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Abstract: Ricci solitons arose in proof the Poincare conjecture by R. Hamilton and G. Perelman. The first example of
a noncompact steady Ricci soliton on a plane was found by R. Hamilton. This two-dimensional manifold is conformally
equivalent to the plane and it is called by R. Hamilton’s cigar soliton. The cigar soliton metric can be considered
as a fiber-wise conformal deformation of the Euclidean metric on a fiber of the tangent bundle. In the paper we
propose a deformation of the classical Sasaki metric on the tangent bundle of an n-dimensional Riemannian manifold
that induces the cigar soliton type metric on the fibers. The purpose of the research is to study geodesics of the cigar
soliton deformation of the Sasaki metric on the tangent bundle of the Riemannian manifold with focus on the locally

symmetric/constant curvature base manifold.
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1. Introduction
A Riemannian manifold (M, g) is called a Ricci soliton if and only if there exist a smooth vector field V' and

constant A such that the metric tensor g satisfies the equation
1 )
iﬁvg—l—RZCZ Ag, (1.1)

where Ly g is he Lie derivative of g along the vector field V', and Ric is the Ricci curvature tensor of the metric
tensor ¢g. The Ricci solitons are divided into three classes according to the sign of the constant A. Namely,

e if A <0, then a Ricci soliton is called expanding;

e if A > 0, then a Ricci soliton is called shrinking;

e if A =0, then a Ricci soliton is called steady.

If V' is the gradient of some function F' (potential function), then a Ricci soliton is called gradient. For a

gradient Ricci soliton the equation (1.1) can be expressed as
Hess(F') + Ric = \g, (1.2)

where Hess(F');; = V;V;F denotes the Hessian of the potential function.
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Interest in Ricci solitons is associated with their appearance in the process of proving the famous Poincare
conjecture by R. Hamilton and G. Perelman. There are a large number of publications on the geometry of Ricci
solitons (see, e.g. [2-4] and references therein).

The first example of a noncompact steady Ricci soliton on a plane was found by R. Hamilton [6]. This
two-dimensional manifold is conformally equivalent to a plane and it is called by R. Hamilton’s cigar soliton.

Its first fundamental form is as follows

ds? = M
1422 4 32
Hamilton’s cigar soliton is gradient with potential function F' = —In(1 + 22 + y?).

The standard metric on the tangent bundle of Riemannian manifold (M, g) is the Sasaki metric [10]. It
can be completely defined by scalar products of various combinations of vertical and horizontal lifts of vector
fields from the base to the tangent bundle by

G(X"YM) =g(X,Y), GX"Y") =0, G(X"Y") =g(X,Y).

(see Section 2 for details). Note that a vertical lift of a vector field is tangent to the fiber. Therefore, the
Sasaki metric being descended to the fibers coincides with the metric of the base manifold. One can generalize
the Sasaki metric definition allowing the fiber metric to be different from the base one. The latter idea brings
another (nonflat in general) geometry to the fibers and the whole tangent bundle. A general question can be
posed as follows: to what extent the new fiber-wise metric changes the geometry of the tangent bundle? In the
present paper we analyze the case when the fiber-wise metric is the R. Hamilton’s cigar soliton one and focus
on geodesics of generalized Sasaki metric.

The general idea comes from the two-dimensional case. Namely, if E? is Euclidean plane with the
Cartesian coordinates (z,y), then TE? with the Sasaki metric is Euclidean with the Cartesian coordinates

(x,y;&1,&). The line element is of the form
do? = dz? + dy* + d&} + dé3.

The "fiber part” of the latter line element can be deformed in the following way

1
2 _ 2 2 2 2
do? = dz?® + dy +71+£%+£§ (de? + d&3)

in order to get the cigar soliton metric on each fiber. In what follows we refer to the following Definition.

Definition 2.1 Fiberwise Hamiltonian cigar soliton deformation of the Sasaki metric on the tangent
bundle of the Riemannian manifold (M, g) is defined by

v v v 1
Go(X"Y") = go(X.Y). Go(X" V") =0, Go(X",Y") = 17 - 9(X.Y),

where Q = (q,€) € TM, t = |¢|%.

It is natural to consider a bit more general case involving the properties of R. Hamilton’s deformating

function according to the following definition.
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Definition 2.2 The fiberwise cigar soliton deformation of the Sasaki metric on the tangent bundle of the

Riemannian manifold (M, g) of the form
GQ(thyh):gq(va)v GQ(Xh’YU) =0, GQ(XU’YU) :f(t)gq(va)v

where Q = (q,&) € TM, t = |£]?, and f is a smooth function with the properties f > 0, f(0) = 1,
lim; oo f =0, f/' <0, limy_,oo f' =0 is called fiberwise cigar soliton deformation of the Sasaki metric.
Remark that the fiberwise cigar soliton deformation is similar but is not the same as the metric on
the tangent bundle introduced by M.T.K. Abbassi and M. Sarih [1], Cheeger-Gromoll metric [8] or fiber-wise
deformed metric introduced by A. Yampolsky [14], but is a specific particular case of metric introduced by A.
Zagane and M. Djaa in [15].
A regular parameterized curve I'(c) C TM can be considered, in general, as a pair {x(0),&(0)}, where

xz(o) C M is a curve and &(o) is a vector field along z(c). As a result,

o we obtain the differential equations of naturally parameterized geodesics in terms of z(c) and £(o) with
respect to Definitions 2.1 and 2.2 (Theorem 3.1);

o we prove that f(t)|€)]| = ¢ (= const), 0<c <1 and classify geodesics on T'M with the fiberwise cigar
soliton deformed Sasaki metric with respect to the parameter ¢ namely: if ¢ = 0, then the geodesic is
called horizontal; if ¢ = 1, then the geodesic is called wvertical; if 0 < ¢ < 1, then the geodesic is called
oblique (Definition 3.2);

o we prove (cf. [9]) that in case of locally symmetric base the projection of oblique geodesic I'(c) to the
base has all geodesic curvatures constant and in case of the base constant k; = 0 for all k; > 3 (Theorem
4.2);

o we obtain (cf. [11]) the equations of geodesics on T'(E™), T'(S™) and T(H™) with the fiberwise (Hamil-
tonian) cigar soliton deformed Sasaki metric (Theorems 4.3, 4.4, 4.5, 4.6, 4.7).

2. Basic properties of the cigar soliton deformed Sasaki metric

Let (M,g) be n-dimensional Riemannian manifold with metric g. Denote by ¢g(-,-) a scalar product with
respect to g. Denote by TM tangent bundle of (M,g). It is well known that at each point Q = (¢,&) € TM
the tangent space TT'M splits into vertical and horizontal parts:

ToTM = HoTM © VT M.

The vertical part Vg is tangent to the fiber, while the horizontal part Hg is transversal to it. Denote by
(xt,... 2™ € .. &) the natural induced local coordinate system on TM. Denote 9; = %, Onti = %
Then for X € ToTM we have X = X/9; + X"+,

Denote by 7 : TM — M the tangent bundle projection. The mapping m,. : ToTM — TM defines a
point-wise linear isomorphism between Hq(T'M™) and T,M". Remark that kerm,|g = Vg.

The so-called connection mapping K : ToTM — T, M acts on X by KX = (X" + F;kgj)zk)&». Here
F;k are the Christoffel symbols of g. The connection mapping X defines a point-wise linear isomorphism

between VoT'M and T,M . Remark that ker K|g = Hq.
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The images 7, X and KX are called horizontal and vertical projections of X , respectively. The operations
inverse to projections are called lifts. Namely, if X € T,M, then X" = X0, — FéknganH is in HoTM and
is called the horizontal lift of X, and XV = X0, is in VoTM and is called the vertical lift of X .

Let X,Y € ToTM . The standard Sasaki metric on T'M is defined at each point @ = (¢,§) € TM by

the following scalar product

G(va/) :g(W*Xaﬂ*?)‘q"_g(KXvK?”

-
Horizontal and vertical subspaces are mutually orthogonal with respect to Sasaki metric.

The Sasaki metric can be completely defined by scalar product of various combinations of lifts of vector
fields from M to TM by

Go(X" Y") = g,(X,Y), Go(X"Y") =0, Go(X".Y")=g,(X,Y).
Define the fiberwise cigar soliton deformation of the Sasaki metric as follows.

Definition 2.1 Fiberwise Hamiltonian cigar soliton deformation of the Sasaki metric on the tangent bundle of

the Riemannian manifold (M,g) is defined by

1
GQ(Xh’Yh):gq(va)v GQ(thYU):Ov GQ(XU7YU):17_H'QQ(X7Y)7

where Q = (¢,€) € TM, t = [£]?.

Definition 2.2 The fiberwise cigar soliton deformation of the Sasaki metric on the tangent bundle of the

Riemannian manifold (M, g) of the form
GQ(Xh7Yh):gq(X7Y)7 GQ(thyv) :07 GQ(XvaYU) :f(t)gq(X7Y)7

where Q = (q,§) € TM, t = [£]?, and f is a smooth function with the properties f > 0, f(0) = 1,

lim; 400 f =0, f/ <0, limy_yoo f' =0 is called fiberwise cigar soliton deformation of the Sasaki metric.

Let R be the curvature tensor of V. Denote by V the Levi-Civita connection of the cigar soliton
deformed Sasaki metric G. The following lemma contains Kowalski-type formulas [7] and is the main tool for

the further considerations (see also [15]).

Lemma 2.3 Let (M,g) be the Riemannian manifold. The Levi-Civita connection V of the fiberwise cigar

soliton deformed Sasaki metric G on the tangent bundle T M is completely defined by

VY = (VXY)h _ %(R(X,Y)g)v, (2.1)
VnY? = % £() (R(g,Y)X)h n (VXY)", (2.2)
VoV = %f(t) (R(g,X)Y)h, (2.3)
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~ v

V¥ = () (9(X. Y + g, 0X — (X, V)¢) , (2.4)

where V is the Levi-Civita connection on (M,g), R is the curvature tensor of V.

Proof Remark, first, that the following formulas are independent on the choice of tangent bundle metric and
are known as Dombrowski formulas [5]: at each point Q = (¢,£) € TM the brackets of lifts of vector fields from
M to T'M are

(X" vh] = [X,v]" = (R(X,Y)E)", [XMY*] = (VxY)", [X".Y"]=0.
Prove, now, that the derivative of the function f(t) along the lifts of vector fields from M to T'M are (cf. [13])

X"(f) =0, XU(f) =2f"(t)g(X,¢).

Indeed, keeping in mind X" = Xia?“: — I‘;kaﬁka%i and XV = Xia%i, we have

iy i O
XMf) = X' o) - T XI5 (6)
= (X (gue) T XIE ) (g,,6767))
= Jt B 9sp ik 851 9sp

= £ (X (Cigms + Tligmp)§"€" — 205 X7 €893y €"))
= I(Tip s XTE €7 4 Tiy ) XTE€7 — 20, XM
= (204 XTE€7 — 20y, XTEREP) 0.
0 0

XU(f) = Xia?i(f) = ft'Xiafgi(gspfsﬁp) = 2f19ipX"6" = 2 9(X. ).

Finally, the derivative of cigar soliton deformed Sasaki metric G along the lifts of vector fields from M to T'M
are

Xha(y", z" = g(VxY, 2) + g(Y,Vx Z), (2.5)
X'G(Y",2%) = F(©)(9(VxY.2) + (Y, Vx2)), (2.6)
X G(yh zM =0, (2.7)

X'G(Y", Z%) =2f'(t)g9(X,&)g(Y, Z). (2.8)
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Now we can use the Koszul formula. We have

2G(Vxr Y ZM = Xha(yh, zM + yhG(x", z") — z"G(x", Y™
+G([X" YM, zM - q(x", ZzM,Y") — G(Yy", z"], xh)
= Xg(Yh, Z") +Yg(X", Zh) — Zg(X", Y")
+G([X,Y)", zM) - G(X, Z)", Y™ — G(Y, 2", X™)
= Xg(Y", Z") 4+ Yg(X", Z") — Zg(X", Y")

+g([X7 Y]ﬂ Z) - g([Xa ZLY) - g([Y7 Z]vX) = QQ(VXK Z) = QG((VXY)ha Zh);

2G(VxnY" 2°) = XhG(Y", 2°) + YhG(X", 2°) — Z°G(X", Y

+G(X" Y, Z2Y) - G(X", 2°),Y") = G(IY", 2°], X") = —G((R(X,Y)§)", Z")
and get (2.1). Then

2G(VxnY?, Z") = X"G(Y?, Z2") + Y G(X", zM) — Z2"G (X", Y?)
+ G(XM Yv], 2™ — G(X", 2", Y°) — G([Y?, Zz"], X M)
= G((R(X, 2))",Y") = fg(R(X, 2)§,Y) = fg(R(£,Y)X, Z)
= 9(fR(§.Y)X, Z) = G(f(R(&,Y)X)", Z");

2G(Vxn YV, Z%) = X"G(Y?, 2°) + Y 'G(X", 2°) — Z"G(X", YY)
+G(X", YY), 2°) - G(X", Z2°,Y") = G([Y", Z*], X™)
= f(9(VxY,2) +9(Y.VxZ)) + G((VxY)",Z") = G((VxZ)",Y")
= f9(VxY,2Z) +g(Y,VxZ) + g(VxY,Z) — g(Vx Z,Y))
=2fg(VxY,Z) =2G((VxY)", Z%)

and get (2.2). In a similar way

2G(Vx YM ZM = X q(vh, zM + YhG(Xx?, z") — Zzha (X, vh)
+G(XY, Y, 2" - (X7, 2", Y") - G(Y", 2", X?)
=G((R(Y,2)§)", X") = fg(R(Y, Z2)§, X) = fg(R(§, X)Y, Z)
= 9(fR(&, X)Y. Z) = G(f(R(&, X)Y)", Z");
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2G(VxY", Z%) = X°G(Y", Z°) + Y"G(X", Z°) — Z°G(X",Y")
+G(XY, Y, Z2°) - G([X", Z2"],Y") — G([Y", 2], X*)
=f9(Vy X, Z) + g(X,Vy Z)) - G((Vy X)", Z2") = G((Vy Z)", X")
=f9(VyX,Z) +9(X,VyZ) —g(VyX,Z) = g(VyZ,X)) =0

and get (2.3). Finally,

2G(VxY?, Z") = X °G(Y", Z") + Y'G(X"?, Z") — Z"G (X", YY)
+G(XY, YY), 2" - G(X°, 2", YY) - G([Y", Z2"], X*)
=—f(g(VzX,Y) +g(X,VzY)) + G(V2X)",Y") + G((V2Y)", X")
= f(=9(VzX)Y) = g(X,VzY) + g(VzX,Y) + g(V2Y, X)) = 0;

2G(Vxe Y'Y, Z2%) = X'G(Y", Z°) + Y G(X", Z¥) — Z°G(X",Y")
T+ G([XY,Y"],Z°) — G([X", 2°],Y") — G([Y", Z'], X")
=2f1(9(X,)9(Y, Z) + 9(Y,€)9(X, Z) — 9(Z,£)9(X,Y))
=2£(9(9(X, )Y, Z) + g(9(Y, €)X, Z) — 9(9(X, Y )¢, Z))
=2fi9(9(X, )Y +g(Y. )X — g(X,Y)E, Z)

- 2fg<ff<g<x, OY +g(V.0X — g(X,Y)E), 2)

X
X

— 26

|k

(9(X, Y +g(Y, )X - g(X,Y)§)", Z%)
and get (2.4). O
3. Geodesics

Let T' = {z(0),&(c)} be a naturally parameterized curve on the tangent bundle TM with the fiberwise cigar

soliton deformed Sasaki metric G. Denote o/, = 9% 2/ = Varzg, § =V, § = V. Then

I, = (2,)" + (&), 0L = lao [ + F@)le 1 = 1. (3.1)

Now we derive the differential equations of geodesics (see also [16]).

Theorem 3.1 Let (M,g) be Riemannian manifold and T'M its tangent bundle with the fiberwise cigar soliton
deformed Sasaki metric, R is the curvature operator of the base manifold M . A naturally parameterized curve
I'={x(0),&(0)} is geodesic on TM if and only if x(o) and (o) satisfy the equations

vy + fR(E,&)7, =0, (3.2)

&+ (I f(t) ((1€1%),€, — 1€,1%€) = 0. (3.3)
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Respectively the equations of geodesic lines on the tangent bundle with the fiberwise Hamiltonian cigar soliton

deformed Sasaki metric are

" 1 / ’o_
‘ra + 1 + |£|2R(§1§0)x0 - 07 (34)
v 290658 ., 1617
EO'_ 1_’_|§‘2 £o+1+‘€|2§_0 (35)

Proof The curve I' is geodesic if and only if @p; IV = 0. Since we have
Vi, Ty = Vi) (@6)" + (6)°)
= Vi yn (@) + Vi yn (€)" + Vierye (@) + Ve )0 (€,)"
1 1
= (Var2q)" = S(R(2l, 25)€)" + S F(RE€)w6)" + (Var £)"
1
+ 5 F(REE)a0)" + (In 1) (965, )€ + 9(&5,O8; — 9(€5,€,)8)"
= (@ + [R(E€)al)" + (&) + (I f) (29(8, )€, — 1€, 1°€) =0,

so we have (3.2) and (3.3). Put f = %-H in (3.2) and (3.3). Since f{ = *ﬁv (lnf(t)), = fo/ = 71%& and

t = [£]2, it follows that a/ + ﬁR(gg;)x; =0, ¢ - ﬁ@g( 1.€)o" —€0]2€) = 0 and then we get (3.4)
and (3.5). O

Lemma 3.2 Let (M,g) be Riemannian manifold and TM its tangent bundle with the fiberwise cigar soliton
deformed Sasaki metric, I' = {x(0),&(0)} be a geodesic curve on TM . Then

FIE? = ¢, (3.6)
where ¢ = const, 0 < c<1. As a consequence,
1€ 12 = (1 +|€]%), where 0 <c <1, ¢=const (3.7)

in Hamiltonian case.

Proof Since s is an arc length parameter on x(s), using (3.1) we have

ds
%=|$ff|=\/1—f\€é\2- (3-8)

Using (3.3), we get
"_ _Ltl

& 7 (29(&5,6)€ — |€51%€). (3.9)
On the one hand,
/ 1" 1d 112
9(65.,69) = 57101 (3.10)
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On the other hand, using (3.9) we obtain

f/
965 65) = —Ttg(ﬁé,é)\fé\2~ (3.11)
Now if we recall ¢ = [¢|?, we get f, = f{4% = 2f/g(&,,€). Therefore, g(&,,&) = %f—% Substituting it in (3.11)
and using (3.10), we obtain
Ld e 1 fo 01 2 / (I& 17 /
el 1o do
356 =521 p = [T =
2
= &7 =—. (3.12)
f
Combining (3.8) and (3.12), we complete the proof of the lemma. O

Definition 3.3 (Classification of geodesics) According to the Lemma 3.2, the set of geodesics of TM with

the cigar soliton deformed Sasaki metric can be splitted naturally into 3 classes, namely
o horizontal geodesics (¢ = 0) generated by parallel vector fields along the geodesics on the base manifold;

o wvertical geodesics (¢ = 1) represented by geodesics on a fized fiber, their equations are

7 ! 1ot 1 —0-
&+ (In f(1) ((1€7)5€ — 0] ) =0; (3.13)

o oblique geodesics (0 < ¢ < 1) satisfy the equations

vy + f(OR(E &)7, =0, (3.14)
” / 2N/ &1 c?
€U + (h’lf(t)) ((If' )o’go - m ) =0. (315)
Respectively if we put f = Tm& and t = |¢|? in (3.13), (3.14), and (3.15), then the vertical and oblique geodesic

on T'M with the fiberwise Hamiltonian cigar soliton deformed Sasaki metric can be expressed as follows

o vertical geodesics (¢ = 1) represented by geodesics on a fixed fiber, their equations are

29(65,6)

4
AN TE

Poors)el e =0; (3.16)

« oblique geodesics (0 < ¢ < 1) satisfy the equations

" ]‘

Ty + TWR(&&U)% =0, (3.17)
0 29(85,€) .,
¢ w@, +ee=0. (3.18)

In what follows, we study oblique geodesics in more details.
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4. Oblique geodesics on the tangent bundle of manifolds of constant sectional curvature

Consider some properties of the curvature operator of Riemannian manifold of constant curvature. Define a
power of curvature operator RP(X,Y) recurrently in the following way: RP(X,Y)Z = RP-Y(X,Y)R(X,Y)Z
for p > 2. Note that the following statements for the curvature tensor of Riemannian manifold of constant

curvature ¢ hold:

e R/ =0, namely, every space of constant curvature is locally symmetric;
. R(X,Y)Z = =(g(Y, Z)X — g(X, 2)Y).
The proof of the following lemma is in [12].

Lemma 4.1 Let (M, g) be n-dimensional Riemannian manifold of constant curvature €. Then for any X and
Y

(—-B22)F1R(X,Y), forp=2k—1

RP(X)Y) = {(_stz)kle(X’ Y), forp=2k

where k > 1 and B? = |X|?|Y|? — g(X,Y)? is the square of norm of bivector X NY .

Theorem 4.2 Let (M,g) be a locally symmetric n-dimensional Riemannian manifold, a naturally parameter-
ized curve T = {x(0),&(0)} be an oblique geodesic on TM™ with the fiberwise cigar soliton deformed Sasaki
metric, v = m o' = x(o) be projection of the oblique geodesic T' on the base manifold. Let ki, ko, ks, ..., kn—1
be geodesic curvatures of x(o).Then k; = const for i > 1. In a particular case, if (M,qg) is a Riemannian

manifold of constant curvature, then k; =0 for i > 3.

o g o g o

Proof Using (3.2), we have: z!/ = fR(E.,&)xl . Tt is easy to see that g(al,2!) = fg(R(&,&)x) ,2l) = 0,
hence |z | = const. Calculate the third derivative.
xg = fi - 29(5, R, )l + fR(ES, &)l + [R(E, &)y
= 2fi9(&, O R(E, g — 2£19(&5, O R(EG, )y + [R(E,, €)xy = fR(E, &)y

On the one hand, =7/ = fR(&., &)l . Since g(x, z)) = fg(R(EL,&)xl, x!)) = 0, it follows that |x| = const.

g o

Continuing the process we obtain
a®) = fR(E, )alP~D), |z(P)| = const, p>2. (4.1)
On the other hand, =/ = fR(&,, &)zl = f2R%(&, &)zl . Therefore continuing the process we obtain
o) = PR ) (42)

Denote by vy, ...,v, the Frenet frame along v = x(s), where s is an arc length parameter. Then the Frenet

formulas hold

(v1)s = kavo,
W) = —kicavio1 + kivigr, fori=2,...n—1

(Vn)/s = _knfll/nfl-
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Now if we recall j—j = (1-A)Y?, we get v =2, = x;‘é—‘; = 2! (1 — ¢?)~Y/2. Therefore, 2/, = (1 — )/ ?,.

Using the Frenet formulas, we obtain

, ds

o= (1= ), =(1- 02)1/2(1/1)3% = (1= )k,
Since |z| = const, it follows that ki = const.
In a similar way, we have
d
2 = (1= Ak (), = (1 - 02)k1(y2);di = —(1— )2k, + (1 — )32k kyvs,
o

and since |z7'| = const, then ky = const.
On the one hand, z5" = —(1=c*)?kvg — (1 —c®)?k1k3va + (1 — )2 ky koksvy = —(1—¢2)2ky (k2 + k3)ve +
(1= )2k koksva.
On the other hand, 5" = f3R3(¢,,€)a}, = —B2f*R(¢,, &)a}, = —Bf2xll, where B? = £-[¢2 — g(&',€)?.
Let ky,ko # 0. Then

—(1 =) k1 (kF + k3)vo + (1 — ) kikoksvy = —B2f2(1 — ) k1o,
(B2f% — (1 = A (k2 + E2))vo + (1 — ) koksvy = 0.

Therefore, we have k3 = 0, and B?f? = (1 — ¢?)(k? + k3). Finally, we obtain k; = 0 for i > 3 and
B?f? = const, where we denote w? = B2f2. O

Consider the oblique geodesics on T'M of manifolds of constant sectional curvature € with the cigar
soliton deformed Sasaki metric. Consider the following cases: € = 0, 1 or —1 according as M is E™, S™ or
H™.

The following theorem holds for the oblique geodesics on T'M of Euclidean space with the cigar soliton

deformed Sasaki metric.

Theorem 4.3 Any oblique geodesics on T(E™) with the fiberwise cigar soliton deformed Sasaki metric is a

vector field & which moves along a straight line by

F®

Respectively the oblique geodesic on T(E™) with the fiberwise Hamiltonian cigar soliton deformed Sasaki metric

&+ (I f(t) ((1€2),8, — &) = 0. (4.3)

is a vector field £ which moves along a straight line by

29(&5-€) 2

" g’ !/

- +c¢=0. 4.4
go’ 1 + |€|2 50’ 5 ( )
Proof In the case of Euclidean space we have R = 0, then, using (3.14), we get z// = 0. Since % =V1-¢c2=

const, then the curve x(o) is geodesic in Euclidean space, namely, z(c) is a straight line. O

~—

Now we consider oblique geodesics on the tangent bundle of sphere (¢ = 1) and hyperbolic space (e = —1

with the cigar soliton deformed Sasaki metric. In these cases the geodesic equation are

zy = ef(t)(ag; — bg), (4.5)
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&+ (In (1) ((1€7),€, — I€,1%€) =0, (4.6)

where a = g(&,2)), b= g(&,,2.). Since the theorem 4.2 holds for geodesic curvatures ki, ko, k3,...,kn—1 of

projection of the geodesic on T'M , then we can classify projection of the geodesic as follow:
e k1 =0, namely, the projection of the geodesic on T'M is geodesic on the base manifold M ;
o k1> O, ko > 0.

Therefore, we have the following theorem.

Theorem 4.4 Let M be S™ or H™, TM be the tangent bound with the fiberwise cigar soliton deformed Sasaki

metric and ki = 0, namely, let the projection v =wol' = x(c) of the geodesic on TM be a geodesic on sphere
S™ or hyperbolic space H™. If along x(o) choose orthonormal frame ei(c) = %, e2(0),...,en(0), consisting

of parallel vector fields along x(o), and expand the vector field £(0) = y1(o)e1(o)+y2(0)ez(o)+...4+yn(o)en(o),

then the coordinate functions y;(o) can be found from the following system
Yi = Y1, i:27"'7n
2
Y+ o (I f ()i = O,
(1+a3+..+a2)f(t)(y))? =2, «a; = const.
Proof If we recall 2’ = (1 — ¢?)/%e;, we get

a=g(&a") = glyier + y2ea + oo + ynen, (1 — ) 2%e1) = (1 — )2y,

b=g(&,2) = glyler + yhea + .. + yhen, (1 — )/ 2e1) = (1 — )Yy,

Using 2" = ef(a&’ — b€), we have

(1 =AY 2y1(yler + yhea + .+ vhen) — (L= A2yl (yrer + yaez + ... + ynen) =0,

/(lnyi);da = /(lnyl);da, i=2,..,n,
Yi =iy, 1=2,..,n.
Using f|¢/|2 = ¢2, we have (})2 + (4})% + ... + ()2 = <, and since y; = a;y; , we obtain

f 9

W)+ W)+ o+ W) = W)+ (a5 + ..+ a2) (W) = (1403 + ...+ ai) (1) =

| 3

141



LOTARETS/Turk J Math

If we denote A2 =1+ a2 + ...+ a2, then (y})? =

A%f Therefore, using £” + (lnf)/((|§\2)’§’ — ?5) =0, we
get

2

& !
U+ (In f) (2A2y1(y))* — —y1) = 0 = oY

02 1 ,
f +7(nf)ty1*0

f

O

Corollary 4.5 Under the conditions of the Theorem 4.4 in the case of the fiberwise Hamiltonian cigar soliton

deformed Sasaki metric the solution of the system can be expressed as follows

ﬁ+ co_'_ﬁ— —co
Yi = Y1, 1=2,...,1 ,
(I+ad+..+a2)ptp"=-1

where o, 8T, B~ = const, T >0, B~ <0.

Proof Let ky =0. If f(t) = 1+t’ then yf + 7 t) (In f(t))'y1 = 0 can be expressed as y; — c?y; = 0 with the
solution y; = BTe + B7e~?. Substituting it in A2 f(t)(y})? = ¢, where A2 =1+ a3 + ... + a2, we get

Aic2(6+ecg /8_ _CU) 2 2 + co — _—co 2 + co — _—co\2
1+A%(ﬂ+em+5*e*w) =c, An(ﬁ € 6 ) 1+A (ﬁ +ﬁ ) ’

—4A%28T BT =1, A2BTpT = —
O

Theorem 4.6 Let M be S™ or H™, TM be the tangent bound with the fiberwise cigar soliton deformed Sasaki
metric and k1 > 0, ko > 0. Let v1,...,v, be the Frenet frame along x(o). Then the oblique geodesics on T(S™)
and T(H™) with k1 >0, ko >0 can be expressed as

z" =ef(t)(a& —b),
E=a(l =)0+ (d —b)(1 — A) "k vy — a(l — A) 2k s,

where a, b can be found from the following differential equations

o = SIOEPYa+ (1= =f 0P,

2

1= 4 / , €
b= m((hlf(f))t +ef(8)a— (E) ((n £(2)); + 5 F D).
Proof Let ki >0, kp > 0. Using 2 = =f(a&’ — b) and &” = (In f)'(5€ — (|¢[*)'€), we get

= 9(€2") + 9(6, ") = b+ <f(Gall€ly ~ Hel?) = SF(EPYa+ (1~ <flel,

2

¥ =€)+ 9(€'a”) = (n ) (Sa = (1€)0) + <fla> — J0(€P)
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CQ

! 24/ ;€
— o IO) + fO)a— (6 (tn JO) + 570

Using 2 = ef(a&’ — b€), we get &' = Ef%(ac” +efb€). Hence

o = fR(E,§)a" = ef(g(&,2")€ — g(&,2")¢)

2

= [2(g(€,€)a — [¢2D)E + (gl €)b — %a)&

2

/ i
f

ga

2
(9(€,€)a— [EPB)a" + F2(29(€" b~ e — ot

Therefore, £ can be expressed as

__caz” — f(g(€€a—[¢[*b)a"
ef2(29(¢, €)ab — |22 — Sa?)

Note that f(g(¢,€)a — [¢[b) = e(a’ — b) and [2"[2 = f2(Sa? + |*? — 29(¢/,€)ab). Then & = =0 ar™

Note that 2/ = (1 — ¢?)kyvy, and 2" = —(1 — 2)*/?kvy + (1 — )3/ %k kovs. Hence |2”]? = (1 — ¢?)%k? and

E=a(l—c) V20 + (' —b)(1 = A) ki vy —a(l — )7V 2k  egus.

O

Corollary 4.7 Under the conditions of the theorem 4.6 in the case of the fiberwise Hamiltonian cigar soliton

deformed Sasaki metric, we have that geodesics can be expressed as:

v = 5z (g’ = b)),
E=a(l -2 +(d —b)(1 - A) ki tve — a(l — )7V 2k  egus,

where a, b can be found from the following differential equations

g9, o eler

a—1+|§|2a+(1 1+|£|2)b7 (4.7)
/ 3

b = —1)a+ 19(+ §|)2 (2 — )b (4.8)

Acknowledgment

The author thanks Alexander YAMPOLSKY for posing a problem and helpful discussions concerning the
research. The author thanks the anonymous reviewers for their careful reading of the manuscript and con-
structive comments. The research was supported by the National Research Foundation of Ukraine funded by
the Ukrainian State budget in frames of project 2020.02/0096 “Operators in infinite-dimensional spaces: the

interplay between geometry, algebra and topology”.

143



(1]

[6]
[7]

(8]

[14]

[15]

[16]

144

LOTARETS/Turk J Math

References

Abbassi MTK, Sarih M. On Riemannian g-natural metrics of the form ag® + bg" + c¢g® on the Tangent Bundle of a
Riemannian Manifold (M, g). Mediterranean Journal of Mathematics 2005; 2 (1): 19-43. doi: 10.1007/s00009-005-
0028-8

Cao HD. Recent progress on Ricci solitons. Advanced Lectures in Mathematics 2010; 11: 1-38.

Chen BY. A survey on Ricci solitons on Riemannian submanifolds. Contemporary Mathematics 2016; 674: 27-39.
doi: 10.1090/conm/674/13552

Derdzinski A. Solitony Ricciego. Wiadomosci Matematyczne 2012; 48 (1): 1-32.

Dombrowski P. On the geometry of the tangent bundle. Journal fiir die reine und angewandte Mathematik 1962;
210: 73-88.

Hamilton R. The Ricci flow on surfaces. Contemporary Mathematics 1988; 71: 237-261.

Kowalski O. Curvature of the induced Riemannian metric on the tangent bundle of a Riemannian manifold. Journal
fir die reine und angewandte Mathematik 1971; 250: 124-129.

Musso E, Tricerri F. Riemannian metrics on tangent bundles. Annali di Matematica Pura ed Applicata 1988; 150
(4): 1-20.

Nagy PT.Geodesics on the tangent sphere bundle of a Riemannian manifold. Geometriae Dedicata 1978; 7 (2):
233-244.

Sasaki S. On the differential geometry of tangent bundles of Riemannian manifolds II. Tokyo Journal of Mathematics
1962; 14 (2): 146-155.

Sato K. Geodesics on the tangent bundles over space forms. Tensor, N. S. 1978; 32: 5-10.

Yampolsky A, Saharova E. Powers of the space form curvature operator and geodesics of the tangent bundle.
Ukrainian Mathematical Journal 2004; 56 (9): 1231-1243.

Sekizawa M. Curvatures of Tangent Bundles with Cheeger-Gromoll Metric. Tokyo Journal of Mathematics 1991;
14 (2): 407-417.
Yampolsky A. On geodesics of tangent bundle with fiberwise deformed Sasaki metric over Kahlerian manifold.

Journal of Mathematical Physics, Analysis, Geometry 2012; 8 (2): 177-189.

Zagane A, Djaa M. Geometry of Mus-Sasaki metric. Communications in Mathematics 2018; 26 (2): 113-126. doi:
10.2478 /cm-2018-0008

Zagane A, Djaa M. On Geodesic of Warped Sasaki Metric. Mathematical Sciences and Applications E-Notes 2017;
5 (1): 85-92. doi: 10.36753/mathenot.421709



	Introduction
	Basic properties of the cigar soliton deformed Sasaki metric
	Geodesics
	Oblique geodesics on the tangent bundle of manifolds of constant sectional curvature

