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Abstract: In this paper, we deal with singularly perturbed Fredholm integro differential equation (SPFIDE) with
mixed boundary conditions. By using interpolating quadrature rules and exponential basis function, fitted second order
difference scheme has been constructed on a Shishkin mesh. The stability and convergence of the difference scheme have
been analyzed in the discrete maximum norm. Some numerical examples have been solved and numerical outcomes are
obtained.
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1. Introduction

This paper deals with the following (SPFIDE) with mixed boundary conditions:

l
Lyu = —eu” + a(z)u + )\/K(QS, s)u(s)ds = f(z), = € (0,1), (1.1)
0
Lou := —/eu'(0) + fu(0) = A, (1.2)
u(l) = B, (1.3)

where ¢ € (0,1] is a perturbation parameter, 8 > 0, A\, A, B are given constant. It was presumed that
a(z) > a >0, f(z), (z € [0,1]), K(z,s)((z,s) € [0,1]%) are the sufficiently smooth functions, to be specified.
Underneath these conditions, the solution u(x) of the problem (1.1)-(1.3) has in general boundary layers at
r=0and z =1.

Singularly perturbed problems (SPPs) are mostly characterized by a small parameter ¢ that multiplies
some or all of the higher order terms in the equation, because boundary layers are generally found in their
solutions. To cite a few, one can find the exact solutions of SPPs and their applications in [16, 19]. SPPs
possess a vast number of applications in the fields of fluid dynamics, population dynamics, heat transport
problems, nanofluid, neurobiology, mathematical biology, viscoelasticity, and simultaneous control systems etc.
It is notable that, whenever a small ¢ parameter is multiplied with the derivative, the vast majority of the
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classic numerical methods on uniform meshes are not proper for handling problems until severe diminutions are
being made on the step-size of discretization. So, as the e perturbation parameter gets small, the truncation
error happens boundless. In order to solve SPPs, mostly approaches are made called the fitted finite difference
method and are used extensively [9, 13, 18, 20-22].

Most applications of engineering and various branches of science have been governed by Fredholm integro
differential equations (FIDEs). Population dynamics, fluid mechanics, financial mathematics, oceanography,
plasma physics, artificial neural networks, electromagnetic theory and biological processes are among these (see,
e.g., [5, 7, 14]). Thus, many papers have been written about FIDEs. Solving such kinds of problems is so
difficult. Therefore, we need uniform and robust numerical techniques [6, 8, 10, 11, 15, 23, 25, 28](see, also
references therein).

These mentioned studies related to FIDEs were only related to the regular cases (i.e. when the boundary
layers are absent). Until now, numerical investigation of SPFIDEs has not been common yet. Amiraliyev
et al. recently constructed an exponential-difference scheme with an accuracy of O(N~1!) for a first-order
linear SPFIDE on a uniform grid in [1], and a finite-difference scheme with an accuracy of O (N"2InN) on
a Shishkin grid for the same problem in [2]. The major contribution of this study is to offer an elegant and
effective numerical technique with O (N 2InN ) accuracy for second order linear SPFIDE with Robin boundary

condition on Shishkin mesh.
This study is organized in a subsequent manner. Properties of the solution, description of discretization

are given in Section 2. Mesh and error estimates are presented in Section 3. Computational results are given

to support the predicted theory in Section 4. Finally, inferences and discussions are given in the conclusion.

2. The continuous problem and difference scheme

Here, we have stated some analytical bounds that will be used later during our error analysis.

Lemma 2.1 Let a, f € C?[0,1], 2-K < C[0,1]?, (m =0,1,2) and

ox™

Al <

!
l )
max /|K(m,s)\ds
0<a<l

0

then the solution u(xz) of the problem (1.1)-(1.3) satisfies the estimates:

[ulloo < C, (2.1)
o _Er  _Jalow)
‘u(k)(x)’<c<1+5_g <e Fpe A )) (k=1,2), zelo. (2.2)
Proof The proof is by like approach as in [3, 26]. O

Now, we now turn to the establishment of the difference scheme. Let wy be any nonuniform mesh on
[0,1] :

WN :{0<£L'1 < ..<TN-1 <l, h; :.%i*mi_l}
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and
(IJNZWNU{JCO:O,I‘NZZ}.

To any mesh function v(x) defined on wy, we use

hi + h; Vit1 — Vs vV — Vi
v=o@), =T ol = ol = max o, v, = S, S M
We construct the numerical method using the identity
Ti41 Ti41 l
xihi ! / (—eu” + a(x)u) pi(x)dr 4+ xih; 'A / vi(z) /K (x,8)u(s)ds | dz
Ti—1 Ti—1
Tit1
= xih; ! / f@)pi(x)de, 1<i<N-1, (2.3)

with the basis functions

(1)($) = sinhyi(z—®i—1) T <z <y,

) sinhy;h; ’
pi(z) = <,0§2) (z) = 7512?77%%;;:“’), T < T < Tig1,
0, z ¢ (Tiz1, Tit1)
where gagl)(z) and cpgg)(:c) are the solutions of the following problems, respectively:
_590//(7;) + ai‘P(x) =0, i1 < T < Ty,
p(xi-1) =0, ¢(z;)=1.
—ey"(z) + azp(x) = 0, @ < < Tiga,
p(xi) =1, ¢(ziy1) =0.
and
a(x;
Vi = ( )7
€
Ti41 -1 h
w=(# [ s - wh
- tanh (%) + tanh (727*1)

Using the appropriate quadratures formulas with the remainder term in integral form [4, 12, 17, 27] (see also
[24], pp. 207-214), to the first term at the right side of (2.3) we get

Ti41 Ti+1
! / (—e” + a(w)u) oi(x)de = —e6%u; + agu; + iy / (@) — a(@))u(@) gi(@)de,  (24)
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where
52 ng)ux ;= le)ui .
u; = " 7
with
9(1) _ a;h;h;
i esinh (y;hi) [tanh (%) + tanh (%)}
0® — aihip1hy

esinh (yihit1) [tanh (%) + tanh (th“ )} -
By Newton interpolation formula in respect to mesh points z;, x;11 we have
1 1
a(z) = a(x;) + (v — xi)a” + 5(3: —x;)(x — xig1)a (fl(x))

Therefore we get

aht [ o) e u@ei@de = xinta,, [ - sueds
bl [ (o= )@ - s (G@)ueiod

Also using

w(x) = u(z;) + /u’(t)dt,
T
in the first term at the right side of (2.6), we have
Tit1
i [ late) ~ ot u@ie )i = a o+ Y,

ZTi—1

where
Tiq1
pi= 1" [ (@ = zeiad,
1 Tit1 Ti41 xT
Rgl) = §Xihi_1 / (x —x;)(x —mi31)a” (fl(x))u(a:)gpz(x)dm + Xihi_lam / (x —z;)pi(x) ( / u’(t)dt) dx.

Ti—1 Ti—1 T4

Easy computation gives

i = h ! hi _ hita
! v sinh (yih;)  sinh (yihig1) )

210
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To fixed step size we possess p; = 0.
Thereby the identity (2.4) degrades to

Tit1
Xihi_l / Lyup;(z)dx = —e8%u; + au; + REU,
Tj—1
where
a; = a; +a, , Xiti-
Similarly, we derive
Ti41
X! / f(@) i (@) do = fi + f, ximi + RO = fi + R,
Tj—1
where
fi=fi+ f. X,
Tit1
@ _1 . eV (2 — i) £ (6 (2)d
RO = xnt [ (=) (o =) 76 () i (0) do
Ti—1

For h; = h = const., will be f; = f;.
Subsequently, for the integral part in (2.3), using the Taylor expansion

0 x—x;)% 02
K(z,s) = K(x;,8) + (x — xi)%K(a:i, s) + %@K(&(m), s),
we get
Tit1 l l l 9
xih; ' / <p1(a:)</K(x s)u(s )ds)d = )\/K(xi,s)u(s)ds—&—ui/\/a—xK(xi,s)u(s)ds—kRES)
Tj—1 0 0 0
!
= A/K(xi,s)u(s)ds+R§3),
0
where
K:(ZL'Z‘,S) = K(.T},“S) + /’LZ%K(mla S))
1 Tit1 l a
R® — Sl /(aj—xz i </a )u(s)ds)dx
Ti—1 0

and p; is given by (2.8).

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Finally, if the first term at the right side of (2.15) is operated by applying the composite trapezoidal integration
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[3], we get
! N
)\/IC(:UZ-, s)u(s)ds = )\Z hiKiju; + R£4), (2.18)
0 7=0
where
1 X 2
ﬂ“=2A;;/cw—®uj1—@ﬂ?Mmmaw®Me (219)

Combining (2.9),(2.11),(2.15) and (2.18) in (2.3) we obtain following difference scheme

N
Lyu; := —8521@ + a;u; + )\Z Fij:ij’U,j = fz — R; (2.20)
j=0
with remainder term
4
R =Y R", (2.21)

where ng), (k=1,2,3,4) are defined by (2.7),(2.13),(2.17), and (2.19), respectively.

To define an approximation for the boundary condition (1.2), we start with the identity

1 1 l z1
Xal/Llucpo(x)dm—&—xgl)\/cpo(x) /K(x,s)u(s)ds dx = xal/f(x)apo(x)dx, (2.22)
0 0 0 0
where
x1
a 1 h a

o= VE+ D [ pole)ds = VE-+aoshogt i (151 ), 90 = /2,

0

N
po(r) = w’ To <x < I,
0, ¢ (z,11)

and the basis function ¢g(z) is the solution of the problem
—e¢ (@) +aop(x) =0, zo <z <y,
o(xg) =1, @(x1)=0.

Using the appropriate quadratures formulas with the remainder term in integral form [4, 12, 17, 27] (see also
[24], pp. 207-214), for the differential part from (2.22) we have

T 1

Xo! /Llucpo(x)dx = —ebouz o+ Bug — A+ xp " / [a(x) —a(0)]u(x) po(x)dx, (2.23)
0 0
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where
z1
_ a = _
0o =xo" | Ve — Og/axpo(x)dx , A= xytVEA.
0
Simple calculation gives
Yoh1
90 - )
sinh (yoh1) + 2\/aoB~1 sinh? (%’“)
A AVE

VE 4 apB~1v5 ! tanh (7071"”) .
By Newton interpolation formula, we have
1 12
a(x) —a(0) = zaz o + 5% (x —z1) a”" (& (x)).

Therefore we get

Z1 Z1

Xglo/[a (z) —a(0)]u(z)po(z)de = Xalaz,oo/xu (z) po(z)dz
+ %X(?l /:E(x — 1) a” (& (x))u(z)po(x)dw.
0

Also using
u(x) = u(0) —|—/u’(t)dt,
0

in the first term at the right side of (2.26), we have

1

Xo ! / [a(z) — a(0)]u(x) po(z)dr = x5 awomouo + 7V,
0

where

3
1 . h
1o = /xgoo(x)da; = —5 sinh (y0h1) — —1,
) Y0 Yo

1 T x

1= 5" [ o) @) upo(@ids + x5 a0 [ anla) | [ o) do

0 0 0
Thereby the identity (2.23) degrades to

x1

Xo' /Llwpo(ﬂ?)dx = ety + Pug — A+,
0

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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where
B =B+ Xalax,ONO
and p is given by (2.27).

Analogously we derive

x1

Xo /f(ff)@o(x)dx = ki fo + kafeo + 1@,

where

) i tanh (WOT}“)
ki =xq /cpo(x)dx = - 0
) Vs + a0~y tanh (224

% sinh (yohy1) — @

k? = XO_I:U’O = h )
VE 4 apf~1vy ! tanh (70 1)

Z1

r2 = %Xgl /m(x — z1) " (&0 (@) o (@)da.

0

Using (2.14) for ¢ =0 we get

@ l ! l
Xal)\/goo(x) (/K(x,s)u(s)ds) de = kl)\/K 0, s)u(s)ds + kg A /6g
0 0 0 0

!
/\/M s)ds +r®),
0

where

M(s) =k K(0,s) + kg%K(O, s),

T(S):%Xal/\/x(po (/62 (& (2), s)u(s)d )dx.

Further applying the composite trapezoidal rule [3] on [0,!], we have

l N
)\/M(S)U(S)dS =AY M+,
0 =0
where
. 1 N i d2
ru:,A; / (2 =€) (21 = &) gz (MO u ()

214

s)ds +r®

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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After taking into consideration (2.29), (2.31), (2.35) and (2.38) in (2.22), we obtain

N
Lou = 7\/&?901%,0 + BUO + A Z thjuj = A + klfO + kgfm,o -, (240)
j=0
with remainder term
r=r® @ 4 () 4 @) (2.41)

where () ) +G) and r*) are identified by (2.28), (2.34), (2.37) and (2.39) separately.
Based on (2.20) and (2.40), we present the following difference scheme for approximating the problem (1.1)-(1.3):

N
Lyy; = —8(52% + a;u; + /\Z thCijyj = fi, 1<i<N-1, (242)
=0
— N —
Loy := —v/eboya.0 + Byo + A Y hjMyy; = A+ ki fo + kafa 0, (2.43)
=0

where 62, a;, fi, Kij, 0o, A, B, k1, k2 and M; are given by (2.5), (2.10), (2.12), (2.16), (2.24), (2.25), (2.30),
(2.32), (2.33), and (2.36) respectively.

3. The mesh and convergence

In order for the difference scheme (2.42)-(2.44) to be e-uniform convergent, we use the Shishkin mesh. For
a positive integer N, that can be divided by four, the interval [0,1] is divided into three subintervals [0, o],
[0, — 0] and [l — 0,1]. Here o is meant the transition point, which splits the fine and coarse parts of the mesh

is acquired by receiving
l _
0:min{4,(\/a) 1\/5111]\/'}.

The mesh is fine on [0,0] and [l — o,1] and coarse on [o,!]. Therefore, if we indicate the step sizes in [0, 0],

[0,1 — 0], and [l — ,1] by h") and h(?)| separately, our Shishkin mesh can be phrased as

_ s h(1 L N. 1) _ 4o.
z; = ih™W), i=0,1,...% p(1) = da.

~ mi:o+<i—ﬂ\[>h(2), i—
WN =

r=l—ot <i_?»gy)h<1>, = 1N AW e

=2

3N . 2) _ 2(l—20),
+ 1) a4 h( ) - T N

ceey

Lemma 3.1 For a, f € C?[0,1] and %:—f € C?[0,1)%,(m = 0,1,2). Then the truncation errors of the difference
scheme (2.20) and (2.40) satisfy

|IR{|] <CN2InN, 1<i<N-1, (3.1)
Ir| <CN“2InN. (3.2)
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Proof We estimate RZ(.l), R£2), Rgg) and R§4) individually. We will handle the case o = (\/a)71 Veln N. The
case o0 = [/4 can be analysed in the classic way. Here we will make the estimate on [0,0], [0,l—0] and [l —0,]]
separately.

First, for R . Since f € C2[0,1], ) and h® < CN~=!, |z — 2;41| < 2h; and |2 — 2] < max (hi, hip1), by
then evidently from Rz(?) :

Tif1

‘RZ@)’ < Oxih; ! / (=) (x — zig1)| [ (& () @i () doe
S C’{max (hi,hiJrl)}Q
< CN2 (3.3)

Secondly, for Rl(-g) in the similar way as above, the boundedness of 6;;2( and considering (2.1), from (2.17) it

follows that

x,;+1 l
2
‘Rgg)’ < %Xihi_l /(:Efxl wi( </82 )u(s)ds)d:c
T
Ti—1 0
< C{max (hs, hiy1)}’
< CN72 (3.4)

Thirdly, for REU, since |u(z)| < C and a € C?[0,1], from (2.7), we get

Tig1l
1
‘Rl(-l)‘ < §Xih;1 / (x —z;)(x — Jriﬂ)a”(gi(x))u(x)api(x)dx
Ti1
Ti41 xT
+ Xihflam / (x—:cﬂcpdx)(/u'(t)dt)dx
Ti—1 ZTq
Tiq1
< C{max (h;, hiz1)} + Cmax (hi, hiy1) / [ (z)] dx
i+1
<CN4N”+/i—€%+f%%zm (3.5)
< 7 . .
Tj—1
The estimate of REI) in the layer area [0, 0] degrades to
(1)
RV < entt (N ah
' Ve
= ONT' (N 44(Va) T NN
_9 ._N
< CN “InN, 1SZSZ_1 (3.6)
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The same evaluation is acquired in the layer area [l — o,1] in the similarly.

For &L +1<i <3N —1 from (3.5) it follows that

_ Vawi_y Vewiy
'RE”] < CNl{NlJr(\/E) 1<e e —e H)}

IA
Q
b

IN
Q
b

< CN72 (3.7)

It remains to estimate Rz(l) for i = % and ¢ = %. For the i = % inequality (3.5) degrades to

Z%+1
1 _ Vam _Val-=x)
‘R(,\l,) < CN"Y{N'4 / (e Ve Le T VvE >d:17
¥ NG
Z%71
varny VerN
—1 — 4 _ 4
= CN! {N_l—i—(\/a) (e Ve —e  VF >}
1 va(ry) vy )
+ CON7! (V) e Ve —e Ve

_r(1) —h<2)>

+ CN7? {N1 +(va) ™! et [ S

IN
Q
N

Vaz N _p(2)
4 N anm) . Jao _\/E(z h )
N4 (Va) e v v +(Va) e Ve v

IN
Q
3

IA
Q
=

b

w

X
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The same evaluation is acquired for i = % in the similarly.

Based on (3.6)-(3.8), it is possible to deduce the following inequality
(RE”‘ < CN~2IN, 1<i<N-1 (3.9)

Finally, for RE4) from (2.19), by virtue of (2.2), we get

2
’RE‘”’ < %Z/(fﬂj*5)(5*fj—l)iz(lc(xi’f)“(f))dg

(2 = (€ = zj—1) (L4 [u' ()] + [u” (§)]) dg

A
.Q
]
—

N N Y
1 _Va _va(-—g
< C Zh?+Z/(wj—s><f—xj1>5<e b ﬁg)dﬁ . (3.10)
j=1 =17

For the right side first term of (3.10), we get
= NP L N el -2
Zhj:?‘h ‘+5‘h ‘ <CN72 (3.11)
=1

For the right side remaining term of (3.10) we can write

N
) / (zj — & - mjfl)é (e‘“ff N e_mse) "
=1,
- Z / (zj = (¢ _xjfl)% (e @5 +e ﬁ“gs)) ¢

=1,
+ Z /(xg—ﬁ)(é—xjﬂ% (e—{/af_’_e ﬁ%g))dg

=+,

) [ 1 BT _ Va(l-¢

R / A <6 v 7 )dg' (3.12)

Tj

[ @-oe-a

Tj—1

'M»\z

Il
—

_ Vo _Val=¢)
€ VE 4 vE | de

™ | =
7 N
m\
sk
+
o
|
B
2n
=
N———
I
Iy
A
>
=
o
o\q
M | =

J

A
Q
b
5
=2

(3.13)
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The same evaluation is acquired for the right side third sum of (3.12) in the similarly.

Further, for the right side second sum of (3.12) after integration in parts, we have

—a(va)ae (o F -

<4(vVa) PPNt <CONT2 (3.14)
Based on (3.11)-(3.14), it is possible to deduce the following inequality
’R£4)’ < CON“2InN, 1<i<N-1. (3.15)

Substituting the estimates (3.3), (3.4), (3.9) and (3.15) in (2.21), we arrive at (3.1).

We now prove the inequality (3.2). First, we estimate (1. Since |u (z)| < C and a € C?[0,1], from (2.28), we
get

ZT1 1 x
1 _ _
‘r(l)‘ < 5)(01/m(x—xl)a"(go(x))u(x)goo(ac)dm + X0 laz,o/xapo(m) /u'(t)dt dx
0 0 0
T
< cnW (h(1)+ | (z)] dw
0
T
N P | _JE  _yalom)
< CN N —&——6 e Ve +e Ve dzr
0
(1)
< CN7! (N—1+h
5
-1 -1 -1 1
— N7 (N4 (Va) ' NN
< CNZ N (3.16)
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Secondly for r(?) | since f € C?[0,1], from (2.34), we have

x1

o] < bt [ae ) MaEne
0
< C‘hu)r
< on-. (3.17)

Thirdly, for #(® in the same way as above, the boundedness of %212( and considering (2.1), from (2.37) it follows

that

Z1

l
82

1
3 -1 2
O < et [ S | [ 5K @) suts)ds | do
0 0
2
< C’h(l)’

Finally, for 4 in the same manner as in (3.15) one can show that
‘M‘U( < ON~2InN. (3.19)

The inequalities (3.16)-(3.19) imply that
lr| <CN"2InN.
Thus, the proof of lemma is completed. O

For the error z; = y; — u; considering (2.20) and (2.40), we get

N
*55221 +a;z; + )\Z thCiij = Ri, 1 § ) S N — ]., (320)
j=0
~ N
7\/5902’170 + 62’0 +A Z thij =T, (321)
7=0
Zy =0, (3.22)

where R; and 7(°) are defined by (2.21) and (2.41). We note that since a € C2[0,1], then exists a number &
such that for sufficiently large values of N will be a; > & > 0.

Theorem 3.2 Let 2K 2" K ¢ ¢2(0,1] (m = 0,1,2), a, f € C2[0,1] and

1
Al <

N - :
> |(@" ma, Kl + () 1]

1<i<N
j=0
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Then for the error of the scheme (2.42)-(2.44), we get

ly — | <CN2InN.

cO,WN —

Proof By applying the discrete maximum principle, from (3.20)-(3.22) we have

N N
—\— = —1
2lszy < (@7 ||B=AD Kz +(B) 7 r=AD_hiM;z
j=0 =0
o0,WN
N
_\—1 _\—1
< (@) IRy + @) i S 2l oy + (B) 7 I+ N (B Zh Myl 1z
SiSN <2
hence
-1
R r
el < (@' |IOWN +(B) " Irl
LA { (@) max Zh IKij| + (B Zh M|
Thereby
12l zn < ClIBllog oy -
This inequality together with (3.1) and (3.2) gives the desired result. O

4. Numerical results

Our particular example is

1
1 1
_ " 2_ CE - ‘TCOS'ITS _ ) d —
eu" +(2—e u+2/ u(s)ds T
0

—/eu'(0) + 2u(0) =1, u(1) = 0.

The exact solution of this problem is unknown. Hereby, we use the double mesh principle. We define the

maximum point-wise errors and the computed e-uniform maximum point-wise errors as follows

N _ e,N ~£,2N N _ N
€ —In?x|yi — Yo |oo,UNa € —mgaxeg )

where g 2N s the approximate solution of the respective method on the mesh
(IJQN = {1'1/2 = 0, ]., ,QN}
with

ziH/Q:% for  i=0,1,.. N—1.

We also define the rates of convergence and computed e-uniform the rates of convergence of the form

N In(el/e2™) N In(eN/e2N)

Pe = In2 N In2
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Results in Table display that the rate of convergence of the difference scheme is substantially in accordance
with the theoretical analysis.

Table . Maximum point-wise errors and the rates of convergence for different vales of ¢ and N.

€ N=64 | N=128 | N=256 | N =512 | N =1024

20 0.028066 | 0.008212 | 0.002228 | 0.000583 | 0.000149
1.773 1.822 1.934 1.968

272 | 0,034153 | 0.009931 | 0.002776 | 0.000726 | 0.000185
1.782 1.839 1.935 1.973

274 | 0.055712 | 0.016144 | 0.004497 | 0.001167 | 0.000294
1.787 1.844 1.946 1.989

276 1 0.058525 | 0.016912 | 0.004688 | 0.001215 | 0.000305
1.791 1.851 1.948 1.993

278 1 0.061625 | 0.017636 | 0.004865 | 0.001253 | 0.000314
1.805 1.858 1.957 1.997

eV 0.061625 | 0.017636 | 0.004865 | 0.001253 | 0.000314

p 1.805 1.858 1.957 1.997

5. Conclusion

A novel second order numerical approach for solving the second order Fredholm integro differential equation with
boundary layers has been proposed. It has been done some estimates for the exact solution and its derivative
before giving the numerical method. To solve the problem numerically, an exponential fitted finite difference
approach on a nonequidistant mesh has been used. The difference method has been established by applying
interpolating quadrature rules, with the remaining terms in integral form and including the basis functions. It
has proved that the numerical scheme is almost second order convergent. The example is given which authorizes
our proposed numerical approach. As expected, the accuracy increases with larger values of N. The presented

method can be applied to different linear and nonlinear integro differential equations.

References

[1] Amiraliyev GM, Durmaz ME, Kudu M. Uniform convergence results for singularly perturbed Fredholm integro-
differential equation. Journal of Mathematical Analysis 2018; 9 (6): 55-64.

[2] Amiraliyev GM, Durmaz ME, Kudu M. Fitted second order numerical method for a singularly perturbed Fredholm
integro-differential equation. Bulletin of the Belgian Mathematical Society - Simon Stevin 2020; 27 (1): 71-88. doi:
10.36045/bbms /1590199305

[3] Amiraliyev GM, Durmaz ME, Kudu M. A numerical method for a second order singularly perturbed Fredholm
integro-differential equation. Miskolc Mathematical Notes 2021; 22 (1): 37-48. doi: 10.18514/MMN.2021.2930

[4] Amiraliyev GM, Mamedov YD. Difference schemes on the uniform mesh for singularly perturbed pseudo-parabolic
equations. Turkish Journal of Mathematics 1995; 19: 207-222.

[5] Brunner H. Numerical Analysis and Computational Solution of Integro-Differential Equations. Contemporary
Computational Mathematics-A Celebration of the 80th Birthday of Ian Sloan (J. Dick et al., eds.) 2018. Springer,
Cham: pp. 205-231. doi: 10.1007/978-3-319-72456-0_11

222



[6]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[24]

DURMAYZ et al./Turk J Math

Chen J, He M, Zeng T. A multiscale Galerkin method for second-order boundary value problems of Fredholm
integro-differential equation II: Efficient algorithm for the discrete linear system. Journal of Visual Communication
and Image Representation 2019; 58: 112-118. doi: 10.1016/j.jvcir.2018.11.027

Chen J, He M, Huang Y. A fast multiscale Galerkin method for solving second order linear Fredholm integro-
differential equation with Dirichlet boundary conditions. Journal of Computational and Applied Mathematics 2020;
364: 112352. doi: 10.1016/j.cam.2019.112352

Dehghan M. Chebyshev finite difference for Fredholm integro-differential equation. International Journal of Com-
puter Mathematics 2008; 85 (1): 123-130. doi: 10.1080,/00207160701405436

Doolan ER, Miller JJH, Schilders WHA. Uniform Numerical Methods for Problems with Initial and Boundary
Layers. Dublin, Boole Press, 1980.

Dénmez Demir D, Lukonde AP, Kiirkcii OK, Sezer M. Pell-Lucas series approach for a class of Fredholm-type delay
integro-differential equations with variable delays. Mathematical Sciences 2021; 15: 55-64. doi: 10.1007/s40096-020-
00370-5

Dzhumabaev DS, Nazarova KZ, Uteshova RE. Modification of the parameterization method for a linear boundary

value problem for a Fredholm integro-differential equation. Lobachevskii Journal of Mathematics 2020; 41: 1791-
1800. doi: 10.1134/S1995080220090103

Durmaz ME, Amiraliyeve GM. A robust numerical method for a singularly perturbed Fredholm integro-
differential equation. Mediterranean Journal of Mathematics 2021; 18: 24. doi: 10.1007/s00009-020-01693-21660-
5446,/21/010001-17

Farrell PA, Hegarty AF, Miller JJH, O’Riordan E, Shishkin GI. Robust Computational Techniques for Boundary
Layers. New York: Chapman Hall/CRC, 2000.

Jalilian R, Tahernezhad T. Exponential spline method for approximation solution of Fredholm integro-
differential equation. International Journal of Computer Mathematics 2020; 97 (4): 791-801. doi:
10.1080,/00207160.2019.1586891

Jalius C, Majid ZA. Numerical solution of second-order Fredholm integrodifferential equations with boundary
conditions by quadrature-difference method. Journal of Applied Mathematics 2017. doi: 10.1155/2017/2645097

Kadalbajoo MK, Gupta V. A brief survey on numerical methods for solving singularly perturbed problems. Applied
Mathematics and Computation 2010; 217: 3641-3716. doi: 10.1016/j.amc.2010.09.059

Kudu M, Amirali I, Amiraliyev GM. A finite-difference method for a singularly perturbed delay integro—differential
equation, Journal of Computational and Applied Mathematics 2016; 308: 379-390. doi: 10.1016/j.cam.2016.06.018

Miller JJH, O’Riordan E, Shishkin GI. Fitted Numerical Methods for Singular Perturbation Problems. Singapore:
World Scientific, 1996.

Mishra HK, Saini S. Various numerical methods for singularly perturbed boundary value problems. American
Journal of Applied Mathematics and Statistics 2014; 2 (3): 129-142. doi: 10.12691/ajams-2-3-7

Nayfeh AH. Introduction to Perturbation Techniques. New York: Wiley, 1993.

O’Malley RE, Singular Perturbations Methods for Ordinary Differential Equations. New York: Springer-Verlag,
1991.

Roos HG, Stynes M, Tobiska L. Numerical Methods for Singularly Perturbed Differential Equations. Berlin:
Springer-Verlag, 1996.

Saadatmandi A, Dehghan M. Numerical solution of the higher-order linear Fredholm integro-differential-difference
equation with variable coefficients. Computers and Mathematics with Applications 2010; 59 (8): 2996-3004. doi:
10.1016/j.camwa.2010.02.018

Samarskii AA. The Theory of Difference Schemes. New York: Marcel Dekker, Inc., 2001.

223



[25]

[26]

[27]

28]

224

DURMAYZ et al./Turk J Math

Shahsavaran A. On the Convergence of Lagrange Interpolation to Solve Special Type of Second Kind Fredholm
Integro Differential Equations. Applied Mathematical Sciences 2012; 6 (7): 343-348.

Yapman O, Amiraliyev GM, Amirali I. Convergence analysis of fitted numerical method for a singularly perturbed
nonlinear Volterra integro-differential equation with delay. Journal of Computational and Applied Mathematics
2019; 355: 301-309. doi: 10.1016/j.cam.2019.01.026

Yapman O, Amiraliyev GM. Convergence analysis of the homogeneous second order difference method for a
singularly perturbed Volterra delay-integro-differential equation. Chaos Solitons Fractals. 2021; 150: 111100. doi:
10.1016/j.chaos.2021.111100

Xue Q, Niu J, Yu D, Ran C. An improved reproducing kernel method for Fredholm integro-differential type two-
point boundary value problems. International Journal of Computer Mathematics 2018; 95 (5): 1015-1023. doi:
10.1080,/00207160.2017.1322201



	Introduction
	The continuous problem and difference scheme
	The mesh and convergence
	Numerical results
	Conclusion

