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Abstract: The object of the present paper is to study a semisymmetric metric connection on an almost contact
B—metric manifold. We deduce a relation between the Levi—Civita connection and the semisymmetric metric connection
on the considered manifold. We determined the class of the torsion tensor corresponding to the semisymmetric connection.
We study Ricci-like solitons on almost contact B— metric manifolds with the semisymmetric connection. Finally, we give

some examples to considered manifolds with the semisymmetric connection.
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1. Introduction

In this paper we undertake a study of semisymmetric metric connection on an almost contact B—metric
manifold. Firstly, the concept of semisymmetric connection in a Riemannian manifold was introduced by Yano
in [17]. Later, in [14] a semisymmetric metric connection in an almost contact manifold was defined and the
properties of curvature tensors was studied in [11]. Some properties of semisymmetric connections have been
examined on manifolds equipped with special structures [2, 4, 13, 17]. Kenmotsu manifolds with this connection
were investigated in [1, 12]. In [16] the existence of a new connection on a Riemannian manifold is proved. In
particular case, this connection corresponds to a semisymmetric metric connection.

The decomposition of the space of torsion tensors on almost contact B—metric manifolds is studied in
[6]. The class of these manifolds equipped with the semisymmetric connection is described. If the manifold is
Sasaki-like, then we attain some identities and theorems.

The concept of Ricci solitons was firstly described in Riemannian geometry. But, recently, Ricci solitons
and n—Ricci solitons have been studied ([7, 12, 15]). Motivated by the study in [7] we investigate Ricci-like
solitons on almost contact B—metric manifolds endowed with the semisymmetric metric connection.

The organization of the present paper is as follows: In Section 2 we give some necessary facts about Sasaki-
like and almost contact B—metric manifolds. In Section 3 we determine the class of torsion tensor with respect
to the connection and achieve a relation among curvature quantities of the semisymmetric metric connection
and Levi-Civita connection. We prove that Sasaki-like manifold admitting a Ricci-like soliton also admits a
Ricci-like soliton with respect to the considered connection. Finally, we find some geometric characteristics of

examples of 3-dimensional B— metric manifolds equipped with the considered connection.

*Correspondence: math@tubitak.gov.tr
2010 AMS Mathematics Subject Classification: 53C05; 53C15; 53D10.

2455

This work is licensed under a Creative Commons Attribution 4.0 International License.


https://orcid.org/0000-0002-0317-1791

BULUT/Turk J Math

2. Almost contact B—metric manifolds

Let M be a (2n + 1)—dimensional C°°—manifold and suppose that there exists in M a vector-valued linear

function ¢, a vector field £ and a 1—form 7 such that

77(5) =1, 9021' =T+ 77(1')57 (21)

for any vector field . Then (M, p,&,n) is called an almost contact manifold.

By virtue of the relation (2.1), the following relations hold

€ =0, now=0. (2.2)

In addition, if there exists a pseudo-Riemannian metric g of signature (n + 1,n) satisfying

g(px, py) = —g(z,y) +n(z)n(y), (2.3)

then (M, p, &, n,g) is said to be an almost contact B—metric manifold.

By using the contact 1—form n on M, we determine the 2n—dimensional contact distribution H =
Ker n, known as horizontal distribution. The sections of H are called the horizontal vector fields. Throughout
this article we shall use X,Y, Z to denote elements of the smooth horizontal vector fields on M. z,y, z stand

for arbitrary smooth vector fields on M .

The following equations are some consequences of (2.1), (2.2), (2.3)

g(x,0y) = glez,y), g€ =1, n(Vi) =0 (2.4)

where VY is the Levi-Civita connection of g. The associated metric g of g is given by
9(@,y) = g(x,0y) + n(z)n(y).

A classification of almost contact B—metric manifolds is made in [6] by using the tensor field F of type
(0,3) determined by

F(z,y,2) = g(Vip)y, 2).

Moreover, F' satisfies the following identities:

F(z,0y,8) = (Vin)y = 9(ViE,y) ’

See for more details [3, 8, 9].

2.1. Sasaki-like almost contact B—metric manifolds

Sasaki-like almost contact B—metric manifolds are determined by the conditions

F(X7Y7Z) :F(€7Y7Z) :F(£7£72) :07

F(X.Y.) = ~g(X.Y). (26)
The covariant derivative V9¢ satisfies the equality
(Vip)y = —g(z,9)¢ — n(y)a + 2n(x)n(y)E = g(pz, 0y)€ +nly)*z. (2.7)
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Hence, the following relations given in [5] hold:

Vi€ = —pu, R(z,y)¢ = n(y)z — n(z)y,

VZX = _SOX - [Xa €]> R(ﬁ,y)é = 502:%

(Vgn)y = —g(ill‘, QOy)’ R’L'C(.’E, 5) =2n, (28)
VZ{ =0, Ric(§,€) = 2n,

div€ = 0.

where R and Ric stand for the curvature and the Ricci tensor, respectively.

3. A semisymmetric metric connection on almost contact B—metric manifolds

In this section we deal with a semisymmetric metric connection on an almost contact B—metric manifold. Let

(M, p,€&,m,9) be an almost contact B— metric manifold with the Levi-Civita connection V¢ and we define a

semisymmetric connection V on M by

Vaoy = Viy+g(z,y)€ —n(y)z. (3.1)

By using above equation the torsion tensor 7" of M with respect to the connection V is given by
T(z,y) = Vay — Vyz — [z,y] = n(x)y —n(y)z. (3.2)

Further, the semisymmetric connection v satisfying the condition

(Vag)(y,2z) =0 (3.3)

for all z,y,z € x(M) is said to be a semisymmetric metric connection, otherwise it is called a semisymmetric

nonmetric connection.

Now we shall show the existence of the semisymmetric metric connection V on an almost contact

B—metric manifold (M, ¢, &,n,9).

Theorem 3.1 There exists a unique linear connection \Y satisfying (3.2) and (3.3) on an almost contact
B— metric manifold (M, p,&,1n,9).

Proof Suppose that V is a linear connection on M given by

Vay = Viy+ H(z,y), (3.4)

where H denotes a tensor field of type (1,2). Now, we shall specify the tensor field H such that V satisfies
the conditions (3.2) and (3.3). By the definition of torsion tensor, the equation (3.4) leads to

T(x,y) = H(z,y) — H(y,x) (3.5)
for all z,y € x(M). We have

g(T(x,y),z) :g(H(m,y),z) 79(H(y7x)vz) (36)
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The equation (3.3) leads to

(Veg)(y,2) = 0=29(y,2) — 9(Vay, 2) — 9(Vaz,y) = g(H(z,y),2) + g(H(z, 2),y). (3.7)

Then, we get
g(H(x,y),2) = —g(H(z, 2),y). (3.8)

From (3.6) and (3.8), we have
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In consequence of (3.10), we get
H(z,y) = g(z,y)§ —n(y)z. (3.11)
In view of (3.10), we can get Equation (3.1). O

Let us consider the torsion tensor T' of a semisymmetric metric connection V on M. Then, the corre-

sponding tensor of type (0,3) is determined by

T(z,y,2) = g(T(x,y),2) = n(x)g(y, 2) — n(y)g(z,2). (3.12)

Especially, we have
T(pz,0y,z) =0, and T(z,y,&)=0. (3.13)

Proposition 3.2 The torsion tensor T of a semisymmetric metric connection on M belongs to the class Ty.
Proof Consider the vector space of all tensors of type (0,3) over T,(M) in the following way:
T={T(z,y,2) e R| T(z,y,2) = T (y,z,2),z,y,2z € T,M}. (3.14)
By using the operator p; : T — T by
pi(T)(x,y,2) = =T(p*z, 9y, ¢°2) = —g(T(p*x, o%y), p*2),
the orthogonal decomposition of 7 by the image and the kernel of p; is obtained as follows:

Wi =im(p) ={T € T | po(T) =T} and Wi = ker(p1) = {T € T | p1(T) = 0}.
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Since p1(T) = 0 by (3.13), we have T € ker(p;) = Wi-. Let us define the operator py : Wit — Wit by
p2(T)(z.y, 2) = n(2)T(p*x, 0%y, €) = 0(2)9(T(p*x, 9%y), €).
Since the operator has the property ps o po = ps, the decomposition of VV1l is given by
Wy =im(ps) = {T € Wit | po(T) = T} and Wi = ker(py) = {T € Wi | po(T) = 0}.

Again from (3.13) we obtain py(T) = 0, namely, T € ker(pz) = W3- . Let us define the operator ps : W3- — Wit
by
p3(T)(2,y,2) = ()T (€, 9y, ©°2) + n(y) T (P2, &, 9*2).

By making use of (2.3), (3.2) and (3.12), the above equality turns into

ps(T)(x,y,2) = n(@)T(E 0%y, 0%2) +n(y)T(Y%z, &, 0°2)
= n(x)g(T(& 0%y), *2) + n(y)g(T(L*x, €), p*2)
= n(z)g9(L%y, *2) — n(y)g(L’z, p*2)
= —n(x)g(vy, pz) + n(y)g(pz, z) (3.15)
= —n(@)(=9(y,2) + n(y)n(z)) + n(y)(—g(z, z) + n(z)n(z))
= n(x)g(y,z) —n(y)g(z,=2)
= g(T(x’ y)? Z) = T(JJ, Y, Z)

Hence, p3(T) =T, i.e. T € im(p3) = W3. The operators

LS,O (T) (177 Y,z

n(@)T (&, ey, ¢z) —ny)T (€, ¢, p2)
L3y (T)(,y, 2 (3.16)

n(x)T(E, 9%z, 0%y) —ny)T(E, ¢*z, o*x)

~— —

are involutive isometries on Wj. By virtue of (3.12) we obtain L3 o(T) = —T, that is, T € W5 and
L3 1(T) =T, that is, T € W3 ; where

Wgﬁ = {T c Wi | L‘g’o(T) = —T} and W3$1 = {T S W:; ‘ Ldyl(T) = T}

t(z) = g¥T(z,e;,e;) and t*(x) = g"T(z,e;, pe;) are torsion forms of T with respect to the basis {£, e1,...,€e2,}.
By the direct calculation we get t # 0, t* = 0. Therefore, T' € W3 1,1 = 79, where

WS,l,l = {T € Wg,l | t # 0,t* = 0}

O

Lemma 3.3 The relations between the curvature quantities of the semisymmetric metric connection V and

Levi—Civita connection V9 are given by the following formulas:

1. Curvature transformation:

R(z,y)z = R(z,y)z+9(y,2)Vi§ — g(x, 2)ViE + [9(ViE, 2) + g(py, p2)lz (3.17)
—[9(V4¢, 2) + g(px, 02)ly + g(T (2, y), 2)¢. '

2. Ricci curvature:
Ric(z,y) = Ric(z,y) + [div(€) + (1 — 2n)]g(z,y) + (2n — Dn(@)n(y) + g(VIE )] (3.18)

2459



BULUT/Turk J Math

3. Scalar curvature:
s =89 4+ 4dndiv(§) + 2n(1 — 2n).

Proof
1. The curvature tensor R of type (1,3) is defined by
R(z,y)z = VoVyz — V, V2 — 6[

x,y] %

(3.19)

(3.20)

where z,y,z € x(M). Using (2.3), (3.1), (3.2), (3.3) in (3.20) we obtain the relation (3.17) by a routine

computation.

2. The Ricei curvature tensor Ric with respect to V is defined by

Ric(z,y) = Zalg (i, )y, €i)-

(3.21)

with regard to the basis {{,e1,...,ea,}. The divergence of the vector field £ is given by

By making use of (2.3), (3.1), (3.2), (3.3), (3.17) in (3.21) we get (3.18).

3. The scalar curvature tensor s with respect to V is defined by

2n
E e'L? el

i=0

(3.22)

By the way of the relations (2.3), (3.1), (3.2), (3.3), (3.18), (3.22) it can be easily computed the identity

(3.19).

Note that we have the following relations with respect to the basis {{,e1,...

consequence of the Lemma (3.3):

(Van)y = (VEn)y + g(pz, y)
(Vap)y = (VI0)y + gz, py)E + n(y)pz
Vey = Viy

Vi = VIE + o’z

R(2,)& = R(z,y)& + n(y) VIE — n(x)VIE +n(VIE)x

Ric(&,€) = Ric(&,€) + div(€) + n(VEE)
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Theorem 3.4 In a Sasaki-like almost contact B— metric manifold with a semisymmetric metric connection we

have the following identities:

1. (Van)y = g(pz — 2, 0y)

2. (Vap)y = gz + oz, 09)€ + n(y)p(= + z)
3. Vo€ = —px+ %

4. Vex = Viz = —pr +[§, 1]

5. Ric(€,€) =2n

6. $=s42n(1l —2n)

7. Ric(z,y) = Ric(z,y) + (2n — 1)(—g(pz,y) +n(z)n(y)) + (1 — 2n)g(z,y)
Proof

1. Using the relations (2.8) and (3.23) it follows that

(Ven)y

(Vin)y + g(vz, ¢y)
= —g(x,0y) + g(er, 0y)
= glpx —,0y)

2. The equations (2.7) and (3.24) imply that

(Vep)y

(Vio)y + gz, 0y)€ +n(y)px
glez, oy)& +n(y)e*z + gz, py)& + n(y)ex
9(pr +z,0y) +n(y)e(pr + x)

3. It comes directly from Equation (2.8).
4. Tt can be easily verified by using the identities (2.8) and (3.1).

5. For any Sasaki-like almost contact B—metric manifold we know that div £ = 0 and (Vé’ﬁ) = 0. Hence,
from (3.28) and (2.8) the given identity is verified.

6. Since div £ = 0, Equation (3.19) yields the desired identity.
7. It is obtained by using (3.18) and (2.8).

O
The manifold (M, ¢,&,n,9) is said to be Einstein-like if its Ricci tensor Ric satisfies the following

condition:
Ric=Xg+pg+vn®n (3.29)

where A, u,v are constants.
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Theorem 3.5 If (M,¢,£,n,9) is a Einstein-like Sasaki-like almost contact B— metric manifold, then it is a

Einstein-like almost contact B— metric manifold with respect to the semisymmetric metric connection V.

Proof Since (M, ¢,&,n,g) is a Einstein-like, its Ricci tensor satisfies (3.29). Hence, there exist the constants
(\, i, v) such that

Ric(z,y) = Ag(z,y) + ng(z,y) + vn(x)n(y). (3.30)
Using the Theorem (3.4)(7) and (3.30) we derive that

Ric(z,y) = Ric(z,y)+ (2n — 1)(—g(oz,y) +n(x)n(y)) + (1 — 2n)g(z,y)
= Ag(w,y) + pg(x,y) +vn(x)n(y) + (2n — 1)(—g(ez,y) +n(z)n(y)) + (1 — 2n)g(z,y)
= (A+1-=2n)g(z,y) + (0 —2n+1)g(z,y) + (v + 4n — 2)n(z)n(y).

Therefore, M is a Einstein-like with respect to V with the constants A+1-2np—2n+1l,v+4n—2). O

The manifold M is said to be an almost contact B—metric manifold with a torse-forming Reeb vector
field ¢ provided that VI¢ = fz + a(x)E, where f is a smooth function and « is a one-form on M. If £ is a
torse-forming vector field on M, then the 1—from « must be —fn because of n(VZ2¢) = 0. Hence, we derive

the following equivalent identities:

VIE = —fo’z and (V9)y = —fg(ez, o). (3.31)

Taking into account the relations (3.31) we state the following:

Proposition 3.6 If the Reeb vector field & of (M, p,&,m,g) is a torse-forming with respect to the Levi-Civita

connection V9, then it is a torse-forming with respect to the semisymmetric connection V.

(M, p,&m,g9) is a Ricci-like soliton if its Ricci tensor Ric satisfies the following condition with the

constants (A, u, v):

%Egg—!—Ric—!—)\g—Fuﬁ—!— vn®n =0, (3.32)
where L¢g is a Lie derivative defined by

(Leg)(@,y) = 9(Vi&,y) + g(z, VE).
A generalization of the Ricci soliton and the n— Ricci soliton was introduced in [7].

Theorem 3.7 If a Sasaki-like almost contact B— metric manifold M admits a Ricci-like soliton with constants
(A, 1, v), then M admits a Ricci-like soliton with the constants (A4 2n, 4+ 2n — 1,v — 4n + 1) with respect to

the semisymmetric connection V.

Proof The manifold M satisfies Equation (3.32). Taking into account Theorem (3.4) and the equalities of
V¢ and V€ by (2.8), (3.26) the main assertion

1y = -
§£5g+Ric+(A+2n)g+(u+2n—1)g+(1/—4n+1)77®77=0 (3.33)

is valid. O
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4. Examples
4.1. Example

Let us consider a 3—dimensional manifold M = {(z,y, z) € R3|z # 0} where (z,y, ) are standard coordinates

in R?. A linearly independent global frame field on M is {& = eg,e1,e2} defined by

0 0 0 0

e) = —, e1 = e’ — es =e*(=—

0z oy’ oy %) (4.1)

Let g be a semi-Riemannian metric defined by g(eg,eq) = g(e1,e1) = —g(ea,e2) = 1. Define the 1—form 7
by n(x) = g(x,eq) for any vector field x € x(M). Let ¢ be the (1,1)—tensor field defined by ¢(eg) = 0,
p(e1) = ea, p(ea) = —ey. The linearity property of ¢ and g yields

7’(60) = 1;
©*r = —x + n(z)eo, (4.2)
gz, 0y) = —g(z,y) +n(z)n(y),

for any vector fields x,y. Hence, (¢, &, 7, g) is an almost contact B—metric structure on M . But, the considered

manifold is not Sasaki-like.
Now we have

le1,e2] =0, [eo,e1] =e1,  [eo,ea] = ea. (4.3)

By using Koszul’s formula we obtain the following nonzero components of the Levi—Civita connection VY.
Vglel = €p, V‘gleo = —eq, V‘g2€2 = —€p, Vg2eo = —e€ag. (44)

The nonzero components of the semisymmetric connection V are calculated by

Velel == 2607 %eleo == —261, %6262 = —260, 65260 == —262. (45)

With the help of above results the nonzero components of curvature tensors R and R can be easily obtained
by

R(e1,e2)er = ez, R(ez,eq)ea = —e3, Rei,ep)er = e, (4.6)
R(eq,e2)es = e1, R(ea,eq)eq = —ea, R(ei,eq)eg = —ex, '
13;(61, ez)er = 4deg, §(€27€0)62 = —2e3, é(eh eo)er = 2eq, (4.7)

R(ey,e2)es = 4ey, R(ez,eq)eq = —2ea, R(e1,eq)eq = —2e;. ’

All components of Ricci curvatures Ric and Ric with respect to V and %, respectively are zero. Therefore,

the scalar curvatures Scal and Scal are zero.

4.2. Example

Let us consider the real connected 3— dimensional Lie group L with a global basis {£ = eg, e1,e2} of the left

invariant vector fields on L such that the commutators of its associated Lie algebra are defined as follows:
S ex] =€z, [§ €] = —en. (4.8)
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Hence, L is endowed with an almost contact B—metric structure by

gleo,e0) = gler,e1) = —g(ez,ea) =1, gle;,e;) =0 for i # j,
(4.9)
<P(€1) €2, <P(€2) = —€1.

This example is given in [10]. The nonzero components of the Levi—Civita connection V and the semisymmetric

connection V are respectively calculated by

Vel €p = —€9, v6260 = €1, Veleg = Vezel = —€p, (410)
Ve o= —e1 —ea, Vg,e9=e1 —ea, Veea=Vger = —eq, (4.11)
Ve, e1 = eg, Ve,e2 = —ep.

It can be easily proved that the constructed manifold L is a Sasaki-like. Taking into account (4.8), (4.9), (4.10)

and (4.11), we compute the nonzero components of curvature tensors R and R with regard to V and V as

follows:
Ro1o = —e1, Ro20 = —e2, Roi1 =eg, Ri21 =eo
) ) 3 ) 4.12
Ro22 = —eo, Rizz = ey, (4.12)
f:zom = —e1 t+ ey, éozo = —e1 — ey, }:{011 = €p, fEml = 2es, (4.13)
Ro21 = eo, Ro12 = eg, Roge = —eg, Rizz = 2e;.
The nonzero components of Ricci tensors Ric and Ric are determined by the following equalities:
RiCoo = 2,
RiCQO = 2, Ricn = —1, RiCQQ = 1, (414)

R’iClg =1= ﬁz‘Jch

Scalar curvatures Scal and Scal are given by Scal = 2 and Scal = 0. Since we have the condition Ric = 2n®n,
L is Einstein-like with constants (0,0,2). The Ricci tensor Ric corresponding to the semisymmetric metric
connection V satisfies the relation

Ric=—g—g+4n®mn.
Hence, L is an Einstein-like with regard to the semisymmetric metric connection V with constants (—1,-1,4).

Moreover, L is a Ricci-like soliton with potential vector field ¢ since Ric has the following relation

S (Leq),y) + Ric(r,y) +3 — 3n(a)ny) =0,

where L¢g is the Lie derivative of g along &. It can be easily proved that £ is not a torse-forming vector field.

Let us consider the Lie derivative of g along £ corresponding to the connection V defined by

Leg(z,y) = 9(Va,y) + g(x, Vy8).
The following equality is valid:

1~ — ~
5659+Ric+2g+2g—67]®7720.

Therefore, L admits a Ricci-like soliton with the potential £ with respect to the connection v by constants
(2,2,—6). It can be easily checked that Theorem (3.7) is confirmed.
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