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Abstract: In this paper, we compute the Bott connection and their curvature on three-dimensional Lorentzian Lie
groups with three different distributions, then we classify affine Ricci solitons associated to the Bott connection on the

spaces under study.

Key words: Affine Ricci solitons, the Bott connection; three-dimensional Lorentzian Lie groups

1. Introduction
In geometry, Einstein metrics have been studied in three-dimensional Lorentzian manifolds. As a natural gen-
eralization of Einstein metrics, the definition of the Ricci soliton was introduced by Hamilton in [11]. Therefore,
study of Ricci solitons over different geometric spaces has become more significant. Einstein manifolds associated
to affine connections have been studied by many geometers. In [12] and [17], Wang studied Einstein manifolds
associated to semisymmetric nonmetric connections and semisymmetric metric connections respectively.
Naturally, mathematicians start to study Ricci solitons associated to different affine connections. In [9],
Crasmareanu gave several generalizations of Ricci solitons with linear connections. In [10], it is proved the equiv-
alent conditions of the Ricci soliton in Kenmotsu manifold associated to the Schouten—Van Kampen connection
to be steady. Hui-Prasad-Chakraborty studied Ricci solitons on Kenmotsu manifolds with respect to quarter
symmetric nonmetric @-connection in [14]. Perktas-Yildiz studied several soliton types on a quasi-Sasakian
3-manifold with respect to the Schouten—Van Kampen connection in [15]. In [18], Wang classify affine Ricci
solitons associated to canonical connections and Kobayashi-Nomizu connections and perturbed canonical con-
nections and perturbed Kobayashi-Nomizu connections on three-dimensional Lorentzian Lie groups with some
product structures. In [1, 4, 13], the definition of the Bott connection was introduced. In [5], F. Baudoin and E.
Grong proved transverse Weitzenb 6 ck identities for the horizontal Laplacians of a totally geodesic foliation. In
[6], the authors developed a variational theory of geodesics for the canonical variation of the metric of a totally
geodesic foliation, where the Bott connection is a first natural connection on manifold M that respects the
foliation structure. And because the Levi—Civita connection is not adapted to the study of follations because
the horizontal and the vertical bundle may not be parallel. More adapted to the geometry of the foliation is
the Bott connection. Therefore, we study the Bott connection on three-dimensional Lorentzian Lie groups. In

this paper, we compute the Bott connection and their curvature on three-dimensional Lorentzian Lie groups
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with three different distributions, and we classify affine Ricci solitons associated to the Bott connection on
three-dimensional Lorentzian Lie groups with three different distributions.

In Sections 2 and 3, we recall the definition of the Bott connection, and give affine Ricci solitons associ-
ated to the Bott connection on three-dimensional Lorentzian unimodular and nonunimodular Lie groups with
the first distribution. In Section 4, we give affine Ricci solitons associated to the perturbed Bott connection on
three-dimensional Lorentzian Lie groups with the first distribution. In Section 5, we give affine Ricci solitons
associated to the Bott connection on three-dimensional Lorentzian Lie groups with the second distribution.
In Section 6, we give affine Ricci solitons associated to the perturbed Bott connection on three-dimensional
Lorentzian Lie groups with the second distribution. In Section 7, we give affine Ricci solitons associated to the
Bott connection on three-dimensional Lorentzian Lie groups with the third distribution. In Section 8, we give
affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian Lie groups
with the third distribution.

2. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian uni-
modular Lie groups with the first distribution

Firstly, throughout this paper, we shall by {G;}i=1,...7, denote the connected, simply connected three-
dimensional Lie group equipped with a left-invariant Lorentzian metric g and having Lie algebra {g;}i=1,... 7.

Let V% be the Levi-Civita connection of G; and R’ its curvature tensor, then
RMX,Y)Z = VEVyZ = VYL Z = Vix 2. (2.1)
The Ricci tensor of (G, g) is defined by
pH(X,Y) = —g(RM (X, @)Y, &) — g(R"(X, &)Y, &) + g(R" (X, &)Y, &), (2.2)

where €7, €a, €3 is a pseudo-orthonormal basis, with €3 timelike.

Nextly, we recall the definition of the Bott connection VZ. Let M be a smooth manifold, and let
TM = span{ey, é,e3}, then took the distribution D = span{ey, ez} and D+ = span{es}.
The definition of the Bott connection V is given as follows: (see [4], [1], [13])

mp(VLY), X,Y € I*>(D)
mp([X,Y]), X eI™(D),Y e I™(D)
VXY = o ([X,Y]), X eT®(D),Y € I™(D4) (23)

o (VEY), XY e >®(DL)

where 7p (resp. 73 ) the projection on D (resp. D1).
We define
RP(X,Y)Z = VEVYZ —VPVRZ — Vix v Z. (2.4)

The Ricci tensor of (G, g) associated to the Bott connection V? is defined by

pP(X,Y) = —g(RP(X,e1)Y,&1) — g(RP(X, &)Y, ) + g(RP (X, €)Y, &). (2.5)
Let

2
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We define:
(Lyg)(X,Y) := g(VRVY) + g(X, V$V),

for vector X,Y, V.

(2.7)

Definition 2.1 (G, g) is called the affine Ricci soliton associated to the Bott connection V2 if it satisfies

(LY g)(X,Y) + 207 (X,Y) + 219(X,Y) =0,
where p s a real number and V = pi€1 + pio€a + puses and pi, po, pig are real numbers.

2.1 Affine Ricci solitons of G,
By [3], we have the following Lie algebra of G satisfies

[e1,e2] = aey — fes,  [e1,e3] = —aey — By, [ez,e3] = Bey + aex + aez, a # 0,
where €1, €a, €3 is a pseudo-orthonormal basis, with €3 timelike.

Lemma 2.2 ([7],[3]) The Levi-Civita connection V¥ of Gy is given by

L~ ~ ~ L~ ~ ~ L ~ ~ ~
V€1€1 = —aey — aes, V€1€2 = qe; — 563, v€163 = —aey — 562,
L~ _ 6,\ L~ _ ~ L~ _ BA —~
Vg2el = 563, V€2€2 = aes, Vg2€3 = 561 + aes,
L ~ BA L ~ ,6/\ ~ L ~ ~
Vg361 = 562, v€3€2 = —561 — aeg, Vg3e3 = —aes.

Lemma 2.3 The Bott connection V2 of Gy is given by
B~ ~ B~ ~ B~
Vglel = —aey, Vgleg = «eq, Va ez =0,
B~ B~ B~ ~
Vze1 =0, VZea=0, Vges=aes,

B~ ~ ~ B~ ~ ~ B~
Va1 =aer + fez, VZex=—fer —aes, Vgesz=0.

Lemma 2.4 The curvature RP of the Bott connection VP of (G1,g) is given by

RB(€17/6\2)/€\1 = aﬂé\l + (Oé2 + 52)/6\2, RB(€1,€2)€2 = —(OZ2 + ﬂg)é\l — aﬁé\g, RB (/6\1, /6\2)/6\3 = 07
RB(€1,€3)€1 = 730&2,@2, RB(é\l,lé\g)é\Q = 70&2&5\1, RB(é\l,,ég),é\g = Otﬂag,
RB(€2,€3)€1 = —052/6\1, RB(€2,€3)€2 = a2€2, RB(€2,€3)€3 = —04283.

By (2.5), we have
pB(é\lagl) = _(a2 +ﬁ2)a pB(€1a€2) = aﬁa pB(é\laé\?)) = _aﬁa
pB(/e\Qa/e\l) = O[B, pB(é\27€2> = —(062 + 62)7 pB(/e\27/e\3) = 0[2,

PB(gs,gl) = PB(€3,52) = PB(a%gS) =0.

(2.8)

(2.10)

(2.11)

(2.12)

(2.13)
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Then,
“Bia N\ _ (A2 2 ~B(x o\ _ ~BAA__%
p-(er,e1) = —(a” +p%), p (e, e2) =aB, p’(e,e3)= 5
~B~ = 2 2 ~B(~ = o g
14 (62a62):_(a +ﬂ )7 P (62763)273 P (63363):0' (214)

By (2.7), we have
(Lﬁg)(a,a) = 220, (Leg)(a,@z) = —H14, (L\ég)(é\hgs) = o — paf,
(Ly}g)(€2,82) =0, (L{g)(€2,83) =B — (u2+ps)a, (Lig)(€s, e3)=0. (2.15)

Then, if (G1,9,V) is an affine Ricci soliton associated to the Bott connection VB, by (2.8), we have the
following six equations:

poor— o — B2 4 =0
200 — upia=0
pra— ppff —af =0

2.16
a?+ B2 —-u=0 (2.16)
(2 + pz)a — i —a® =0
p="0
By solving (2.16) , we get a = 0, there is a contradiction. So
Theorem 2.5 (Gy,g,V) is not an affine Ricci soliton associated to the Bott connection VB .
2.2 Affine Ricci solitons of G,
By [3], we have the following Lie algebra of G satisfies
[€1,€2] =vea — PBes, [e1,e3] = —fex —ves, [ea, €3] = aer, v #0, (2.17)
where €7, €s, €3 is a pseudo-orthonormal basis, with €3 timelike.
Lemma 2.6 (/7],/3]) The Levi-Civita connection VL of Gy is given by
~ . @ N N Q .
Vier =0, Ve = (5 —B)es, Vke;= (5 — B)ea,
~ ~ a_ ~ ~ ~ Q_
Vier = —yes + 563 Vi e =71, VG = 51
~ o _ ~ ~ o _ ~ ~
VgLsel =35 + ves, VgLSeQ = —5e VgLseg = ~ey. (2.18)
Lemma 2.7 The Bott connection VB of Gy is given by
Vglé] = O, vgé\z = O7 Vgé\g = —’Yé\g,
V’g;/e\l = _’V€27 Vgé} = ’7/6\17 v’gé\i’) =0,
Vgé\l = 5,6\2, Vg@z = 70[@1, Vgé} =0. (219)
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Lemma 2.8 The curvature RP of the Bott connection VP of (Ga,g) is given by
RP(e1,@)e1 = (B2 +7%)ez, RP(e, @) = —(v* +aB)er, RP(e1,6)e; =0,

RB(e,e3)e1 =0, RP(e1,83)es =~(8—a)er, RP(e1,e3)e3 =0,

RB(ey,e3)e1 =v(B— a)er, RP(ez,€3)e2 =y(a— B)ea, RP(en,63)e3 = ayes.

By (2.5), we have
pP(er,e) =—(82+7%), p(Er,e) =0, p°(@,e3) =0,
pP(@,e1) =0, pP(e,8) =—-(*+aB), pP(e,e)=—ay,
e3,8) = pB(es,e3) = 0.

Then,

~B /~ ~B /-~ ~B /-~

pB(€1,€1) = _(52 +72), PB(€1,€2) =0, PB(ela%) =0,

o B oy g
pP (€2, 8) = —(v* + ap), PB(€2,63):*77’ pP(es,e3) = 0.

By (2.7), we have
(ng)(al,gl) =0, (L\%g)(é\laé}) = H27, (L\%g)(a,@s) = 37 — H2Q,

(L{g)(e2,82) = =217y, (Lg)(€2,83) = mB, (Lilg)(es,e3) = 0.

(2.20)

(2.21)

(2.22)

(2.23)

Then, if (Ga,g,V) is an affine Ricci soliton associated to the Bott connection V¥, by (2.8), we have the

following six equations:

B+ —pn=0

p2y =0
pgy — p2oe =0
my+y +af—p=0
B —ay=0

pw=20

By solving (2.24), we get 8 =~ = 0, there is a contradiction. So

Theorem 2.9 (Ga,g,V) is not an affine Ricci soliton associated to the Bott connection VB .

2.3 Affine Ricci solitons of Gj
By [3], we have the following Lie algebra of G3 satisfies

[51,52] = —ves, [/6\17€3] = —fey, [52»/6\3] = aey,

where €7, €2, €3 is a pseudo-orthonormal basis, with €3 timelike.

(2.24)

(2.25)
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Lemma 2.10 ([7],[3]) The Levi-Civita connection V¥ of Gs is given by

L~ _ L~ _ ~ L~ _ ~
Vgl €1 = 0, V@leg =mies, V@leg = m;iea,
L ~ ~ L ~ L ~ ~
ngel = mae€s, v/éz@g = 0, v€263 = maeq,

L~ ~ L~ ~ L~
Vg3€1 = mgseq, Vg3€2 = —mseq, Vggeg = 0,

where

m= = f—y), my=gla—f+), ms=(ath-7).

Lemma 2.11 The Bott connection VE of Gs is given by

B~ B~ B~
V€161 = 0, Vé\leg = 0, Vé\leg = 0,

B5 _ Bs> _ B~
v€261 = U, v€2€2 = O, V’e\263 = 0,

B~ ~ B~ ~ B~
v€3€1 = 562, Vgseg = —Qeq, v€363 =0.

Lemma 2.12 The curvature RP of the Bott connection VB of (G3,g) is given by

RE(e1,8)e, = Byer, RE(e1,8)es = —aver, RE(e1,e)e3 =0,
RB(/e\l,/e\g)/e\l =0, RB(/e\h/e\g)@g =0, RB(€17/6\3)/€\3 =0,
RB

(6z,63)e1 =0, RP(ey,e3)e, =0, RP(ey,e3)e3=0.

By (2.5), we have

pP(ene) =By, pP(E,e) =0, pP@E1,e)=0,
PB(é\Qaé\l) =0, pB(€27é\2) = —av, pB(€2’€3) =0,
pP(e3,e1) = pP(e3,8) = pP(e3,83) = 0.

Then,
ﬁB(e\laé\l) = _677 53(817/6\2) =Y, ﬁB(é\laé\S) - 0,
pP(€2,8) = —ay, pP(ex,e3) =0, p°(es e3) =0.

By (2.7), we have

(L¥g)(e1,e1) =0, (L¥g)(e1,e2) =0, (LEg)(e1,e)= —pua,

(LYg)(@2,2) =0, (L¥g)(es,83) = mB, (Lig)(es, es3)=0.
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Then, if (G3,g,V) is an affine Ricci soliton associated to the Bott connection V¥, by (2.8), we have the

following five equations:

p—pFy=0

e =0

pw—ay=0 (2.33)
1B =0

w=20

By solving (2.33), we get

Theorem 2.13 (Gs,g,V) is an affine Ricci soliton associated to the Bott connection VE if and only if

(Dp=~=oaps =pmp =0;
Qu=a=p5=0, v#0.

2.4 Affine Ricci solitons of G4
By [3], we have the following Lie algebra of G4 satisfies

[e1,62] = —e2 + (20— B)es, n==%1, [e1,e3] = —Pex+e3, [e2,e3] = ey, (2.34)
where €7, €s, €3 is a pseudo-orthonormal basis, with €3 timelike.

Lemma 2.14 ([7],[3]) The Levi-Civita connection V¥ of G4 is given by

L ~ L ~ ~ L ~ ~
Vzer =0, VZes=mnie3, Vges=mnies,

L~ ~ ~ L ~ ~ L ~ ~
V€261 =e9 + Nno€s, v€2€2 = —€1, V€2€3 = Nngeq,
L~ ~ ~ L~ ~ L~ ~
v€3€1 = ngzey — €3, v€3€2 = —N3e€q, V€3€3 = —€1, (235)
where
(% « (0%
n1=§+77—/3, n2=§—7, n3:§—|—’y. (2.36)

Lemma 2.15 The Bott connection VE of G4 is given by

B~ B~ B~ ~
Vael = 0, Va €y = 0, Va €3 = €3,

B~ ~ B~ ~ B~
v€261 = €2, v€2€2 = —€1, Vé\zeg = O,
B~ ~ B~ ~ B~
v€3€1 = ﬁeg, v€362 = —Qeq, Vg3€3 =0. (237)

Lemma 2.16 The curvature R of the Bott connection VB of (G4, g) is given by
RP(e1,e)e1 = (B—n)e2, RP(e1,@)e2 = (2an—af —1)er, RP(e1,6)e3 =0,
RP(e1,e3)e1 =0, RP(e,63)e; = (a—B)er, RP(e1,e3)e3 =0,

RB(€2,€3)€1 = (Oé — ﬂ)gl, RB(€2,€3)€2 = (ﬁ — Oé)gg, RB (/6\2,33)@3 = 7&@3. (238)
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By (2.5), we have
pPE,e)=—(B-n)? pPEe) =0 pP@E,e)=0,

pB(/e\Q;/e\l) Oa pB(é\Qa/e\Q) = (20”7 - OZB - 1)a pB(/e\Qa/e\?)) = Q,

P(es,85) = p” (€3,e3) = 0. (2.39)

)

X

)
Il

p
Then,
prEne) =—(B-n? pl@E,e) =0, pP@,e)=0,
PP (62,8) = 2an —af —1), pP(ey,e3) = %, PP (e3,83) = 0. (2.40)
By (2.7), we have
(ng)(él,él) =0, (L\l;g)(a,gz) = —H2, (ng)(é},@s) = —H3 — 2o,
(Lyg)(€a,e2) = 2m, (Lig)(€2,€3) = mB, (Lilg)(es,es) =0. (2.41)

Then, if (G4,g,V) is an affine Ricci soliton associated to the Bott connection V¥, by (2.8), we have the

following six equations:

(B=m?-p=0

po2 =10

oot s =0 (2.42)
pwr+2an—af—-14+p=0

pB+a=0

n=0

By solving (2.42), we get

Theorem 2.17 (Gy4,g,V) is not an affine Ricci soliton associated to the Bott connection V5.

3. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian nonuni-
modular Lie groups with the first distribution

3.1 Affine Ricci solitons of G5
By [3], we have the following Lie algebra of G5 satisfies

[e1,€2] =0, [e1,e3] = e + fey, [ez,e3] =ve1 +d0e2, a+d#0, ay+p5=0, (3.1)

where €7, €a, €3 is a pseudo-orthonormal basis, with €3 timelike.

Lemma 3.1 (/7],/3]) The Levi-Civita connection VI of Gy is given by

~ N Bt N N +7.
Véel = aes, Vng €y = 763, Vng e3 = aey + €2,
Bt N N ~ BHv.
Véel = ) es, Véeg = Jes, V£‘2€3 = 2 €1 + dea,
~ Y= B. ~ B=. ~
Véel = 9 €9, Véez = D) €1, Véeg =0. (32)
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Lemma 3.2 The Bott connection VP of G5 is given by
VEe =0, VEe& =0, VEe3=0,
VEe =0, VEe =0, VEe3=0,

B~ ~ ~ B~ ~ ~ B~
Vg, e1 = —ae; — ey, Vg ea = —ve —dex, Vgez=0. (3.3)

Lemma 3.3 The curvature RP of the Bott connection VP of (Gs,g) is given by

RB(e,,e1)e, =0, (3.4)
for any (s,t,p).
By (2.5), we have
pP (€, ) = 0, (3.5)
Then,
pP(es,e) =0, (3.6)

for any pairs (s,1).
By (2.7), we have

(Lyg)(e,e1) =0, (Lig)(er,e2) = —pa, (Lg)(€1,€3) = —pra — pia,
(L} g)(e2,€2) =21, (L{g)(€2,€3) = B — p2b,  (Lilg)(es,€3) = 0. (3.7)

Then, if (Gs,g,V) is an affine Ricci soliton associated to the Bott connection VZ, by (2.8), we have the

following three equations:

p=20
pioe+ poy =0 (3.8)
1B+ p2d =0

By solving (3.8), we get

Theorem 3.4 (G5,g,V) is an affine Ricci soliton associated to the Bott connection V2 if and only if

(Dp=pm =p2=0, a+3d#0, ay+pd=0;
Ru=pr=a=p4=0, w#0, §#0;
Bu=pm=7=56=0, p#0, a#0.

3.2 Affine Ricci solitons of Gg
By [3], we have the following Lie algebra of Gg satisfies

[e1,€2] = aex + Bes,  [e1,e5] = vex +des,  [e2,e3] =0, a+0#0, ay—pB5=0, (3.9)

where €7, €a, €3 is a pseudo-orthonormal basis, with €3 timelike.
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Lemma 3.5 ([7],/3]) The Levi-Civita connection VE of Gg is given by

N Bt ~  BA.
Véel =0, Véez = es, Vée = €2,
. - B - - ~ =B
VéL\,Zel = —aey — es, Véeg = aeq, Vngeg = 5 e1,
o By ~ B N N
Véel = 5 762 - 663, V§362 = 77 5 €1, Véeg = 7561. (310)
Lemma 3.6 The Bott connection V2 of Gg is given by
VBei=0, VE& =0, VEZe=des,
Vga = —Ol/e\z, vgé\g = Ck/é\l, V@B;/e\g = 0,
VEBer=—ve, VEe, =0, VEe;=o. (3.11)

Lemma 3.7 The curvature RP of the Bott connection VP of (Gg,g) is given by

RB('él,@Q)Al = (042 + 6’)/)32, RB (é\l, 52)32 = 70[231, RB (é\l, €2)€3 = 0,
RB(é\l, é\g)é\l = ’}/(Oé + 6)@2, RB(€1,€3)€2 = —Oé’}/é\l, RB(é\l, €3)€3 = 0,
RB (/6\2,/6\3)/6\1 = —a’y/e\l, RB (é\g,/e\g,)/e\g = a’y/e\g, RB(é\Q,é\g)/@\g =0. (3.12)

By (2.5), we have
pP(Ere1) = —(a +By), p"(E1.62) = p”(e1,8) =0,
pP(er,e1) =0, pP(ez,e) =—a? pP(ese3) =0,
pP(€s,61) = pP(e3,6) = pP(e3,83) = 0. (3.13)
Then,

~B s~

prEne) = —(a®+ By), pP(@,€) =p" (@) =0,
pP(ey,82) = —a®, pP(E,83) =0, pP(es,e3)=0. (3.14)
By (2.7), we have
(ng)(glagl) =0, (ng)(gl,&) = 2@, (ng)(a,aa) = —u30,
(L g) (€2, ) = —2ma, (Lilg)(€2,e3) = —py,  (Li}g)(es,e3) = 0. (3.15)

Then, if (Gg,g,V) is an affine Ricci soliton associated to the Bott connection V¥, by (2.8), we have the

following six equations:

a4 fy—p=0
poa =0

p3d =0
pa+a?—p=0
piy =0

nw=20

(3.16)
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By solving (3.16), we get

Theorem 3.8 (Gs,g,V) is an affine Ricci soliton associated to the Bott connection V' if and only if
Wp=m=p3=a=p=0, J§#0;
Qu=pz=a=p=y==0, u#0, J#0.

3.3 Affine Ricci solitons of G~
By [3], we have the following Lie algebra of G satisfies

[e1,€2] = —ae1 —fex —fes, [e1, €3] = a1+ Pex+Bes, [e2,€3] = ve1+dex+des, a+d#0, ay=0, (3.17)
where €1, €a, €3 is a pseudo-orthonormal basis, with €3 timelike.
Lemma 3.9 (/7],/3]) The Levi-Civita connection VI of G7 is given by

L ~ ~ ~ L ~ ~ Y~ L ~ ~ Y~
Vzer = aes +aez, V3 ey =—aer+ 563 Vz es = aer + 562

VEe =6+ (8 + g)gg, VEiey = —Be1 + 065, VEes=(8+ %)a + 66y,

VEe = (% —B)e, — Bes, Ve = (8- %)a — 06, VLay = —Ber — 6. (3.18)

Lemma 3.10 The Bott connection VE of Gy is given by

B~ _ ~ B~ __ ~ B~ _ o~
Vier =ae, Vgex=—aer, VgZes= e,
B~ ~ B~ ~ B~ ~
Vs e1 = Bea, Vg e =—fer, Vges=des,
B~ ~ ~ B~ ~ ~ B~
Ve, e1 = —aey — fea, Vg es=—ver —dea, Vges=0. (3.19)

Lemma 3.11 The curvature R of the Bott connection VB of (G7,g) is given by

RB(61,8,)61 = —afBey + a6y, RB(81,6)8 = —(a® + % + B)eL — Bdes, RB(61,8)6 = Bla — 6)es,
RP(21,85)61 = 228+ 7)&1 + (ad — 20%)8y, RP(€1,83)8: = (ad + 8% + B)e1 + (86 — aff — ay)és,
RP(e1,e3)e3 = —B(a+ 6)es, RP(ez,83)e1 = (B° + By + ad)er + (86 — af — an)es,

RP(@y,63)e2 = (286 + 07 + ay — af)er + (82 — 8% — B)és, RP(€2,8)e5 = —(By + 62)és. (3.20)

By (2.5), we have

B(é\h/e\l) = —042, pB(/e\hé\?) = 667 pB(glv/e\?)) = ﬁ(OZ—F(S),
pP(e2,e1) = —ap, pP(@,e)=—(?+ 52+ py), pP(e,e)=(By+6%),

pB(e5,61) = Bla+6), pB(Es,6) =0d(a+0), pP(E,es)=0. (3.21)
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Then,

Bl —a) _p

ﬁB(/e\h/e\l) = _a27 ﬁB(é\h/e\Q) = 2 ) 1Y (/6\17/6\3) = B(O[ +5)7

B B + ad B~
P2 (€2,8) = —(a® + 5% + Bv), pB(e2,e3):52+ﬁVT, o7 (e3,e3) = 0. (3.22)

By (2.7), we have
(Leg)(a,a) = 2w, (Leg)(a,@z) = o — paf, (L\ég)(a»é\s) = —pio — poy — psf,
(L g)(€2,€2) = 2mB, (Lig)(€2,€3) = —p1fB — pad — p3b,  (Li;g)(€3,€3) = 0. (3.23)

Then, if (G7,g,V) is an affine Ricci soliton associated to the Bott connection VZ, by (2.8), we have the
following six equations:

poa+a? — =0

proe— pf 4 Bo —af =0

psB + pio+ p2y — 2 — 266 =0
mp—a? =B = By+p=0

130 + p1 B+ pad — 26* — By —ad = 0
nw=20

(3.24)

By solving (3.24), we get

Theorem 3.12 (G7,g,V) is an affine Ricci soliton associated to the Bott connection VP if and only if

(Wp=a=8=v=0, 6#0, pz+puz—25=0;
Ru=p=a=4=0, v#0, §#0, pz—26=0;

5 o 2 52
(3)/~L:a:Oa B#07 57£Oa N1:7+53 M2:6a NSZW’ Py:%

Specially, let V' =0, we get the following corollary:

Corollary 3.13 (I) (Gi,g,V) is not an affine Einstein associated to the Bott connection VB ;

(Il) (Go,g,V) is not an affine Einstein associated to the Bott connection VB ;

(III) (Gs,g,V) is an affine Einstein associated to the Bott connection V2 if and only if ()u = a = B =
0, v#0; Qu=v=0;

(IV) (G4,g,V) is not an affine Einstein associated to the Bott connection VP ;

(V) (Gs,g,V) is an affine Einstein associated to the Bott connection VP if and only if p =0, o +0§ #
0, ay+p55=0;

(VI) (Ge,9,V) is an affine Einstein associated to the Bott connection VB if and onlyif py=a=8=0, §#0;
(VII) (Gr,g,V) is not an affine Einstein associated to the Bott connection VB .
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4. Affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian

Lie groups with the first distribution
By the above calculations, we always obtain g = 0. In order to get the affine Ricci soliton with nonzero p, we

introduce the perturbed Bott connection V2 in the following. Let €3 be the dual base of e3. We define on
Gi:l,---,?

VEY = VEY + a0 (X)e5(Y )es, (4.1)
where aq is a nonzero real number. Then
VEe; =ages, VEe =VEe, (4.2)
where s and ¢ does not equal 3. We define
(L¥9)(X,Y) := g(VEV,Y) + g(X, VEV), (4.3)
for vector fields X,Y, V. Then we have for Gij—1 ... 7
(LV9)(@s,e5) = —2a013,  (LV9)(Es, @) = (LV9) (@5, 1), (44)

where s and ¢ does not equal 3.

Definition 4.1 (G;,V,g) is called the affine Ricci soliton associated to the connection vB if it satisfies

~ ~B
(Lyg)(X,Y) +2p (X,Y) + 2ug(X,Y) = 0. (4.5)
For (G1,V5), we have
RB(81,6)63 = apffes, RP(6y,63)63 = —alag + )es, RP(e,,6)e, = RE(e,,e1)e,, (4.6)
for (S)t’p) # (1) 273)7 (2) 373) *
~B alag + « ~B . ~B/~ ~
ey = WO 56 ) = e, (4.7

for the pair (s,t) # (2,3). If (G1,g,V) is an affine Ricci soliton associated to the connection VB then by

(4.5), we have

poor— o — B2 4 =0
2a8 — pia=0
pra— p2ff —af =0
a?+p2—pu=0

(p2 + p3)o — i B — ager — a? = 0
aogpz +p =10

Solve (4.8), we get ag = a = 0, there is a contradiction. So
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Theorem 4.2 (G1,V,g) is not an affine Ricci soliton associated to the connection \2:

For (G, VB), we have

RB(€1,8,)63 = apfes, RP(e1,63)es = apves, RP(€,,6)e, = RP(6,,e1)e,, (4.9)
for (s,t,p) # (1,2,3),(1,3,3).

~B, . Q ~B . B~ o~
P EnE) =S B (@nE) = 5P (), (4.10)

for the pair (s,t) # (1,3). If (G2,9,V) is an affine Ricci soliton associated to the connection VB, then by

(4.5), we have

VB —p=0
p2y =0
poa — 3y +apy =0

) (4.11)
YA+ my+taf—p=0
p1f—ay=0
aops +p =0
Solve (4.11), we get ag = 8 = = 0, there is a contradiction. So
Theorem 4.3 (G2,V,g) is not an affine Ricci soliton associated to the connection VE.
For (G3, V3), we have
RP(61,82)e3 = —aoBes, RP(6,,6)e, = R® (6,88, (4.12)
for (s,t,p) # (1,2,3).
~B . ~B/~ ~
p (€s,er) =p~(€s,er), (4.13)

for any pairs (s,t). If (Gs,g,V) is an affine Ricci soliton associated to the connection 63, then by (4.5), we

have

fy—n=0

poo =0

nw—ay=0 (4.14)
mpB =0

aops +p =0

Solve (4.14), we get
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Theorem 4.4 (Gs,V,g) is an affine Ricci soliton associated to the connection vB if and only if

(Dp =7 =p3 = poa = 118 = 0;
(2)y#0, a=p=p=p3=0;

ary
B)y#0, a=B#0, m=p2=0, p=ay, Ha ==
For (G4, VP?), we have
RP(21,6)83 = ao(B — 2n)é3, RP(€1,63)63 = —ages, RP(6,,6)e, = RP(e,,e1)e,, (4.15)
for (s,t,p) # (1,2,3),(1,3,3).
~B a ~B . R s~ o~
p (é1,63) = 30 p (€s,6) =p" (s, e), (4.16)

for the pair (s,t) # (1,3). If (G4,g,V) is an affine Ricci soliton associated to the connection V2, then by

(4.5), we have

B =28n+1—p=0
2 =0
poa + p3 —ag =0

(4.17)
pr+2am—af—1+p=0
mp+a=0
agpz +p =0
Solve (4.17), we get ag = 0, there is a contradiction. So
Theorem 4.5 (G4,V,g) is not an affine Ricci soliton associated to the connection VB,
For (G5, %B), we have
RB(e,,,)é, = RP(&,,6,)¢,, (4.18)
for any (s,t,p).
~B . ~B/~ ~
p (65, 625) =p (65, et)7 (419)

for any pairs (s,t). If (G5,9,V) is an affine Ricci soliton associated to the connection 63, then by (4.5), we

have
p=0
o+ =0
H1 M2y (4.20)
p1f + p2d =0
agpz + =0

Solve (4.20), we get
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Theorem 4.6 (G5,V,g) is an affine Ricci soliton associated to the connection vB if and only if

(1)N’::U’1::U’2::U’3:03 a+57£07 Q’Y+ﬁ5:0,
Ru=pr=p=a=p=0, w#0, &#0;
Bu=m=p3=0=7=0=0, ps#0, a#0.

For (G, VP), we have

RB(&1,8)é3 = agvés, RP(€1,6)e3 = —apdes, RP(&s,61)e, = RP(Cs,8)ep, (4.21)
for (s,t,p) # (1,2,3),(1,3,3).

~B . . apd  ~B . _. B~ ~
p (61763):%7 P (BSaet):pB(BSaet)v (422)

for the pair (s,t) # (1,3). If (Gg,g,V) is an affine Ricci soliton associated to the connection VB then by

(4.5), we have

o+ By —p=0

e =0

M36 — a06 =0

- a® =0 (4.23)
p1y =0

aops +p =0

Solve (4.23), we get

Theorem 4.7 (Gg,V,g) is an affine Ricci soliton associated to the connection vB if and only if « #0, 1 =

o =y=30=0, p=a? st—%j'

For (G7,V®), we have

RB(&1,8)8 = B(a— 6 +ag)és, RP(€1,8)e3 = —B(ag + a + §)és,

RP(e,83)83 = —(aod + 6% + By)és, RP(es,€)8, = RP (65, 61)ép, (4.24)
fOI‘ (S? t7p) ;é (17 27 3)7 (1? 37 3)7 (2? 37 3) N

~B, . _ ag+20+28) ~B,. _ aopd + 26% 4+ ad + ~B g,
p (61763)2%, b (63,63) = = 5 ﬁ77 b (es,6) = pP(@s, ), (4.25)

for the pair (s,t) # (1,3),(2,3). If (Gr,g,V) is an affine Ricci soliton associated to the connection V2, then
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by (4.5), we have

pea+a? —pu=0
p2f — pra— B +af =0
pie+ p2y + p3B — (28 + 286 + agB) =0

(4.26)
mp—a® =3 =By —p=0
(p2 + 13)0 + p1 8 — (By + ad + 262 + apd) =0
aogpz +p =0
Solve (4.26), we get
Theorem 4.8 (G7,V,g) is an affine Ricci soliton associated to the connection vB if and only if
Dp=a=B=y=p3=0, 6#0, ps=20+ap;
(2)0416:/14:‘&2:,&3:0, 77&07 57&07 a0:725;
5(y—2 24452
(3)a:M:M3:O7 6#07 6#07 u1:6+’77 M2:67 ao:wﬂm7 7:%’
o2

(4)@7&0, m=pe=0=7=0=0, u:aQ, ”3:—(1—0;

B)a#0, wm=pp=B=v=0, p=ac% puz=a+25+ay, ai+apa+2ad+a®=0.

5. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian Lie
groups with the second distribution

Let TM = span{ey, €, e}, then took the distribution Dy = span{é;,es} and Di = span{és}.

Similar to (2.3), we have

o (VEY), XY er=(Dy)
ohy _ | (X YD, X eT=(Dih),Y eI=(Dy) 51)
) mp e (XY]), X eD®(Dy),Y eI(Di) '
Tp,+ (VEY), X, Y eI>(D,h)
where mp, (resp. @5, ) the projection on Dy (resp. Dyt).
5.1 Affine Ricci solitons of G4
Lemma 5.1 The Bott connection VB of G is given by
Vgla = —Ol/e\g7 vglé\g = 0, vglé\g = —ofe\l,
V%a = —a/e\l + 5,6\3, Vg;@ = O, vg;/@\g = B@l + Oé/ég,
VEie =0, Ve, =—ae, VEE=0. (5.2)
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Lemma 5.2 The curvature RP' of the Bott connection VP of (Gy,gq) is given by

RBl (/6\1, é\g)é\l = 30(2/6\3, RBl (/6\1,?3\2)?3\2 = —04,8?3\2, RBl (/6\1, 82)63 = —04281,
RBI (/6\17{?\3)/6\1 = —aﬁ’e\l + (52 - a2)€3, ]%B1 (/6\1,/6\3)/6\2 = 0, RB1 (€1,€3)€3 = (ﬁz — 012)/6\1 + aﬁ€37
RBl (é\g, gg)gl = a2€1, RBI (@2,%)@2 = Oézé\g, RBl (/6\2, é\g)é\g = 70[2?3\3. (53)

By (2.5), we have

pPrEn ) =a® =57, pPi(en,@) =aB, p”(e1,E) = —aB,
pPL(es,€1) = pP1 (e, 8) = pP(e5,3) = 0,
pPr(es,e1) = —ap, pPi(es,e) =a®  p"(es,8) = (52 - o). (5.4)
Then,
@) =0’ - B PELE) = S, 568 = —af,
a2
PP (e, &) =0, PP (e, 8) = o, 7' (E3,8) = (7 — o). (5:5)

By (2.7), we have
(Lytg)(er,e1) = —2usa,  (Lytg)(er,e2) = —ma+ psB,  (Lig)(e1,es) = ma,
(L g)(82,82) =0, (Ly'g)(€2,82) = — (2 + pa)a — w1, (L g)(E3,83) = 0. (5.6)

Then, if (G1,9,V) is an affine Ricci soliton associated to the Bott connection V51, by (2.8), we have the

following six equations:

psor— o + 52— =0
psf —pra+af =0
o —2ap =0
(5.7)
p=70
1+ pao+ pga — a® =0
B2—a?—pu=0
By solving (5.7), we get @ = 0, there is a contradiction. So
Theorem 5.3 (Gy,g,V) is not an affine Ricci soliton associated to the Bott connection VP! .
5.2 Affine Ricci solitons of Gy
Lemma 5.4 The Bott connection VP of Gy is given by
511/6\1:0, Vgl/e\gz’y/e\z, Vglég,:O,
V%a :B/ég, Vg;l’ég:(), V/gl/ég:()é/él,
V%a = "}/83, V%EZ = 0, Vgl/ég = ’Y/él (58)
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Lemma 5.5 The curvature RP' of the Bott connection VP of (Go,q) is given by
RBl (é\l, gg)gl = 07 RBl (é\l, é\g)é\g = 0, RBl (é\l, é\g)é\g = ’}/(ﬂ — Oé)é\l,

RBi(e1,e3)e1 = (B2 +4%)es, RP'(e1,63)e2 =0, RP'(e1,e3)e3 = (a8 +2)er,

RBl (/6\2, /6\3)/6\1 = ’Y(CK - ﬂ)/e\l, RBl (/6\2, (/’3\3)/6\2 = —cw/e\g, RB1 (/6\2, /6\3)/6\3 = ’Y(ﬁ - a)@d

By (2.5), we have

pPrE,e) = —(B2+4%), pP(en,e&) =0, pP(e,e3) =0,
pP1(e,e1) = pPr(€2,62) = pP(€,€3) =0,
pBl (/6\3,/6\1) = 07 PBl (837/6\2) = —a7, pBl (/6\3;/6\3) = O[B + ’72-

Then,
ﬁBl (/e\la/e\l> = _(/62 + 72)7 ﬁBl (/6\1,/6\2) = 07 ﬁBl (/6\1,/6\3) = 07

I B « B
PP (es,82) =0, pPi(er,e3) = _777 PP (€3, €3) = aB + 77

By (2.7), we have
(Ly'g)(€1,€1) =0, (L g)(@1,8) = pay + pac, (L' g)(61,€3) = pav,

(L g)(@.e2) =0, (Ly'g)(ez,e3) = —mB, (Ly'g)(Es,es) = —2m.

(5.10)

(5.11)

(5.12)

Then, if (G2,9,V) is an affine Ricci soliton associated to the Bott connection V51, by (2.8), we have the

following six equations:

B4y —p=0

poy + pzoe =10

psy =0

uw=0

pmpB+ay=0
py—af —=v*+p=0

By solving (5.13), we get 8 = v = 0, there is a contradiction. So

Theorem 5.6 (Go,g,V) is not an affine Ricci soliton associated to the Bott connection VP! .

5.3 Affine Ricci solitons of G3

Lemma 5.7 The Bott connection VP of Gs is given by
BlA _ Bl/\ _ Bl/\ — A~
Vzler =Vg'es = Vi'es = —ves,
Bi~ ~ B~ By~ ~
v€2161 = 7Yeés, VE; €y = 0, Vg; €3 = ey,

Bi~ __ Bi~ __ Bis
VES €1 = Vgg €y = va} €3 =0.

(5.13)

(5.14)
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Lemma 5.8 The curvature RP' of the Bott connection VP of (Gs,gq) is given by
RBi(e1,8)e; = RP1(61,8,)e, = RP1(ey,é3)es3 = 0,

RP\(e1,83)e, = Byes, RP'(e1,83)e2 =0, RP'(e1,63)e3 = afer,

RB1(83,83)61 = R (62, 83)6s = RP1 (65,63)¢ = 0. (5.15)
By (2.5), we have
pBl(ehel) = ﬁ77 1Y (ela€2) - Oa 14 1(é\la€3) - 07
pP (e, 1) = pP1 (€, 82) = pP (€2, ) = 0,
pBl (é\?,,/@\l) = pB1 (33,/6\2) = O7 pBl (é\3,€3) = Oéﬁ. (516)

Then,

ﬁBl (/6\27/6\2) = ﬁBl (/6\2,/6\3) = Oa ﬁBl (/6\37/6\3) = Oéﬁ. (517>
By (2.7), we have

(Lg)(E1,61) =0, (Lif'g)(@,e) = psa, (Lil'g)(e1,e3) =0,

(Ly'9)(@2,8) =0, (Ly'g)(@2,e3) = —puv,  (Ly'g)(@s,e) =0. (5.18)

Then, if (G3,9,V) is an affine Ricci soliton associated to the Bott connection V51, by (2.8), we have the

following five equations:

p—py=0

s =10

=0 (5.19)
piy =0

af—u=0

By solving (5.19), we get

Theorem 5.9 (G3,g,V) is an affine Ricci soliton associated to the Bott connection VP if and only if

(Dp =B = pza = p1y = 0;
Qu=a=~v=0, B#0.

5.4 Affine Ricci solitons of G4
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Lemma 5.10 The Bott connection VP of G4 is given by
Viie =0, Vie=-6, Vies=0,
Vga :(5721))@3, vg;é\gio, vg;é\:g:()éé\l,

B~ ~ B~ B~ ~
Vg;el = —€3, Vg; €y = 0, €31 €3 = —€71. (520)

Lemma 5.11 The curvature RP' of the Bott connection V5t of (G4, g) is given by
RPi(e,6)e1 =0, RPi(e1,6)e =0, RP(e1,e2)es = (2n+a— By,
RPL(er,e5)er = (B —n)%es, RP(e1,63)82 =0, RP'(€1,8)e3 = (14 ap)ey,

RBI (é\g,é\g)é\l = (B - 2?7 — Ot)gl, RBI (€2,€3)€2 = Oté\g, sz1 (€2,€3)€3 = (27] + o — B)/B\g (521)

By (2.5), we have

pPL(Ez,e1) = pP(€,€2) = p” (€2, €3) = O,
pBl (/E\g,é\l) = O7 pBl (837/6\2) = «, pBl (gg,é\g) = Oéﬂ + 1. (522)

Then,

pP1(ey,83) =0, pPr(es,e3)=—, pPi(es,e3)=af+ 1. (5.23)
By (2.7), we have
Lg)@,e) =0, (Li'g)(@,e)=— L g)(@1,63) = —
(Ly'g)(er,er) , (Ly'g)(er,e) p2 + pza,  (Ly'g)(er,es) 135
(Ly'9)(@2,82) =0, (Ly'9)(e2, @) = pa(2n — B), (L3 9)(@3,€3) = 2u1. (5.24)

Then, if (G4,9,V) is an affine Ricci soliton associated to the Bott connection VP!, by (2.8), we have the

following six equations:

(B=n)?-pn=0

p2 — pza =0

3 =0

0 (5.25)
p(2n—B) +a=0

ptaf+1l—p=0

By solving (5.25), we get

Theorem 5.12 (Gy,g,V) is not an affine Ricci soliton associated to the Bott connection V5Pt .
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5.5 Affine Ricci solitons of G5

Lemma 5.13 The Bott connection VP of G5 is given by

Bi~ _  ~ B~ __ By~ o~
Va e1 = aes, Va es =0, Va e3 = aeq,

By~ _ By~ _ Bi~ _ _~
Ve, e1=0, Vg'ex=0, Vg'es=ne,

By~ _ By~ _ ~ Bi~ _
v€3 €1 = O, Vgg €y = —(5627 V% €3 = 0. (526)

Lemma 5.14 The curvature RP' of the Bott connection V5t of (Gs,g) is given by

RBI (é\l, 82)31 = —a’y’e\l, RBI (€1, 82)?3\2 = O, f%B1 (€1, 82)33 = Ol’}/é\g,
RP'(e1,e5)e1 = —a’e3, RP(e1,e3)ea =0, RP'(e1,83)e3 = —(By + o?)es,
RBI (/6\2, é\g)/e\l = —047@37 RB1 (/6\2, /6\3)/6\2 = 0, RB1 (/6\2, /6\3)/6\3 = —’7(0[ + (5)/6\1 (527)

By (2.5), we have

pPi(es, er) = pP(€,02) =0, pPi(es, ) = —(By +a?). (5.28)
Then,
ﬁBl(/e\h/e\l) = 0[2, ﬁBl(/e\la/e\Q) :ﬁBl(é\lué\?)) :07
pr (€2, ) = pP (€2,83) = 0, p7(e3, @) = —(By +a®). (5.29)
By (2.7), we have
LB1 o~ — 2 LBl ~ o~ _ LBl o~ o~ —
( v 9)(61761) M3, ( v 9)(61,62) K37, ( e g)(€1763) Hi1c,
(Ly'9)(@2,82) =0, (Ly'g)(e2,e) = —pad,  (Ly'g)(3,€3) = 0. (5.30)
Then, if (Gs,g,V) is an affine Ricci soliton associated to the Bott connection VP! by (2.8), we have the
following six equations:
pza+a® +p=0
p3y =0
pa=20

0 (5.31)

MQ(SZO
o’ + By +p=0

By solving (5.31), we get
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Theorem 5.15 (Gs,g,V) is an affine Ricci soliton associated to the Bott connection VB if and only if
p=a=pF=pu=u3y=0, ¢#0.

5.6 Affine Ricci solitons of Gg

Lemma 5.16 The Bott connection VPt of Gg is given by

By~ By~ ~ By~
Vzer =0, Viles=aep, Vz'es=0,

Bi~ _ _ A7, Bis Bis _
ng €1 = ﬁ(—;’g7 ng €y = V& €3 = O,
Bi~ __ -~ Bi~ _ By~ __ ~
& €1 = —(563, Vgs €y = 0, V€3 €3 = —561. (532)

Lemma 5.17 The curvature RP' of the Bott connection V51 of (Ge,g) is given by
RB1(21,8)61 = Bla+6)es, RP(e1,e3)6 =0, RP(ey,ey)e3 = Bdey,
RB (@1, 83)e1 = (By +6%)es, RPi(ey,e3)é, =0, RP(e),63)e3 = 6%,
RBi(ey,e3)e1 = —fde1, RP(E,83)e5 =0, RP1(ey,e3)e3 = foes. (5.33)
By (2.5), we have
pPr(@,e) = —(By+6°), pP (@, @) =p" (e, e) =0,
pP1(@,61) = pP1 (€,8) = pP (2,8) = 0,
pP1(E3,81) = pPr(E3,8) =0, pPr(e3,835) =62 (5.34)
Then,
pri(ene) = —(0%+ By), p7 (e, ) =p""(@1,e3) =0,
PP (€y,82) = pP1(€a,83) =0, pPi(es, é3) = o2 (5.35)
By (2.7), we have
(L g)(@1,e1) =0, (Ly'g)(E1,62) = poa,  (Lig)(@1,€3) = —usd,
(Ly'g)(e2,€2) =0, (Ly'g)(E2.@3) = mf, (Ly'g)(€s.€3) = 24ué. (5.36)

Then, if (Gg,g,V) is an affine Ricci soliton associated to the Bott connection VP!, by (2.8), we have the

following six equations:

P +By—pn=0
o =0
p3d =0
uw=20
mp =0
p1d +62—pu=0

(5.37)
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By solving (5.37), we get

Theorem 5.18 (Gg,g,V) is an affine Ricci soliton associated to the Bott connection VB if and only if
p=pr=0=y=mpf=0, a#0.

5.7 Affine Ricci solitons of G~

Lemma 5.19 The Bott connection VP of Gy is given by
B]’\ o ~ Bl’\ _ A~ Bl/\ . o~
Vzlen =aes, Vg'ex=—fes, V;'ez=aer,
Bi~ _  ~ ~ Bi~ __ Bi~ _ ~ ~
Vo e =aer + Bes, Vi e =0, Vgles=nye+ des,

Vglél = —,6/6\3, Véil/@\Q = _523\27 v’g’lé\ii = _/Bé\l' (538)

Lemma 5.20 The curvature RP' of the Bott connection V51 of (Gr7,g) is given by

RBl 327/6\3 é\3 = 265 - (5’)/ — oy — aﬂ)@l + (5’}/ - 52 - 52)€3. (539)

By (2.5), we have

pBl (617/6\1) = a27 pBl (61762) = B(a + 5)7 pBl (/6\17/6\3) = B(Sa

pP1(es,e1) = Bla+6), pP(ez,e2) =0, pP'(e2,83)=3d(a+4),

PP, @1) = —af, pP(e5,&) =By +0%, pPt(Es,6) = B —a® — By. (5.40)
Then,
e =t @) = flat ), e =0,
PP (69,85) =0, pP(Ey,e3) = 0% + M, PP (8s,83) = B2 — a® — By. (5.41)

2

By (2.7), we have

(L g)(@1,e1) = 2uza, (L g)(61,82) = e — pafB + pzy, (L g)(@1,83) = —pia — psfB,

(LY 9)(82,82) =0, (Ly'g)(e2,83) = —pu1 B — pad — p3d,  (Li) g)(€3,€3) = 21 5. (5.42)
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Then, if (G7,9,V) is an affine Ricci soliton associated to the Bott connection V51, by (2.8), we have the

following six equations:

pae+a® 4 =0

pa — pafB+ pzy +26(6 + o) =0
psB + pra+ Bla—6) =0

nw=20

136 4 p1 B+ pad — 262 — By —ad =0
mp+p%—a® =By —p=0

(5.43)

By solving (5.43), we get

Theorem 5.21 (G7,g,V) is an affine Ricci soliton associated to the Bott connection VP if and only if

(Dp=a=pB=~v=0, §#0, ps+pu3—20=0;
Qu=py=a=p5=0, v#0, 6#0, pz—20=0;
_ 70 +286 B(B* — B9)

(3)M:a:05 57507 6750, /1/1:’7_67 ,LL3:(;, H2

/8 ) ’7 5 )
Specially, let V' =0, we get the following corollary:

Corollary 5.22 (I) (Gy,g,V) is not an affine Einstein associated to the Bott connection VPt ;

(II) (Ga,g,V) is not an affine Einstein associated to the Bott connection VPt ;

(III) (Gs,g,V) is an affine Einstein associated to the Bott connection VB if and only if (\p = a = v =
0, B#0; Qu=06=0;

(IV) (G4,9,V) is not an affine Einstein associated to the Bott connection V51 ;

(V) (Gs,g,V) is an affine Einstein associated to the Bott connection VP if and onlyif y=a=8=0, §#0;
(VI) (Gg,g,V) is an affine Einstein associated to the Bott connection VP if and onlyif p =6 =~v =0, o #0;
(VII) (Gr,g,V) is not an affine Einstein associated to the Bott connection VPt .

6. Affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian
Lie groups with the second distribution

Similarly, by the above calculations, we always obtain g = 0. In order to get the affine Ricci soliton with

nonzero p, we introduce the perturbed Bott connection VB! in the following. Let €3 be the dual base of es.
We define on Gi—1....7

VEY = VY + aof3(X)e5(Y)es, (6.1)
where ag is a nonzero real number. Then

~le\ _ ~ ~Bl/\ _ le\
Ve, €2 =apez, Vz'e,=VZ'e, (6.2)
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where s and ¢ does not equal 2. We define
(LT 9)(X,Y) = g(VRV.Y) + (X, V§'V), (6.3)
for vector fields X,Y, V. Then we have for Gj—1....7
(L 9) (@2, 2) = 2a0p2,  (L{'9)(B. %) = (L' 9) (@, ), (6.4)

where s and t does not equal 2.

Definition 6.1 (G;,V,g) is called the affine Ricci soliton associated to the connection VB if it satisfies

(LB g)(X.Y) + 25 (X,Y) + 2ug(X,Y) = 0. (6.5)
For (Gy,VP"), we have
RP1(61,83)e; = apffés, RP(6y,63)60 = (a® — apa)éy, RP1(es,e1)e, = RP1 (6,6, (6.6)
for (s,t,p) # (1,3,2),(2,3,2).
T E = RN LICN) (6.7

for the pair (s,t) # (2,3). If (G1,g,V) is an affine Ricci soliton associated to the connection 631, then by
(6.5), we have

pza —a® + 5% —p=0
af —pa+pzf =0
pia—2af =0
(6.8)
agpz +p =10
(po + p3)a+ 1B — a? + apa = 0
B2—a?—p=0
Solve (6.8), we get ag = a = 0, there is a contradiction. So
Theorem 6.2 (G1,V,g) is not an affine Ricci soliton associated to the connection VB
For (Ga, VB1) | we have
RP1(€1,8)6s = —agy@s, RP(1,63)8 = aofea, RP'(85,6,)e, = RP(€s,8,)Ep, (6.9)
for (s,t,p) # (1,2,2),(1,3,2).
~B1 . a ~B1 . ~By /~ ~
e = B @) =5 @), (6.10)
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for the pair (s,t) # (1,2). If (Ga,g,V) is an affine Ricci soliton associated to the connection 631, then by

(6.5), we have

V+p—p=0
p2y + psa+apy =0
psy =0
(6.11)
aogpz +p =0
pmp+ay=0
iy —af =7 +p=0
Solve (6.11), we get
Theorem 6.3 (G2,V,g) is an affine Ricci soliton associated to the connection 2 if and only if
(DB =u3=0, v#0, ag==L7v, u=F;
@
Dus=0. 7£0, B0, m=-T. F-ar’-ap=0.
For (G3, %Bl), we have
RP1(61,85)8; = apffes, RP'(2,,8,)8, = RP'(8,,8)8), (6.12)
fOI' (S’ t?p) # (17 37 2) .
~B1, .. ~B (~ -~
P (€s,er) =p (e, ), (6.13)

for any pairs (s,t). If (Gs,g,V) is an affine Ricci soliton associated to the connection vB , then by (6.5), we

have

By—p=0

puza =0

aope + =0 (6.14)
piy =0

af —pu=20

Solve (6.14), we get

Theorem 6.4 (G3,V,g) is an affine Ricci soliton associated to the connection vB if and only if

(1)B =p = pe = pza = pyy = 0;
(2)B#0, y=a=p=puy=0;

(6]
(B)B#0, y=a#0, wpm=p3=0, p faf’fy p=ap.
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For (G4, VP"), we have

RPY(81,8)8, = apey, RP'(€1,63)6y = apfes, RP'(e,,6)e, = RP(e,,61)e,, (6.15)
fOr (Sﬂ t’p) # (1) 27 2)7 (13 37 2) *

a ~By . ~Bi i~ ~
0 7 (€s,6r) = pb (€s,€r), (6.16)

for the pair (s,t) # (1,2). If (G4,9,V) is an affine Ricci soliton associated to the connection V51 | then by

(6.5), we have

(B=n)?-pn=0
p3a — p —ag =0
3 =0
aopz +p =20
pi(2n—B) +a=0
pitaf+1—p=0

(6.17)

Solve (6.17), we get

Theorem 6.5 (G4,V,g) is an affine Ricci soliton associated to the connection VB ifand only if B #£1n, ag =
£(B-n), m3=0, w=FB-n), m=1-ghm nr=0B-n7

For (G5,%Bl), we have

RPY(€),83)es = —apféa, RP'(6y,63)ea = —apdea, RP'(,,6)e, = RP1(e,,6,)¢,, (6.18)
for (s,t,p) # (1,3,2),(2,3,2).

~Bl ~ o~ a05 :Bl ~ o~

P = P (En @) =07 (6 8), (6.19)
for the pair (s,t) # (2,3). If (Gs,g,V) is an affine Ricci soliton associated to the connection 631, then by

(6.5), we have

pza+a® +p=0

pgy =0
pia=0
' (6.20)
appz +p =20
d(pe +ag) =0

o+ By +pu=0

Solve (6.20), we get
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Theorem 6.6 (G5,V,g) is an affine Ricci soliton associated to the connection vB if and only if

(DB =a=p=p=ao=pzy=0, d #0;

(2a#0, d=ps=7=0, p=psao=—a’;
(B)a#0, 0#0, a+d#0, pu=pF=7=0, pz=—ap=lal
For (Gg, VP"), we have
RP1(61,8,)6; = —apay, RP(61,63)6; = —agyés, RP(es,e1)e, = RP1 (64,86, (6.21)
for (s,t,p) # (1,2,2),(1,3,2).
5BW€L€é)==ggz, 5 (@) = PP (8, @), (6.22)

for the pair (s,t) # (1,2). If (Gg,g,V) is an affine Ricci soliton associated to the connection V5, then by

(6.5), we have

P+ By—p=0
poa + agar =0
p3d =0
(6.23)
appz +p =0
mpB=0
pd+6%—pu=0
Solve (6.23), we get
Theorem 6.7 (Gg,V,g) is an affine Ricci soliton associated to the connection VB if and only if
62
(DB =a=p3=pm =0, §#0, Mo ==
(2)0[ 7é 07 d 7& Oa H1 = Oa ag = :l:67 M2 = :FJ
For (G7,VP"), we have
RP1(@1,8)8s = (a0 — = 0)B8s,  R™'(e1,@)82 = Bla + 8 — ag)es,
RB(82,83)8 = (0% + By — agd)ez, R (64,88, = RP' (6., 81)8p, (6.24)
for (s,t,p) # (1,2,2),(1,3,2),(2,3,2).
~By . . 28(ad) — a ~B1 . . 202 +ad + By —agd  ~Bi,.. . B e
1Y (ela€2) = B( ) 06 P 1(62763) = B’y 0 ) P (eS7et) = pBl (687€t)a (625)

2
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for the pair (s,t) # (1,2),(2,3). If (G7,g,V) is an affine Ricci soliton associated to the connection VB , then
by (6.5), we have

psa+a? 4+ =0
paf — prio — pzy — 266 — 2af + apf = 0
e+ psB+af — B6 =0

(6.26)
agpz +p =0
p1B 4 pab 4 p3é — 20% —ad — fy +agd =0
mpB+p*—a—py—pn=0
Solve (6.26), we get
Theorem 6.8 (G7,V,g) is an affine Ricci soliton associated to the connection VB if and only if
Wp=a=B=y=p2=0, 6#0, p3=20— ap;
Qa=B=p=p=p3=0, v#0, §#0, ap=20;
_ 2B5 46 B -6

(3)(1:#:#2:07 67&07 57é07 /141:’7763 M3:57 ago ﬂ T 52 5

«
Da#0, f=y=0=m=p3=0, p=-a “2:?05

(B)a#0, B=y=p =p3=0, p=—a? pp=a+26—ay, af—ax—2a6+a’=0;

6)a#£0, B£0, v=0, o+p> Mﬂjﬁ% ) )

2

—a2 Y M:,BQ—OP

7&7

p2=a+20+ h —ap, af’0+a’8 — B +a’p° - gt =0.

7. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian Lie
groups with the third distribution
Let TM = span{éy, e, €3}, then took the distribution Dy = span{es,e3} and Di = span{e;}.

Similar to (2.3), we have

7D, (VEY), X,Y € I°(Dy)

7o, ([X,Y]), X e I°(Dyh),Y € T°°(Dy)
o, ([X,Y]), X €T®(D,),Y € I°(Dy™)
Tp, (VEY), X,Y e >°(Dy™h)

vy = (7.1)

where mp, (resp. 75, ) the projection on D (resp. Dy,
7.1 Affine Ricci solitons of G,
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Lemma 7.1 The Bott connection VP2 of G| is given by

Bz/\ _ B2/\ _ A~ B2/\ _ A~
Vzlen =0, Vz%e; =—fe3, Vz%es =—[fe,

B2/\ _ o~ B2/\ _ o~ BQ/\ _ ~
V’e} e = —aeq, ng es = aes, ng e3 = aeo,

Bo~ o~ Bo~ ~ Bo~ ~
V€3 el = aeq, Vgg ey = —aes, V€3 €3 = —aes.

Lemma 7.2 The curvature RP2 of the Bott connection VB2 of (G1,g) is given by
RP2(e1,@)e1 = afer, R (e1,e)e2 =0, RP(e1,6)e; =0,

RP2(ey,e3)e1 = —aBer, RP*(e1,63)e, =0, RP2(e1,e3)e3 =0,

RP2(e5,83)e1 =0, RP*(ez,63)ez = %63, RP*(62,63)e3 = B%es.

By (2.5), we have

pP? (€1, 1) = p2(€1,8) = pP (e1,€3) = 0,

pP (€, 61) = af, pP(€s,e) =B, pP(€,e3) =0,

pP2(e3,61) = —aB, pP2(e3,62) =0, pP2(e3,e3) = B>
Then,

Prene) =0, p@e) =, s = -,

PP (€2,6) = —B%, pP(en,€3) =0, p2(e3,63) = B

By (2.7), we have

(Ly?g)(E1,61) =0, (LiPg)(@1,6) = —pa — usB,  (LiPg)(€1,83) = pia + paf,

(Ly2g)(e2,62) = 2usa,  (L12g)(€2,€3) = — (2 + pa)a,  (Li2g)(€3,€3) = 2uaav.

(7.2)

(7.6)

Then, if (G1,9,V) is an affine Ricci soliton associated to the Bott connection V52, by (2.8), we have the

following six equations:

pnw=20

w3+ pa—af =0
pro+ pef —aff =0
(p2 + p3)a =0
pzoe— % +p =0
B2+ ppa—p =0

By solving (7.7) , we get

Theorem 7.3 (Gy,9,V) is an affine Ricci soliton associated to the Bott connection V52 if and only if

p=p=p=p3=0, a#0.
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7.2 Affine Ricci solitons of G,

Lemma 7.4 The Bott connection VP2 of Gy is given by
VEe =0, VI, =qe—fes, VEies = —fey — e,
VEe = Ve, = vie; =0,

Doy = Ve, = Ve =0. (7.8)

6

Lemma 7.5 The curvature RP2 of the Bott connection VB2 of (Go,g) is given by
RB2(2,,8,)e1 = RP2(e1,6,)é; = RP2(ey,85)e3 = 0,
RB2(ey,e3)e; = RP2(e1,835)é; = RP2(e1,e3)e3 = 0,
RB2(ey,e3)e1 =0, RP2(6,63)6, = —avyéy +afies, RP2(ey,63)e3 = afiey + avyes. (7.9)

By (2.5), we have

pP2(e1,61) = pP(@1,e2) = pP2 (€1, 8) = 0,
p (82761) = 0 P (/6\2’62) = 70‘ﬂ7 sz (827/6\3) = a9,
pP2(E3,81) =0, pP2(63,8) = —ay, pP2(e3,e3) = ap. (7.10)

Then,
pP2(e1,e1) = pP2(e1,6) = p2(e1,e3) = 0,
pP2(€y,62) = —af, pP2(6,63) = —ay, pP2(e3,63) = af. (7.11)
By (2.7), we have
(LE2g)(@1,81) =0, (LEg)(e1,8) = pay — paB, (LiPg)(e1,83) = pafl + pzv,

(L2 g)(e2,62) = (LiPg) (€2, €3) = (L{*g)(e3,e3) = 0. (7.12)

Then, if (G2,9,V) is an affine Ricci soliton associated to the Bott connection V72, by (2.8), we have the
following five equations:

uw=20

p2y — p3f =0

p2f + pzy =0 (7.13)
af—u=0

ay=20

By solving (7.13), we get
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Theorem 7.6 (Ga,9,V) is an affine Ricci soliton associated to the Bott connection VP2 if and only if
p=a=p=pu3=0, y#0.

7.3 Affine Ricci solitons of G3

Lemma 7.7 The Bott connection VP2 of G3 is given by
V%a =0, ng/@ = —es, V%gs = —fey,

By~ _ By~ Bao
ng €] = V€2 €y = VEQ €3 = 0,

Vi = Vi, = Ve = 0. (7.14)

e3
Lemma 7.8 The curvature RP2 of the Bott connection VB2 of (Gs,q) is given by
RB2(e),65)e; = RP2(€1,8,)é; = RP2(e1,63)es = 0,

RP2(2,,63)6, = RP2(e1,63)6, = RP*(1,83)83 = 0,

RP2(25,85)810, = RP2(22,85)85 — anes, RP2(6y,04)e — a e, (7.15)
By (2.5), we have
pP2(er,e1) = pP (1, e) = pP2 (€1, ) = 0,
pP2(€z,01) = pP2(€2,02) = —ay,  pP2(€2,83) =0,
pP2(es,e1) = pP2(e5,62) = 0, pP2(e3,€3) = af. (7.16)

Then,
pP2(er,e1) = pP2 (1, e2) = pP* (€1, e3) = 0,
P72 (62,82) = —ay, p(2,63) =0, 77*(3,63) = af. (7.17)
By (2.7), we have
(L€2g)(€17€1) =0, (L\B;zg)(gl,/e}) = —u3fp, (ngg)(a,é\:s) = K27,
(Ly2g)(@2,2) = (Ly29) (@2, 85) = (Ly*g)(@s,€3) = 0. (7.18)

Then, if (G3,9,V) is an affine Ricci soliton associated to the Bott connection V52, by (2.8), we have the

following five equations:

w=20

psp =0

p2y =0 (7.19)
af—pu=0

ay—pu=20

By solving (7.19), we get
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Theorem 7.9 (G3,g,V) is an affine Ricci soliton associated to the Bott connection V52 if and only if

(a#0, p=p=vy=0;
(2)a = p = paf = poy = 0.

7.4 Affine Ricci solitons of G4

Lemma 7.10 The Bott connection VP2 of G4 is given by

Bo~ Bo~ ~ ~ Bo~ ~ ~
61261 = 0, V€1262 = —e9 + (27] — ﬁ)eg, v€1263 = —562 + es,

Bo~ Bo~ Ba~
vé~2 €1 = V€2 €y = V’e} €3 = 0,

VEie, = Ve = Ve = 0. (7.20)

Lemma 7.11 The curvature RP2 of the Bott connection V52 of (Gy,g) is given by
RB2(ey,63)e; = RP2(61,8)é; = RP2(61,e3)e3 = 0,
RB2(e,,e3)e; = RP2(€1,83)é; = RP2(e1,e3)e3 = 0,
RB2 (/6\2,/6\3)/6\1 = O, RB2 (é\g,é\g)é\g = oféz + Ot(,B - 2’17)/6\3, RB2 (/6\2, /6\3)/6\3 = aﬂ/e\g — O[/e\g. (721)

By (2.5), we have

pP2(e1,e1) = pP2(e1,6) = pP2(e1,63) = 0,
P2(ey,e1) =0, pP(e26)=a2n—pB), pP(e26)=q,

pP(es,e1) =0, pP(es, @) =, pP2(e3,€3) = ap. (7.22)
Then,

ﬁBz (/6\17/6\1) = ﬁBz (/6\17/6\2) = ﬁBQ (/6\17/6\3) = 07

PP (€2,02) = a2 — B), p7(e2,6)=a, p(E,8)=ab. (7.23)
By (2.7), we have

(Ly?g)(€1,61) =0, (LiPg)(@1,8) = —po — u3B, (L2 9)(€1,63) = pa(B — 20) — pa,

(L2 9) (2, 82) = (L2 g)(€2,6) = (L2 g) (€3, €5) = 0. (7.24)
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Then, if (G4,g,V) is an affine Ricci soliton associated to the Bott connection VP2, by (2.8), we have the

following six equations:

u=20
p2 +p3f =0
—2n) — =0
p2(B —2n) — ps (7.25)
a=0
a2n—=B)+pu=0
af —pu=20

By solving (7.25), we get

Theorem 7.12 (Gy4,g,V) is an affine Ricci soliton associated to the Bott connection VP2 if and only if

(Dp=a=p2+un=0, B=mn
Qu=a=p3=p=0, B#n.

7.5 Affine Ricci solitons of Gj

Lemma 7.13 The Bott connection V52 of G5 is given by
Ve =0, VZe,=0, Ve =486,
VD1 =0, VZe, =de;, VEes = e,

VP = —ady, VEZe =0, Ve =0 (7.26)

Lemma 7.14 The curvature RP2 of the Bott connection V52 of (Gs,g) is given by

RP>(e1,6)e1 =0, RP(ey,ez)ey = Boen, RP*(e1,6)e3 = —B0es,
RP2(e), 8506 =0, RP:(@1,)8 = 500, RP (21,88 = —fla + )8,
REB: (52,€3)€1 =0, REB: (é\g,/e\g)é\g = —(5263, RE? (é\g,/e\g,)é\g = —(6’7 + (52)/6\2. (727)

By (2.5), we have

pP2(e1,e1) = p™2 (1, €2) = pP (€1, e3) =0,
pP2(ey,21) =0, pP2(ey,85) =062, pP2(ey,83) =0,
pP2(es,e1) = pP2(e5,e2) =0, pP2(e3,23) = —(By +6°). (7.28)

Then,
pP2(e1,e1) = pP2(e1,62) = pP2(e1,63) = 0,

pP2(89,85) = 62, pP2(€9,83) =0, pP2(es,e3) = —(By +62). (7.29)
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By (2.7), we have

(Ly?g)(€1,61) =0, (Ly?g)(@1,6) = usB,  (Li2g)(E1.63) = —ma,

(L2 9)(62,82) = 210, (L?g)(€2,€3) = —pad, (Ly?g)(€3,€3) = 0. (7.30)

Then, if (Gs,g,V) is an affine Ricci soliton associated to the Bott connection V52, by (2.8), we have the

following six equations:

pn=20

psB =0

pwa =0

pusd + 8% +pu=0
o0 =0

24+ By+u=0

(7.31)

By solving (7.31), we get

Theorem 7.15 (Gs,g,V) is an affine Ricci soliton associated to the Bott connection VB2 if and only if
p=0=y=m=p3f=0, a#0.

7.6 Affine Ricci solitons of Gg

Lemma 7.16 The Bott connection V52 of Gg is given by
Vg"@l = 0, V?@g = Oté\g + 5/6\3, ng/e\g = ")//6\2 + 5/6\3,
Vi = Ve, =Vvie =0,

Vi =VEe, =Vvie =0. (7.32)

Lemma 7.17 The curvature RP2 of the Bott connection V52 of (Gg,g) is given by

RP2(e,,e1)e, = 0, (7.33)
for any (s,t,p).
By (2.5), we have
p"2 (e, ) =0, (7.34)
for any pairs (s,t). Similarly,
P2 (es,e) =0, (7.35)
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for any pairs (s,t). By (2.7), we have
(Ly2g)(@r,e1) =0, (Ly2g)(er,e2) = poa + pzy,  (Ly2g)(@1,8) = —p2f — sd,
(Ly2g) (@2, e2) = (Ly2g)(€2,€3) = (Ly*g)(e3,€3) = 0. (7.36)

Then, if (Gg,g,V) is an affine Ricci soliton associated to the Bott connection V52, by (2.8), we have the

following three equations:

’u, =
poc + psy =0 (7.37)
p2f + p3d =0

By solving (7.37), we get

Theorem 7.18 (Gg,g,V) is an affine Ricci soliton associated to the Bott connection VP2 if and only if

Wp=p2=p3=0, ay—pF6=0, a+d#0;
Qu=0, a=p3 d=7v pu#0, uz#o0;

7.7 Affine Ricci solitons of G~

Lemma 7.19 The Bott connection V52 of Gy is given by

€

Bo~ Bo~ ~ ~ Bo~ ~ ~

Vzlen =0, VZ%e, =—fe; — fe;, VZ%es = fex + fes,
Bo~ —~ Bo~ ~ Bo~ ~

Vajer=aer, Vgzles= des, Vg es = des,

Bas _ o~ Bas _ 5o Bor _ o~
Voien = —ae1, Viiex= des, Voies = 0ey. (7.38)

Lemma 7.20 The curvature RP? of the Bott connection VP2 of (Gr,g) is given by
RB2 (é\l,é\g)é\l =0, REB: (é\l,é\z)é\g = 6(2(5 — Ot)(/e\g + /6\3),

~ o~

(@1,e2)e3 = Bla —20)(e2 + &), RP(é1,e3)e1 =0,
RP2(8,23)8, = Bla — 20)(62 +€),  RP2(61,8)8 = (26 — ) (@ + &),
RP(e3,e3)e1 =0, RP(e3,€3)e2 = By(e2 + €3),
(€2,€3)e3 = —fBy(€2 + €3). (7.39)

By (2.5), we have

pP2(e1,e1) = pP2(e1,8) = pP2(e1,63) = 0,
sz (/6\27/6\1) = 07 p32 (/6\2,/6\2) = _ﬂ77 sz (627/6\3) = 677
pP(e5,€1) =0, pP2(e3,8) =By, pP(es,e3) = —B. (7.40)
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Then,

pr(er,e1) = pP2 (61, e2) = pP2 (€1, @) = 0,

PP (€2,62) = =By, p*(en,e3) =By, PO (es,e3) = —f. (7.41)
By (2.7), we have

(Ly?g)(€1,61) =0, (LiPg)(@1,e) = pa — paB+ psfB, (Ly2g)(e1,€3) = paf — pia — pisf,

(L{2g)(€2,82) = 2130, (L1P9)(€2,83) = —(p2 + p13)6,  (L329)(€3,€3) = 2u20. (7.42)

Then, if (G7,9,V) is an affine Ricci soliton associated to the Bott connection V72, by (2.8), we have the
following five equations:

w=20

pree— pof 4 p3f =0

p30 — By +p=0 (7.43)
(13 + p2)d =0

20 =0

By solving (7.43), we get

Theorem 7.21 (Gz,g,V) is an affine Ricci soliton associated to the Bott connection VP2 if and only if

(Wp=0=vy=ma—pB+pusf=0, o0
Qu=a=py=pz=p3=0, §#0;
Bu=v=m=p2=p3=0, a#0, §#0, a+d#0.

Specially, let V' =0, we get the following corollary:

Corollary 7.22 (I) (Gi,9,V) is an affine Einstein associated to the Bott connection VP2 if and only if
p=p=0;

(Il) (Ga,g,V) is an affine Einstein associated to the Bott connection V52 if and only if p =a =0;

(IlT) (G3,9,V) is an affine Einstein associated to the Bott connection VP2 if and only if p=af =0;

(IV) (G4,g9,V) is an affine Einstein associated to the Bott connection VP2 if and only if p=a =0;

(V) (Gs,g,V) is an affine Einstein associated to the Bott connection VP2 if and only if u =5 =v =0, a#0;
(VI) (Gg,g,V) is an affine Einstein associated to the Bott connection VP2 if and only if p =0, ay— 6=
0, a+d#0;

(VII) (Gr,g,V) is an affine Einstein associated to the Bott connection VP2 if and only if p =~y = a + 25 =
0, a+d#0.
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8. Affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian

Lie groups with the third distribution
Similarly, by the above calculations, we always obtain g = 0. In order to get the affine Ricci soliton with

nonzero p, we introduce the perturbed Bott connection VB2 in the following. Let €] be the dual base of e;.
We define on Gi—1....7

VEy = vB2y 4 qpet (X)e (Y )en, (8.1)
where ag is a nonzero real number. Then
V2 =aper, VEe =VEae, (8.2)
where s and t does not equal 1. We define
(L) (X,Y) = g(VRV,Y) + g(X, V2V, (8:3)
for vector fields X,Y, V. Then we have for G;—1 ... 7
(Ly2g) @, 61) = 2a0m,  (1329)(E. @) = (Li?9) (@5, ), (8.4)

where s and ¢ does not equal 1.

Definition 8.1 (G;,V,g) is called the affine Ricci soliton associated to the connection vB: if it satisfies

(LHg)(X.Y) +25 " (X,Y) + 2u9(X,Y) = 0. (8.5)

For (G4, 632), we have
R (@1,8:)81 = a(B — ao)er, R (21,8)e1 = alag — B)e,
RP2(2y,83)8) = —apfe1, R2(e,,6)e, = RP2(,,61)e,, (8.6)

for (s,t,p) # (1,2,1),(1,3,1),(2,3,1).

~Bs . [0 —a ~Bs alag — ~Bs ~ ~ o~

(@1, 22) M, p(Ee) = M, 7 (@) = 56, 8), (8.7)
for the pair (s,t) # (1,2),(1,3). If (G1,g,V) is an affine Ricci soliton associated to the connection V52 | then
by (8.5), we have

appr +p =0

af — pa— psf —apa =0
p2f + ma+ alag — ) =
pzee— % +p=0

p3o+ prooe =0

B2+ poa—pu =0

Solve (8.8), we get
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Theorem 8.2 (G1,V,g) is an affine Ricci soliton associated to the connection vB: if and only if

2
a
(1)0{ 7& 0, B =0, H1 = —ag, H2 = —H3 = an n= a(2)7

(2a#0, B#0, pp=p3=0, p=p> ma+p°=0, p+a—pB=0.

For (Ga, %Bz), we have

RP2(25,83)61 = —agaéy, RP2(e,,6)¢, = RP?(e4,0,)8p, (8.9)
for (87 t7p) 7é (27 37 1) *
~Ba . ~By A
P (€s,€r) =p2(es, er), (8.10)

for any pairs (s,t). If (Ga,g,V) is an affine Ricci soliton associated to the connection V52, then by (8.5), we

have
agpr +p =0
pay — psB =0
p2f + p3y =0 (8.11)
af —p=0
ay=0

Solve (8.11), we get

Theorem 8.3 (G2,V,g) is an affine Ricci soliton associated to the connection VB2 if and only if p = a =

pr=p2=p3 =0, v#0.

For (Gs,V52), we have

RP: (€2,€3)e1 = —agaey, RP (€, e)ep = R (€5, e)ep, (812)
for (s,t,p) #(2,3,1).
~Ba . ~By~ A
P (6576t) =p (6576t)a (813)

for any pairs (s,t). If (Gs,g,V) is an affine Ricci soliton associated to the connection V52, then by (8.5), we

have
aopr + =0
psfB =0
oy =0 (8.14)
ay—pu=20
af—u=0

Solve (8.14), we get
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Theorem 8.4 (G3,V,g) is an affine Ricci soliton associated to the connection vB: if and only if

(Da = p = prag = poy = pzff = 0;
(2a#0, B=v=p=pao=0;
(Ba#0, B=7#0, p=p3=0, p=oap, ma=—of.

For (G4, V52), we have

RP2(6,,83)8, = —apaer, RP2(e,,6)e, = RP2(e,,61)e,, (8.15)
for (s,t,p) #(2,3,1).
~B> . ~By~ A
p (esvet) = ,0 (es7et); (816)

for any pairs (s,t). If (G4,g,V) is an affine Ricci soliton associated to the connection V52 then by (8.5), we

have

aopr +p =0
wsB+p2 =0
p2(B —2n) — ps =0
( ) (8.17)
a2n—pB)+pn=0
a=0
af—pu=0
Solve (8.17), we get
Theorem 8.5 (G4,V,g) is an affine Ricci soliton associated to the connection VB2 if and only if
Na=p=p =p3=p2=0, B#mn;
(Qa=p=pm =0, pz+pn=0, B=n.
For (Gs,V52), we have
RP2(1,8)e1 = —apaé1, RP2(ey,83)61 = —agver, RP2(&,,é)e, = RP2(e,,6)é,, (8.18)
for (87 t7p) # (1’ 37 1)7 (27 37 ]‘) *
~Bs apgtx ~Bo ~ ~ o~
P 2(62,61) - 707’ P 2(657625) - sz(esvet)a (819)

for the pair (s,t) # (2,1). If (Gs,g,V) is an affine Ricci soliton associated to the connection 632, then by
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(8.5), we have

aop1 +p=0
psB =0
pa+apa =0
puzd + 8%+ pu=0
p20 =0

2+ By+u=0

(8.20)

Solve (8.20), we get

Theorem 8.6 (G5,V,g) is an affine Ricci soliton associated to the connection VB2 if and only if 6 = a =

e =p3 =0, §#0, p=—0% ==

For (Gs, VB2) | we have

RP2(2,,,)e, = R”2(2,,6,)e,, (8.21)
for any (s,t,p).
~Bay . ~Bo /i~ ~
D 2(6576t) = pPe (€s, 1), (8.22)

for any pairs (s,t). If (Gg,g,V) is an affine Ricci soliton associated to the connection 652, then by (8.5), we

have
agpr +p =0
poor+ 3y =0
(8.23)
p2B + psd =0
p=0
Solve (8.23), we get
Theorem 8.7 (Gg,V,g) is an affine Ricci soliton associated to the connection VB2 if and only if
(1)/'[‘:”1::“2::“3:0’ 04’7—55:0, O[+57507
Rp=m=0, a=p, =7, pp#0, up#o0;
Bu=m=a+B=0+y=0, p2#0, puz#0.
For (G7,VP2), we have
R™(21,6:)61 = apaey, RP(e1,83)6 = —agoey,
RP2(e5,e3)61 = apyer, RP2(8,,6:)6, = RP2(8,,€1)8,, (8.24)
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for (S?t7p) # (1’27 ]‘)7 (1’37 1)7 (2’ 3’ 1)'

~Bo apt ~Bo agx ~Bo ~ o~
p (e1,6) = 077 P (€2,63) = _07’ b (G, ) = pP2(Cs, ), (8.25)

for the pair (s,t) # (1,2),(2,3). If (G7,g,V) is an affine Ricci soliton associated to the connection V52, then
by (8.5), we have

agpy + =10
pef — pra — p3f —aga =0
p30 — By +p=0 (8.26)

(p2 + p3)d — By =0
p20 — By —p =0

Solve (8.26), we get

Theorem 8.8 (G7,V,g) is an affine Ricci soliton associated to the connection VB2 if and only if

)
(Na=pF=p2+pzs=0, 0#0, p=—psd, mz%;

Ra=y=p=pu =p2=p3 =0, BL#0;

B)a#0, d=y=p=p =0, (u2+ pu3)B— apa=0;

4Da#0, 0#0, =0, ulz—aﬁ, /12:%, /13:—%, 2a0Bu + pad — aZad = 0.
0

9. Conclusion

Firstly, the distributions that we take are D = span{ey, ez}, D1 = span{ey,es}, Dy = span{es,es}. In fact,
we can also take other distributions, but D = span{ey,é2}, D; = span{e1,é3}, Dy = span{es, €3} are the sim-
plest distributions on three-dimensional Lie groups {G;}i=1,....7. In addition, the distribution D = span{ei,és}
is used in [19] and [2]. In the paper, we get affine Ricci solitons associated to the Bott connection on three-
dimensional Lorentzian unimodular and nonunimodular Lie groups, and the results are all u = 0. To get the
results of affine Ricci solitons with p # 0, we use perturbed Bott connections in (4.1), and we get affine Ricci
solitons with g # 0 by this kind of perturbed Bott connection on three-dimensional Lie groups. However, for

some other perturbed Bott connections, we cannot get affine Ricci solitons with p # 0.
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