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Abstract: The purpose of this paper is to provide a more general Cameron—Storvick theorem for the generalized analytic
Feynman integral associated with Gaussian process Zi on a very general Wiener space Cq,5[0,7]. The general Wiener
space Cq[0,T] can be considered as the set of all continuous sample paths of the generalized Brownian motion process
determined by continuous functions a(t) and b(¢) on [0,7]. As an interesting application, we apply this theorem to
evaluate the generalized analytic Feynman integral of certain monomials in terms of Paley—Wiener—Zygmund stochastic

integrals.
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1. Introduction
Let (Co[0,T], W, m) denote the classical Wiener space, where Cy[0,T] is the set of all R-valued continuous
functions x on [0,7] with z(0) = 0, W denotes the complete o-field of all Wiener measurable subsets of

Cy[0,T], and m denotes the Wiener measure characterized by

m({z: z(t) < 7}) = u}du.
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Using the Kolmogorov’s extension theorem (for instance, see [13, 22]), the Wiener space Cy[0,T] can be
illustrated as the set of all (continuous) sample paths of the standard Brownian motion process (SBMP).
In [1], Cameron provided an integration by parts formula for functionals on the classical Wiener space Cy[0,T].
In [2], Cameron and Storvick developed the parts formula for the analytic Feynman integral of functionals on
Cy[0,T]. They also applied their result to establish the evaluation formula for the analytic Feynman integral
of unbounded functionals on Cy[0,7]. The parts formula on Cy[0,T] introduced in [1] also was developed in
[17, 20] to establish various parts formulas for the analytic Feynman integral. The parts formula for the analytic
Feynman integral is now called the Cameron—Storvick theorem.

On the other hand, the concept of the generalized Wiener integral and the generalized analytic Feynman
integral on Cy[0,T] were introduced in [11], and further developed and used in [3, 18, 19]. In [3, 11, 18, 19],
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the generalized Wiener integral was defined by the Wiener integral

/ F(Zn(z,))dm(z),
Co[0,T]

where Zj(x,-) is a Gaussian path defined by the Paley-Wiener—Zygmund (PWZ) stochastic integral [15, 16] as
follows:

Zp(x,t) = /0/ h(s)dx(s) with h € Ls[0,T].

The parts formula on the function space C, [0,7T], which is a generalization of the Cameron—Storvick
theorem was provided by Chang and Skoug in [8] and further developed in [6]. The function space C, [0, 7]
can be considered as the set of continuous sample paths of the generalized Brownian motion process (GBMP)
determined by continuous functions a(t) and b(¢) on [0,7]. A GBMP on a probability space (€2, F, P) and a
time interval [0,77] is a Gaussian process Y = {Y;};c[o,7] such that Yy = 0 almost surely, and for any cylinder

set Iy, .. t,.B having the form
Itl,...,tn,B = {UJ S Q: (Y(tl,(U), tee ,Y(tn,W)) S B}

with a set of time moments 0 =ty < ¢; < --- <t, <T and a Borel set B C R", the measure P(l;, . 4, p) of

t,.B is equal to

~~~~~~

j=1

where ug = 0, a(t) is a continuous real-valued function on [0,T], and b(t) is an increasing continuous real-
valued function on [0,7]. For more details, see [21, 22]. Note that choosing a(t) = 0 and b(t) = ¢ on [0,T],
one can see that the GBMP reduces a SBMP (or, Wiener process).

The aim of this paper is to provide a more general Cameron—Storvick theorem for the generalized analytic
Feynman integral associated with Gaussian paths on the function space C,[0,7]. As an application, we
apply our general Cameron—Storvick theorem to evaluate the generalized analytic Feynman integral of certain
monomials in terms of PWZ stochastic integrals.

In order to present our assertions, we assume that a(t) is an absolutely continuous real-valued function

n [0, 7] such that a(0) =0, o/(t) € L?[0,T], and

/0 0/ (&) Pdlal (1) < +o,

where |a|(-) denotes the total variation function of the function a(-), and b(t) is an increasing, continuously
differentiable real-valued function with 5(0) = 0 and ¥/(¢) > 0 for each ¢ € [0,T]. We also assume familiarity
with [6, 8] and adopt the notation and terminologies of those papers. The basic concepts and definitions of the
function space (Cy 5[0, 1], W(C4 [0, T)), 1), which forms a complete probability space, the concept of the scale-
invariant measurability on C, (0,77, the Cameron-Martin space Cj, ,[0,7] and the PWZ stochastic integral

on C4[0,T] may also be found in [4, 5]. In particular, we refer to the reference [7] for the definition and the
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properties of the Gaussian processes Zj used in this paper. However, in order to propose our assertions in this
paper, we shall introduce the following terminologies:
(i) The Hilbert space: Let

T T
L2,[0,T] = {v : / v?(s)db(s) < +oo and / v?(s)d|al(s) < +oo}.
0 0
Then Lib[o, T)] is a separable Hilbert space with the inner product given by

(4, 0)ap = / () () () = / w(t)o(t)d[b(t) + lal (1)),

where m|q);, denotes the Lebesgue-Stieltjes measure induced by [a(-) and b(-).

(ii) The Cameron-Martin space in C, [0,7]: Let
t
wpl0,T] = {w € Cop[0,T) : w(t) = / z(s)db(s) for some z € Li)b[O,T]}.
0
Then C , = C}, [0, 7] with the inner product
T
(wwzley, = [ Dur(®)Dus(ab(e)
’ 0

is a separable Hilbert space, where the (homeomorphic) operator D : C} ,[0,T] — Lib[O, T] is given by

w'(t)
Duw(t) = z(t) =
wlt) = (0 = G
(iii) The PWZ stochastic integral: Let {e,};2; be a complete orthonormal set in (Cy ,[0, 77T, || - ler,)

such that the De,,’s are of bounded variation on [0,T]. Then for w € C}, ,[0,T] and = € Cy[0,T], we define

the PWZ stochastic integral (w,z)™ as follows:

T n
(w,2)™ = lim [ Y "(w,e;)cr , De;(t)da(t)

n—o0
it

if the limit exists. For each w € Cy, ,[0,T], the PWZ stochastic integral (w,z)™ exists for p-a.e. x € Cy[0,T7].

For each w € Cj ,[0,T], the PWZ stochastic integral (w, )™ is a Gaussian random variable with mean (w, a)c |

and variance |w||%, . Furthermore, if Dw = z € L2,[0,7] is of bounded variation on [0,7], then the
a,b El

PWZ stochastic integral (w,z)™ equals the Riemann-Stieltjes integral fOT z(t)dz(t). Also we note that for
w,x € C} 400,77, (w,z)~ = (w,2)cr , -

’
a,

2. Gaussian processes on Cj [0, 7]

In order to present our Cameron—Storvick theorem on the function space C, 4[0,T], we follow the exposition of
[4, 5, 7).
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Let C; ,[0,T] be the set of functions k in C}, ,[0,T] such that Dk is continuous except for a finite number
of finite jump discontinuities and is of bounded variation on [0,7]. For any w € C; ,[0,T] and k € C;; ,[0,T7,
let the operation ® between C7, ;[0,7] and Cj ,[0,T] be defined by

w® k=D (DwDk), ie. D(w® k)= DwDEk,

where DwDFk denotes the pointwise multiplication of the functions Dw and DEk. Then (C7,[0,7],®) is a

a7

commutative algebra with the identity b.
For each ¢ € [0,T], let ®4(7) = D~ XO 0,q(T fo X0, (w)db(u), 7 € [0,T], and for k € C} ,[0,T] with
Dk # 0 myg-a.e. on [0,T] (my denotes the Lebesgue measure on [O,T] ), let Z(z,t) be the PWZ stochastic

integral
Zi(x,t) = (kO P, )", (2.1)

Let v (t) = fot Dk(u)da(u) and let S (t fo (Dk(u))?db(u). Then the stochastic process Zj : C, [0, 7] x

[0,T] — R is Gaussian with mean funct1on

/ Zi(a H)dp(z) = / h(u)da(u) = (1)
@,5[0,T] 0

and covariance function

min{s,t}
/ (Zr(@,8) = () (2@, 1) — y(t)) dpu(x) = / {Dk(u)}?(u)db(u) = Br(min{s, t}).
Ca b[o T] 0

In addition, by [22, Theorem 21.1], Z(-,¢) is stochastically continuous in ¢t on [0,7]. If Dk is of bounded
variation on [0,77], then, for all x € Cy[0,T], Zik(x,t) is continuous in t. Of course if k(¢t) = b(t), then
Zy(z,t) = x(t), the continuous sample paths of the GBMP Y, which consist the function space C,[0,T].
Furthermore, if a(t) = 0 and b(t) = ¢ on [0,7T], then the function space C,;[0,T] reduces to the classical
Wiener space Cy[0,T] and the Gaussian process (2.1) with k(t) =t is a SBMP.

Given any w € C, ,[0,T] and k € C;; ,[0,77, it follows that

(w, Zg(z, )~ = (wO k,z)~ (2.2)

for p-a.e x € Cy[0,T].
In order to establish our Cameron—Storvick theorem for functionals on C,;[0,T], we define a class

Suppe: [0,7] as follows:
Suppc- b[O,T] ={ke€C;,[0,T]: Dk #0 mg-a.e. on [0,T7]}.

Remark 2.1 (i) The space (Suppcgyb[O,T],G) forms a monoid. The variance function b(-) of the GBMP'Y
is the identity in the space (SuppC:.b[O,T]7 ).

(ii) Given a function k in Suppcz’b[o, T, the process Zy, on Cqp[0,T] % [0,T] is the GBMP determined
by the functions . and By .
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For any k € Suppc- b[O, T1], the Lebesgue—Stieltjes integrals

T
lweklz,, = [ (D)D) db)
’ 0

and

(wOk,a)c, :/0 Dw(t)Dk(t)Da(t)db(t) :/0 Duw(t)DE(t)da(t)

exist for all w € C, [0, 7]. Using equation (2.2), one can see that the PWZ stochastic integral (w, Zi(z,-))~

is normally distributed with

N((w Ok a)or,,we ’f||20;,b)'

Throughout the remainder of this paper, we thus require k& to be in Suppo- b[O, T] for the process Zj.

3. Parts formula for functionals in Gaussian paths
In this section, we establish an integration by parts formula for functionals in Gaussian paths on the function
space Cy[0,T]. To do this, we first provide the definition of the first variation (a kind of Gateaux derivative)

of functionals on the function space C,[0,T]. The following definition is due to [1, 2].

Definition 3.1 Let F' be a W(C, [0, T]) -measurable functional on Cyp[0,T] and let w € Cyp[0,T]. Then
given two functions k1 and ko in Cqp[0,T7],
0

5k1,k2F($|w) = 6F(Zk1 (‘T7 )lez (’U}, )) = %F(Z’ﬁ (:17, ) + aZy, (w’ )) (31)

a=0

(if it exists) is called the first variation of F in the direction w.

Remark 3.2 Setting k1 = ko = b on [0,T], our definition of the first variation reduces to the first variation
studied in [6, 8]. That s,
O o F(z|w) = 0F (z|w).

Let Zj; be the Gaussian process given by (2.1) on C,3[0,T] x [0,7]. We define the Zj-function space
integral (namely, the function space integral associated with the Gaussian paths Zj(z,-)) for functionals F' on
Co[0,T] by the formula

EfF@ ) = [ P )du)
Ca,[0,T]
whenever the integral exists.
In order to establish an integration by parts formula for the function space integral associated with
Gaussian paths on Cy3[0,T], we need a translation theorem for the function space integral. The following

translation theorem is due to Chang and Choi [4].
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Theorem 3.3 Let ki be a function in Suppc*b[O,T] and let F' be a functional on Cyp[0,T] such that
F(Zy,(x,-)) is p-integrable over Cop[0,T]. Then for any 6 € C;,[0,T] and ky € Suppe- 0,77,

E, [F(Zlﬂ (l‘, ) —+ Zkz (0 © ka1, ))]

(3.2)
=exp | — %HQ ® k2||%¢/1,b — (9 ® kg, a)c{/lvb:| E, [F(Zkl (CE, )) exp [(9, Zk‘g (x, ))N}i| .

We are now ready to present our integration by parts formula for functionals in Gaussian paths on
Cap[0,T].

Theorem 3.4 Let ki and ko be functions in Suppcz)b[O,T], let 0 be a function in C ,[0,T], and let F be a

functional on Cy[0,T] such that F(Zy, (x,-)) is p-integrable over Cyp[0,T]. Furthermore assume that

E[|0F (2, (2, )| 2, (6 © k1, -))|] < +o0. (3.3)
Then
Eo[0F (21, (2, )| 21, (0 © k1, ))] )
= B [(0, 21, (x, )~ F (2, (2,-))] = (0 © k2, a) ¢y, Eu [F(Zy, (2,))].
Proof By using (3.1) and (3.2), it follows that
Ey[0F (25, (w,) 21, (0 © k1, )]
_E, %F(Zh (") + 02, (0 © k1, -)) a_o]
- a% (Ebb [F(Zk, (2, -) + Zoks (00 b, -))]) . (3.5)
- % <exp [ - O‘;ne © kaller , — a0 © ko, a)%] E, [F(Zkl (2,)) exp [a(6, Zi, (x, .))~]D -
= B, [(0, 20, (2.)) " F(Z1, (2, )] = (0 © ha,a)or, Ba [F (2, (2,))-
The second equality of (3.5) follows from (3.3) and Theorem 2.27 in [12). O

4. Cameron—Storvick theorem for the generalized analytic Feynman integral associated with

Gaussian paths
In this section, we establish the Cameron—Storvick theorem for the generalized analytic Feynman integral of
functionals F' on the function space C,[0,7]. We begin this section with the definition of the generalized
analytic Feynman integral associated with Gaussian process Zj (Zj-Feynman integral) on C, [0, T].
Throughout the remainder of this paper, let C; and (6+ denote the set of complex numbers with positive
real part, and nonzero complex numbers with nonnegative real part, respectively. For each A € C, A/? denotes

the principal square root of A;i.e. A\/2 is always chosen to have nonnegative real part, so that A~1/2 = ()\’1)1/2

isin C4 forall A € (~3+.
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Definition 4.1 Given a function k € Suppg- b[O,T], let Zi be the Gaussian process given by (2.1) and let F

be a C-valued scale-invariant measurable functional on Cg[0,T] such that the generalized Zj, -function space

integral (namely, the function space integral associated with the Gaussian paths Z(z,-))
Tr(250) = Eo[F\T 2 Z4(2, )]

exists and is finite for all X > 0. If there exists a function J(Zr; ) analytic on Cy such that Ji(Zg; \) =
Jr(Zi; A) for all A € (0,+00), then Jh(Zk; ) is defined to be the analytic Zy -function space integral (namely,
the analytic function space integral associated with the Gaussian paths Zy(x,-)) of F over C,p[0,T] with

parameter X\, and for A € C; we write

any

B P = [ PEde i) = T2 ).
Ca,b[0,T]

Let g be a nonzero real number and let F be a scale-invariant measurable functional whose analytic

2y -function space integral, E2">[F(Zy(x,"))], exists for all A in Cy. If the following limit exists, we call it

the generalized analytic Zj -Feynman integral of F with parameter q, and we write

anf,
E3 [F(Zy(x, )] E/ F(2Zp(z, ))dp(z) = lhm E™ [F(Zk(x,))]. (4.1)
Cap[0,T] Nec.

We are now ready to establish a Cameron—Storvick theorem for our generalized analytic Feynman integral.

It will be helpful to establish the following lemma before giving the main theorem.

Lemma 4.2 Let ki, ko, 0, and F be as in Theorem 3.4. For each p > 0, assume that F(pZk, (z,-)) is
w-integrable over Cy [0, T]. Furthermore assume that for each p > 0,

B, [|6F (02, (2. )02k, (0 © 1, )] < +oo.

Then
E, [6F(ka1 (LL', ')lkaz (9 © k1, ))]

=E, [('9) Zkz (1‘, '))NF(IOZIQ (Iv ))] - (0 © kQa a)C(’LbE:C [F(pzlﬁ (JC, ))]
Proof Let G(z)= F(pz). Then
G(Zk1 (:L‘, ) + aZy, (wv )) = F(pzlﬁ (l‘, ) + paZy, (w’ ))

and

9D G2 @)+ aZw. )| = LF(pZ (@) + paZi,(w,")

Oa aeo O =0

Thus dG(Zy, (x, )| 2k, (0 © k1, ) = 6F (p2k, (z,)|pZ1, (0 © k1,-)). Hence by Equation (3.4) with F replaced
with G, we have

E, [6F(ka1 (.’E, ')|ka2 (0 © k1, ))] =E; [5G(Zk1 (:L', ')|Zk2 (0 © ki, ))]
=E, [(97 Zk2 (.73, '))NG(Zkl (x’ ))] - (9 © kQ’ G)Cé?bEw [G(Zk1 (.’L‘, ))]

=E; [(97 Zkz (.13, '))NF(pZ/ﬁ (l‘, ))] - (9 © k27 a)C;,bE‘” [F(pzlﬁ (33, ))]
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which establishes (4.2). O

Next we provide the Cameron—Storvick theorem for the generalized analytic Zj-Feynman integral on the
function space C, [0,T].

Theorem 4.3 Let ky, ko, 0, and F be as in Lemma 4.2. Then if any two of the three generalized analytic

Feynman integrals in the following equation exist, then the third one also exists, and equality holds:

B3 [6F (21, (2, )| 2k, (0 © k1, )]

= —igB" (0, 2k, ()" F (2, (2,))] = (=ia)/2(0 © k2, a)cy 3™ [F(2h, (2, )]

Proof Given p >0 and 0 € C} ,[0,T], let 0, = %9. Then 0, is a function in C7, [0, 77, and 0 © k1 = pf, Ok .

By equation (4.2) with 6 replaced with 6,,

E, [§F(pzk1 ('T7 )|Zl€2 (0 © klv ))]

= B, [6F(pZh, (2, )| 021, (0, © k1, )]

4.3
= B[O, 02 )) F(pZk (2,))] — (6, @ b, @), B [F(pZ, (3, )] )
— 2B [(0, 0By (2, )) F (020, (3,9))] — 0710 © bz, @), Eu [F(pZi (2, ).
Now let p = A~*/2. Then Equation (4.3) becomes
E, [5F()‘71/2Zk1 (Iv ')|Zk2 (wﬂ ))]
(4.4)

= NE,[(0, A2 2y, (2, )" F(N2 2, (,))] = NV2(0 © oy a)er  Ex[F(NV2 2y, ()]

Since p > 0 was arbitrary, we have that equation (4.4) holds for all A > 0. We now use Definition 4.1 to obtain

our desired conclusions. O

Corollary 4.4 Under the assumptions as given in Theorem 4.3, it follows that if any two of the three generalized

analytic Feynman integrals in the following equation exist, then the third one also exists, and equality holds:

E;nfq [(97 Zkz (.’E, '))NF(ZIH (xv ))]

i (4.5)
= gEi‘“f" [0F (2, (2, )| 21, (0 © k1, )] + (—ig)TV2(0 © ks a) oy B3 [F(Zy, (2,-))]-

Remark 4.5 As commented in Section 2 above, if k =b on [0,T], then Zy(x,t) = x(t) for each x € C,[0,T].
In this case, the generalized analytic Zy-Feynman integral E;nfq [F(Zp(z,-))] agrees with the previous definition
of the generalized analytic Feynman integral panta [F(x)], see [6, 8]. The proof of the Cameron—Storvick theorem
for the generalized analytic Feynman integral E2™ [F(x)] can be found in [8].

In view of Remarks 3.2 and 4.5, we have the following corollary.
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Corollary 4.6 ([6]) Let 0 be a function in C7 [0, T], and let F' be a functional on Cq[0,T] such that for
each p >0, F(px) is p-integrable over Cyp[0,T]. Furthermore assume that for each p >0,

EL[|0F (pZu(x,-)|pZ5(0 ©b,-))|] = Ex[|0F (px|p)|] < +o0.

Then if any two of the three generalized analytic Feynman integrals in the following equation exist, then the

third one also exists, and equality holds:
EMa[§F (2]0)] = —igE3[(0,2)~ F(z)] — (—ig)'/*(0,a) ¢y, B3 [F(x))].

The formulas and results in this paper are more complicated than the corresponding formulas and results
in [1, 2, 17, 20] because the Gaussian process used in this paper is neither centered nor stationary in time.
However, by choosing a(t) = 0 and b(t) = ¢ on [0,T], the function space C [0, 7] reduces to the Wiener space

Cy[0,T], and so the expected results on Cy[0,T] are immediate corollaries of the results in this paper.

5. Generalized analytic Feynman integral of monomials in terms of PWZ stochastic integrals

When we evaluate the following generalized analytic Feynman integral
Eanfa {H(a@kj,m)ﬁ, (5.1)
j=1

we might not be able to use the change of variables theorem of the usual measure theory, because the set of
Gaussian random variables (# ® kj, z)~, j =1,...,m, are generally not independent. In this case, to apply the
change of variables theorem for the calculation of (5.1), we might apply the Gram—Schmidt process for the set
of functions {# © ky,...,0 © ki, }.

Using Equation (4.5), we indeed see that the generalized Feynman integral of functionals having the form
(5.1) can be calculated very explicitly. In this section, we present interesting examples to which Equation (4.5)

can be applied.
Example 5.1 Let ki and ko be functions in Suppc*b[O,T], and given a function 0 in C},[0,T], set

F(z) = (0,2)~ for x € Cqp[0,T]. Then using equations (3.1) and (2.2), it follows that for any w in C;, ,[0,17,

6F(Zk1 (l‘, ')‘Zkz(wv )) = a%{(e’zlﬂ (Z‘, ))N + a(G’ZkQ(w7 ))N} o

= (G’Zk?,(w? ))N = (0 © kaw)N = (0 © kQ’w)Cé,b'

From this, we see that
6F(Zk1 (:ZJ, )|Zk2 (9 ® kq, )) = (0 ® ke, 00O kl)cr’;,b. (52)

Also using (4.1), it follows that
B [F(Z, (2,)] = E3Y[(0, 21, (2,))™] = B [(0 @k, 2)™] = (—ig) 20 © ki, a)er -
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Next using Equations (2.2), (4.5), (5.2), and (5.3), we obtain the formula
E2Ma[(0 @ ko, )™ (0 © k1, )]
= Enacqu [(9, Zy (:E, '))N(gv Zky (:L’, ))N]
= E:nfq [(9’ Zkz (ma '))NF(Z/ﬁ (.Z’, ))]

- gEf [BF (2, ()12 (0 © b, )] + (i) 20 © b, @)y B2 [F(Z (@)

2(9 © ks, 0 kl)c{;,b + 2(9 O] kQ’G)Cfl,b(e O] kl’a)cfl .

In our next example, for any positive integer m € {3,4,...}, we obtain a recurrence relation for the

generalized analytic Feynman integral

E:nfq|:H HQkJ,x :l
Jj=1

Example 5.2 For a positive integer m > 3, let {k1,...,km—1,km} be a finite set of functions in Suppe- , [0,T7,

and given a function 6 € C;, ,[0,T7, set

- H (0 © kj,z)™ H (0 © kj, Zo(x,))"
et =1

First, using Equation (3.1), it follows that for all w € C, [0, T7,
F(z|Zy,, (w,+) = 0F (Zy(x, )| 2, (w,+))

= 9 1:[ {00 k), Zy(z,)” + (0 © kj, 2, (w,-)™ }

j=1 a=0

Then, in particular, it follows that

OF(Zy(x,-)| 2, (0 ©b,-)) = 6F (2] 2k, (0,-))

— - ( H(GQkJ,Zb(x’))N> (Qle’ka(e’.))N
7 (5.5)

m—1 m—1
=Y ([LOo b2 )00 mo ok,
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Next, using (4.5) with k1 and ko replaced with b and k,,, respectively, and with

m—1

= H (9 ® kj,x)N,

=1

<.

(5.5), and the equation Zy(x,-) = x, it follows that
E;nfq|:H 9@]47],55 :|
j=1

= panfa {(0 2k, ( "i:[ 0O k;, Zp(x,-))” ]

= B0 [(9, 2y, (2, ) F(Zy(z,))]

— L (5P (24y(2,)| 20, (0 © b, )] + (=i)Y2(0 © iy a)cy , B2 [F(Z4 (s, )]

q

Z.m 1 m—1 m

gz 9®kl,9®km)q:bE§;nfq[ H(aekj,x)ﬁ + (—ig)"V*(0 @ ki, a)cr B {H 0O kj,x) ]
=1 j=1 j=1

J#l
(5.6)

Remark 5.3 Letting m = 3 in Equation (5.6) and applying Equations (5.3) and (5.4) allows us to easily and

completely calculate the generalized Feynman integral
E:nfq [(0 © kla x)N(e © ka)N(e © k37 x)N] = E;qu [(97 Z’ﬁ (x’ ))N(ev Zkz (1‘, ))N(07 Zka (33, ))N] .
Then setting m = 4 in Equation (5.6) allows us to completely evaluate the generalized Feynman integral

B2 [(0 0 ky, )™ (0 © ko)™ (0 © ks, )™ (0 © ka, )]

= E:nfq [(9’ Zkl (Z‘, ))N(ev Zkz ('T’ ))N(Ga Zka (Jf, ))N(aa Zk4 (]J, ))N] ’

since we already have complete evaluation formulas for
E2nfa {H (0 ® kj,x) } 1=1,2,3.

Then we can evaluate

since we have already evaluated

for 1=1,2,3 and 4; etc.
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6. Concluding remark

In the theory of infinite dimensional analysis, the integration by parts formula is also one of the fundamental
tools to analyze the integration of functionals on the infinite dimensional spaces. The first infinite dimensional
integration by parts formula can be found in [1]. Since then the parts formulas of functionals on infinite
dimensional spaces have been developed in a tremendous amount of papers and books in the literature by
many mathematicians and physicists. As illustrated in Section 1 above, the study of the parts formulas also
are concentrated on classical and abstract Wiener spaces. These fundamental structures have been very useful
to me (as well as to other coauthors) in establishing many of the results in [6, 8, 17, 20]. T feel strongly that
the fundamental results in this paper will prove to be very useful in future work by ourselves as well as other
researchers in this area.

There have been several attempts to construct financial mathematical theories using the GBMP [9, 10, 14].
The framework and methods we used to obtain the results in [4-9, 14] and this article are very dependent upon

results in the book [22] by Yeh concerning noncentered Gaussian processes, that is, GBMP.
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