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Abstract: Let T be the class of analytic functions in the open unit disc U with f(0) = 0 and f ′(0) = 1. For f(z) ∈ T,

the Alexander integral operator A−1f(z), the Libera integral operator L−1f(z) and the Bernardi integral operator
B−1f(z) were considered before. Using A−1f(z) and L−1f(z), a new integral operator Fλf(z) is considered. After
discuss some properties of dominant for Fλf(z), another new integral operator O−1f(z) of f(z) ∈ T is discussed. The
object of the present paper is to discuss the dominant of new integral operators Fλf(z) and O−1f(z) concerning with
some starlike functions and convex functions in U.
Keywords: Analytic function, Alexander integral operator, Libera integral operator, Bernardi integral opera-
tor, dominant, new integral operator

1. Introduction
Let T be the class of functions f(z) of the form

f(z) = z +

∞∑
k=2

akz
k (1.1)

which are analytic in the open unit disc U = {z ∈ C : |z| < 1}. Alexander [1] had defined the following the
Alexander integral operator A−1f(z) given by

A−1f(z) =

∫ z

0

f(t)

t
dt = z +

∞∑
k=2

ak
k
zk (1.2)

for f(z) ∈ T. Also, Libera [4] had defined

L−1f(z) =
2

z

∫ z

0

f(t)dt = z +

∞∑
k=2

2

k + 1
akz

k (1.3)

for f(z) ∈ T. Therefore, we said to be the Libera integral operator for L−1f(z). This the Libera integral
operator is generalised as B−1f(z) which is said to be the Bernardi integral operator

B−1f(z) =
1 + γ

zγ

∫ z

0

tγ−1f(t)dt = z +

∞∑
k=2

1 + γ

k + γ
akz

k (1.4)
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for γ ∈ N = {1, 2, 3, . . .} by Bernardi [2]. More recently, Owa and Güney [7] have given new applications of the
Bernardi integral operator.

The function f(z) ∈ T is said to be starlike of order α (0 ≤ α < 1) in U if and only if

Re

(
zf ′(z)

f(z)

)
> α, z ∈ U. (1.5)

The class of starlike functions of order α in U is denoted by S∗(α). Also, the function f(z) ∈ T is said to be
convex of order α (0 ≤ α < 1) in U if and only if

Re

(
1 +

zf ′′(z)

f ′(z)

)
> α, z ∈ U. (1.6)

The class of convex functions of order α in U is denoted by K(α). It follows from the above we know that
f(z) ∈ K(α) if and only if zf ′(z) ∈ S∗(α). By Robertson [8], we have the extremal function for S∗(α) is

f(z) =
z

(1− z)2(1−α)
= z +

∞∑
k=2

∏k
j=2(j − 2α)

(k − 1)!
zk (1.7)

and the extremal function for K(α) is

f(z) =


1−(1−z)2α−1

2α−1 = z +
∑∞

k=2

∏k
j=2(j−2α)

k! zk; α ̸= 1
2

−log(1− z) = z +
∑∞

k=2
1
kz

k ; α = 1
2 .

(1.8)

Let us consider the new extension of the Alexander integral operator and the Libera integral operator by

Fλf(z) = λA−1f(z) + (1− λ)L−1f(z) (1.9)

=

∫ z

0

(
λ

t
+

2(1− λ)

z

)
f(t)dt

= z +

∞∑
k=2

(
λ

k
+

2(1− λ)

k + 1

)
akz

k

for f(z) ∈ T.

Example 1.1 Let us consider the function

f(z) =
z

(1− z)2
= z +

∞∑
k=2

kzk ∈ S∗(0) = S∗. (1.10)

Then, we see that

Fλf(z) = λ

∫ z

0

1

(1− t)2
dt+

2(1− λ)

z

∫ z

0

t

(1− t)2
dt (1.11)
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=

(
λ+

2(1− λ)

z

)∫ z

0

1

(1− t)2
dt− 2(1− λ)

z

∫ z

0

1

1− t
dt

=

(
λ+

2(1− λ)

z

)(
1

1− z
− 1

)
+

2(1− λ)

z
log(1− z)

=
λz + 2(1− λ)

1− z
+

2(1− λ)

z
log(1− z)

= z +

∞∑
k=2

(2− λ)k + λ

k + 1
zk ∈ T.

This means that if Fλf(z) is defined by

Fλf(z) =
λz + 2(1− λ)

1− z
+

2(1− λ)

z
log(1− z) (1.12)

for f(z) ∈ T, then

f(z) =
z

(1− z)2
∈ S∗. (1.13)

Further, if we consider the function f(z) given by

f(z) =
z

(1− z)
= z +

∞∑
k=2

zk ∈ K(0) = K, (1.14)

then

Fλf(z) =

(
λ+

2(1− λ)

z

)∫ z

0

1

1− t
dt− 2(1− λ)

z

∫ z

0

dt (1.15)

= −2(1− λ)−
(
λ+

2(1− λ)

z

)
log(1− z)

= z +

∞∑
k=2

(2− λ)k + λ

k(k + 1)
zk ∈ T.

This gives us that if Fλf(z) is defined by

Fλf(z) = −2(1− λ)−
(
λ+

2(1− λ)

z

)
log(1− z) (1.16)

for f(z) ∈ T, then

f(z) =
z

1− z
∈ K. (1.17)

Let a function g(z) ∈ T be given by

g(z) = z +

∞∑
k=2

bkz
k, z ∈ U (1.18)
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with bk ≥ 0. For f(z) given by (1.1) and g(z) given by (1.18), if

|ak| ≤ bk, (k = 2, 3, 4, ...), (1.19)

then f(z) is said to be dominanted by g(z) ( or g(z) dominants f(z) ), and we write

f(z) ≪ g(z), z ∈ U. (1.20)

Since Fλf(z) is given by (1.9) and the coefficients of Fλf(z) satisfy

λ

k
+

2(1− λ)

k + 1
< 1, (k = 2, 3, 4, ...) (1.21)

for 0 ≤ λ ≤ 1, we have
Fλf(z) ≪ f(z), z ∈ U (1.22)

if ak ≥ 0. We say that if f(z) ∈ T with ak ≥ 0, then A−1f(z) ≪ f(z), L−1f(z) ≪ f(z), B−1f(z) ≪ f(z) and
Fλf(z) ≪ f(z). Further, noting that 0 ≤ λ ≤ 1 for Fλf(z) and γ ∈ N for B−1f(z), if f(z) ∈ T with ak ≥ 0,

then
A−1f(z) ≪ Fλf(z) ≪ L−1f(z) ≪ B−1f(z) ≪ f(z). (1.23)

2. Some properties

First, we derive the following theorem.

Theorem 2.1 Let f(z) be in the class T. If

|ak| ≤
k(k + 1)

∏k
j=2(j − 2α)

(k − 1)!((2− λ)k + λ)
, (k = 2, 3, 4, ...) (2.1)

then

Fλf(z) ≪
z

(1− z)2(1−α)
, z ∈ U (2.2)

for 0 ≤ α < 1 and if

|ak| ≤


(k+1)

∏k
j=2(j−2α)

(k−1)!((2−λ)k+λ) ; k = 2, 3, 4, ...;α ̸= 1
2

k+1
(2−λ)k+λ ; k = 2, 3, 4, ...;α = 1

2

(2.3)

then

Fλf(z) ≪


1−(1−z)2α−1

2α−1 ; α ̸= 1
2

−log(1− z) ; α = 1
2

(2.4)

for 0 ≤ α < 1.
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Proof Using Fλf(z) in (1.9) and (1.7), we consider

(
λ

k
+

2(1− λ)

k + 1

)
|ak| ≤

∏k
j=2(j − 2α)

(k − 1)!
, (k = 2, 3, 4, ...). (2.5)

We know that if f(z) satisfies (2.1), then Fλf(z) satisfies the dominant (2.2), and if f(z) satisfies (2.3), then
Fλf(z) satisfies the dominant (2.4). 2

Making λ = 0 or λ = 1 in Theorem 2.1, we have

Corollary 2.2 If f(z) ∈ T satisfies

|ak| ≤
(k + 1)

∏k
j=2(j − 2α)

(k − 1)!2
, (k = 2, 3, 4, ...) (2.6)

then
L−1f(z) ≪

z

(1− z)2(1−α)
, z ∈ U (2.7)

for 0 ≤ α < 1 and if

|ak| ≤
k
∏k

j=2(j − 2α)

(k − 1)!
, (k = 2, 3, 4, ...) (2.8)

then
A−1f(z) ≪

z

(1− z)2(1−α)
, z ∈ U (2.9)

for 0 ≤ α < 1. Further, if f(z) satisfies

|ak| ≤


(k+1)

∏k
j=2(j−2α)

k!2 ; k = 2, 3, 4, ...;α ̸= 1
2

k+1
2k ; k = 2, 3, 4, ...;α = 1

2

(2.10)

then

L−1f(z) ≪


1−(1−z)2α−1

2α−1 ; α ̸= 1
2

−log(1− z) ; α = 1
2

(2.11)

for 0 ≤ α < 1, and if

|ak| ≤


∏k

j=2(j−2α)

(k−1)! ; k = 2, 3, 4, ...;α ̸= 1
2

1 ; k = 2, 3, 4, ...;α = 1
2

(2.12)

then

A−1f(z) ≪


1−(1−z)2α−1

2α−1 ; α ̸= 1
2

−log(1− z) ; α = 1
2

(2.13)
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for 0 ≤ α < 1.

Next, we derive the following theorem.

Theorem 2.3 For f(z) ∈ T,

f(z) ≪ z

(1− z)2(1−α)
, z ∈ U (2.14)

if and only if
Fλf(z) ≪ h1(λ, α; z) + h2(λ, α; z), z ∈ U (2.15)

for 0 < α < 1 and α ̸= 1
2 where

h1(λ, α; z) =
λ

1− 2α

(
1

(1− z)1−2α
− 1

)
(2.16)

and

h2(λ, α; z) =
1− λ

α(1− 2α)z

(
1− (1− 2α)z

(1− z)1−2α
− 1

)
. (2.17)

Proof Let the function f(z) ∈ T satisfy the dominant (2.14). Then, it follows that

λA−1f(z) = λ

∫ z

0

f(t)

t
dt ≪ λ

∫ z

0

1

(1− t)2(1−α)
dt (2.18)

and

(1− λ)L−1f(z) =
2(1− λ)

z

∫ z

0

f(t)dt ≪ 2(1− λ)

z

∫ z

0

t

(1− t)2(1−α)
dt. (2.19)

The dominant (2.18) shows

λA−1f(z) ≪
λ

1− 2α

(
1

(1− z)1−2α
− 1

)
= h1(λ, α; z) (2.20)

and

(1− λ)L−1f(z) ≪
1− λ

α(1− 2α)z

(
1− (1− 2α)z

(1− z)1−2α
− 1

)
= h2(λ, α; z). (2.21)

Therefore, if f(z) satisfies (2.14), then we have

Fλf(z) = λA−1f(z) + (1− λ)L−1f(z) ≪ h1(λ, α; z) + h2(λ, α; z), z ∈ U. (2.22)

Conversely, if f(z) satisfies the dominant (2.15), then we can consider that

λA−1f(z) ≪ h1(λ, α; z), z ∈ U (2.23)

and
(1− λ)L−1f(z) ≪ h2(λ, α; z), z ∈ U. (2.24)

The dominant (2.23) shows that
f(z)

z
≪ 1

(1− z)2(1−α)
, z ∈ U (2.25)
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that is,

f(z) ≪ z

(1− z)2(1−α)
, z ∈ U. (2.26)

Also the dominant (2.24) says

2

∫ z

0

f(t)dt ≪ 1

α(1− 2α)

(
1− (1− 2α)z

(1− z)1−2α
− 1

)
, z ∈ U (2.27)

that is,

f(z) ≪ z

(1− z)2(1−α)
, z ∈ U. (2.28)

This completes the proof of the theorem. 2

Making λ = 0 or λ = 1 in Theorem 2.3, we derive

Corollary 2.4 For f(z) ∈ T, 0 < α < 1 and α ̸= 1
2 ,

f(z) ≪ z

(1− z)2(1−α)
, z ∈ U (2.29)

if and only if

L−1f(z) ≪
1

α(1− 2α)z

(
1− (1− 2α)z

(1− z)1−2α
− 1

)
, z ∈ U (2.30)

or

A−1f(z) ≪
1

1− 2α

(
1

(1− z)1−2α
− 1

)
, z ∈ U. (2.31)

Theorem 2.5 For f(z) ∈ T,

f(z) ≪ z

1− z
, z ∈ U (2.32)

if and only if

Fλf(z) ≪
(
λ+

2(1− λ)

z

)
log

(
1

1− z

)
− 2(1− λ), z ∈ U. (2.33)

Proof Consider the dominant (2.32). Note that

λA−1f(z) = λ

∫ z

0

f(t)

t
dt ≪ λ

∫ z

0

1

1− t
dt = λlog

(
1

1− z

)
(2.34)

and

(1− λ)L−1f(z) =
2(1− λ)

z

∫ z

0

f(t)dt ≪ 2(1− λ)

z

∫ z

0

t

1− t
dt =

2(1− λ)

z
log

(
1

1− z

)
− 2(1− λ). (2.35)

Thus, we have

Fλf(z) ≪ λlog

(
1

1− z

)
+

2(1− λ)

z
log

(
1

1− z

)
− 2(1− λ) (2.36)
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=

(
λ+

2(1− λ)

z

)
log

(
1

1− z

)
− 2(1− λ).

Conversely, we consider that the function Fλf(z) satisfies the dominant (2.33). Then we put

λA−1f(z) ≪ λlog

(
1

1− z

)
, z ∈ U (2.37)

and

(1− λ)L−1f(z) ≪
2(1− λ)

z
, z ∈ U. (2.38)

Since (2.37) leads us
f(z)

z
≪ d

dz
log

(
1

1− z

)
=

1

1− z
, (2.39)

we have
f(z) ≪ z

1− z
, z ∈ U. (2.40)

Further, since (2.38) shows us ∫ z

0

f(t)dt ≪ log

(
1

1− z

)
− z, (2.41)

we see

f(z) ≪ 1

1− z
− 1 =

z

1− z
, z ∈ U. (2.42)

2

Letting λ = 0 or λ = 1 , we say

Corollary 2.6 For f(z) ∈ T,

f(z) ≪ z

1− z
, z ∈ U (2.43)

if and only if

L−1f(z) ≪
2

z
log

(
1

1− z

)
− 2, z ∈ U (2.44)

or

A−1f(z) ≪ log

(
1

1− z

)
, z ∈ U. (2.45)

Next we consider the function
f(z) =

z

1− z2
∈ S∗. (2.46)

This function f(z) maps U onto the domain D which is given by

D =

{
w ∈ C : w = C− iα, |α| ≥ 1

2

}
. (2.47)
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Theorem 2.7 For f(z) ∈ T,

f(z) ≪ z

1− z2
, z ∈ U (2.48)

if and only if

Fλf(z) ≪
λ

2
log

(
1 + z

1− z

)
+

1− λ

z
log

(
1

1− z2

)
, z ∈ U. (2.49)

Proof Consider f(z) ∈ T satisfies (2.48), then

λA−1f(z) = λ

∫ z

0

f(t)

t
dt ≪ λ

∫ z

0

1

1− t2
dt =

λ

2
log

(
1 + z

1− z

)
, z ∈ U (2.50)

and

(1− λ)L−1f(z) =
2(1− λ)

z

∫ z

0

f(t)dt ≪ 2(1− λ)

z

∫ z

0

t

1− t2
dt =

1− λ

z
log

(
1

1− z2

)
, z ∈ U. (2.51)

Therefore, we have the dominant (2.49).
Conversely, if the function Fλf(z) satisfies the dominant (2.49), then we consider

λA−1f(z) ≪
λ

2
log

(
1 + z

1− z

)
, z ∈ U (2.52)

and

(1− λ)L−1f(z) ≪
1− λ

z
log

(
1

1− z2

)
, z ∈ U. (2.53)

Both of (2.52) and (2.53) implies that

f(z) ≪ z

1− z2
, z ∈ U. (2.54)

2

Taking λ = 0 or λ = 1 in the above theorem, we have

Corollary 2.8 For f(z) ∈ T,

f(z) ≪ z

1− z2
(2.55)

if and only if

L−1f(z) ≪
1

z
log

(
1

1− z2

)
, z ∈ U. (2.56)

or

A−1f(z) ≪
1

2
log

(
1 + z

1− z

)
, z ∈ U. (2.57)

For the Bernardi integral operator B−1f(z), we consider
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Theorem 2.9 Let f(z) ∈ T and B−1f(z) be the Bernardi integral operator for γ = 2. Then

f(z) ≪ z

(1− z)2(1−α)
, z ∈ U (2.58)

for 0 < α < 1 and α ̸= 1
2 if and only if

B−1f(z) ≪
3

z2

{
1

α(4α2 − 1)
− (1− z)2α−1

(
1

2α− 1
− 1− z

α
+

(1− z)2

2α+ 1

)}
, z ∈ U. (2.59)

Proof Note that if f(z) satisfies (2.58), then

B−1f(z) ≪
3

z2

∫ z

0

t2

(1− t)2(1−α)
dt (2.60)

=
3

z2

∫ 1

1−z

(1− u)2

u2(1−α)
du ; (1− t = u)

=
3

z2

{
1

α(4α2 − 1)
− (1− z)2α−1

(
1

2α− 1
− 1− z

α
+

(1− z)2

2α+ 1

)}
, z ∈ U.

Further, it is easy to see that if B−1f(z) satisfies the dominant (2.59), then f(z) satisfies (2.58). 2

3. New integral operator

For the Libera integral operator L−1f(z), we consider the following integral operator

O−1f(z) =
2

z

∫ z

0

tf ′(t)dt = z +

∞∑
k=2

2k

k + 1
akz

k (3.1)

for f(z) ∈ T. Since
4

3
≤ 2k

k + 1
< 2, (k = 2, 3, 4, ...) (3.2)

if ak ≥ 0 (k = 2, 3, 4, ...), then
f(z) ≪ O−1f(z), z ∈ U. (3.3)

For this integral operator O−1f(z), we see

Theorem 3.1 Let f(z) be in the class T. If f(z) satisfies

|ak| ≤
(k + 1)

∏k
j=2(j − 2α)

k!2
, (k = 2, 3, 4, ...) (3.4)

then
O−1f(z) ≪

z

(1− z)2(1−α)
, z ∈ U (3.5)
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for 0 ≤ α < 1. If f(z) satisfies

|ak| ≤


(k+1)

∏k
j=2(j−2α)

k!2k ; k = 2, 3, 4, ...;α ̸= 1
2

k+1
2k2 ; k = 2, 3, 4, ...;α = 1

2

(3.6)

then

O−1f(z) ≪


1−(1−z)2α−1

2α−1 ; α ̸= 1
2

−log(1− z) ; α = 1
2

(3.7)

for 0 ≤ α < 1.

Proof Considering (1.7) and (3.1), we see the dominant (3.5). Using (1.8) and (3.1), we have (3.7). 2

Next, we derive

Theorem 3.2 For f(z) ∈ T,

f(z) ≪ z

(1− z)2(1−α)
, z ∈ U (3.8)

if and only if
O−1f(z) ≪ h(α, z), z ∈ U (3.9)

for 0 < α < 1 and α ̸= 1
2 where

h(α, z) =
1

2α− 1

{
z− 1

α(2α+ 1)z
+

(1 + 2αz)(1− z)2α

α(2α+ 1)z

}
. (3.10)

Proof Let f(z) satisfy the dominant (3.8). Then f(z) satisfies

zf ′(z) ≪ z

2α− 1

(
1− (1− z)2α−1

)
, z ∈ U (3.11)

that is,

O−1f(z) ≪
2

(2α− 1)z

∫ z

0

(
t− t(1− t)2α−1

)
dt (3.12)

=
2

(2α− 1)z

∫ 1

1−z

(
1− u− u2α−1 + u2α

)
du ; (1− t = u)

=
1

2α− 1

{
z− 1

α(2α+ 1)z
+

(1 + 2αz)(1− z)2α

α(2α+ 1)z

}
.

= h(α, z).

Conversely, if the function O−1f(z) satisfies the dominant (3.9), we know

z

2
O−1f(z) ≪

z

2
h(α, z), z ∈ U (3.13)
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and

zf ′(z) ≪ 1

2
(h(α, z) + zh′(α, z)) , z ∈ U. (3.14)

This shows us that
f(z) ≪ z

(1− z)2(1−α)
, z ∈ U. (3.15)

2

Next our result is

Theorem 3.3 For f(z) ∈ T,

f(z) ≪


1−(1−z)2α−1

2α−1 ; α ̸= 1
2

−log(1− z) ; α = 1
2

(3.16)

if and only if

O−1f(z) ≪


1

α(2α−1)z

(
1− 1−(1−2α)z

(1−z)1−2α

)
; α ̸= 1

2

2
(

1
z log

(
1

1−z

)
− 1
)

; α = 1
2

(3.17)

for 0 < α < 1.

Proof Using the same manner in Theorem 3.2, we see that the dominant (3.16) leads

zf ′(z) ≪


z

(1−z)2(1−α) ; α ̸= 1
2 , z ∈ U

z
1−z ; α = 1

2 , z ∈ U.
(3.18)

It follows from (3.18) that

O−1f(z) ≪
2

z

∫ z

0

t

(1− t)2(1−α)
dt (3.19)

=
1

α(2α− 1)z

(
1− 1− (1− 2α)z

(1− z)1−2α

)
, z ∈ U

for α ̸= 1
2 , and that

O−1f(z) ≪
2

z

∫ z

0

t

1− t
dt (3.20)

= 2

(
1

z
log

(
1

1− z

)
− 1

)
, z ∈ U

for α = 1
2 . The converse is also clear. 2

Further, we derive
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Theorem 3.4 For f(z) ∈ T,

f(z) ≪ 1

2
log

(
1 + z

1− z

)
, z ∈ U (3.21)

if and only if

O−1f(z) ≪
1

2
log

(
1

1− z2

)
, z ∈ U. (3.22)

Proof By (3.21), we have

zf ′(z) ≪ 1

2

(
z

1 + z
+

z

1− z

)
, z ∈ U. (3.23)

This gives that

O−1f(z) =
2

z

∫ z

0

tf ′(t)dt ≪ 1

z

∫ z

0

(
t

1 + t
+

t

1− t

)
dt =

1

z
log

(
1

1− z2

)
, z ∈ U. (3.24)

Further, it is easy to see that f(z) satisfies (3.21) if O−1f(z) satisfies (3.22). 2

Remark 3.5 The function

f(z) =
1

2
log

(
1 + z

1− z

)
= z +

∞∑
k=2

1

2k − 1
z2k−1 (3.25)

is convex in U and maps U onto the strip region with −π
4 < Imf(z) < π

4 .

Now, for m different boundary points zs (s = 1, 2, 3, ...,m) with |zs| = 1, we consider

dm =
1

m

m∑
s=1

O−1f(zs)

zs
, (3.26)

where dm ∈ eiβO−1f(U), dm ̸= 1 and −π
2 ≤ β ≤ π

2 . For such dm, if f(z) ∈ T satisfies∣∣∣∣∣eiβ
O−1f(z)

z − dm

eiβ − dm
− 1

∣∣∣∣∣ < ρ, z ∈ U (3.27)

for some real ρ > 0, we say that f(z) belongs to B(dm, β, ρ) ⊂ T. It is easy to see that the condition∣∣∣∣O−1f(z)

z
− 1

∣∣∣∣ < ρ
∣∣eiβ − dm

∣∣ , z ∈ U (3.28)

is equivalent to (3.27). If we consider

f(z) = z +
3

4
ρ
∣∣eiβ − dm

∣∣ z2, z ∈ U (3.29)

then f(z) satisfies (3.28).
To discuss our problem for O−1f(z), we have to recall here the following lemma by Miller and Mocanu

[5, 6] (also, by Jack [3]).
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Lemma 3.6 Let the function w(z) given by

w(z) = anz
n + an+1z

n+1 + an+2z
n+2 + . . . , n ∈ N (3.30)

be analytic in U with w(0) = 0. If |w(z)| attains its maximum value on the circle |z| = r at a point
z0, (0 < |z0| < 1) then there exists a real number k ≥ n such that

z0w
′(z0)

w(z0)
= k (3.31)

and

Re

(
1 +

z0w
′′(z0)

w′(z0)

)
≥ k. (3.32)

Theorem 3.7 If f(z) ∈ T satisfies

∣∣∣∣z(O−1f(z))
′

O−1f(z)
− 1

∣∣∣∣ <
∣∣eiβ − dm

∣∣ ρ
1 + |eiβ − dm| ρ

, z ∈ U (3.33)

for some dm defined by (3.26) with dm ̸= 1 such that zs ∈ ∂U (s = 1, 2, 3, ...,m), and for some real ρ > 1,

then ∣∣∣∣O−1f(z)

z
− 1

∣∣∣∣ < ρ
∣∣eiβ − dm

∣∣ , z ∈ U (3.34)

that is, f(z) ∈ B(dm, β, ρ).

Proof Define the function w(z) by

w(z) =
eiβ O−1f(z)

z − dm

eiβ − dm
− 1 (3.35)

=
eiβ

eiβ − dm

( ∞∑
k=2

2k

k + 1
akz

k−1

)
.

Then, w(z) is analytic in U with w(0) = 0 and

O−1f(z)

z
= 1 + (1− e−iβdm)w(z). (3.36)

It follows from (3.36) that
z(O−1f(z))

′

O−1f(z)
− 1 =

(1− e−iβdm)zw′(z)

1 + (1− e−iβdm)w(z)
. (3.37)

This gives us that

∣∣∣∣z(O−1f(z))
′

O−1f(z)
− 1

∣∣∣∣ = ∣∣∣∣ (1− e−iβdm)zw′(z)

1 + (1− e−iβdm)w(z)

∣∣∣∣ < |eiβ − dm|ρ
1 + |eiβ − dm|ρ

, z ∈ U. (3.38)
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We assume that there exists a point z0 ∈ U such that

max{|w(z)|; |z| ≤ |z0|} = |w(z0)| = ρ > 1. (3.39)

Then, Lemma 3.6 shows that w(z0) = ρeiθ, (0 ≤ θ ≤ 2π) and z0w
′(z0) = kw(z0), (k ≥ 1). For such z0 ∈ U, we

have ∣∣∣∣z0(O−1f(z0))
′

O−1f(z0)
− 1

∣∣∣∣ = ∣∣∣∣ (1− e−iβdm)z0w
′(z0)

1 + (1− e−iβdm)w(z0)

∣∣∣∣ (3.40)

=

∣∣∣∣ (1− e−iβdm)ρ

1 + (1− e−iβdm)ρeiθ

∣∣∣∣
≥ |1− e−iβdm|ρ

1 + |1− e−iβdm|ρ

=
|eiβ − dm|ρ

1 + |eiβ − dm|ρ
, z ∈ U.

Since the above contradicts our condition (3.33), we say that there exists no z0, (0 < |z0| < 1) such that
|w(z0)| = ρ > 1. Letting |w(z)| < ρ for all z ∈ U, we know

|w(z)| =

∣∣∣∣∣∣
eiβ
(

O−1f(z)
z − 1

)
eiβ − dm

∣∣∣∣∣∣ < ρ, z ∈ U. (3.41)

This means that ∣∣∣∣O−1f(z)

z
− 1

∣∣∣∣ < |eiβ − dm|ρ, z ∈ U, (3.42)

that is, that f(z) ∈ B(dm, β, ρ). 2

Example 3.8 Let us consider the function f(z) ∈ T given by

f(z) = z + a2z
2. (3.43)

Then, f(z) satisfies ∣∣∣∣z(O−1f(z))
′

O−1f(z)
− 1

∣∣∣∣ = ∣∣∣∣ 8
3a2z

1 + 4
3a2z

∣∣∣∣ < 8
3 |a2|

1− 4
3 |a2|

, z ∈ U, (3.44)

where 0 < |a2| < 3
4 . Consider five boundary points

z1 = e−iarg(a2) (3.45)

z2 = ei
π−6arg(a2)

6 (3.46)

z3 = ei
π−4arg(a2)

4 (3.47)
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z4 = ei
π−3arg(a2)

3 (3.48)

and

z5 = ei
π−2arg(a2)

2 . (3.49)

For such points zs (s = 1, 2, 3, ...,m), we see

O−1f(z1)

z1
= 1 +

4

3
|a2|, (3.50)

O−1f(z2)

z2
= 1 +

4

3
|a2|

√
3 + i

2
, (3.51)

O−1f(z3)

z3
= 1 +

4

3
|a2|

√
2(1 + i)

2
, (3.52)

O−1f(z4)

z4
= 1 +

4

3
|a2|

1 +
√
3i

2
, (3.53)

and
O−1f(z5)

z5
= 1 +

4

3
|a2|i. (3.54)

Therefore, we have

d5 =
1

5

5∑
s=1

O−1f(zs)

zs
= 1 +

2(3 +
√
2 +

√
3)(1 + i)

15
|a2|. (3.55)

This implies that ∣∣1− e−iβd5
∣∣ = 2

√
2(3 +

√
2 +

√
3)

15
|a2| (3.56)

for β = 0. For such d5 and β, we consider ρ > 1 with

8
3 |a2|

1− 4
3 |a2|

=
|eiβ − d5|ρ

1 + |eiβ − d5|ρ
. (3.57)

This gives us that

ρ ≥ 8|a2|
3(1− 4|a2|)|eiβ − d5|

>
10

√
2

3 +
√
2 +

√
3
> 1. (3.58)

For such d5 and ρ > 1 , f(z) satisfies∣∣∣∣O−1f(z)

z
− 1

∣∣∣∣ < 4

3
|a2| ≤ ρ|eiβ − d5| , z ∈ U. (3.59)

Finally, we consider two integral operators O−1f(z) and L−1f(z).
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Theorem 3.9 If f(z) ∈ T satisfies

Re

(
O−1f(z) + z(O−1f(z))

′

L−1f(z) + z(L−1f(z))′

)
> α, , z ∈ U. (3.60)

for 0 ≤ α < 1, then f(z) ∈ S∗(α). If f(z) ∈ T satisfies

Re

(
2(O−1f(z))

′ + z(O−1f(z))
′′

2(L−1f(z))′ + z(L−1f(z))′′

)
> α, , z ∈ U. (3.61)

for 0 ≤ α < 1, then f(z) ∈ K(α).

Proof We note that O−1f(z) satisfies

O−1f(z) + z(O−1f(z))
′ = 2zf ′(z) (3.62)

and L−1f(z) satisfies
L−1f(z) + z(L−1f(z))

′ = 2f(z). (3.63)

Therefore, if f(z) satisfies (3.60), then f(z) ∈ S∗(α).

Further, we know that

2(O−1f(z))
′ + z(O−1f(z))

′′ = 2(f ′(z) + zf ′′(z)) (3.64)

and
2(L−1f(z))

′ + z(L−1f(z))
′′ = 2f ′(z). (3.65)

Thus our condition (3.61) shows that f(z) ∈ K(α). 2
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