4. Example

Consider the boundary value problem

O] = e | LA O L o |0

(t+5)2  10(t+1)3 0e+r T b(t) (4.1)
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wit)=e'p=3q=1
where b € Z,b(t) >0

| K(t,u,u’,u") |=e 2 ] v [ + coth& +b(t)
N (t+5)10(t+1)3 10(t 4+ 1)%
1 1 1

() = g 920 = e 0 = [y

) |
(t+5)  10(t+1)3  10(t+ 1)4] +b(t)

1 1 117

3 _ _ _
S leilh= 5+ 55+ 36 = o

1 1
ap =8, a; =76 = \/3—2752 \/ﬁ
. 1 1 1
Zi=10‘i5¢2*1+*2*§7£2
Azgefl,BfQC:
)
6
D =max(A,B,C) = 5
6 17 51
pr-1573 =2 x — =~ <1
S e h= (O x = 2 <

Therefore by Theorem 3.1 problem (4.1)—( 4.2) has at least one solution for every b € Z.
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