Turkish Journal of Mathematics Turk J Math

(2021) 45: 2731 — 2745
© TUBITAK

T U B | TAK Research Article doi:10.3906/mat-2104-24

http://journals.tubitak.gov.tr/math/

On the extension of Hermite-Hadamard type inequalities for coordinated convex
mappings

Mehmet Zeki SARIKAYA*®, Dilsatnur KILICER
Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, Turkey

Received: 05.04.2021 . Accepted/Published Online: 31.10.2021 . Final Version: 29.11.2021

Abstract: In this paper, we obtain an important inequalities for coordinated convex functions and as a result of these
inequalities we give the extension of Hermite—-Hadamard type inequalities for Riemann—Liouville fractional integral and

logarithmic integral. The inequalities obtained in this study provide generalizations of some result given in earlier works.
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1. Introduction

The Hermite-Hadamard inequality discovered by C. Hermite and J. Hadamard see, e.g., [12], [25, p.137]) is one
of the most well established inequalities in the theory of convex functions with a geometrical interpretation and
many applications. These inequalities state that if f : I — R is a convex function on the interval I of real
numbers and a,b € I with a < b, then

f<a+b>§ 1 a/bﬂx)dmgf(“)JFf(b), (1.1)

2 b—a 2

Both inequalities hold in the reversed direction if f is concave. We note that Hermite-Hadamard inequality may
be regarded as a refinement of the concept of convexity and it follows easily from Jensen’s inequality. Hermite—
Hadamard inequality for convex functions has received renewed attention in recent years and a remarkable
variety of refinements and generalizations have been studied (see, for example, [3], [8]-[15], [16], [23], [24], [32],
[37], [38], [42]).

A formal defination for coordinated convex function may be stated as follows: Let us now consider a
bidemensional interval A =: [a,b] x [c,d] in R? with a < b and ¢ < d. A mapping f: A — R is said to be

convex on A if the following inequality:

holds, for all (x,y), (z,w) € A and ¢ € [0,1]. A function f: A — R is said to be on the co-ordinates on A if
the partial mappings fy : [a,b] = R, f,(u) = f(u,y) and f, :[c,d] = R, f;(v)= f(z,v) are convex where
defined for all x € [a,b] and y € [¢,d] (see [11]).
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Definition 1.1 A function f : A — R will be called coordinated canvexr on A, for all t,s € [0,1] and
(x,y), (u,w) € A, if the following inequality holds:

fz+ (1 —t)y,su+ (1—s)w)

< tsf(zyu) +s(1—t) f(y,u) + (1 —s)f(z,w) + (1 —8)(1 — 9)f(y, w). (1.2)

Clearly, every convex function is coordinated convex. Furthermore, there exists coordinated convex
function which is not convex (see, [11]). For several recent results concerning Hermite-Hadamard’s inequality

for some convex function on the coordinates on a rectangle from the plane R?, we refer the reader to ([1], [2],[4],
(1], [17], [18], [19]-[22], [29],(33], [35], [36], [39], [40]).

Now, we give the definitions Riemann-Liouville fractional integrals for two variable functions:

Definition 1.2 [29] Let f € Ly([a,b] x [c,d]). The Riemann—-Liowville fractional integrals Jﬁfc+7 Jg‘_fd_,
Jba_’éw and Jf‘_’{ad_ are defined by
y

Jaajchr (x,y) = m//(x — t)a_1 (y — s)’B_l f(t, s)dsdt, x>a, y>c,

x d
() p—— / / (x— 12" (s — )"~} f(t,5)dsdt, @ > a, y<d,

by
1 ae _
(O p—— / / (t— )™ (y— )" f(t,s)dsdt, ©<b, y>oc
and

b d
Jlf‘;’d_f(x,y) = m//(t—w)()ﬁ1 (s—y)ﬁf1 f(t,s)dsdt, x<b, y<d.
Ty

Similar the above definitons, we can give the following integrals:
T f(e) = o / (=0 f(c)dt, >
atf(2,0) = & @ x ,odt, x>a

a

Tt @) = ooy [ e = 077 fedyit, 2> a

y
1
C+fay 7/ fla,s)ds, y >,
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and
d
9 f(by) = ﬁ / (s — )" f(b,5)ds, y<d.
Yy

One can find some recent Hermite—Hadamard type inequalities for function of one and two variables via
Riemann—Liouville fractional integrals in ([1], [5], [6], [7], [26], [27], [28], [30], [31], [34], [36], [39], [41], [43]-[45]).

The aim of this paper is to establish an important inequalities for coordinated convex functions and as a
result of these inequalities we give the extension of Hermite-Hadamard type inequalities for Riemann—Liouville
fractional integral and logarithmic integral. The results presented in this paper provide extensions of those
given in [11] and [29)].

In [42], Zabandan gave the following important inequalities associated with the Hermite-Hadamard

inequalities and he gave a few inequalities regarding the special cases of these inequalities.

Theorem 1.3 Let f: [a,b] = R be a positive convex function on [a,b] and h: [0,1] = R be a positive function
such that h € L([0,1]). Then the following inequalities hold

b

/(55 2ot | B0 o0 () 22328

1
where I, = [ h(t)dt
0

2. Main results

Throughout this section, we will use the following sympols

Hy(2) = In (Z_Z) +hy <”Z_Z>
S

1 1
Iy, = /h1 (t)dt and Iy, :/h2 (s)ds.
0 0

and

In this part, we will give the following inequalities by using convex functions of 2-variables on the coordinates.

Theorem 2.1 Let f: A C R? — R is coordinated conver on A := [a,b]x [c,d] in R? with 0 <a<b, 0 <c<d
and f € Ly (A) and hy,hg : [0,1] = R be two positive functions such that hq,hy € L([0,1]). Then, one has the

inequalities:

a c b pd

(505 oy [ @ i e s (2.1)
(00) 4 () + (0.0 + f (0.d)

< : |
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Proof According to (1.2) with x =ta+ (1 —¢)b, y=(1—t)a+1tb, u=sc+ (1 —s)d, w=(1—s)c+ sd and

tzs-n we find that
a+b c+d
(55

i (b + (1 6)b, sc+ (1 — s1)d) + f(ta+ (1 — )b, (1 — s)e + sd) (2.2)

IN

+f((1=t)a+tb,sc+ (1 —s)d) + f((1 —t)a+tb, (1 — s)c + sd)] .

Thus, multiplying both sides of (2.2) by hq (t) h2 (s), then by integrating with respect to (¢,s) on [0, 1] x [0, 1],

we obtain
a+b c+d Lot
f ; hy (t) ho (s) dsdt

i [/0 /0 hy (t) ho (s) [f(ta + (1 — )b, sc + (1 — s)d) 4+ f(ta+ (1 — t)b, (1 — s)c + sd)] dsdt

+/ / ha () ha (8) [f (1 — t)a + th, sc + (1 — $)d) + (1 — t)a+ t, (1 — s)c + sd)] dsdt| .
0 0

Using the change of the variable, we get

f<“;b,cgd) /Ol/olhl () ha (s) dsdt
=

//hl (Zz>h2<zz>f(:c,y)dydx
//hl <§:a> (H)f(x,y)dydx
//hl (i_a> (Zt)f(x,y)dydx}

which the first inequality is proved. For the proof of the second inequality in (2.1), we first note that if f isa

coordinated convex on A, then, by using (1.2) with x =a, y =b, u=c and w = d, it yields

flta+ (1 —=t)b,sc+ (1 —s)d) <tsf(a,c)+s(1—1t)f(bye)+t(1—s)f(a,d)+ (1—1t)(1—s)f(b,d)
fla+ (1 —-t)b,(1—s)c+sd) <t(l—s)f(a,c)+ (1 —1t)(1—s)f(bc)+tsf(a,d)+ (1 —1t)sf(b,d)
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fF(A=ta+thsc+ (1—s)d) <(1—-1t)sf(a,c)+ stf(bye)+ (L —¢)(1—s)f(a,d)+t(1—s)f(b,d)

and

F(1=t)a+tb, (1 - s)ec+sd) < (1—t)(1 - s)f(a,c) + (1 — 8)f(b,c) + (1 — t)sf(a,d) + tsf(b, d).

By adding these inequalities, we have
fla+ (1 —=t)b,sc+ (1—9)d)+ f(ta+ (1 —1t)b,(1 —s)c+ sd)
+£ (1 =t)a+th,sc+ (1 —s)d) + f ((1 — t)a + tb, (1 — s)c + sd) (2.3)
< fla,e)+ f(bc) + f(a,d) + f (b, d).

Then, multiplying both sides of (2.3) by hj (t) ha (s) and integrating with respect to (¢,s) over [0,1] x [0, 1],
we get

/0 /0 By (8) o (5) [f (ta + (1 — )b, sc + (1 — s)d) + f (ta+ (1 — )b, (1 — s)c + sd)
+f (1 =t)a+tb,sc+ (1 —s)d) + f (1 —t)a+tb,(1 - s)c+ sd)] dsdt

< [flare) + f(b,) + fla,d) + £(b, )] /O /0 b (£) o (5) dsdt.

Here, using the change of the variable we have

+
m\@
r\

Q
>
iy

N
SRS

[
SERS
~__
>

[V

/N

Q=
[
olo

) [ (2,y) dydx

L) ) dys

z:c) f(w)dydx}

o

fla,e)+ f(a,d)+ f(b,c)+ f(b,d) [* [

The proof is completed.

Remark 2.2 If in Theorem 2.1,
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i) we choose hy (t) =t, ha(s) =s on [0,1], then the inequalities (2.1) become the inequalities

¢ C b d a,cC a C
(LS P N U 0 O {CC SRS (SRS (X

which are proved by Sarikaya and Yaldiz in [28].

ii) we choose hy (t) =t (a > 0), hy(s) =s°"1(B>0) on [0,1], then the inequalities (2.1) become
the fractional integral inequalities

f<a—|—b c—|—d>

2 72

INa+1DI'(B+1 o o o o
e [t 00 T2 0.0 4 S0 ) T F )

fla,e)+ fla,d) + f(bc)+ [ (bd)
- 4

which are proved by Sarikaya in [29].

Corollary 2.3 Under assumption of Theorem 2.1 with hy (t) = (—Int)* " (a > 0), hy (s) = (—Ins)’ ' (8 > 0)

on [0,1], we get the following logarithmic integral inequalities
a+b c+d
2.
() (25)

1
A()D(B) (b—a) (d —¢)

L FE R
| 1E=) e =) P

fla,c) + f(a,d)+ f(bc) + f (b d)
- 4

IN

Corollary 2.4 Let f: A CR? — R is coordinated conver on A := [a,b]x[c,d] in R? with 0 <a<b, 0<c<d
and f € L1 (A). Then, one has the inequalities:

a+b c+d
(550 (2.6

(b—a)l(d—c)/ab/cdf(%y)dydx
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v
4(b—a)(d—c)

S G =)
Al ()] [ G e

fla,c) + f(a,d)+ f(b,c) + f (b, d)
. :

IN

IN

Proof From (2.4), we have

a+b c+d
(5 (2.7

< (b_)l(d_)//f(x y) dydz

a+b L+d aT+b d
(b—a s {/ / xy)dydx—f—/a /ngf(x,y)dydx
e b d
f(2,y) dyd:v+/ / f(z,y) dydw} :
aT+b c«;d

and y = <£* in the first integral of right side of (2.7), using inequaliy (2.4) and

By change of variable z = 4%

from Fubini Theorem, we get

u.+b c+d t
/ / o,y) dyde — // (‘” C“)dsdt

1 b pd 1 t s
< — .
< [ [ (aea [ [ ) o

// // U sdt) F ey dyd
= = 5 x,y) dydz

, a0
b pd _ _

= 1// (lnb a> (lnd C)f(x,y)dydx.

4/, Je T —a y—c

By similar way, using change of variable 2 = ¢* and y = d;rs, x:% and y = <52, xz% and y:%

in the other integrals of right side of (2.7), respectively, we have

/a+b/ Fwy)dyde = // (““ d+s)dsdt

2737



SARIKAYA and KILICER/Turk J Math

IN

L (s | [ 1)
B //( 2_a> <ln3:;)f(%y)dydm,

// flz,y)dyde = // (b+tc+s)dsdt

< //( - s_c//fxydydx>dsdt

A )
/aib/:df(x,y)dydx = // (b+t d+s>dsdt

< //( b= 1) _S//fxydydx>dsdt

[ ) 85 e

By above calculated integrals, writing instead of the (2.7), and using the last inequality of (2.5) for a = 8 = 2,
a+b c+d
(550
1 b pd
— dyd
(b_a)(d_c)/a / [ (@,y) dydx
b—a d—c
1 In—— d
4(b—a —c) {// (nx—a>( y—c>f(x’y) ydz
b pd -~ -~
—|—/ / (lnb a> (lndc>f(x,y)dydx
o Je T —a d—y
[ (=) () s

we get

IN

IN
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’ /ab/cd (ln Z:D <lnj:;) f(z,y) dydx}

fla,0)+ fla,d)+ f(bc)+ f(b,d)
- 4

which is proved the inequalities (2.6). O

Theorem 2.5 Let f: A C R? — R is coordinated convez on A := [a,b] x[c,d] in R?* with0<a<b, 0<c<d

and f € Ly (A) and hy,ho 1 [0,1] = R be two positive functions such that hy,ha € L([0,1]). Then, one has the
inequalities:

f<a—21-b7c—|2—d> (2.8)
1 b c+d 1 d a+b
< i @ (=5 e gy [ mws () a

b pd
41y, I, (bia) (d—c)/ / Hi (z) Ha(y) f (2, y) dydx

IN

IN

1 b b
811, (b—a) V th (““’)fW)dH/a H, (l”)f(l‘,d)da:]

1 d d
+m l/c Hy(y)f (a,y) dy+/c HQ(y)f(b,y)dy]

fla,e) + f(a,d)+ f(b,c) + f(b,d)

< .
- 4

Proof Since f : A — R is convex on the coordinates, it follows that the mapping ¢, : [¢,d] — R,

9:(y) = f(x,y), is convex on [¢,d] for all = € [a,b]. Then by using inequalities (1.3), we can write

c+d 1 ¢ 9a (€) + ga (d)
0 (57) < g | sty < 2 OTD o

That is,

d
f(%c—;-d) < m/p Hy(y)f (z,y) dy
(2.9)

f(x,0) + f(x,d)
2

IN
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for all z € [a,b]. Then, multiplying both sides of (2.9) by m
31

over [a,b], we have

1 ’ c+d
ﬂ,“(b_a)/aHl(x)f(:c, 5 )dx

1
4Ih1[h2 (b —a

b pd
)(d—c)/ / H, (z) Ha(y) f (2, y) dydz

1 b b
< H d H d)dx| .
< T V 1 (@)  (,0) “/a (@) f (2, d) 4
By similar argument applied for the mapping g, : [a,b] = R, g,(z) = f(x,y), we have

1 ¢ a+b
m/p Hs(y) f (2,y> dy

1
<
B 4Ih1[h2 (b - a) (d - C)

/ab /cd Hy (z) Hy(y) f (z,y) dydx

1 d d
=0 VC Hz(y)f(ahy)dy+/c HQ(y)f(b,y)dy] _
Adding the inequalities (2.10) and (2.11), we have

1 b c+d 1 d a+b
e |, 0 (557t gy [ s (5 )

1
2[h1[h2 (b - ar) (d - C)

/ab /Cd H, (x) Ho(y) f (z,y) dydx

IN

IA

1 b b
WV@ Hl(fE)f(CL',C)d.’L'-i-/a Hl(x)f(g;,d)dx]

d d
T Crs l [ i @i+ | Hz(y)f(b7y)dy]

which give the second and the third inequalities in (2.8).
Now, by using the first ineqaulity in (1.3), we also have

a+b c+d 1 b c+d
f( 2 7 2 >§2Ih1(ba)/aH1($)f<$,2>da;

a+b c+d 1 d a+b
(505 Sz [ o (S50 o

and

2740
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by addition,

2 72

c+d a+b
Hy( dx Hy( d
41h1 ) / at ( > 41}12 ) / 2( ( ) Y

which give the first inequality in (2.8).

f<a+b c+d>

Finaly, by using the second ineqaulity in (1.3) we can also state,

1 ’ fla,c)+ f(bo)
- | g < J\B9 TG
s [, @) wede < KO
b
fla,d)+ f (b,d)
<
T b—a /H1 f(x,d)dx 5
f(a,c) + [ (a,d)
<
o1, (d —c/H2 flay)dy < 2
and
f(b,c)+ f(b,d)
<L 7 - N7
2T, (d —c/H2 Fby)dy < 2
which give, by addition, the last inequality in (2.8). O

Remark 2.6 If in Theorem 2.5 with hy (t) =t, ha(s) = s on [0,1], then the inequalities (2.8) become the

inequalities
a+b c+d
(550

’ d
;[bia/f(x,c—;d>dx+dic/ f(a;b,y>dy]
1 b pd
m/a‘/cf(x’y)dydf
b
/fayd“/fbydy}

fla,0)+ fla,d)+ f(bc)+ f(b,d)
0 :

IN

IN

IN

<

which are proved by Dragomirin [11].
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Remark 2.7 If in Theorem 2.5 with hy(t) = t* ' (a>0), hy(s) = s’71(B>0) on [0,1], then the

inequalities (2.8) become the fractional integral inequalities

a+b c+d
f< et )

F(a + 1) c + d c+d
< 4(5_@&[ o f(b,——) + T3 f(a, 5 )}
T+ 1, a+b g patd
+4(d0)ﬁ{ Pt (2 d) + I (B )]
I'la+ 1) 1 . X
< 4((b ja)l (fjc))ﬁ e 0.d) + T30 F0,0) + T30 flasd) + T f(a.c)
S m [T f(byc) + TS f(byd) + T2 f(a,c) + 5 fla,d)]
L(B+1)
+m |:Jc6+f(a7 d)+ J2 f(b,d) + J5 fla,¢)+ T f(b, C)}
< J@oti@d+ibo+ (b

4

which are proved by Sarikaya in [29].

Corollary 2.8 Under assumption of Theorem 2.5 with hy (t) = (—Int)*~" (o> 0), ha (s) = (=Ins)’ ™" (8 > 0)

n [0,1], we get the following logarithmic integral inequalities:
f (a;—b’ c—|2—d>
e [ [ B ] o)
el P B ] ()
mreaa=al | Hln (-
BT B s

IN
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g/ H1<§_)] # fm (b_)}] 1 (0,0 + f (&, )] da

v ) [m(jjj)fﬂ [hl(;l:Z)r_l] 1 (@) + 1 (b.9)] dy

fla,c) + f(a,d) + f(b,c) + f (b, d)
- 4
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