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Abstract: In a more recent paper [23], Banach spaces of absolutely k-summable series |T,|, have been introduced and
studied by Sarigol and Agarwal. In this paper, we characterize matrix and compact operators from the space |T,,|, to
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1. Introduction

The sequence spaces play important roles in summability theory, a wide field of mathematics, which have several
applications in approximation theory, calculus, and essentially in functional analysis. The classical theory deals
with the generalization of the concept of convergence for sequences and series. The aim is to assign a limit for
nonconvergent sequences and series by making use of an operator defined by infinite matrices. The reason why
matrices are used for a general linear operator is that a linear operator from a sequence space to another one
can be given by an infinite matrix. A large literature has grown up concerned with characterizing completely all
matrices which transform one given sequence space into another, and also, many sequence spaces and related
matrix operators have been studied by several authors (see, [1, 3-14, 16, 21, 27]). In a more recent paper
[23], the Banach space |T,[, of absolutely k-summable series with an arbitrary triangle matrix 7' has been
introduced and some matrix operators on this space have been investigated by Sarigél and Agarwal.

In the present paper, we characterize matrix and compact operators from the space [T,|, ,1 <k < oo,
to the classical spaces ¢y, c and l,,, by determining certain identities or estimates for operator norms and the
Hausdorff measure of noncompactness.

Firstly we recall some known concepts. A vector subspace of w, the space of all sequences of real or
complex numbers, is called a sequence space. In this respect, cg,c and [, are examples of sequence spaces,
which stand for the sets of all null, convergent and bounded sequences, respectively. Also, by and c¢s represent
the spaces of all bounded and convergent series, respectively.

Let A,T be two sequence spaces and U = (uy,) be an infinite matrix of complex numbers. The transform

U(N) of a sequence A = (\,) € w is given by the usual matrix product and its terms are written as

Un(>\) = f: unvAin
v=0
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provided that the series converges for all n > 0. If U(A) € T" for all A € A, then, U is a matrix operator from
A into T, and the collection of all such infinite matrices is denoted by (A,T).
Let A be a normed space. Then, the unit sphere S, in A is stated by

Sy={NeA: |\ =1}.

If A and T are Banach spaces, then the set B(A,T") of all bounded (continuous) linear operators L from

A to I is a Banach space according to the norm

LIl = sup [L(A)][r-
AESA

Also, the operator L is called compact if its domain is all of A and the sequence (L(\,)) has a convergent
subsequence in the space I for each bounded sequence (\,,) in A. The set of such compact operators is denoted
by C(A,T).

If w e wand A D ® is a BK -space, Banach space on which all coordinate functionals p,(\) = A, are

continuous for all n, then

Zuk)\k

[ull} = sup
Sa k=0

€5

where @ is the set of all finite sequences.

The domain of an infinite matrix U in the sequence space A and the [-dual of A are, respectively,
defined by

Ay={A=0) ew:U\) € A}

and

AP = {u = (uyp) : Zu”)‘” converges for all A = (\,) € A} .
v=0
A triangle matrix T = (t,,) is stated as t,, # 0 for all n and ¢,, =0 for n < v.

Throughout the paper, let T denote an arbitrary infinite triangle matrix of complex numbers and
© = (pn) be a sequence of positive constants. Also, k* is the conjugate of k, i.e. 1/k+ 1/k* = 1 for
k>1,and 1/k* =0 for k =1.

Let Y A, be an infinite series with its partial sum s = (s,). The series Y A, is said to be summable
U, onl), 1 <k < oo, if (see [25])

D eh AU (s)[F < oo, (1.1)
n=0

where AU, (s) = Up(s) — Un—1(s), U_1(s) =0.
In a more recent paper [23], the space [T,|, (|T,|, = |T,|) has been defined by the set of all series

summable by |T', ¢,|, , i.e. the set of sequences (\,) satisfying

k

< o0

oo

k—1
E “n
n=0

Z {Z (tnr - tn—l,r)} Av

v=0 \r=v
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where T is a triangle matrix. Also, note that, according to notion of domain, |T,|, = (Ix)7, i.e.

T,|, = {A =) Ew: Y Tn(/\)‘k < oo},

n=0

where the matrices T, T and T are given by

_ 1/k* >
tnv — { Son tnvv 0 S v S n (12)
0, v > n,
n
Z?n'u = Ztni7 Zgn'u = 7?nv - En—l,'ua (En—l,n = 0) (13)

On other hand, since each triangle matrix has a unique inverse [28], the triangle matrices T, T and T have the

inverses stated by

=1, _
be = @8 oty td =ty =ty 1210 =0. (1.4)

n—1,v

=9 ; S onmLibE == (1.5)

where E,(A\) = Ay — A1, A_1 =0 for n > 0.

We require the following lemmas in proving our theorems:

Lemma 1.1 [23] Let 1 <k < oo. The space |Ty|, is a BK -space with the norm ||/\||‘T@|k = HT(A)HZ . Also,
’ k

|T,5|, is linearly isomorphic to the space Iy .

Lemma 1.2 [17] Let A and T' be two arbitrary BK -spaces. Then,

(a) (A,T) C B(A,T), ie every matrizc U € (A, T') defines an operator Ly € B(A,T) by Ly (A\) = U(N) for
all A € A.

() If A has AK property, then B(A,T') C (A,T), i.e. for every operator L € B(A,T') there exists a matriz
U € (A,T) such that L (X\) =U(X) for all X € A.

Lemma 1.3 [19] Let T be a triangle. Then, we have
(a) For AT Cw, U € (AT7) if and only if B=TU € (A,T).

(b) If A and T are BK -spaces and U € (A,T'r), then | Ly|| = || Ls]l-

Lemma 1.4 [26] The following statements hold:
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1. Ue(l,c) e (i) limuy, exists for all v>0, (i) sup |uny| < 0o and U € (I,lx) < (i) holds.
2. For 1 < k < oo, then,U € (Iy, c) < (i)holds, (iii) sup 3. |[tuno|F" < 00 and U € (Iy, o) < (iii) holds.

n v=0

3. Uc€(l,co) & () limuy, =0 for all v>0, (i) hold.
4. For 1 <k < oo,then,U € (I, co) < (iii) and (iv) hold.

Lemma 1.5 [19] Let 1 < k < oo and k* denote the conjugate of k. Then, we have 12 =1, 18 =cf = cg =1
and 1° =l . Also, A € {lo,c,co,l,li}, then, for all u € AP,

lully = llullxe

where ||.|[,s is the natural norm on the dual space AP.

Lemma 1.6 [2/ Let A D ® be a BK -space and T' € {{,c,co}. If U € (A, T'), then we have

Lol = Ul (1., = sup [Unl][} < oo.

2. Hausdorff measure of noncompactness

If H and R are subsets of a metric space (A,d) and, for every r € R, there exists an h € H such that
d(r,h) < e then, H is called an e-net of R; if H is finite, then the e-net H of R is called a finite e-net of
R. Let @ be a bounded subset of the metric space A. Then the Hausdorff measure of noncompactness of @ is
defined by
X (@) =inf{e > 0: @ has a finite € —net in A},

and x is called the Hausdorff measure of noncompactness.

The linear operator L : A — I is said to be (x1,x2)- bounded if L(Q) is a bounded subset of I" and
there exists a positive constant M such that x2 (L(Q)) < Mx1 (Q) for every bounded subset @ of A, where

x1 and o are Hausdorff measures on A and I'. Also, the number

L1 = inf{M >0: x2(L(Q)) < Mx1 (Q) for all bounded sets @ C A}

X1,X2)

is called the (x1,x2)-measure noncompactness of L. In particular, |[L|, )= [|L]], .

Also, the following lemmas play important roles in our results.
Lemma 2.1 [15] L € B(A,T') and Sp be the unit sphere in A. Then,
LI, = x (L (Sa))

L is compact iff ||L||, = 0.

Lemma 2.2 [18] Let A be a normed sequence space, T = (tn,) be an infinite triangle matriz, xr and x denote

the Hausdorff measures of noncompactness on Mp, and My, the collections of all bounded sets in Ar and A,
respectively. Then, x7(Q) = x(T(Q)) for all Q € Ma,..
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Lemma 2.3 [22] Let A, containing all finite sequences, be a BK -space with AK or A =1. If U € (A, c),

then we have

lim wup, = ap  exists for all k,
n— o0

a = (ag) € A,

sup ||U,, — a||f\ < 00,
n

lim U,(\) = Z arAg for every A = (M) € A.

n—o0
k=0

Lemma 2.4 [22] Let A, containing all finite sequences, be a BK-space. Then, we have
(a) If U € (A, co), then

2ol =t (sup 01

() If A has AK or A=ly and U € (A, c), then

1 7: 3 o * < < 1 3 o *
bt (sup 0 = all) <120l <t (sup 10, - ;)

r—00

where a = () s defined by a = lim wy,y, for all n € N.
n—o0

(¢) If U € (A,ls), then

0< 1ol < tim (sl
n>r

3. Matrix and compact operators on space [T,

In this section, computing operator norms we characterize the classes of infinite matrices (|T,|, ,co), (|7l ¢),
(IT4l, o) and also C (|Tyl, s co) ,C (T, , ) € (|T4l, i) 1 < k < 00. Then, we determine certain identities
or estimates for the Hausdorff measures of noncompactness for these matrices.

We begin with a lemma providing ease in calculations.

Lemma 3.1 Let 1 < k < oco. Then,
(i) If u=(uy) € {‘T<P|k}ﬂ7 then, a*) = (ﬁgk)) € lg~

(i) If u = (uy) € {|T,}?, then, a® = (@) € I,
and, the equality

D unhe =Y @My, (3.1)
v=0 v=0

for all A€ |[T,], (or A€ |T,|) holds, where y = T(\) and
= ot St
j=v
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Proof (i) Let u = (uy) € {|T¢,|k}ﬁ. By the inverse mapping of 7', Equation (3.1) is obtained at once. Also,

it follows from Lemma 1.5 that @(*) € [« whenever u € {|T,| k}B, which complete the proof.

The proof of (ii) is left to the reader. O

Lemma 3.2 Let 1 < k < oo. Then, we have ||uHrTw‘k = ||a(k)||lk* forallu € {|T¢|k}5 and HUHTTM = Hﬂ(l)Hoo

for all u € {\Tg,|}’8.

Proof Let u € {|T¢|k}ﬂ. It is seen from Lemma 3.1 that @*) € I;. Also, by considering Lemma 1.5 and

Lemma 3.1, we have

lulliz,, = sup y,| = po=a®,
Tl >\68|T97|k =0 yESzk v_ U v H ||lk || | L
The proof is similar for u € {|T¢|}ﬂ . So it is left to the reader. O

Theorem 3.3 Let 1 < k < 0o, A be arbitrary sequence space and U = (un,) be an infinite matriz of complex
numbers. Further, let the infinite matriz B = (b,;) be defined by

L/ F Ztm,uv] (3.2)

Then, U € (A, |T,],) if and only if B € (A,li).

Proof Let A € A. Then, it follows from (3.2) that
= 1/k
Zobnj)\j = Z tnv Z U’UJ)\ = Z tm) Z u”] g
J:

which implies that B, (\) = T,,(U(\)). This gives that U()\) € T, |, for all A € A if and only if B(A) € I for
all A € A. So, the proof of the theorem is completed. O

Theorem 3.4 Let 1 <k < oo and U = (uny) be an infinite matriz of complex numbers. Further let A be any

sequence space. Then, U € (|T§0|]C ,A) if and only if

V™ e (I, ¢) for alln>0

and
U® e (I, A),

where the matrices V™ and U are given by

~(1«) 1/k* Zt Ly
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and
1k N~ .
v=j

0, j>m.

Proof Let U € (|T,|,,A). Take A € [T}, . Since [T}, = (Ix)7 and y = T()), it is immediately obtained
that, for n,m > 0,

Z UnjAj = Z v,(:}yj. (3.3)
3=0 3=0

Hence, U\ is well defined for all X € |T,|, if and only if V(™) € (I,c). Also, letting m — oo, (3.3) gives that
UX=UWy. Since Ux e A, UMy isin A. So, U* € (Ix, A).

Conversely, let V(" € (I, ¢) and U®) e (I, A). Then, by (3.3), it is seen that U, € {\T¢|k}6f0r all n,
which gives that U\ exists. Also, by U® € (I, A) and (3.3), letting m — oo implies U € (|T,|, ,A). m)

Now, we list the following conditions and the tables:

1. lim aﬁ[ﬁ? exists for all v € N
n— o0

2. lim a%’i) =0forallveN

n—oo

P
~(k
i)

3. sup >,

n v=0

< 0

4. sup 7151’? < 00

n,v

m ~
> unrtr_vl

T=v

5. sup < oo, forallm e N

m,v

i
m ~
ST Unptt| < oo, foralln e N

r=v

18

6. sup

m v

0

S ~
7. > Upst,,) exists for all v,n € N

T=v

Table 1. Characterizations of the matrix class from |Ty|, to {les,co,c} (1 < k < 00).

From to | ¢ co loo
|T,|, 1,3,6,7 | 2,3,6,7 | 3,6,7
[T, 1,4,5,7 | 2,4,5,7 | 4,5,7

By Theorem 3.4, we have the followings.

Theorem 3.5 Let 1 < k < oo and U be an infinite matriz. Then, Table 1 gives us necessary and sufficient
conditions for U € (|Ty|, ,A) or U € (|T,|,A), where A € {c,co,lx0} -
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Table 2. Characterizations of the matrix class from |T,|, to {cs,bs}.

From to | ¢, b
|T@\k 1,3,6,7 | 3,6,7
IT,| 1,4,5,7 | 4,5,7

Take the matrix D = (d,;) as

A = I, 0<j<n
"0, j>n.

Then, since bs = {loc}, and ¢; = {c}, the matrix classes (|T¥,| A 7A) can be characterized as follows, where

A € {cs,bs} with Lemma 1.3.

Corollary 3.6 Put u(n,v) =

n
Ujy nstead of Uny n the above conditions. Then, Table 2 gives us necessary
7=0

and sufficient conditions for U € (|T,|, ,A) or U € (|T,|,A), where A € {cs,bs}.

Theorem 3.7 Let 1 <k < oo and A € {cy,¢,lsc}. Then, for U € (|T,], ,A),

1/k*
- e k*
Lol = HU(k) _ - (k) 7
|Lull = sup TP = sup ; i,
and: fOT U € (|T<P‘ 7A)7
|Lull = sup [0 =supall)].
n loo n,j
Proof The proof of the theorem is obtained from Lemma 1.6 and Lemma 3.2. O
Theorem 3.8 Let 1 < k < oo and U be an infinite matriz. Then,
(a) If U € (|T¢|k,co), then
1/k*
N s k*
||LU||X = li?%solip HU’(Lk) L = ligl_)sol(l)p Z ﬂgz) ,
7=0
and
oo k*
Ly is compact if and only if lim supz ﬁsg) =0.
n— o0 .
7=0

(b) If U € (|T,l,, . c), then

L
~ (k)
unj — O[j’ )

1/k"

IN

) o oo w e 1/k*
5 limsup | > [Lull, <lmsup | >° |&,; — aj’
n—oo  \ j=0 n—oo  \ j=0
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K
ﬂgz) - ozj’ =0, where a;j = lim ﬂg;), forall j € N.
n—oo

o0
and Ly is compact if and only if limsup >

n—oo ;=0

(c) If U € (|T,l,, ,lso) , then

1k
) oo N(k) k*
0 < |[Lylly = lim sup ;:O Uy, :
o L .
and if limsup > |u, 7| =0, then Ly is compact.

n—oo =0

Proof To avoid repetition, only the proof of the part (b) is given and the proofs of the others are left to the
reader.

(b) Let U € (|T,|, ,c). To compute the Hausdorff measure of noncompactness of Ly, take the unit

sphere Sir,| in the space |T,|, . It is written from Lemma 2.1 that
ILull, = xUSr,),)-

Since |T,|, = Iy, U € (T}, ) if and only if U®) € (It,¢), and so

HLUHX X(US\TM,C) ZX(U(k)TS\TMk)

ILgwll,

which implies, by Lemma 2.4,

1 ~ * ~ *
= lim (sup ||U® —aH <Ly, < lim (sup ||UF -« , (3.4)
2 r—oo n>r s X T00 \n>r Ui
where a; = lim 1]55-), for all 7 > 0.
n— o0
By Lemma 1.5, ‘U,gk) — .= Hffék) -« = The last equality completes the first part of the proof of
k k*

(b) with (3.4). Also, the compactness of Ly is immediate by Lemma 2.1, which completes the proof of (b). O

Also, by following the above lines, we have the following theorems.
Theorem 3.9 (a) If U € (|Ty|,co). Then

a)

)

|Ly|l, = limsup Hﬁ’(Ll)H = lim sup sup
X n—00 loo n—oo  j

and

al| = o.

nj

Ly is compact if and only if lim sup sup
n— 00 g

(0) If U € (|Ty|,c), then

= (1)

unj

o

1q: ~(1) .
3 lim sup sup ‘unj - aj’ <|Lv|, <limsupsup
n—oo  j n—oo  j
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and
,aj’fo where o = hmu forall]gN
n—ro0 j A
(c) If U e (|Ty],lx), then
0 < || Ly, < limsupsup ’11511])
n—o0o j
and

Ly is compact if limsup sup (1)‘ =0.
n—oo

4. Applications

In this section, we give some consequences and applications of our theorems. For simplicity of notation, in what

follows, we use the following;:

P 7 A—)\ 1
Onv = Aunv;: + Un,o+ls  Tho = Zcifjpjﬁ in = ’LAH AA-HJ
If we take the weighted mean matrix instead of T' = (ty), i.€. tny = po/ Py for 0 < v < n, otherwise t,, =0,

then, it is clearly seen that the space |1, is reduced to

k

<00 o,

7P
.=

L a}'u Z ©n

n
mp e
n+ n— v=1
which is studied by Sarigol and Mohapatra [20] and Sarigol [24]. Thus, the following results follow from Theorem
3.5, Theorem 3.7 and Theorem 3.8.

Corollary 4.1 Let 1 < k < co. Then,
a-) U € (‘Nﬂk,co) iff, for all 7,

lim gov_l/k*am =0 for allv (4.1)
n—o0
supz — |on|” < o0 (4.2)
n v=0 Pv
m—1 k
1 .1 P,
sup{Z|Ujv|k + — (U — }<oo (4.3)
m LR Pm Pm

hold. Also,

- 1/k*
Mﬂ—Mm%zplw )
v=0

and U € C( ‘N“”k, if and only if lim sup Z ‘90 Uk*am‘k* =0.

n—oo =0
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b-) U e (|Ng|, .¢) iff (4.2), (4.3) hold and
lim @U_l/k*amj exists for all v.

Moreover,

SDvFJnv — Oy

vaki*o—nv — Oy

n— 00 v=0

) 00 B\ /K" 00
2limsup<z: ) < [|Lull, <limsup<z
v=0 n—o0

e 1/
)

_ o0 « k _
and U € C(|N;f|k ,¢0) if and only if limsup > ‘gaqfl/k Ono — av| =0 where o, = lim @v?*lam,.
n—o0o v—0 n—o00

c-) Ue (|]\71§"|k Joo) diff (4.2), (4.3) hold and,

- 1/k*
X k™
0< ”LU”X < lim_)sup (Z %}fl/k am,‘ )
n—roo v=0

also, if limsup > |<,0,,,_1/k*o'm}|]C =0, then U € C(|N1f’k,loo).

n—oo =0
Proof Prove only the part (a). Take the weighted mean matrix instead of T in Theorem 3.5, Theorem
3.8. Then, the conditions 1,3,6,7 (see Table 1) are reduced to the conditions (4.1),(4.2) and (4.3), the measure

noncompactness of L4 is easily obtained since

Pv Pvfl v
— Upy — Un,v+1 = Aunvi + Un,v+1 = Onov
v v v
where Atpy = Upy — Un 41 When U € (‘Nﬂk ,€0) - O

Corollary 4.2 Let 1 <k < oo and A € {cg,¢,lx}. Then, for U € (’Ng"k 7A) ,

o o\ VF
HLUH = sup (Z <101171/k*0'7w ) )
n

v=0
and, for U € (|Nﬂ 7A),
[Lu |l = sup |ony|.
Also, if we take the Norlund matrix instead of T, i.e.
P Pnv/Pn, 0<v<n
e 0, v>n,

then the space |T,|, is reduced to the absolute Norlund series space

k

Zn: Pn—v _ Pn—v—l a < 00
Pn Pnfl !

v=1

(o)
|N1ﬂk: aEw:ngﬁ‘l
n=1

1014
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C, =cn, —cCn_1. Then,

a) U € (}Ng’|k7c

Also,

and U € C( |N |]€7

b) U e (‘Nﬂk,c

Further,

o0
% lim sup
n—o0 v=0

and U € C( ‘Nﬂk,

¢) Ue(INg|, 1)

1 XX
Dy F* Z NivUni — Oy

) if and only if lim sup Z

o) iff

o0
nhﬁn;Q %}71/1@* vaum =0 forallv
1=v

E*

sup Z

< 0

oo
Z NivUni exists for all n,v

1=

P

sup Z

m ’UO@’U

Z TNivUni

1=v
o s w17k
U], = limsup Z— vaum
n—00 v=0 Pv i=v
o+

) if and ony if limsup Z =0.

n—oo y=

ff (4.5), (4.6), (4.7) hold and

lim ¢, /" E Nivtins exists for all v.
n—oo
1=v

1=v

&
Pu ’“* Z NivUni — Qy

1=v

iff (4.5), (4.6), (4.7) hold and

n—oo =0

E*

1
Po FF Z NivUni

i=v

0< ||LUHX < lim_}sup Z
n [ee]

< 00, for all n.

1/k* . - Lo
S ||LU||X S hmsup E Py k¥ Z NivUni — Oy
n—00 v=0 i=v

1/k"

,ﬁ) 1/k*

=0, where a, = hm Py 7= Z NivUni -

1=v

Theorem 3.7 and Theorem 3.8 are reduced to the following

cnP, =0 and

(4.7)
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o0 k*
Yo O Mivuni| =0, then U € C(INg], 1)

i=v

o0
Moreover, if limsup Y

n—oo =0

Corollary 4.4 Let 1 <k < oo and X € {co,¢,loo}. Then, for U € (‘Nﬂk ,X) ,

o 1 | ey /K"
”LU” = sup Z — Znivuni
n v=0 Po i=v
and, for U € (|N;f| 7X)7
oo
||LU|| = sup Znivuni .
™Y | =y

Now, consider the generalized Cesaro matrix T** = (t)*) defined by

17 n,v = 0
A—1 ap
= SRS 1sesn
07 v>n
where A\ + p # —1, -2,
v A+F1DA+2)... (A +n)
Al = ,

n!
Ay =1, A =0, n>1.
If we take TH* = (t)}) instead of the matrix T' with ¢, = n for all n, then |T,|, = |Cx |, and so the

following results given by Giileg [8] are immediately obtained:

Corollary 4.5 Let 1 < k < co. Then,
a) U € (|Cx 4l »co) iff

o0
: VkQ, o . —
nh_{réoZv Qivtn; = 0 for all v (4.8)
1=v
oo oo k*
supz Zvl/kaum < 00 (4.9)
" oy=1|i=v
(o)
Zvl/kaum exists for all n,v (4.10)
m m k*
Supz Zvl/kﬁwum < o0, foralln (4.11)
moy=1|i=v

hold, and
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oo 17K
1Ull, = hmsup Z Zvl/ Qi Un;
v=1 |i=v
o0 o0 k*
Also, U € C(|Cx ul, ,co) if and only if limsup > | > VM EQuun| = 0.
n—oo v=0 |[i=v
b) U e (ICxul,,c) iff (4.9), (4.10), (4.11)
lim vl/inUum ezists for all v.
n—oo i—o

Further,

= . 1/k
Z v / inuni — Qy

1=v

= . 1/k
Z v / inuni — Qy

1=v

n—00 v=1 —00 v=1

ey 1k
)

1/k*
Llimsup (z ) < Lyl < timsup (z

oo oo k*
and U € C(|Cx 4, ¢) if and only if limsup ) | > VY EQuuns — | =0, where ay, = hm Z VY EQ U -
n—oo wv=l1 |i=v ©i=v
c) U e (|Cxhuly,lso) iff (4.9),(4.10), (4.11) hold and
e 1/K"

0< U]l <11msup Z

v=1

Zv”mwum

i=v

= 1/k "
Z v / QipUn;

1=v

Also, if limsup Y

n—oo p=1

=0, then it U is a compact operator.

Corollary 4.6 Let 1 <k < oo and X € {co,¢,loo}. Then, if U € (\C)\’M\k ,X) , then

e\ /K

IZul = sup E:

v=1

ZU /k QiyUng

1=v

and U € (|Cx .|, A), then

o
§ QipUni| -

| Lu |l = sup
n,v
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