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Abstract: In this paper, we compute the Bott connection and their curvature on three-dimensional Lorentzian Lie
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1. Introduction
In geometry, Einstein metrics have been studied in three-dimensional Lorentzian manifolds. As a natural gen-
eralization of Einstein metrics, the definition of the Ricci soliton was introduced by Hamilton in [11]. Therefore,
study of Ricci solitons over different geometric spaces has become more significant. Einstein manifolds associated
to affine connections have been studied by many geometers. In [12] and [17], Wang studied Einstein manifolds
associated to semisymmetric nonmetric connections and semisymmetric metric connections respectively.

Naturally, mathematicians start to study Ricci solitons associated to different affine connections. In [9],
Crasmareanu gave several generalizations of Ricci solitons with linear connections. In [10], it is proved the equiv-
alent conditions of the Ricci soliton in Kenmotsu manifold associated to the Schouten–Van Kampen connection
to be steady. Hui-Prasad-Chakraborty studied Ricci solitons on Kenmotsu manifolds with respect to quarter
symmetric nonmetric φ -connection in [14]. Perktas-Yildiz studied several soliton types on a quasi-Sasakian
3-manifold with respect to the Schouten–Van Kampen connection in [15]. In [18], Wang classify affine Ricci
solitons associated to canonical connections and Kobayashi–Nomizu connections and perturbed canonical con-
nections and perturbed Kobayashi–Nomizu connections on three-dimensional Lorentzian Lie groups with some
product structures. In [1, 4, 13], the definition of the Bott connection was introduced. In [5], F. Baudoin and E.
Grong proved transverse Weitzenb öck identities for the horizontal Laplacians of a totally geodesic foliation. In
[6], the authors developed a variational theory of geodesics for the canonical variation of the metric of a totally
geodesic foliation, where the Bott connection is a first natural connection on manifold M that respects the
foliation structure. And because the Levi–Civita connection is not adapted to the study of follations because
the horizontal and the vertical bundle may not be parallel. More adapted to the geometry of the foliation is
the Bott connection. Therefore, we study the Bott connection on three-dimensional Lorentzian Lie groups. In
this paper, we compute the Bott connection and their curvature on three-dimensional Lorentzian Lie groups
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with three different distributions, and we classify affine Ricci solitons associated to the Bott connection on
three-dimensional Lorentzian Lie groups with three different distributions.

In Sections 2 and 3, we recall the definition of the Bott connection, and give affine Ricci solitons associ-
ated to the Bott connection on three-dimensional Lorentzian unimodular and nonunimodular Lie groups with
the first distribution. In Section 4, we give affine Ricci solitons associated to the perturbed Bott connection on
three-dimensional Lorentzian Lie groups with the first distribution. In Section 5, we give affine Ricci solitons
associated to the Bott connection on three-dimensional Lorentzian Lie groups with the second distribution.
In Section 6, we give affine Ricci solitons associated to the perturbed Bott connection on three-dimensional
Lorentzian Lie groups with the second distribution. In Section 7, we give affine Ricci solitons associated to the
Bott connection on three-dimensional Lorentzian Lie groups with the third distribution. In Section 8, we give
affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian Lie groups
with the third distribution.

2. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian uni-
modular Lie groups with the first distribution

Firstly, throughout this paper, we shall by {Gi}i=1,···,7 , denote the connected, simply connected three-
dimensional Lie group equipped with a left-invariant Lorentzian metric g and having Lie algebra {gi}i=1,···,7 .
Let ∇L be the Levi–Civita connection of Gi and RL its curvature tensor, then

RL(X,Y )Z = ∇L
X∇L

Y Z −∇L
Y ∇L

XZ −∇L
[X,Y ]Z. (2.1)

The Ricci tensor of (Gi, g) is defined by

ρL(X,Y ) = −g(RL(X, ê1)Y, ê1)− g(RL(X, ê2)Y, ê2) + g(RL(X, ê3)Y, ê3), (2.2)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.
Nextly, we recall the definition of the Bott connection ∇B . Let M be a smooth manifold, and let

TM = span{ê1, ê2, ê3} , then took the distribution D = span{ê1, ê2} and D⊥ = span{ê3} .
The definition of the Bott connection ∇B is given as follows: (see [4], [1], [13])

∇B
XY =



πD(∇L
XY ), X, Y ∈ Γ∞(D)

πD([X,Y ]), X ∈ Γ∞(D⊥), Y ∈ Γ∞(D)

πD⊥([X,Y ]), X ∈ Γ∞(D), Y ∈ Γ∞(D⊥)

πD⊥(∇L
XY ), X, Y ∈ Γ∞(D⊥)

(2.3)

where πD (resp. π⊥
D ) the projection on D (resp. D⊥ ).

We define
RB(X,Y )Z = ∇B

X∇B
Y Z −∇B

Y ∇B
XZ −∇B

[X,Y ]Z. (2.4)

The Ricci tensor of (Gi, g) associated to the Bott connection ∇B is defined by

ρB(X,Y ) = −g(RB(X, ê1)Y, ê1)− g(RB(X, ê2)Y, ê2) + g(RB(X, ê3)Y, ê3). (2.5)

Let

ρ̃B(X,Y ) =
ρB(X,Y ) + ρB(Y,X)

2
. (2.6)
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We define:
(LB

V g)(X,Y ) := g(∇B
XV, Y ) + g(X,∇B

Y V ), (2.7)

for vector X,Y, V .

Definition 2.1 (Gi, g) is called the affine Ricci soliton associated to the Bott connection ∇B if it satisfies

(LB
V g)(X,Y ) + 2ρ̃B(X,Y ) + 2µg(X,Y ) = 0, (2.8)

where µ is a real number and V = µ1ê1 + µ2ê2 + µ3ê3 and µ1, µ2, µ3 are real numbers.

2.1 Affine Ricci solitons of G1

By [3], we have the following Lie algebra of G1 satisfies

[ê1, ê2] = αê1 − βê3, [ê1, ê3] = −αê1 − βê2, [ê2, ê3] = βê1 + αê2 + αê3, α ̸= 0, (2.9)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.

Lemma 2.2 ([7],[3]) The Levi–Civita connection ∇L of G1 is given by

∇L
ê1
ê1 = −αê2 − αê3, ∇L

ê1
ê2 = αê1 −

β

2
ê3, ∇L

ê1
ê3 = −αê1 −

β

2
ê2,

∇L
ê2
ê1 =

β

2
ê3, ∇L

ê2
ê2 = αê3, ∇L

ê2
ê3 =

β

2
ê1 + αê2,

∇L
ê3
ê1 =

β

2
ê2, ∇L

ê3
ê2 = −β

2
ê1 − αê3, ∇L

ê3
ê3 = −αê2. (2.10)

Lemma 2.3 The Bott connection ∇B of G1 is given by

∇B
ê1
ê1 = −αê2, ∇B

ê1
ê2 = αê1, ∇B

ê1
ê3 = 0,

∇B
ê2
ê1 = 0, ∇B

ê2
ê2 = 0, ∇B

ê2
ê3 = αê3,

∇B
ê3
ê1 = αê1 + βê2, ∇B

ê3
ê2 = −βê1 − αê2, ∇B

ê3
ê3 = 0. (2.11)

Lemma 2.4 The curvature RB of the Bott connection ∇B of (G1, g) is given by

RB(ê1, ê2)ê1 = αβê1 + (α2 + β2)ê2, RB(ê1, ê2)ê2 = −(α2 + β2)ê1 − αβê2, RB(ê1, ê2)ê3 = 0,

RB(ê1, ê3)ê1 = −3α2ê2, RB(ê1, ê3)ê2 = −α2ê1, RB(ê1, ê3)ê3 = αβê3,

RB(ê2, ê3)ê1 = −α2ê1, RB(ê2, ê3)ê2 = α2ê2, RB(ê2, ê3)ê3 = −α2ê3. (2.12)

By (2.5), we have

ρB(ê1, ê1) = −(α2 + β2), ρB(ê1, ê2) = αβ, ρB(ê1, ê3) = −αβ,

ρB(ê2, ê1) = αβ, ρB(ê2, ê2) = −(α2 + β2), ρB(ê2, ê3) = α2,

ρB(ê3, ê1) = ρB(ê3, ê2) = ρB(ê3, ê3) = 0. (2.13)
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Then,

ρ̃B(ê1, ê1) = −(α2 + β2), ρ̃B(ê1, ê2) = αβ, ρ̃B(ê1, ê3) = −αβ

2
,

ρ̃B(ê2, ê2) = −(α2 + β2), ρ̃B(ê2, ê3) =
α2

2
, ρ̃B(ê3, ê3) = 0. (2.14)

By (2.7), we have

(LB
V g)(ê1, ê1) = 2µ2α, (LB

V g)(ê1, ê2) = −µ1α, (LB
V g)(ê1, ê3) = µ1α− µ2β,

(LB
V g)(ê2, ê2) = 0, (LB

V g)(ê2, ê3) = µ1β − (µ2 + µ3)α, (LB
V g)(ê3, ê3) = 0. (2.15)

Then, if (G1, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following six equations: 

µ2α− α2 − β2 + µ = 0

2αβ − µ1α = 0

µ1α− µ2β − αβ = 0

α2 + β2 − µ = 0

(µ2 + µ3)α− µ1β − α2 = 0

µ = 0

(2.16)

By solving (2.16) , we get α = 0 , there is a contradiction. So

Theorem 2.5 (G1, g, V ) is not an affine Ricci soliton associated to the Bott connection ∇B .

2.2 Affine Ricci solitons of G2

By [3], we have the following Lie algebra of G2 satisfies

[ê1, ê2] = γê2 − βê3, [ê1, ê3] = −βê2 − γê3, [ê2, ê3] = αê1, γ ̸= 0, (2.17)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.

Lemma 2.6 ([7],[3]) The Levi–Civita connection ∇L of G2 is given by

∇L
ê1
ê1 = 0, ∇L

ê1
ê2 = (

α

2
− β)ê3, ∇L

ê1
ê3 = (

α

2
− β)ê2,

∇L
ê2
ê1 = −γê2 +

α

2
ê3, ∇L

ê2
ê2 = γê1, ∇L

ê2
ê3 =

α

2
ê1,

∇L
ê3
ê1 =

α

2
ê2 + γê3, ∇L

ê3
ê2 = −α

2
ê1, ∇L

ê3
ê3 = γê1. (2.18)

Lemma 2.7 The Bott connection ∇B of G2 is given by

∇B
ê1
ê1 = 0, ∇B

ê1
ê2 = 0, ∇B

ê1
ê3 = −γê3,

∇B
ê2
ê1 = −γê2, ∇B

ê2
ê2 = γê1, ∇B

ê2
ê3 = 0,

∇B
ê3
ê1 = βê2, ∇B

ê3
ê2 = −αê1, ∇B

ê3
ê3 = 0. (2.19)
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Lemma 2.8 The curvature RB of the Bott connection ∇B of (G2, g) is given by

RB(ê1, ê2)ê1 = (β2 + γ2)ê2, RB(ê1, ê2)ê2 = −(γ2 + αβ)ê1, RB(ê1, ê2)ê3 = 0,

RB(ê1, ê3)ê1 = 0, RB(ê1, ê3)ê2 = γ(β − α)ê1, RB(ê1, ê3)ê3 = 0,

RB(ê2, ê3)ê1 = γ(β − α)ê1, RB(ê2, ê3)ê2 = γ(α− β)ê2, RB(ê2, ê3)ê3 = αγê3. (2.20)

By (2.5), we have

ρB(ê1, ê1) = −(β2 + γ2), ρB(ê1, ê2) = 0, ρB(ê1, ê3) = 0,

ρB(ê2, ê1) = 0, ρB(ê2, ê2) = −(γ2 + αβ), ρB(ê2, ê3) = −αγ,

ρB(ê3, ê1) = ρB(ê3, ê2) = ρB(ê3, ê3) = 0. (2.21)

Then,

ρ̃B(ê1, ê1) = −(β2 + γ2), ρ̃B(ê1, ê2) = 0, ρ̃B(ê1, ê3) = 0,

ρ̃B(ê2, ê2) = −(γ2 + αβ), ρ̃B(ê2, ê3) = −αγ

2
, ρ̃B(ê3, ê3) = 0. (2.22)

By (2.7), we have

(LB
V g)(ê1, ê1) = 0, (LB

V g)(ê1, ê2) = µ2γ, (LB
V g)(ê1, ê3) = µ3γ − µ2α,

(LB
V g)(ê2, ê2) = −2µ1γ, (LB

V g)(ê2, ê3) = µ1β, (LB
V g)(ê3, ê3) = 0. (2.23)

Then, if (G2, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following six equations: 

β2 + γ2 − µ = 0

µ2γ = 0

µ3γ − µ2α = 0

µ1γ + γ2 + αβ − µ = 0

µ1β − αγ = 0

µ = 0

(2.24)

By solving (2.24), we get β = γ = 0 , there is a contradiction. So

Theorem 2.9 (G2, g, V ) is not an affine Ricci soliton associated to the Bott connection ∇B .

2.3 Affine Ricci solitons of G3

By [3], we have the following Lie algebra of G3 satisfies

[ê1, ê2] = −γê3, [ê1, ê3] = −βê2, [ê2, ê3] = αê1, (2.25)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.
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Lemma 2.10 ([7],[3]) The Levi–Civita connection ∇L of G3 is given by

∇L
ê1
ê1 = 0, ∇L

ê1
ê2 = m1ê3, ∇L

ê1
ê3 = m1ê2,

∇L
ê2
ê1 = m2ê3, ∇L

ê2
ê2 = 0, ∇L

ê2
ê3 = m2ê1,

∇L
ê3
ê1 = m3ê2, ∇L

ê3
ê2 = −m3ê1, ∇L

ê3
ê3 = 0, (2.26)

where

m1 =
1

2
(α− β − γ), m2 =

1

2
(α− β + γ), m3 =

1

2
(α+ β − γ). (2.27)

Lemma 2.11 The Bott connection ∇B of G3 is given by

∇B
ê1
ê1 = 0, ∇B

ê1
ê2 = 0, ∇B

ê1
ê3 = 0,

∇B
ê2
ê1 = 0, ∇B

ê2
ê2 = 0, ∇B

ê2
ê3 = 0,

∇B
ê3
ê1 = βê2, ∇B

ê3
ê2 = −αê1, ∇B

ê3
ê3 = 0. (2.28)

Lemma 2.12 The curvature RB of the Bott connection ∇B of (G3, g) is given by

RB(ê1, ê2)ê1 = βγê2, RB(ê1, ê2)ê2 = −αγê1, RB(ê1, ê2)ê3 = 0,

RB(ê1, ê3)ê1 = 0, RB(ê1, ê3)ê2 = 0, RB(ê1, ê3)ê3 = 0,

RB(ê2, ê3)ê1 = 0, RB(ê2, ê3)ê2 = 0, RB(ê2, ê3)ê3 = 0. (2.29)

By (2.5), we have

ρB(ê1, ê1) = −βγ, ρB(ê1, ê2) = 0, ρB(ê1, ê3) = 0,

ρB(ê2, ê1) = 0, ρB(ê2, ê2) = −αγ, ρB(ê2, ê3) = 0,

ρB(ê3, ê1) = ρB(ê3, ê2) = ρB(ê3, ê3) = 0. (2.30)

Then,

ρ̃B(ê1, ê1) = −βγ, ρ̃B(ê1, ê2) = 0, ρ̃B(ê1, ê3) = 0,

ρ̃B(ê2, ê2) = −αγ, ρ̃B(ê2, ê3) = 0, ρ̃B(ê3, ê3) = 0. (2.31)

By (2.7), we have

(LB
V g)(ê1, ê1) = 0, (LB

V g)(ê1, ê2) = 0, (LB
V g)(ê1, ê3) = −µ2α,

(LB
V g)(ê2, ê2) = 0, (LB

V g)(ê2, ê3) = µ1β, (LB
V g)(ê3, ê3) = 0. (2.32)
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Then, if (G3, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following five equations: 

µ− βγ = 0

µ2α = 0

µ− αγ = 0

µ1β = 0

µ = 0

(2.33)

By solving (2.33), we get

Theorem 2.13 (G3, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B if and only if

(1)µ = γ = αµ2 = µ1β = 0;

(2)µ = α = β = 0, γ ̸= 0.

2.4 Affine Ricci solitons of G4

By [3], we have the following Lie algebra of G4 satisfies

[ê1, ê2] = −ê2 + (2η − β)ê3, η = ±1, [ê1, ê3] = −βê2 + ê3, [ê2, ê3] = αê1, (2.34)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.

Lemma 2.14 ([7],[3]) The Levi–Civita connection ∇L of G4 is given by

∇L
ê1
ê1 = 0, ∇L

ê1
ê2 = n1ê3, ∇L

ê1
ê3 = n1ê2,

∇L
ê2
ê1 = ê2 + n2ê3, ∇L

ê2
ê2 = −ê1, ∇L

ê2
ê3 = n2ê1,

∇L
ê3
ê1 = n3ê2 − ê3, ∇L

ê3
ê2 = −n3ê1, ∇L

ê3
ê3 = −ê1, (2.35)

where

n1 =
α

2
+ η − β, n2 =

α

2
− γ, n3 =

α

2
+ γ. (2.36)

Lemma 2.15 The Bott connection ∇B of G4 is given by

∇B
ê1
ê1 = 0, ∇B

ê1
ê2 = 0, ∇B

ê1
ê3 = ê3,

∇B
ê2
ê1 = ê2, ∇B

ê2
ê2 = −ê1, ∇B

ê2
ê3 = 0,

∇B
ê3
ê1 = βê2, ∇B

ê3
ê2 = −αê1, ∇B

ê3
ê3 = 0. (2.37)

Lemma 2.16 The curvature RB of the Bott connection ∇B of (G4, g) is given by

RB(ê1, ê2)ê1 = (β − η)2ê2, RB(ê1, ê2)ê2 = (2αη − αβ − 1)ê1, RB(ê1, ê2)ê3 = 0,

RB(ê1, ê3)ê1 = 0, RB(ê1, ê3)ê2 = (α− β)ê1, RB(ê1, ê3)ê3 = 0,

RB(ê2, ê3)ê1 = (α− β)ê1, RB(ê2, ê3)ê2 = (β − α)ê2, RB(ê2, ê3)ê3 = −αê3. (2.38)
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By (2.5), we have

ρB(ê1, ê1) = −(β − η)2, ρB(ê1, ê2) = 0, ρB(ê1, ê3) = 0,

ρB(ê2, ê1) = 0, ρB(ê2, ê2) = (2αη − αβ − 1), ρB(ê2, ê3) = α,

ρB(ê3, ê1) = ρB(ê3, ê2) = ρB(ê3, ê3) = 0. (2.39)

Then,

ρ̃B(ê1, ê1) = −(β − η)2, ρ̃B(ê1, ê2) = 0, ρ̃B(ê1, ê3) = 0,

ρ̃B(ê2, ê2) = (2αη − αβ − 1), ρ̃B(ê2, ê3) =
α

2
, ρ̃B(ê3, ê3) = 0. (2.40)

By (2.7), we have

(LB
V g)(ê1, ê1) = 0, (LB

V g)(ê1, ê2) = −µ2, (LB
V g)(ê1, ê3) = −µ3 − µ2α,

(LB
V g)(ê2, ê2) = 2µ1, (LB

V g)(ê2, ê3) = µ1β, (LB
V g)(ê3, ê3) = 0. (2.41)

Then, if (G4, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following six equations: 

(β − η)2 − µ = 0

µ2 = 0

µ2α+ µ3 = 0

µ1 + 2αη − αβ − 1 + µ = 0

µ1β + α = 0

µ = 0

(2.42)

By solving (2.42), we get

Theorem 2.17 (G4, g, V ) is not an affine Ricci soliton associated to the Bott connection ∇B .

3. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian nonuni-
modular Lie groups with the first distribution

3.1 Affine Ricci solitons of G5

By [3], we have the following Lie algebra of G5 satisfies

[ê1, ê2] = 0, [ê1, ê3] = αê1 + βê2, [ê2, ê3] = γê1 + δê2, α+ δ ̸= 0, αγ + βδ = 0, (3.1)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.

Lemma 3.1 ([7],[3]) The Levi–Civita connection ∇L of G5 is given by

∇L
ê1
ê1 = αê3, ∇L

ê1
ê2 =

β + γ

2
ê3, ∇L

ê1
ê3 = αê1 +

β + γ

2
ê2,

∇L
ê2
ê1 =

β + γ

2
ê3, ∇L

ê2
ê2 = δê3, ∇L

ê2
ê3 =

β + γ

2
ê1 + δê2,

∇L
ê3
ê1 =

γ − β

2
ê2, ∇L

ê3
ê2 =

β − γ

2
ê1, ∇L

ê3
ê3 = 0. (3.2)

2780



WU and WANG/Turk J Math

Lemma 3.2 The Bott connection ∇B of G5 is given by

∇B
ê1
ê1 = 0, ∇B

ê1
ê2 = 0, ∇B

ê1
ê3 = 0,

∇B
ê2
ê1 = 0, ∇B

ê2
ê2 = 0, ∇B

ê2
ê3 = 0,

∇B
ê3
ê1 = −αê1 − βê2, ∇B

ê3
ê2 = −γê1 − δê2, ∇B

ê3
ê3 = 0. (3.3)

Lemma 3.3 The curvature RB of the Bott connection ∇B of (G5, g) is given by

RB(ês, êt)êp = 0, (3.4)

for any (s, t, p) .

By (2.5), we have

ρB(ês, êt) = 0, (3.5)

Then,

ρ̃B(ês, êt) = 0, (3.6)

for any pairs (s, t) .
By (2.7), we have

(LB
V g)(ê1, ê1) = 0, (LB

V g)(ê1, ê2) = −µ2, (LB
V g)(ê1, ê3) = −µ1α− µ2γ,

(LB
V g)(ê2, ê2) = 2µ1, (LB

V g)(ê2, ê3) = µ1β − µ2δ, (LB
V g)(ê3, ê3) = 0. (3.7)

Then, if (G5, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following three equations: 

µ = 0

µ1α+ µ2γ = 0

µ1β + µ2δ = 0

(3.8)

By solving (3.8), we get

Theorem 3.4 (G5, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B if and only if

(1)µ = µ1 = µ2 = 0, α+ δ ̸= 0, αγ + βδ = 0;

(2)µ = µ2 = α = β = 0, µ1 ̸= 0, δ ̸= 0;

(3)µ = µ1 = γ = δ = 0, µ2 ̸= 0, α ̸= 0.

3.2 Affine Ricci solitons of G6

By [3], we have the following Lie algebra of G6 satisfies

[ê1, ê2] = αê2 + βê3, [ê1, ê3] = γê2 + δê3, [ê2, ê3] = 0, α+ δ ̸= 0, αγ − βδ = 0, (3.9)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.
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Lemma 3.5 ([7],[3]) The Levi–Civita connection ∇L of G6 is given by

∇L
ê1
ê1 = 0, ∇L

ê1
ê2 =

β + γ

2
ê3, ∇L

ê1
ê3 =

β + γ

2
ê2,

∇L
ê2
ê1 = −αê2 −

β − γ

2
ê3, ∇L

ê2
ê2 = αê1, ∇L

ê2
ê3 =

γ − β

2
ê1,

∇L
ê3
ê1 =

β − γ

2
ê2 − δê3, ∇L

ê3
ê2 = −γ − β

2
ê1, ∇L

ê3
ê3 = −δê1. (3.10)

Lemma 3.6 The Bott connection ∇B of G6 is given by

∇B
ê1
ê1 = 0, ∇B

ê1
ê2 = 0, ∇B

ê1
ê3 = δê3,

∇B
ê2
ê1 = −αê2, ∇B

ê2
ê2 = αê1, ∇B

ê2
ê3 = 0,

∇B
ê3
ê1 = −γê2, ∇B

ê3
ê2 = 0, ∇B

ê3
ê3 = 0. (3.11)

Lemma 3.7 The curvature RB of the Bott connection ∇B of (G6, g) is given by

RB(ê1, ê2)ê1 = (α2 + βγ)ê2, RB(ê1, ê2)ê2 = −α2ê1, RB(ê1, ê2)ê3 = 0,

RB(ê1, ê3)ê1 = γ(α+ δ)ê2, RB(ê1, ê3)ê2 = −αγê1, RB(ê1, ê3)ê3 = 0,

RB(ê2, ê3)ê1 = −αγê1, RB(ê2, ê3)ê2 = αγê2, RB(ê2, ê3)ê3 = 0. (3.12)

By (2.5), we have

ρB(ê1, ê1) = −(α2 + βγ), ρB(ê1, ê2) = ρB(ê1, ê3) = 0,

ρB(ê2, ê1) = 0, ρB(ê2, ê2) = −α2, ρB(ê2, ê3) = 0,

ρB(ê3, ê1) = ρB(ê3, ê2) = ρB(ê3, ê3) = 0. (3.13)

Then,

ρ̃B(ê1, ê1) = −(α2 + βγ), ρ̃B(ê1, ê2) = ρ̃B(ê1, ê3) = 0,

ρ̃B(ê2, ê2) = −α2, ρ̃B(ê2, ê3) = 0, ρ̃B(ê3, ê3) = 0. (3.14)

By (2.7), we have

(LB
V g)(ê1, ê1) = 0, (LB

V g)(ê1, ê2) = µ2α, (LB
V g)(ê1, ê3) = −µ3δ,

(LB
V g)(ê2, ê2) = −2µ1α, (LB

V g)(ê2, ê3) = −µ1γ, (LB
V g)(ê3, ê3) = 0. (3.15)

Then, if (G6, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following six equations: 

α2 + βγ − µ = 0

µ2α = 0

µ3δ = 0

µ1α+ α2 − µ = 0

µ1γ = 0

µ = 0

(3.16)
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By solving (3.16), we get

Theorem 3.8 (G6, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B if and only if

(1)µ = µ1 = µ3 = α = β = 0, δ ̸= 0;

(2)µ = µ3 = α = β = γ == 0, µ1 ̸= 0, δ ̸= 0.

3.3 Affine Ricci solitons of G7

By [3], we have the following Lie algebra of G7 satisfies

[ê1, ê2] = −αê1−βê2−βê3, [ê1, ê3] = αê1+βê2+βê3, [ê2, ê3] = γê1+δê2+δê3, α+δ ̸= 0, αγ = 0, (3.17)

where ê1, ê2, ê3 is a pseudo-orthonormal basis, with ê3 timelike.

Lemma 3.9 ([7],[3]) The Levi–Civita connection ∇L of G7 is given by

∇L
ê1
ê1 = αê2 + αê3, ∇L

ê1
ê2 = −αê1 +

γ

2
ê3, ∇L

ê1
ê3 = αê1 +

γ

2
ê2,

∇L
ê2
ê1 = βê2 + (β +

γ

2
)ê3, ∇L

ê2
ê2 = −βê1 + δê3, ∇L

ê2
ê3 = (β +

γ

2
)ê1 + δê2,

∇L
ê3
ê1 = (

γ

2
− β)ê2 − βê3, ∇L

ê3
ê2 = (β − γ

2
)ê1 − δê3, ∇L

ê3
ê3 = −βê1 − δê2. (3.18)

Lemma 3.10 The Bott connection ∇B of G7 is given by

∇B
ê1
ê1 = αê2, ∇B

ê1
ê2 = −αê1, ∇B

ê1
ê3 = βê3,

∇B
ê2
ê1 = βê2, ∇B

ê2
ê2 = −βê1, ∇B

ê2
ê3 = δê3,

∇B
ê3
ê1 = −αê1 − βê2, ∇B

ê3
ê2 = −γê1 − δê2, ∇B

ê3
ê3 = 0. (3.19)

Lemma 3.11 The curvature RB of the Bott connection ∇B of (G7, g) is given by

RB(ê1, ê2)ê1 = −αβê1 + α2ê2, RB(ê1, ê2)ê2 = −(α2 + β2 + βγ)ê1 − βδê2, RB(ê1, ê2)ê3 = β(α− δ)ê3,

RB(ê1, ê3)ê1 = α(2β + γ)ê1 + (αδ − 2α2)ê2, RB(ê1, ê3)ê2 = (αδ + β2 + βγ)ê1 + (βδ − αβ − αγ)ê2,

RB(ê1, ê3)ê3 = −β(α+ δ)ê3, RB(ê2, ê3)ê1 = (β2 + βγ + αδ)ê1 + (βδ − αβ − αγ)ê2,

RB(ê2, ê3)ê2 = (2βδ + δγ + αγ − αβ)ê1 + (δ2 − β2 − βγ)ê2, RB(ê2, ê3)ê3 = −(βγ + δ2)ê3. (3.20)

By (2.5), we have

ρB(ê1, ê1) = −α2, ρB(ê1, ê2) = βδ, ρB(ê1, ê3) = β(α+ δ),

ρB(ê2, ê1) = −αβ, ρB(ê2, ê2) = −(α2 + β2 + βγ), ρB(ê2, ê3) = (βγ + δ2),

ρB(ê3, ê1) = β(α+ δ), ρB(ê3, ê2) = δ(α+ δ), ρB(ê3, ê3) = 0. (3.21)
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Then,

ρ̃B(ê1, ê1) = −α2, ρ̃B(ê1, ê2) =
β(δ − α)

2
, ρ̃B(ê1, ê3) = β(α+ δ),

ρ̃B(ê2, ê2) = −(α2 + β2 + βγ), ρ̃B(ê2, ê3) = δ2 +
βγ + αδ

2
, ρ̃B(ê3, ê3) = 0. (3.22)

By (2.7), we have

(LB
V g)(ê1, ê1) = −2µ2α, (LB

V g)(ê1, ê2) = µ1α− µ2β, (LB
V g)(ê1, ê3) = −µ1α− µ2γ − µ3β,

(LB
V g)(ê2, ê2) = 2µ1β, (LB

V g)(ê2, ê3) = −µ1β − µ2δ − µ3δ, (LB
V g)(ê3, ê3) = 0. (3.23)

Then, if (G7, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B , by (2.8), we have the
following six equations: 

µ2α+ α2 − µ = 0

µ1α− µ2β + βδ − αβ = 0

µ3β + µ1α+ µ2γ − 2αβ − 2δβ = 0

µ1β − α2 − β2 − βγ + µ = 0

µ3δ + µ1β + µ2δ − 2δ2 − βγ − αδ = 0

µ = 0

(3.24)

By solving (3.24), we get

Theorem 3.12 (G7, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B if and only if

(1)µ = α = β = γ = 0, δ ̸= 0, µ2 + µ3 − 2δ = 0;

(2)µ = µ2 = α = β = 0, γ ̸= 0, δ ̸= 0, µ3 − 2δ = 0;

(3)µ = α = 0, β ̸= 0, δ ̸= 0, µ1 = γ + β, µ2 = δ, µ3 =
δ(2β − γ)

β
, γ =

β(β2 + δ2)

δ2
.

Specially, let V = 0 , we get the following corollary:

Corollary 3.13 (I) (G1, g, V ) is not an affine Einstein associated to the Bott connection ∇B ;
(II) (G2, g, V ) is not an affine Einstein associated to the Bott connection ∇B ;
(III) (G3, g, V ) is an affine Einstein associated to the Bott connection ∇B if and only if (1)µ = α = β =

0, γ ̸= 0; (2)µ = γ = 0 ;
(IV) (G4, g, V ) is not an affine Einstein associated to the Bott connection ∇B ;
(V) (G5, g, V ) is an affine Einstein associated to the Bott connection ∇B if and only if µ = 0, α + δ ̸=
0, αγ + βδ = 0 ;
(VI) (G6, g, V ) is an affine Einstein associated to the Bott connection ∇B if and only if µ = α = β = 0, δ ̸= 0 ;
(VII) (G7, g, V ) is not an affine Einstein associated to the Bott connection ∇B .

2784



WU and WANG/Turk J Math

4. Affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian
Lie groups with the first distribution

By the above calculations, we always obtain µ = 0 . In order to get the affine Ricci soliton with nonzero µ , we
introduce the perturbed Bott connection ∇̃B in the following. Let ê∗3 be the dual base of e3 . We define on
Gi=1,···,7

∇̃B
XY = ∇B

XY + a0ê
∗
3(X)ê∗3(Y )e3, (4.1)

where a0 is a nonzero real number. Then

∇̃B
ê3
ê3 = a0ê3, ∇̃B

ês
êt = ∇B

ês
êt, (4.2)

where s and t does not equal 3. We define

(L̃B
V g)(X,Y ) := g(∇̃B

XV, Y ) + g(X, ∇̃B
Y V ), (4.3)

for vector fields X,Y, V . Then we have for Gi=1,···,7

(L̃B
V g)(ê3, ê3) = −2a0µ3, (L̃B

V g)(ês, êt) = (LB
V g)(ês, êt), (4.4)

where s and t does not equal 3.

Definition 4.1 (Gi, V, g) is called the affine Ricci soliton associated to the connection ∇̃B if it satisfies

(L̃B
V g)(X,Y ) + 2ρ̃

B
(X,Y ) + 2µg(X,Y ) = 0. (4.5)

For (G1, ∇̃B) , we have

R̃B(ê1, ê2)ê3 = a0βê3, R̃B(ê2, ê3)ê3 = −α(a0 + α)ê3, R̃B(ês, êt)êp = RB(ês, êt)êp, (4.6)

for (s, t, p) ̸= (1, 2, 3), (2, 3, 3) .

ρ̃
B
(ê2, ê3) =

α(a0 + α)

2
, ρ̃

B
(ês, êt) = ρ̃B(ês, êt), (4.7)

for the pair (s, t) ̸= (2, 3) . If (G1, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then by
(4.5), we have 

µ2α− α2 − β2 + µ = 0

2αβ − µ1α = 0

µ1α− µ2β − αβ = 0

α2 + β2 − µ = 0

(µ2 + µ3)α− µ1β − a0α− α2 = 0

a0µ3 + µ = 0

(4.8)

Solve (4.8), we get a0 = α = 0 , there is a contradiction. So
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Theorem 4.2 (G1, V, g) is not an affine Ricci soliton associated to the connection ∇̃B .

For (G2, ∇̃B) , we have

R̃B(ê1, ê2)ê3 = a0βê3, R̃B(ê1, ê3)ê3 = a0γê3, R̃B(ês, êt)êp = RB(ês, êt)êp, (4.9)

for (s, t, p) ̸= (1, 2, 3), (1, 3, 3) .

ρ̃
B
(ê1, ê3) =

a0γ

2
, ρ̃

B
(ês, êt) = ρ̃B(ês, êt), (4.10)

for the pair (s, t) ̸= (1, 3) . If (G2, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then by
(4.5), we have



γ2 + β2 − µ = 0

µ2γ = 0

µ2α− µ3γ + a0γ = 0

γ2 + µ1γ + αβ − µ = 0

µ1β − αγ = 0

a0µ3 + µ = 0

(4.11)

Solve (4.11), we get a0 = β = γ = 0 , there is a contradiction. So

Theorem 4.3 (G2, V, g) is not an affine Ricci soliton associated to the connection ∇̃B .

For (G3, ∇̃B) , we have

R̃B(ê1, ê2)ê3 = −a0βê3, R̃B(ês, êt)êp = RB(ês, êt)êp, (4.12)

for (s, t, p) ̸= (1, 2, 3) .

ρ̃
B
(ês, êt) = ρ̃B(ês, êt), (4.13)

for any pairs (s, t) . If (G3, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then by (4.5), we
have 

βγ − µ = 0

µ2α = 0

µ− αγ = 0

µ1β = 0

a0µ3 + µ = 0

(4.14)

Solve (4.14), we get
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Theorem 4.4 (G3, V, g) is an affine Ricci soliton associated to the connection ∇̃B if and only if

(1)µ = γ = µ3 = µ2α = µ1β = 0;

(2)γ ̸= 0, α = β = µ = µ3 = 0;

(3)γ ̸= 0, α = β ̸= 0, µ1 = µ2 = 0, µ = αγ, µ3 = −αγ

a0
.

For (G4, ∇̃B) , we have

R̃B(ê1, ê2)ê3 = a0(β − 2η)ê3, R̃B(ê1, ê3)ê3 = −a0ê3, R̃B(ês, êt)êp = RB(ês, êt)êp, (4.15)

for (s, t, p) ̸= (1, 2, 3), (1, 3, 3) .

ρ̃
B
(ê1, ê3) =

a0
2
, ρ̃

B
(ês, êt) = ρ̃B(ês, êt), (4.16)

for the pair (s, t) ̸= (1, 3) . If (G4, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then by
(4.5), we have 

β2 − 2βη + 1− µ = 0

µ2 = 0

µ2α+ µ3 − a0 = 0

µ1 + 2αη − αβ − 1 + µ = 0

µ1β + α = 0

a0µ3 + µ = 0

(4.17)

Solve (4.17), we get a0 = 0 , there is a contradiction. So

Theorem 4.5 (G4, V, g) is not an affine Ricci soliton associated to the connection ∇̃B .

For (G5, ∇̃B) , we have

R̃B(ês, êt)êp = RB(ês, êt)êp, (4.18)

for any (s, t, p) .

ρ̃
B
(ês, êt) = ρ̃B(ês, êt), (4.19)

for any pairs (s, t) . If (G5, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then by (4.5), we
have 

µ = 0

µ1α+ µ2γ = 0

µ1β + µ2δ = 0

a0µ3 + µ = 0

(4.20)

Solve (4.20), we get
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Theorem 4.6 (G5, V, g) is an affine Ricci soliton associated to the connection ∇̃B if and only if

(1)µ = µ1 = µ2 = µ3 = 0, α+ δ ̸= 0, αγ + βδ = 0;

(2)µ = µ2 = µ3 = α = β = 0, µ1 ̸= 0, δ ̸= 0;

(3)µ = µ1 = µ3 = δ = γ = 0 = 0, µ2 ̸= 0, α ̸= 0.

For (G6, ∇̃B) , we have

R̃B(ê1, ê2)ê3 = a0γê3, R̃B(ê1, ê3)ê3 = −a0δê3, R̃B(ês, êt)êp = RB(ês, êt)êp, (4.21)

for (s, t, p) ̸= (1, 2, 3), (1, 3, 3) .

ρ̃
B
(ê1, ê3) =

a0δ

2
, ρ̃

B
(ês, êt) = ρ̃B(ês, êt), (4.22)

for the pair (s, t) ̸= (1, 3) . If (G6, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then by
(4.5), we have



α2 + βγ − µ = 0

µ2α = 0

µ3δ − a0δ = 0

µ− µ1α− α2 = 0

µ1γ = 0

a0µ3 + µ = 0

(4.23)

Solve (4.23), we get

Theorem 4.7 (G6, V, g) is an affine Ricci soliton associated to the connection ∇̃B if and only if α ̸= 0, µ1 =

µ2 = γ = δ = 0, µ = α2, µ3 = −α2

a0
.

For (G7, ∇̃B) , we have

R̃B(ê1, ê2)ê3 = β(α− δ + a0)ê3, R̃B(ê1, ê3)ê3 = −β(a0 + α+ δ)ê3,

R̃B(ê2, ê3)ê3 = −(a0δ + δ2 + βγ)ê3, R̃B(ês, êt)êp = RB(ês, êt)êp, (4.24)

for (s, t, p) ̸= (1, 2, 3), (1, 3, 3), (2, 3, 3) .

ρ̃
B
(ê1, ê3) =

β(a0 + 2α+ 2δ)

2
, ρ̃

B
(ê2, ê3) =

a0δ + 2δ2 + αδ + βγ

2
, ρ̃

B
(ês, êt) = ρ̃B(ês, êt), (4.25)

for the pair (s, t) ̸= (1, 3), (2, 3) . If (G7, g, V ) is an affine Ricci soliton associated to the connection ∇̃B , then
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by (4.5), we have



µ2α+ α2 − µ = 0

µ2β − µ1α− βδ + αβ = 0

µ1α+ µ2γ + µ3β − (2αβ + 2βδ + a0β) = 0

µ1β − α2 − β2 − βγ − µ = 0

(µ2 + µ3)δ + µ1β − (βγ + αδ + 2δ2 + a0δ) = 0

a0µ3 + µ = 0

(4.26)

Solve (4.26), we get

Theorem 4.8 (G7, V, g) is an affine Ricci soliton associated to the connection ∇̃B if and only if

(1)µ = α = β = γ = µ3 = 0, δ ̸= 0, µ2 = 2δ + a0;

(2)α = β = µ = µ2 = µ3 = 0, γ ̸= 0, δ ̸= 0, a0 = −2δ;

(3)α = µ = µ3 = 0, β ̸= 0, δ ̸= 0, µ1 = β + γ, µ2 = δ, a0 =
δ(γ − 2β)

β
, γ =

β(β2 + δ2)

δ2
;

(4)α ̸= 0, µ1 = µ2 = β = γ = δ = 0, µ = α2, µ3 = −α2

a0
;

(5)α ̸= 0, µ1 = µ2 = β = γ = 0, µ = α2, µ3 = α+ 2δ + a0, a20 + a0α+ 2a0δ + α2 = 0.

5. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian Lie
groups with the second distribution

Let TM = span{ê1, ê2, ê3} , then took the distribution D1 = span{ê1, ê3} and D⊥
1 = span{ê2} .

Similar to (2.3), we have

∇B1

X Y =



πD1
(∇L

XY ), X, Y ∈ Γ∞(D1)

πD1
([X,Y ]), X ∈ Γ∞(D1

⊥), Y ∈ Γ∞(D1)

πD1
⊥([X,Y ]), X ∈ Γ∞(D1), Y ∈ Γ∞(D1

⊥)

πD1
⊥(∇L

XY ), X, Y ∈ Γ∞(D1
⊥)

(5.1)

where πD1 (resp. π⊥
D1

) the projection on D1 (resp. D1
⊥ ).

5.1 Affine Ricci solitons of G1

Lemma 5.1 The Bott connection ∇B1 of G1 is given by

∇B1

ê1
ê1 = −αê3, ∇B1

ê1
ê2 = 0, ∇B1

ê1
ê3 = −αê1,

∇B1

ê2
ê1 = −αê1 + βê3, ∇B1

ê2
ê2 = 0, ∇B1

ê2
ê3 = βê1 + αê3,

∇B1

ê3
ê1 = 0, ∇B1

ê3
ê2 = −αê2, ∇B1

ê3
ê3 = 0. (5.2)
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Lemma 5.2 The curvature RB1 of the Bott connection ∇B1 of (G1, g) is given by

RB1(ê1, ê2)ê1 = 3α2ê3, RB1(ê1, ê2)ê2 = −αβê2, RB1(ê1, ê2)ê3 = −α2ê1,

RB1(ê1, ê3)ê1 = −αβê1 + (β2 − α2)ê3, RB1(ê1, ê3)ê2 = 0, RB1(ê1, ê3)ê3 = (β2 − α2)ê1 + αβê3,

RB1(ê2, ê3)ê1 = α2ê1, RB1(ê2, ê3)ê2 = α2ê2, RB1(ê2, ê3)ê3 = −α2ê3. (5.3)

By (2.5), we have

ρB1(ê1, ê1) = α2 − β2, ρB1(ê1, ê2) = αβ, ρB1(ê1, ê3) = −αβ,

ρB1(ê2, ê1) = ρB1(ê2, ê2) = ρB1(ê2, ê3) = 0,

ρB1(ê3, ê1) = −αβ, ρB1(ê3, ê2) = α2, ρB1(ê3, ê3) = (β2 − α2). (5.4)

Then,

ρ̃B1(ê1, ê1) = α2 − β2, ρ̃B1(ê1, ê2) =
αβ

2
, ρ̃B1(ê1, ê3) = −αβ,

ρ̃B1(ê2, ê2) = 0, ρ̃B1(ê2, ê3) =
α2

2
, ρ̃B1(ê3, ê3) = (β2 − α2). (5.5)

By (2.7), we have

(LB1

V g)(ê1, ê1) = −2µ3α, (LB1

V g)(ê1, ê2) = −µ1α+ µ3β, (LB1

V g)(ê1, ê3) = µ1α,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê2) = −(µ2 + µ3)α− µ1β, (LB1

V g)(ê3, ê3) = 0. (5.6)

Then, if (G1, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following six equations: 

µ3α− α2 + β2 − µ = 0

µ3β − µ1α+ αβ = 0

µ1α− 2αβ = 0

µ = 0

µ1β + µ3α+ µ2α− α2 = 0

β2 − α2 − µ = 0

(5.7)

By solving (5.7), we get α = 0 , there is a contradiction. So

Theorem 5.3 (G1, g, V ) is not an affine Ricci soliton associated to the Bott connection ∇B1 .

5.2 Affine Ricci solitons of G2

Lemma 5.4 The Bott connection ∇B1 of G2 is given by

∇B1

ê1
ê1 = 0, ∇B1

ê1
ê2 = γê2, ∇B1

ê1
ê3 = 0,

∇B1

ê2
ê1 = βê3, ∇B1

ê2
ê2 = 0, ∇B1

ê2
ê3 = αê1,

∇B1

ê3
ê1 = γê3, ∇B1

ê3
ê2 = 0, ∇B1

ê3
ê3 = γê1. (5.8)
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Lemma 5.5 The curvature RB1 of the Bott connection ∇B1 of (G2, g) is given by

RB1(ê1, ê2)ê1 = 0, RB1(ê1, ê2)ê2 = 0, RB1(ê1, ê2)ê3 = γ(β − α)ê1,

RB1(ê1, ê3)ê1 = (β2 + γ2)ê3, RB1(ê1, ê3)ê2 = 0, RB1(ê1, ê3)ê3 = (αβ + γ2)ê1,

RB1(ê2, ê3)ê1 = γ(α− β)ê1, RB1(ê2, ê3)ê2 = −αγê2, RB1(ê2, ê3)ê3 = γ(β − α)ê3. (5.9)

By (2.5), we have

ρB1(ê1, ê1) = −(β2 + γ2), ρB1(ê1, ê2) = 0, ρB1(ê1, ê3) = 0,

ρB1(ê2, ê1) = ρB1(ê2, ê2) = ρB1(ê2, ê3) = 0,

ρB1(ê3, ê1) = 0, ρB1(ê3, ê2) = −αγ, ρB1(ê3, ê3) = αβ + γ2. (5.10)

Then,

ρ̃B1(ê1, ê1) = −(β2 + γ2), ρ̃B1(ê1, ê2) = 0, ρ̃B1(ê1, ê3) = 0,

ρ̃B1(ê2, ê2) = 0, ρ̃B1(ê2, ê3) = −αγ

2
, ρ̃B1(ê3, ê3) = αβ + γ2. (5.11)

By (2.7), we have

(LB1

V g)(ê1, ê1) = 0, (LB1

V g)(ê1, ê2) = µ2γ + µ3α, (LB1

V g)(ê1, ê3) = µ3γ,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê3) = −µ1β, (LB1

V g)(ê3, ê3) = −2µ1γ. (5.12)

Then, if (G2, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following six equations: 

β2 + γ2 − µ = 0

µ2γ + µ3α = 0

µ3γ = 0

µ = 0

µ1β + αγ = 0

µ1γ − αβ − γ2 + µ = 0

(5.13)

By solving (5.13), we get β = γ = 0 , there is a contradiction. So

Theorem 5.6 (G2, g, V ) is not an affine Ricci soliton associated to the Bott connection ∇B1 .

5.3 Affine Ricci solitons of G3

Lemma 5.7 The Bott connection ∇B1 of G3 is given by

∇B1

ê1
ê1 = ∇B1

ê1
ê2 = ∇B1

ê1
ê3 = −γê3,

∇B1

ê2
ê1 = γê3, ∇B1

ê2
ê2 = 0, ∇B1

ê2
ê3 = αê1,

∇B1

ê3
ê1 = ∇B1

ê3
ê2 = ∇B1

ê3
ê3 = 0. (5.14)
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Lemma 5.8 The curvature RB1 of the Bott connection ∇B1 of (G3, g) is given by

RB1(ê1, ê2)ê1 = RB1(ê1, ê2)ê2 = RB1(ê1, ê2)ê3 = 0,

RB1(ê1, ê3)ê1 = βγê3, RB1(ê1, ê3)ê2 = 0, RB1(ê1, ê3)ê3 = αβê1,

RB1(ê2, ê3)ê1 = RB1(ê2, ê3)ê2 = RB1(ê2, ê3)ê3 = 0. (5.15)

By (2.5), we have

ρB1(ê1, ê1) = −βγ, ρB1(ê1, ê2) = 0, ρB1(ê1, ê3) = 0,

ρB1(ê2, ê1) = ρB1(ê2, ê2) = ρB1(ê2, ê3) = 0,

ρB1(ê3, ê1) = ρB1(ê3, ê2) = 0, ρB1(ê3, ê3) = αβ. (5.16)

Then,

ρ̃B1(ê1, ê1) = −βγ, ρ̃B1(ê1, ê2) = ρ̃B1(ê1, ê3) = 0,

ρ̃B1(ê2, ê2) = ρ̃B1(ê2, ê3) = 0, ρ̃B1(ê3, ê3) = αβ. (5.17)

By (2.7), we have

(LB1

V g)(ê1, ê1) = 0, (LB1

V g)(ê1, ê2) = µ3α, (LB1

V g)(ê1, ê3) = 0,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê3) = −µ1γ, (LB1

V g)(ê3, ê3) = 0. (5.18)

Then, if (G3, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following five equations:



µ− βγ = 0

µ3α = 0

µ = 0

µ1γ = 0

αβ − µ = 0

(5.19)

By solving (5.19), we get

Theorem 5.9 (G3, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 if and only if

(1)µ = β = µ3α = µ1γ = 0;

(2)µ = α = γ = 0, β ̸= 0.

5.4 Affine Ricci solitons of G4
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Lemma 5.10 The Bott connection ∇B1 of G4 is given by

∇B1

ê1
ê1 = 0, ∇B1

ê1
ê2 = −ê2, ∇B1

ê1
ê3 = 0,

∇B1

ê2
ê1 = (β − 2η)ê3, ∇B1

ê2
ê2 = 0, ∇B1

ê2
ê3 = αê1,

∇B1

ê3
ê1 = −ê3, ∇B1

ê3
ê2 = 0, ∇B1

ê3
ê3 = −ê1. (5.20)

Lemma 5.11 The curvature RB1 of the Bott connection ∇B1 of (G4, g) is given by

RB1(ê1, ê2)ê1 = 0, RB1(ê1, ê2)ê2 = 0, RB1(ê1, ê2)ê3 = (2η + α− β)ê1,

RB1(ê1, ê3)ê1 = (β − η)2ê3, RB1(ê1, ê3)ê2 = 0, RB1(ê1, ê3)ê3 = (1 + αβ)ê1,

RB1(ê2, ê3)ê1 = (β − 2η − α)ê1, RB1(ê2, ê3)ê2 = αê2, RB1(ê2, ê3)ê3 = (2η + α− β)ê3. (5.21)

By (2.5), we have

ρB1(ê1, ê1) = −(β − η)2, ρB1(ê1, ê2) = ρB1(ê1, ê3) = 0,

ρB1(ê2, ê1) = ρB1(ê2, ê2) = ρB1(ê2, ê3) = 0,

ρB1(ê3, ê1) = 0, ρB1(ê3, ê2) = α, ρB1(ê3, ê3) = αβ + 1. (5.22)

Then,

ρ̃B1(ê1, ê1) = −(β − η)2, ρ̃B1(ê1, ê2) = 0, ρ̃B1(ê1, ê3) = 0,

ρ̃B1(ê2, ê2) = 0, ρ̃B1(ê2, ê3) =
α

2
, ρ̃B1(ê3, ê3) = αβ + 1. (5.23)

By (2.7), we have

(LB1

V g)(ê1, ê1) = 0, (LB1

V g)(ê1, ê2) = −µ2 + µ3α, (LB1

V g)(ê1, ê3) = −µ3,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê3) = µ1(2η − β), (LB1

V g)(ê3, ê3) = 2µ1. (5.24)

Then, if (G4, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following six equations: 

(β − η)2 − µ = 0

µ2 − µ3α = 0

µ3 = 0

µ = 0

µ1(2η − β) + α = 0

µ1 + αβ + 1− µ = 0

(5.25)

By solving (5.25), we get

Theorem 5.12 (G4, g, V ) is not an affine Ricci soliton associated to the Bott connection ∇B1 .
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5.5 Affine Ricci solitons of G5

Lemma 5.13 The Bott connection ∇B1 of G5 is given by

∇B1

ê1
ê1 = αê3, ∇B1

ê1
ê2 = 0, ∇B1

ê1
ê3 = αê1,

∇B1

ê2
ê1 = 0, ∇B1

ê2
ê2 = 0, ∇B1

ê2
ê3 = γê1,

∇B1

ê3
ê1 = 0, ∇B1

ê3
ê2 = −δê2, ∇B1

ê3
ê3 = 0. (5.26)

Lemma 5.14 The curvature RB1 of the Bott connection ∇B1 of (G5, g) is given by

RB1(ê1, ê2)ê1 = −αγê1, RB1(ê1, ê2)ê2 = 0, RB1(ê1, ê2)ê3 = αγê3,

RB1(ê1, ê3)ê1 = −α2ê3, RB1(ê1, ê3)ê2 = 0, RB1(ê1, ê3)ê3 = −(βγ + α2)ê2,

RB1(ê2, ê3)ê1 = −αγê3, RB1(ê2, ê3)ê2 = 0, RB1(ê2, ê3)ê3 = −γ(α+ δ)ê1. (5.27)

By (2.5), we have

ρB1(ê1, ê1) = α2, ρB1(ê1, ê2) = ρB1(ê1, ê3) = 0,

ρB1(ê2, ê1) = ρB1(ê2, ê2) = ρB1(ê2, ê3) = 0,

ρB1(ê3, ê1) = ρB1(ê3, ê2) = 0, ρB1(ê3, ê3) = −(βγ + α2). (5.28)

Then,

ρ̃B1(ê1, ê1) = α2, ρ̃B1(ê1, ê2) = ρ̃B1(ê1, ê3) = 0,

ρ̃B1(ê2, ê2) = ρ̃B1(ê2, ê3) = 0, ρ̃B1(ê3, ê3) = −(βγ + α2). (5.29)

By (2.7), we have

(LB1

V g)(ê1, ê1) = 2µ3α, (LB1

V g)(ê1, ê2) = µ3γ, (LB1

V g)(ê1, ê3) = −µ1α,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê3) = −µ2δ, (LB1

V g)(ê3, ê3) = 0. (5.30)

Then, if (G5, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following six equations: 

µ3α+ α2 + µ = 0

µ3γ = 0

µ1α = 0

µ = 0

µ2δ = 0

α2 + βγ + µ = 0

(5.31)

By solving (5.31), we get
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Theorem 5.15 (G5, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 if and only if
µ = α = β = µ2 = µ3γ = 0, δ ̸= 0.

5.6 Affine Ricci solitons of G6

Lemma 5.16 The Bott connection ∇B1 of G6 is given by

∇B1

ê1
ê1 = 0, ∇B1

ê1
ê2 = αê2, ∇B1

ê1
ê3 = 0,

∇B1

ê2
ê1 = −βê3, ∇B1

ê2
ê2 = ∇B1

ê2
ê3 = 0,

∇B1

ê3
ê1 = −δê3, ∇B1

ê3
ê2 = 0, ∇B1

ê3
ê3 = −δê1. (5.32)

Lemma 5.17 The curvature RB1 of the Bott connection ∇B1 of (G6, g) is given by

RB1(ê1, ê2)ê1 = β(α+ δ)ê3, RB1(ê1, ê2)ê2 = 0, RB1(ê1, ê2)ê3 = βδê1,

RB1(ê1, ê3)ê1 = (βγ + δ2)ê3, RB1(ê1, ê3)ê2 = 0, RB1(ê1, ê3)ê3 = δ2ê1,

RB1(ê2, ê3)ê1 = −βδê1, RB1(ê2, ê3)ê2 = 0, RB1(ê2, ê3)ê3 = βδê3. (5.33)

By (2.5), we have

ρB1(ê1, ê1) = −(βγ + δ2), ρB1(ê1, ê2) = ρB1(ê1, ê3) = 0,

ρB1(ê2, ê1) = ρB1(ê2, ê2) = ρB1(ê2, ê3) = 0,

ρB1(ê3, ê1) = ρB1(ê3, ê2) = 0, ρB1(ê3, ê3) = δ2. (5.34)

Then,

ρ̃B1(ê1, ê1) = −(δ2 + βγ), ρ̃B1(ê1, ê2) = ρ̃B1(ê1, ê3) = 0,

ρ̃B1(ê2, ê2) = ρ̃B1(ê2, ê3) = 0, ρ̃B1(ê3, ê3) = δ2. (5.35)

By (2.7), we have

(LB1

V g)(ê1, ê1) = 0, (LB1

V g)(ê1, ê2) = µ2α, (LB1

V g)(ê1, ê3) = −µ3δ,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê3) = µ1β, (LB1

V g)(ê3, ê3) = 2µ1δ. (5.36)

Then, if (G6, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following six equations: 

δ2 + βγ − µ = 0

µ2α = 0

µ3δ = 0

µ = 0

µ1β = 0

µ1δ + δ2 − µ = 0

(5.37)
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By solving (5.37), we get

Theorem 5.18 (G6, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 if and only if
µ = µ2 = δ = γ = µ1β = 0, α ̸= 0.

5.7 Affine Ricci solitons of G7

Lemma 5.19 The Bott connection ∇B1 of G7 is given by

∇B1

ê1
ê1 = αê3, ∇B1

ê1
ê2 = −βê2, ∇B1

ê1
ê3 = αê1,

∇B1

ê2
ê1 = αê1 + βê3, ∇B1

ê2
ê2 = 0, ∇B1

ê2
ê3 = γê1 + δê3,

∇B1

ê3
ê1 = −βê3, ∇B1

ê3
ê2 = −δê2, ∇B1

ê3
ê3 = −βê1. (5.38)

Lemma 5.20 The curvature RB1 of the Bott connection ∇B1 of (G7, g) is given by

RB1(ê1, ê2)ê1 = α(2β − γ)ê1 + α(2α− δ)ê3, RB1(ê1, ê2)ê2 = −β(α+ δ)ê2,

RB1(ê1, ê2)ê3 = (αδ + βγ − β2)ê1 + (αγ + βδ − αβ)ê3, RB1(ê1, ê3)ê1 = −αβê1 − α2ê3,

RB1(ê1, ê3)ê2 = β(α+ δ)ê2, RB1(ê1, ê3)ê3 = (β2 − α2 − βγ)ê1 − βδê3,

RB1(ê2, ê3)ê1 = (β2 − βγ − αδ)ê1 + (αβ − βδ − αγ)ê3, RB1(ê2, ê3)ê2 = (βγ + δ2)ê2,

RB1(ê2, ê3)ê3 = (2βδ − δγ − αγ − αβ)ê1 + (βγ − β2 − δ2)ê3. (5.39)

By (2.5), we have

ρB1(ê1, ê1) = α2, ρB1(ê1, ê2) = β(α+ δ), ρB1(ê1, ê3) = βδ,

ρB1(ê2, ê1) = β(α+ δ), ρB1(ê2, ê2) = 0, ρB1(ê2, ê3) = δ(α+ δ),

ρB1(ê3, ê1) = −αβ, ρB1(ê3, ê2) = βγ + δ2, ρB1(ê3, ê3) = β2 − α2 − βγ. (5.40)

Then,

ρ̃B1(ê1, ê1) = α2, ρ̃B1(ê1, ê2) = β(α+ δ), ρ̃B1(ê1, ê3) =
β(δ − α)

2
,

ρ̃B1(ê2, ê2) = 0, ρ̃B1(ê2, ê3) = δ2 +
βγ + αδ

2
, ρ̃B1(ê3, ê3) = β2 − α2 − βγ. (5.41)

By (2.7), we have

(LB1

V g)(ê1, ê1) = 2µ3α, (LB1

V g)(ê1, ê2) = µ1α− µ2β + µ3γ, (LB1

V g)(ê1, ê3) = −µ1α− µ3β,

(LB1

V g)(ê2, ê2) = 0, (LB1

V g)(ê2, ê3) = −µ1β − µ2δ − µ3δ, (LB1

V g)(ê3, ê3) = 2µ1β. (5.42)
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Then, if (G7, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 , by (2.8), we have the
following six equations: 

µ3α+ α2 + µ = 0

µ1α− µ2β + µ3γ + 2β(δ + α) = 0

µ3β + µ1α+ β(α− δ) = 0

µ = 0

µ3δ + µ1β + µ2δ − 2δ2 − βγ − αδ = 0

µ1β + β2 − α2 − βγ − µ = 0

(5.43)

By solving (5.43), we get

Theorem 5.21 (G7, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B1 if and only if

(1)µ = α = β = γ = 0, δ ̸= 0, µ2 + µ3 − 2δ = 0;

(2)µ = µ3 = α = β = 0, γ ̸= 0, δ ̸= 0, µ2 − 2δ = 0;

(3)µ = α = 0, β ̸= 0, δ ̸= 0, µ1 = γ − β, µ3 = δ, µ2 =
γδ + 2βδ

β
, γ =

β(β2 − βδ)

δ
;

Specially, let V = 0 , we get the following corollary:

Corollary 5.22 (I) (G1, g, V ) is not an affine Einstein associated to the Bott connection ∇B1 ;
(II) (G2, g, V ) is not an affine Einstein associated to the Bott connection ∇B1 ;
(III) (G3, g, V ) is an affine Einstein associated to the Bott connection ∇B1 if and only if (1)µ = α = γ =

0, β ̸= 0; (2)µ = β = 0;

(IV) (G4, g, V ) is not an affine Einstein associated to the Bott connection ∇B1 ;
(V) (G5, g, V ) is an affine Einstein associated to the Bott connection ∇B1 if and only if µ = α = β = 0, δ ̸= 0 ;
(VI) (G6, g, V ) is an affine Einstein associated to the Bott connection ∇B1 if and only if µ = δ = γ = 0, α ̸= 0;

(VII) (G7, g, V ) is not an affine Einstein associated to the Bott connection ∇B1 .

6. Affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian
Lie groups with the second distribution

Similarly, by the above calculations, we always obtain µ = 0 . In order to get the affine Ricci soliton with
nonzero µ , we introduce the perturbed Bott connection ∇̃B1 in the following. Let ê∗2 be the dual base of e2 .
We define on Gi=1,···,7

∇̃B1

X Y = ∇B1

X Y + a0ê
∗
2(X)ê∗2(Y )e2, (6.1)

where a0 is a nonzero real number. Then

∇̃B1

ê2
ê2 = a0ê2, ∇̃B1

ês
êt = ∇B1

ês
êt, (6.2)
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where s and t does not equal 2. We define

(L̃B1

V g)(X,Y ) := g(∇̃B1

X V, Y ) + g(X, ∇̃B1

Y V ), (6.3)

for vector fields X,Y, V . Then we have for Gi=1,···,7

(L̃B1

V g)(ê2, ê2) = 2a0µ2, (L̃B1

V g)(ês, êt) = (LB1

V g)(ês, êt), (6.4)

where s and t does not equal 2.

Definition 6.1 (Gi, V, g) is called the affine Ricci soliton associated to the connection ∇̃B1 if it satisfies

(L̃B1

V g)(X,Y ) + 2ρ̃
B1

(X,Y ) + 2µg(X,Y ) = 0. (6.5)

For (G1, ∇̃B1) , we have

R̃B1(ê1, ê3)ê2 = a0βê2, R̃B1(ê2, ê3)ê2 = (α2 − a0α)ê2, R̃B1(ês, êt)êp = RB1(ês, êt)êp, (6.6)

for (s, t, p) ̸= (1, 3, 2), (2, 3, 2) .

ρ̃
B1

(ê2, ê3) =
α(α− a0)

2
, ρ̃

B1
(ês, êt) = ρ̃B1(ês, êt), (6.7)

for the pair (s, t) ̸= (2, 3) . If (G1, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then by
(6.5), we have



µ3α− α2 + β2 − µ = 0

αβ − µ1α+ µ3β = 0

µ1α− 2αβ = 0

a0µ2 + µ = 0

(µ2 + µ3)α+ µ1β − α2 + a0α = 0

β2 − α2 − µ = 0

(6.8)

Solve (6.8), we get a0 = α = 0 , there is a contradiction. So

Theorem 6.2 (G1, V, g) is not an affine Ricci soliton associated to the connection ∇̃B1 .

For (G2, ∇̃B1) , we have

R̃B1(ê1, ê2)ê2 = −a0γê2, R̃B1(ê1, ê3)ê2 = a0βê2, R̃B1(ês, êt)êp = RB1(ês, êt)êp, (6.9)

for (s, t, p) ̸= (1, 2, 2), (1, 3, 2) .

ρ̃
B1

(ê1, ê2) =
a0γ

2
, ρ̃

B1
(ês, êt) = ρ̃B1(ês, êt), (6.10)
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for the pair (s, t) ̸= (1, 2) . If (G2, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then by
(6.5), we have 

γ2 + β2 − µ = 0

µ2γ + µ3α+ a0γ = 0

µ3γ = 0

a0µ2 + µ = 0

µ1β + αγ = 0

µ1γ − αβ − γ2 + µ = 0

(6.11)

Solve (6.11), we get

Theorem 6.3 (G2, V, g) is an affine Ricci soliton associated to the connection ∇̃B1 if and only if

(1)β = µ3 = 0, γ ̸= 0, a0 = ±γ, µ2 = ∓γ;

(2)µ3 = 0, γ ̸= 0, β ̸= 0, µ1 = −αγ

β
, β3 − αγ2 − αβ2 = 0.

For (G3, ∇̃B1) , we have

R̃B1(ê1, ê3)ê2 = a0βê2, R̃B1(ês, êt)êp = RB1(ês, êt)êp, (6.12)

for (s, t, p) ̸= (1, 3, 2) .

ρ̃
B1

(ês, êt) = ρ̃B1(ês, êt), (6.13)

for any pairs (s, t) . If (G3, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then by (6.5), we
have 

βγ − µ = 0

µ3α = 0

a0µ2 + µ = 0

µ1γ = 0

αβ − µ = 0

(6.14)

Solve (6.14), we get

Theorem 6.4 (G3, V, g) is an affine Ricci soliton associated to the connection ∇̃B1 if and only if

(1)β = µ = µ2 = µ3α = µ1γ = 0;

(2)β ̸= 0, γ = α = µ = µ2 = 0;

(3)β ̸= 0, γ = α ̸= 0, µ1 = µ3 = 0, µ2 = −αβ

a0
, µ = αβ.
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For (G4, ∇̃B1) , we have

R̃B1(ê1, ê2)ê2 = a0ê2, R̃B1(ê1, ê3)ê2 = a0βê2, R̃B1(ês, êt)êp = RB(ês, êt)êp, (6.15)

for (s, t, p) ̸= (1, 2, 2), (1, 3, 2) .

ρ̃
B1

(ê1, ê2) = −a0
2
, ρ̃

B1
(ês, êt) = ρ̃B1(ês, êt), (6.16)

for the pair (s, t) ̸= (1, 2) . If (G4, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then by
(6.5), we have 

(β − η)2 − µ = 0

µ3α− µ2 − a0 = 0

µ3 = 0

a0µ2 + µ = 0

µ1(2η − β) + α = 0

µ1 + αβ + 1− µ = 0

(6.17)

Solve (6.17), we get

Theorem 6.5 (G4, V, g) is an affine Ricci soliton associated to the connection ∇̃B1 if and only if β ̸= η, a0 =

±(β − η), µ3 = 0, µ2 = ∓(β − η), µ1 = 1− 1
(β−η)2 , µ = (β − η)2 .

For (G5, ∇̃B1) , we have

R̃B1(ê1, ê3)ê2 = −a0βê2, R̃B1(ê2, ê3)ê2 = −a0δê2, R̃B1(ês, êt)êp = RB1(ês, êt)êp, (6.18)

for (s, t, p) ̸= (1, 3, 2), (2, 3, 2) .

ρ̃
B1

(ê2, ê3) = −a0δ

2
, ρ̃

B1
(ês, êt) = ρ̃B1(ês, êt), (6.19)

for the pair (s, t) ̸= (2, 3) . If (G5, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then by
(6.5), we have 

µ3α+ α2 + µ = 0

µ3γ = 0

µ1α = 0

a0µ2 + µ = 0

δ(µ2 + a0) = 0

α2 + βγ + µ = 0

(6.20)

Solve (6.20), we get
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Theorem 6.6 (G5, V, g) is an affine Ricci soliton associated to the connection ∇̃B1 if and only if

(1)β = α = µ2 = µ = a0 = µ3γ = 0, δ ̸= 0;

(2)α ̸= 0, δ = µ3 = γ = 0, µ = µ2a0 = −α2;

(3)α ̸= 0, δ ̸= 0, α+ δ ̸= 0, µ3 = β = γ = 0, µ2 = −a0 = |α|.

For (G6, ∇̃B1) , we have

R̃B1(ê1, ê2)ê2 = −a0αê2, R̃B1(ê1, ê3)ê2 = −a0γê2, R̃B1(ês, êt)êp = RB1(ês, êt)êp, (6.21)

for (s, t, p) ̸= (1, 2, 2), (1, 3, 2) .

ρ̃
B1

(ê1, ê2) =
a0α

2
, ρ̃

B1
(ês, êt) = ρ̃B1(ês, êt), (6.22)

for the pair (s, t) ̸= (1, 2) . If (G6, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then by
(6.5), we have



δ2 + βγ − µ = 0

µ2α+ a0α = 0

µ3δ = 0

a0µ2 + µ = 0

µ1β = 0

µ1δ + δ2 − µ = 0

(6.23)

Solve (6.23), we get

Theorem 6.7 (G6, V, g) is an affine Ricci soliton associated to the connection ∇̃B1 if and only if

(1)β = α = µ3 = µ1 = 0, δ ̸= 0, µ2 = − δ2

a0
;

(2)α ̸= 0, δ ̸= 0, µ1 = 0, a0 = ±δ, µ2 = ∓δ.

For (G7, ∇̃B1) , we have

R̃B1(ê1, ê2)ê2 = (a0 − α− δ)βê2, R̃B1(ê1, ê3)ê2 = β(α+ δ − a0)ê2,

R̃B1(ê2, ê3)ê2 = (δ2 + βγ − a0δ)ê2, R̃B1(ês, êt)êp = RB1(ês, êt)êp, (6.24)

for (s, t, p) ̸= (1, 2, 2), (1, 3, 2), (2, 3, 2) .

ρ̃
B1

(ê1, ê2) =
2β(αδ)− a0β

2
, ρ̃

B1
(ê2, ê3) =

2δ2 + αδ + βγ − a0δ

2
, ρ̃

B1
(ês, êt) = ρ̃B1(ês, êt), (6.25)
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for the pair (s, t) ̸= (1, 2), (2, 3) . If (G7, g, V ) is an affine Ricci soliton associated to the connection ∇̃B1 , then
by (6.5), we have



µ3α+ α2 + µ = 0

µ2β − µ1α− µ3γ − 2βδ − 2αβ + a0β = 0

µ1α+ µ3β + αβ − βδ = 0

a0µ2 + µ = 0

µ1β + µ2δ + µ3δ − 2δ2 − αδ − βγ + a0δ = 0

µ1β + β2 − α2 − βγ − µ = 0

(6.26)

Solve (6.26), we get

Theorem 6.8 (G7, V, g) is an affine Ricci soliton associated to the connection ∇̃B1 if and only if

(1)µ = α = β = γ = µ2 = 0, δ ̸= 0, µ3 = 2δ − a0;

(2)α = β = µ = µ2 = µ3 = 0, γ ̸= 0, δ ̸= 0, a0 = 2δ;

(3)α = µ = µ2 = 0, β ̸= 0, δ ̸= 0, µ1 = γ − β, µ3 = δ, a0 =
2βδ + γδ

β
, γ =

β3 − βδ2

δ2
;

(4)α ̸= 0, β = γ = δ = µ1 = µ3 = 0, µ = −α2, µ2 =
α2

a0
;

(5)α ̸= 0, β = γ = µ1 = µ3 = 0, µ = −α2, µ2 = α+ 2δ − a0, a20 − a0α− 2a0δ + α2 = 0;

(6)α ̸= 0, β ̸= 0, γ = 0, α2 ̸= β2, µ =
αβ2δ

β2 − α2
− α2, µ =

αβδ

β2 − α2
− β,

µ2 = α+ 2δ +
α2δ

β2 − α2
− a0, αβ2δ + α2δ2 − β2δ2 + α2β2 − β4 = 0.

7. Affine Ricci solitons associated to the Bott connection on three-dimensional Lorentzian Lie
groups with the third distribution

Let TM = span{ê1, ê2, ê3} , then took the distribution D2 = span{ê2, ê3} and D⊥
2 = span{ê1} .

Similar to (2.3), we have

∇B2

X Y =



πD2
(∇L

XY ), X, Y ∈ Γ∞(D2)

πD2
([X,Y ]), X ∈ Γ∞(D2

⊥), Y ∈ Γ∞(D2)

πD2
⊥([X,Y ]), X ∈ Γ∞(D2), Y ∈ Γ∞(D2

⊥)

πD2
⊥(∇L

XY ), X, Y ∈ Γ∞(D2
⊥)

(7.1)

where πD2
(resp. π⊥

D2
) the projection on D2 (resp. D2

⊥ ).
7.1 Affine Ricci solitons of G1
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Lemma 7.1 The Bott connection ∇B2 of G1 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = −βê3, ∇B2

ê1
ê3 = −βê2,

∇B2

ê2
ê1 = −αê1, ∇B2

ê2
ê2 = αê3, ∇B2

ê2
ê3 = αê2,

∇B2

ê3
ê1 = αê1, ∇B2

ê3
ê2 = −αê3, ∇B2

ê3
ê3 = −αê2. (7.2)

Lemma 7.2 The curvature RB2 of the Bott connection ∇B2 of (G1, g) is given by

RB2(ê1, ê2)ê1 = αβê1, RB2(ê1, ê2)ê2 = 0, RB2(ê1, ê2)ê3 = 0,

RB2(ê1, ê3)ê1 = −αβê1, RB2(ê1, ê3)ê2 = 0, RB2(ê1, ê3)ê3 = 0,

RB2(ê2, ê3)ê1 = 0, RB2(ê2, ê3)ê2 = β2ê3, RB2(ê2, ê3)ê3 = β2ê2. (7.3)

By (2.5), we have

ρB2(ê1, ê1) = ρB2(ê1, ê2) = ρB2(ê1, ê3) = 0,

ρB2(ê2, ê1) = αβ, ρB2(ê2, ê2) = −β2, ρB2(ê2, ê3) = 0,

ρB2(ê3, ê1) = −αβ, ρB2(ê3, ê2) = 0, ρB2(ê3, ê3) = β2. (7.4)

Then,

ρ̃B2(ê1, ê1) = 0, ρ̃B2(ê1, ê2) =
αβ

2
, ρ̃B2(ê1, ê3) = −αβ

2
,

ρ̃B2(ê2, ê2) = −β2, ρ̃B2(ê2, ê3) = 0, ρ̃B2(ê3, ê3) = β2. (7.5)

By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = −µ1α− µ3β, (LB2

V g)(ê1, ê3) = µ1α+ µ2β,

(LB2

V g)(ê2, ê2) = 2µ3α, (LB2

V g)(ê2, ê3) = −(µ2 + µ3)α, (LB2

V g)(ê3, ê3) = 2µ2α. (7.6)

Then, if (G1, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following six equations: 

µ = 0

µ3β + µ1α− αβ = 0

µ1α+ µ2β − αβ = 0

(µ2 + µ3)α = 0

µ3α− β2 + µ = 0

β2 + µ2α− µ = 0

(7.7)

By solving (7.7) , we get

Theorem 7.3 (G1, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if
µ = β = µ2 = µ3 = 0, α ̸= 0 .
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7.2 Affine Ricci solitons of G2

Lemma 7.4 The Bott connection ∇B2 of G2 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = γê2 − βê3, ∇B2

ê1
ê3 = −βê2 − γê3,

∇B2

ê2
ê1 = ∇B2

ê2
ê2 = ∇B2

ê2
ê3 = 0,

∇B2

ê3
ê1 = ∇B2

ê3
ê2 = ∇B2

ê3
ê3 = 0. (7.8)

Lemma 7.5 The curvature RB2 of the Bott connection ∇B2 of (G2, g) is given by

RB2(ê1, ê2)ê1 = RB2(ê1, ê2)ê2 = RB2(ê1, ê2)ê3 = 0,

RB2(ê1, ê3)ê1 = RB2(ê1, ê3)ê2 = RB2(ê1, ê3)ê3 = 0,

RB2(ê2, ê3)ê1 = 0, RB2(ê2, ê3)ê2 = −αγê2 + αβê3, RB2(ê2, ê3)ê3 = αβê2 + αγê3. (7.9)

By (2.5), we have

ρB2(ê1, ê1) = ρB2(ê1, ê2) = ρB2(ê1, ê3) = 0,

ρB2(ê2, ê1) = 0, ρB2(ê2, ê2) = −αβ, ρB2(ê2, ê3) = −αγ,

ρB2(ê3, ê1) = 0, ρB2(ê3, ê2) = −αγ, ρB2(ê3, ê3) = αβ. (7.10)

Then,

ρ̃B2(ê1, ê1) = ρ̃B2(ê1, ê2) = ρ̃B2(ê1, ê3) = 0,

ρ̃B2(ê2, ê2) = −αβ, ρ̃B2(ê2, ê3) = −αγ, ρ̃B2(ê3, ê3) = αβ. (7.11)

By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = µ2γ − µ3β, (LB2

V g)(ê1, ê3) = µ2β + µ3γ,

(LB2

V g)(ê2, ê2) = (LB2

V g)(ê2, ê3) = (LB2

V g)(ê3, ê3) = 0. (7.12)

Then, if (G2, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following five equations:



µ = 0

µ2γ − µ3β = 0

µ2β + µ3γ = 0

αβ − µ = 0

αγ = 0

(7.13)

By solving (7.13), we get
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Theorem 7.6 (G2, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if
µ = α = µ2 = µ3 = 0, γ ̸= 0 .

7.3 Affine Ricci solitons of G3

Lemma 7.7 The Bott connection ∇B2 of G3 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = −γê3, ∇B2

ê1
ê3 = −βê2,

∇B2

ê2
ê1 = ∇B2

ê2
ê2 = ∇B2

ê2
ê3 = 0,

∇B2

ê3
ê1 = ∇B2

ê3
ê2 = ∇B2

ê3
ê3 = 0. (7.14)

Lemma 7.8 The curvature RB2 of the Bott connection ∇B2 of (G3, g) is given by

RB2(ê1, ê2)ê1 = RB2(ê1, ê2)ê2 = RB2(ê1, ê2)ê3 = 0,

RB2(ê1, ê3)ê1 = RB2(ê1, ê3)ê2 = RB2(ê1, ê3)ê3 = 0,

RB2(ê2, ê3)ê10, = RB2(ê2, ê3)ê2 = αγê3, RB2(ê2, ê3)ê3 = αβê2. (7.15)

By (2.5), we have

ρB2(ê1, ê1) = ρB2(ê1, ê2) = ρB2(ê1, ê3) = 0,

ρB2(ê2, ê1) = ρB2(ê2, ê2) = −αγ, ρB2(ê2, ê3) = 0,

ρB2(ê3, ê1) = ρB2(ê3, ê2) = 0, ρB2(ê3, ê3) = αβ. (7.16)

Then,

ρ̃B2(ê1, ê1) = ρ̃B2(ê1, ê2) = ρ̃B2(ê1, ê3) = 0,

ρ̃B2(ê2, ê2) = −αγ, ρ̃B2(ê2, ê3) = 0, ρ̃B2(ê3, ê3) = αβ. (7.17)

By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = −µ3β, (LB2

V g)(ê1, ê3) = µ2γ,

(LB2

V g)(ê2, ê2) = (LB2

V g)(ê2, ê3) = (LB2

V g)(ê3, ê3) = 0. (7.18)

Then, if (G3, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following five equations: 

µ = 0

µ3β = 0

µ2γ = 0

αβ − µ = 0

αγ − µ = 0

(7.19)

By solving (7.19), we get

2805



WU and WANG/Turk J Math

Theorem 7.9 (G3, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if

(1)α ̸= 0, µ = β = γ = 0;

(2)α = µ = µ3β = µ2γ = 0.

7.4 Affine Ricci solitons of G4

Lemma 7.10 The Bott connection ∇B2 of G4 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = −ê2 + (2η − β)ê3, ∇B2

ê1
ê3 = −βê2 + ê3,

∇B2

ê2
ê1 = ∇B2

ê2
ê2 = ∇B2

ê2
ê3 = 0,

∇B2

ê3
ê1 = ∇B2

ê3
ê2 = ∇B2

ê3
ê3 = 0. (7.20)

Lemma 7.11 The curvature RB2 of the Bott connection ∇B2 of (G4, g) is given by

RB2(ê1, ê2)ê1 = RB2(ê1, ê2)ê2 = RB2(ê1, ê2)ê3 = 0,

RB2(ê1, ê3)ê1 = RB2(ê1, ê3)ê2 = RB2(ê1, ê3)ê3 = 0,

RB2(ê2, ê3)ê1 = 0, RB2(ê2, ê3)ê2 = αê2 + α(β − 2η)ê3, RB2(ê2, ê3)ê3 = αβê2 − αê3. (7.21)

By (2.5), we have

ρB2(ê1, ê1) = ρB2(ê1, ê2) = ρB2(ê1, ê3) = 0,

ρB2(ê2, ê1) = 0, ρB2(ê2, ê2) = α(2η − β), ρB2(ê2, ê3) = α,

ρB2(ê3, ê1) = 0, ρB2(ê3, ê2) = α, ρB2(ê3, ê3) = αβ. (7.22)

Then,

ρ̃B2(ê1, ê1) = ρ̃B2(ê1, ê2) = ρ̃B2(ê1, ê3) = 0,

ρ̃B2(ê2, ê2) = α(2η − β), ρ̃B2(ê2, ê3) = α, ρ̃B2(ê3, ê3) = αβ. (7.23)

By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = −µ2 − µ3β, (LB2

V g)(ê1, ê3) = µ2(β − 2η)− µ3,

(LB2

V g)(ê2, ê2) = (LB2

V g)(ê2, ê3) = (LB2

V g)(ê3, ê3) = 0. (7.24)
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Then, if (G4, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following six equations: 

µ = 0

µ2 + µ3β = 0

µ2(β − 2η)− µ3 = 0

α = 0

α(2η − β) + µ = 0

αβ − µ = 0

(7.25)

By solving (7.25), we get

Theorem 7.12 (G4, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if

(1)µ = α = µ2 + µ3η = 0, β = η;

(2)µ = α = µ3 = µ2 = 0, β ̸= η.

7.5 Affine Ricci solitons of G5

Lemma 7.13 The Bott connection ∇B2 of G5 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = 0, ∇B2

ê1
ê3 = βê2,

∇B2

ê2
ê1 = 0, ∇B2

ê2
ê2 = δê3, ∇B2

ê2
ê3 = δê2,

∇B2

ê3
ê1 = −αê1, ∇B2

ê3
ê2 = 0, ∇B2

ê3
ê3 = 0. (7.26)

Lemma 7.14 The curvature RB2 of the Bott connection ∇B2 of (G5, g) is given by

RB2(ê1, ê2)ê1 = 0, RB2(ê1, ê2)ê2 = βδê2, RB2(ê1, ê2)ê3 = −βδê3,

RB2(ê1, ê3)ê1 = 0, RB2(ê1, ê3)ê2 = −βδê3, RB2(ê1, ê3)ê3 = −β(α+ δ)ê2,

RB2(ê2, ê3)ê1 = 0, RB2(ê2, ê3)ê2 = −δ2ê3, RB2(ê2, ê3)ê3 = −(βγ + δ2)ê2. (7.27)

By (2.5), we have

ρB2(ê1, ê1) = ρB2(ê1, ê2) = ρB2(ê1, ê3) = 0,

ρB2(ê2, ê1) = 0, ρB2(ê2, ê2) = δ2, ρB2(ê2, ê3) = 0,

ρB2(ê3, ê1) = ρB2(ê3, ê2) = 0, ρB2(ê3, ê3) = −(βγ + δ2). (7.28)

Then,

ρ̃B2(ê1, ê1) = ρ̃B2(ê1, ê2) = ρ̃B2(ê1, ê3) = 0,

ρ̃B2(ê2, ê2) = δ2, ρ̃B2(ê2, ê3) = 0, ρ̃B2(ê3, ê3) = −(βγ + δ2). (7.29)
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By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = µ3β, (LB2

V g)(ê1, ê3) = −µ1α,

(LB2

V g)(ê2, ê2) = 2µ3δ, (LB2

V g)(ê2, ê3) = −µ2δ, (LB2

V g)(ê3, ê3) = 0. (7.30)

Then, if (G5, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following six equations:



µ = 0

µ3β = 0

µ1α = 0

µ3δ + δ2 + µ = 0

µ2δ = 0

δ2 + βγ + µ = 0

(7.31)

By solving (7.31), we get

Theorem 7.15 (G5, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if
µ = δ = γ = µ1 = µ3β = 0, α ̸= 0.

7.6 Affine Ricci solitons of G6

Lemma 7.16 The Bott connection ∇B2 of G6 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = αê2 + βê3, ∇B2

ê1
ê3 = γê2 + δê3,

∇B2

ê2
ê1 = ∇B2

ê2
ê2 = ∇B2

ê2
ê3 = 0,

∇B2

ê3
ê1 = ∇B2

ê3
ê2 = ∇B2

ê3
ê3 = 0. (7.32)

Lemma 7.17 The curvature RB2 of the Bott connection ∇B2 of (G6, g) is given by

RB2(ês, êt)êp = 0, (7.33)

for any (s, t, p) .

By (2.5), we have

ρB2(ês, êt) = 0, (7.34)

for any pairs (s, t) . Similarly,

ρ̃B2(ês, êt) = 0, (7.35)
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for any pairs (s, t) . By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = µ2α+ µ3γ, (LB2

V g)(ê1, ê3) = −µ2β − µ3δ,

(LB2

V g)(ê2, ê2) = (LB2

V g)(ê2, ê3) = (LB2

V g)(ê3, ê3) = 0. (7.36)

Then, if (G6, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following three equations: 

µ = 0

µ2α+ µ3γ = 0

µ2β + µ3δ = 0

(7.37)

By solving (7.37), we get

Theorem 7.18 (G6, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if

(1)µ = µ2 = µ3 = 0, αγ − βδ = 0, α+ δ ̸= 0;

(2)µ = 0, α = β, δ = γ, µ2 ̸= 0, µ3 ̸= 0;

(3)µ = α+ β = δ + γ = 0, µ2 ̸= 0, µ3 ̸= 0.

7.7 Affine Ricci solitons of G7

Lemma 7.19 The Bott connection ∇B2 of G7 is given by

∇B2

ê1
ê1 = 0, ∇B2

ê1
ê2 = −βê2 − βê3, ∇B2

ê1
ê3 = βê2 + βê3,

∇B2

ê2
ê1 = αê1, ∇B2

ê2
ê2 = δê3, ∇B2

ê2
ê3 = δê2,

∇B2

ê3
ê1 = −αê1, ∇B2

ê3
ê2 = −δê3, ∇B2

ê3
ê3 = −δê2. (7.38)

Lemma 7.20 The curvature RB2 of the Bott connection ∇B2 of (G7, g) is given by

RB2(ê1, ê2)ê1 = 0, RB2(ê1, ê2)ê2 = β(2δ − α)(ê2 + ê3),

RB2(ê1, ê2)ê3 = β(α− 2δ)(ê2 + ê3), RB2(ê1, ê3)ê1 = 0,

RB2(ê1, ê3)ê2 = β(α− 2δ)(ê2 + ê3), RB2(ê1, ê3)ê3 = β(2δ − α)(ê2 + ê3),

RB2(ê2, ê3)ê1 = 0, RB2(ê2, ê3)ê2 = βγ(ê2 + ê3),

RB2(ê2, ê3)ê3 = −βγ(ê2 + ê3). (7.39)

By (2.5), we have

ρB2(ê1, ê1) = ρB2(ê1, ê2) = ρB2(ê1, ê3) = 0,

ρB2(ê2, ê1) = 0, ρB2(ê2, ê2) = −βγ, ρB2(ê2, ê3) = βγ,

ρB2(ê3, ê1) = 0, ρB2(ê3, ê2) = βγ, ρB2(ê3, ê3) = −βγ. (7.40)

2809



WU and WANG/Turk J Math

Then,

ρ̃B2(ê1, ê1) = ρ̃B2(ê1, ê2) = ρ̃B2(ê1, ê3) = 0,

ρ̃B2(ê2, ê2) = −βγ, ρ̃B2(ê2, ê3) = βγ, ρ̃B2(ê3, ê3) = −βγ. (7.41)

By (2.7), we have

(LB2

V g)(ê1, ê1) = 0, (LB2

V g)(ê1, ê2) = µ1α− µ2β + µ3β, (LB2

V g)(ê1, ê3) = µ2β − µ1α− µ3β,

(LB2

V g)(ê2, ê2) = 2µ3δ, (LB2

V g)(ê2, ê3) = −(µ2 + µ3)δ, (LB2

V g)(ê3, ê3) = 2µ2δ. (7.42)

Then, if (G7, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 , by (2.8), we have the
following five equations:



µ = 0

µ1α− µ2β + µ3β = 0

µ3δ − βγ + µ = 0

(µ3 + µ2)δ = 0

µ2δ = 0

(7.43)

By solving (7.43), we get

Theorem 7.21 (G7, g, V ) is an affine Ricci soliton associated to the Bott connection ∇B2 if and only if

(1)µ = δ = γ = µ1α− µ2β + µ3β = 0, α ̸= 0;

(2)µ = α = βγ = µ2 = µ3 = 0, δ ̸= 0;

(3)µ = γ = µ1 = µ2 = µ3 = 0, α ̸= 0, δ ̸= 0, α+ δ ̸= 0.

Specially, let V = 0 , we get the following corollary:

Corollary 7.22 (I) (G1, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if
µ = β = 0 ;
(II) (G2, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if µ = α = 0 ;
(III) (G3, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if µ = αβ = 0 ;
(IV) (G4, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if µ = α = 0 ;
(V) (G5, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if µ = δ = γ = 0, α ̸= 0 ;
(VI) (G6, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if µ = 0, αγ − βδ =

0, α+ δ ̸= 0 ;
(VII) (G7, g, V ) is an affine Einstein associated to the Bott connection ∇B2 if and only if µ = γ = α+ 2δ =

0, α+ δ ̸= 0 .
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8. Affine Ricci solitons associated to the perturbed Bott connection on three-dimensional Lorentzian
Lie groups with the third distribution

Similarly, by the above calculations, we always obtain µ = 0 . In order to get the affine Ricci soliton with
nonzero µ , we introduce the perturbed Bott connection ∇̃B2 in the following. Let ê∗1 be the dual base of e1 .
We define on Gi=1,···,7

∇̃B2

X Y = ∇B2

X Y + a0ê
∗
1(X)ê∗1(Y )e1, (8.1)

where a0 is a nonzero real number. Then

∇̃B2

ê1
ê1 = a0ê1, ∇̃B2

ês
êt = ∇B2

ês
êt, (8.2)

where s and t does not equal 1. We define

(L̃B2

V g)(X,Y ) := g(∇̃B2

X V, Y ) + g(X, ∇̃B2

Y V ), (8.3)

for vector fields X,Y, V . Then we have for Gi=1,···,7

(L̃B2

V g)(ê1, ê1) = 2a0µ1, (L̃B2

V g)(ês, êt) = (LB2

V g)(ês, êt), (8.4)

where s and t does not equal 1.

Definition 8.1 (Gi, V, g) is called the affine Ricci soliton associated to the connection ∇̃B2 if it satisfies

(L̃B2

V g)(X,Y ) + 2ρ̃
B2

(X,Y ) + 2µg(X,Y ) = 0. (8.5)

For (G1, ∇̃B2) , we have

R̃B2(ê1, ê2)ê1 = α(β − a0)ê1, R̃B2(ê1, ê3)ê1 = α(a0 − β)ê1,

R̃B2(ê2, ê3)ê1 = −a0βê1, R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.6)

for (s, t, p) ̸= (1, 2, 1), (1, 3, 1), (2, 3, 1) .

ρ̃
B2

(ê1, ê2) =
α(β − a0)

2
, ρ̃

B2
(ê1, ê3) =

α(a0 − β)

2
, ρ̃

B2
(ês, êt) = ρ̃B2(ês, êt), (8.7)

for the pair (s, t) ̸= (1, 2), (1, 3) . If (G1, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then
by (8.5), we have 

a0µ1 + µ = 0

αβ − µ1α− µ3β − a0α = 0

µ2β + µ1α+ α(a0 − β) = 0

µ3α− β2 + µ = 0

µ3α+ µ2α = 0

β2 + µ2α− µ = 0

(8.8)

Solve (8.8), we get
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Theorem 8.2 (G1, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if

(1)α ̸= 0, β = 0, µ1 = −a0, µ2 = −µ3 =
a20
α
, µ = a20;

(2)α ̸= 0, β ̸= 0, µ2 = µ3 = 0, µ = β2, µ1a0 + β2 = 0, µ1 + a0 − β = 0.

For (G2, ∇̃B2) , we have

R̃B2(ê2, ê3)ê1 = −a0αê1, R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.9)

for (s, t, p) ̸= (2, 3, 1) .

ρ̃
B2

(ês, êt) = ρ̃B2(ês, êt), (8.10)

for any pairs (s, t) . If (G2, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then by (8.5), we
have 

a0µ1 + µ = 0

µ2γ − µ3β = 0

µ2β + µ3γ = 0

αβ − µ = 0

αγ = 0

(8.11)

Solve (8.11), we get

Theorem 8.3 (G2, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if µ = α =

µ1 = µ2 = µ3 = 0, γ ̸= 0.

For (G3, ∇̃B2) , we have

R̃B2(ê2, ê3)ê1 = −a0αê1, R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.12)

for (s, t, p) ̸= (2, 3, 1) .

ρ̃
B2

(ês, êt) = ρ̃B2(ês, êt), (8.13)

for any pairs (s, t) . If (G3, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then by (8.5), we
have 

a0µ1 + µ = 0

µ3β = 0

µ2γ = 0

αγ − µ = 0

αβ − µ = 0

(8.14)

Solve (8.14), we get
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Theorem 8.4 (G3, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if

(1)α = µ = µ1a0 = µ2γ = µ3β = 0;

(2)α ̸= 0, β = γ = µ = µ1a0 = 0;

(3)α ̸= 0, β = γ ̸= 0, µ2 = µ3 = 0, µ = αβ, µ1a0 = −αβ.

For (G4, ∇̃B2) , we have

R̃B2(ê2, ê3)ê1 = −a0αê1, R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.15)

for (s, t, p) ̸= (2, 3, 1) .

ρ̃
B2

(ês, êt) = ρ̃B2(ês, êt), (8.16)

for any pairs (s, t) . If (G4, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then by (8.5), we
have



a0µ1 + µ = 0

µ3β + µ2 = 0

µ2(β − 2η)− µ3 = 0

α(2η − β) + µ = 0

α = 0

αβ − µ = 0

(8.17)

Solve (8.17), we get

Theorem 8.5 (G4, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if

(1)α = µ = µ1 = µ3 = µ2 = 0, β ̸= η;

(2)α = µ = µ1 = 0, µ2 + µ3η = 0, β = η.

For (G5, ∇̃B2) , we have

R̃B2(ê1, ê3)ê1 = −a0αê1, R̃B2(ê2, ê3)ê1 = −a0γê1, R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.18)

for (s, t, p) ̸= (1, 3, 1), (2, 3, 1) .

ρ̃
B2

(ê2, ê1) = −a0α

2
, ρ̃

B2
(ês, êt) = ρ̃B2(ês, êt), (8.19)

for the pair (s, t) ̸= (2, 1) . If (G5, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then by
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(8.5), we have 

a0µ1 + µ = 0

µ3β = 0

µ1α+ a0α = 0

µ3δ + δ2 + µ = 0

µ2δ = 0

δ2 + βγ + µ = 0

(8.20)

Solve (8.20), we get

Theorem 8.6 (G5, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if β = α =

µ2 = µ3 = 0, δ ̸= 0, µ = −δ2, µ1 = δ2

a0
.

For (G6, ∇̃B2) , we have

R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.21)

for any (s, t, p) .

ρ̃
B2

(ês, êt) = ρ̃B2(ês, êt), (8.22)

for any pairs (s, t) . If (G6, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then by (8.5), we
have 

a0µ1 + µ = 0

µ2α+ µ3γ = 0

µ2β + µ3δ = 0

µ = 0

(8.23)

Solve (8.23), we get

Theorem 8.7 (G6, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if

(1)µ = µ1 = µ2 = µ3 = 0, αγ − βδ = 0, α+ δ ̸= 0;

(2)µ = µ1 = 0, α = β, δ = γ, µ2 ̸= 0, µ3 ̸= 0;

(3)µ = µ1 = α+ β = δ + γ = 0, µ2 ̸= 0, µ3 ̸= 0.

For (G7, ∇̃B2) , we have

R̃B2(ê1, ê2)ê1 = a0αê1, R̃B2(ê1, ê3)ê1 = −a0αê1,

R̃B2(ê2, ê3)ê1 = a0γê1, R̃B2(ês, êt)êp = RB2(ês, êt)êp, (8.24)
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for (s, t, p) ̸= (1, 2, 1), (1, 3, 1), (2, 3, 1) .

ρ̃
B2

(ê1, ê2) =
a0α

2
, ρ̃

B2
(ê2, ê3) = −a0α

2
, ρ̃

B2
(ês, êt) = ρ̃B2(ês, êt), (8.25)

for the pair (s, t) ̸= (1, 2), (2, 3) . If (G7, g, V ) is an affine Ricci soliton associated to the connection ∇̃B2 , then
by (8.5), we have 

a0µ1 + µ = 0

µ2β − µ1α− µ3β − a0α = 0

µ3δ − βγ + µ = 0

(µ2 + µ3)δ − βγ = 0

µ2δ − βγ − µ = 0

(8.26)

Solve (8.26), we get

Theorem 8.8 (G7, V, g) is an affine Ricci soliton associated to the connection ∇̃B2 if and only if

(1)α = β = µ2 + µ3 = 0, δ ̸= 0, µ = −µ3δ, µ1 =
µ3δ

a0
;

(2)α = γ = µ = µ1 = µ2 = µ3 = 0, β ̸= 0;

(3)α ̸= 0, δ = γ = µ = µ1 = 0, (µ2 + µ3)β − a0α = 0;

(4)α ̸= 0, δ ̸= 0, γ = 0, µ1 = − µ

a0
, µ2 =

µ

δ
, µ3 = −µ

δ
, 2a0βµ+ µαδ − a20αδ = 0.

9. Conclusion
Firstly, the distributions that we take are D = span{ê1, ê2} , D1 = span{ê1, ê3} , D2 = span{ê2, ê3} . In fact,
we can also take other distributions, but D = span{ê1, ê2} , D1 = span{ê1, ê3} , D2 = span{ê2, ê3} are the sim-
plest distributions on three-dimensional Lie groups {Gi}i=1,···,7 . In addition, the distribution D = span{ê1, ê2}
is used in [19] and [2]. In the paper, we get affine Ricci solitons associated to the Bott connection on three-
dimensional Lorentzian unimodular and nonunimodular Lie groups, and the results are all µ = 0 . To get the
results of affine Ricci solitons with µ ̸= 0 , we use perturbed Bott connections in (4.1), and we get affine Ricci
solitons with µ ̸= 0 by this kind of perturbed Bott connection on three-dimensional Lie groups. However, for
some other perturbed Bott connections, we cannot get affine Ricci solitons with µ ̸= 0 .

Acknowledgements
The second author was supported in part by NSFC No.11771070. The authors are deeply grateful to the
anonymous referees for their valuable comments and helpful suggestions.

References

[1] Alvarez López JA, Tondeur P. Hodge decomposition along the leaves of a Riemannian foliation. Journal of Functional
Analysis 1991; 99 (2): 443-458. doi: 10.1016/0022-1236(91)90048-A

2815



WU and WANG/Turk J Math

[2] Balogh Z, Tyson J, Vecchi E. Intrinsic curvature of curves and surfaces and a Gauss-Bonnet theorem in the
Heisenberg group. Mathematische Zeitschrift 2017; 287 (1): 1-38. doi: 10.1007/s00209-019-02234-8

[3] Batat W, Onda K. Algebraic Ricci solitons of three-dimensional Lorentzian Lie groups. Journal of Geometry and
Physics 2017; 114: 138-152. doi: 10.1016/j.geomphys.2016.11.018

[4] Baudoin F. Sub-Laplacians and hypoelliptic operators on totally geodesic Riemannian foliations. In Geometry,
analysis and dynamics on sub-Riemannian manifolds 2016; 1: 259-321.
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