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Abstract: Let TM be the tangent bundle over an almost antipara-Hermitian manifold endowed with Berger-type

deformed Sasaki metric ?%¢g. In this paper, we introduce the deformed Sasaki metric which Berger-type and study

the metric connection of this metric on the tangent bundle. We give some curvature properties of this metric and
characterization of projective vector field which preserving the fiber of (TM BS g). Next, we present some geometric

results concerning them.
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1. Introduction
Let M be an n—dimensional Riemannian manifold with a metric g and TM be its tangent bundle. From
the manifold (M, g) to its tangent bundle T M , different Riemannian and pseudo-Riemannian metrics may be
distinguished using the natural lifts of Riemannian metric g. When used in this manner, metrics are referred to
as natural metrics. The Sasaki metric, the most well-known of these metrics, was developed by Sasaki. Although
the Sasaki metric is described as natural, it is rigid. For example, Kowalski [11] has shown that the tangent
bundle with the Sasaki metric can never be locally symmetric if the base manifold is local flat. Next, Musso and
Tricerri [13] showed that the necessary and sufficient condition for the tangent bundle with the Sasaki metric to
have constant scalar curvature is that the base manifold is locally flat. In addition, Gudmundson and Kappos
[8] also gave various results about the curvature of the tangent bundle with the Sasaki metric. Next, Gezer [3]
characterized infinitesimal holomorphically projective transformations on the tangent bundle with the Sasaki
metric and adapted an almost complex structure. Later on, different deformed forms of the Sasaki metric have
been identified and studied by various authors (see [2], [4], [5], [10], [12], [17]). In [17], a method for determining
accurate deformation and geodesic distances on certain manifolds was created by Yampolsky by use of the
Berger deformation of a metric on a unit sphere and the Sasaki fiber-wise deformation of the Sasaki metric on
slashed and unit tangent bundles on a Kéhler manifold. In addition, recently, new studies have been carried
out on this subject. Zagane [19] studied this metric on cotangent bundle and studied vertical rescaled Berger
deformation metric on tangent bundle (see [20]).

Let M be a 2k dimension Riemannian manifold with a Riemannian metric g. A paracomplex manifold
is an almost product manifold (May,¢), ¢? = id, such that the two eigenbundles THM and T~ M linked
to the two eigenvalues +1 and —1 of ¢ are of the same rank. The fact that the Nijenhuis tensor defined by
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Ny, (X,Y) = [pX,0Y] — ¢ [pX,Y] — ¢ [X, Y] + [X,Y] is zero means that an almost paracomplex structure
is integrable. An almost paracomplex structure is a paracomplex structure that is integrable. An antipara-

Hermitian metric is a Riemannian metric such that
g9 (X, 0Y) =g (X,Y)
or equivalent to this equation,
g(pX,Y) =g (X,¢Y) (purity condition)

for any vector fields X,Y on Myg. The triple (Mag, ®,g) is called an almost antipara-Hermitian manifold.
(Mag, ¢, g) is called antipara-Kahler if the almost paracomplex structure ¢ is paralel with regard to Levi-Civita
V9 of g. Paraholomorphicity of g (®,g9 = 0) is equivalent to the antipara-Ké&hler condition (V9¢ = 0). In
here @, is the Tachibana operator [14].

In [6], Gezer and Bilen gave a characterization of projective vector field which preserving the fiber on the
tangent bundle with a class of Riemannian metric. Afterward in [1], Altunbag, Simsek and Gezer introduced
a new metric which is named the Berger-type deformed Sasaki metric on the tangent bundle over an antipara-
Kaéhler manifold. In addition to obtaining geodesics and curvature properties of the tangent bundle with the
Berger-type deformed Sasaki metric, they also obtained and gave some result related to them. We focus a
metric connection on the tangent bundle with the Berger-type deformed Sasaki metric in the current work. All
forms of curvature tensors concerning the metric connection are obtained. Finally we give a characterization of

projective vector field which preserving the fiber on (TM B g) concerning for to the metric connection M V.

2. The Berger-type deformed Sasaki metric on tangent bundle

Let M be an n—dimensional Riemannian manifold with a Riemannian metric g, TM be its tangent bundle
and m: TM — M be a natural projection on M. The local coordinate system (U, 1:2) in M is induced to the
local coordinate system (77’1 (U),zt 2" = ul) ,i=n+i=n+1,.,2n, on TM. Here (u') are the cartesian
coordinates in each tangent space TpM of Vp € U. Also, p is an arbitrary point on U.

Let X = X? aii be the local expression in U of a vector field X on M. Then the vertical lift VX and

the horizontal lift X of X are given with respect to the induced coordinates, by

VX = X'o, (2.1)
AX = X', -yl X",
where 0; = %,8; = Biyi and F;k are the coefficients of the Levi—Civita connection V of g. The bracket
operation of vertical and horizontal vector fields is given by the formulas
xHPy] = "X Y]- V(R(X,Y)u),
fxVY] = V(VxY), (2.2)
VxVy] = o,

for all vector fields M and Y on M , where R is the Riemannian curvature of g defined by R(X,Y) =
[Vx,Vy] = Vixy] (for details, see [18]). We insert the adapted frame which allows the tensor calculus to be
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efficiently done in T'M. With the connection V of g on M, we can introduce adapted frames on each induced
coordinate neighborhood 71 (U) of TM. In each local chart U C M, we write Xy) = %, 7=1,...n. We
see that these vector fields have, respectively, local expressions

HX(j) = (sjhah + (—ySFZj) 65, (23)

\% h

Xg) = 5%

with respect to the natural frame {0y, 05}, where 5{1 denotes the Kronecker delta. These 2n vector fields are
linearly independent and they generate the horizontal distribution of Vg and the vertical distribution of T'M |

respectively. We call the set {HX(j),VX(j)} the frame adapted to the connection V of g in #=1(U) Cc TM.
By denoting

E;

I
e

X

\b_/.

(2.4)

Ej

I
<
IS

\k).}

we can write the adapted frame as {Eg} = {Ej, E5}. Using (2.1) and (2.4), we have

0 0 (0 }
VX = (Xh>:<Xj5h>:Xﬂ(5h):Xij, (2.5)
J J
Xigh ) S§h )
H
X = < 4,7Ls>:XJ< ,{s>:XJE»7
_Xjrsjy _sty /

with respect to the adapted frame {Ej3}, (for details see [18]).

Various Riemannian or pseudo-Riemannian metrics have been defined using the natural lifts of the
Riemannian metric g. The most well-known example of these metrics is the Sasaki metric built in [15] by
Sasaki on the tangent bundle T'M. Various deformations of the Sasaki metric have been studied by some

authors (see [2], [4],[17],[19],]20]). One of these deformations is the Berger-type deformed Sasaki metric.

Definition 2.1 [1] Consider the almost antipara-Hermitian manifold (May, @, g) with arbitrary vector fields
X,Y € x (Mag) and § constant, and its tangent bundle TM . In the tangent bundle, the deformed Sasaki metric
which Berger-type is defined as follows:

BSg(Px"Y) = g(X,Y),
P (VX TY) = PSg("X.VY), (2.6)
PEg(VX)VY) = g(X\Y)+6%g (X, ou)g (Y, ou).

In the adapted frame {Ej3}, the Berger-type deformed Sasaki metric and its inverse respectively:

BS, _ ( 9ij 0 9.7
g ( 0 gij + 0% ImoGno @i ¢} ) 27)
and
17 0
BS, —1 9
= - 2 o 2.8
g < 0 9”%%@% ) 28)
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form is obtained. Here g0 = gmrt”, goo = gmru™u", ! = ol u™.

For the Levi-Civita connection 9V of the Berger-type deformed Sasaki metric #g, we give the following
proposition.
Proposition 2.1: The 55V Levi-Civita connection of the Berger-type deformed Sasaki metric ¢ on tangent

bundle is given as follows:
BSV g, E; =Tl Ey — SR By,

ijo
BS _ 1ph
B VE*E{ —hiRoith;l
Vg, E5 = §R3ﬂEh + T By,
BS S k b
Ve E5 = 1552595 o 9ik By

(2.9)

where (Moag, p,g) is the antipara-Kéahler manifold and TM its tangent bundle. Also Rﬁj , are components of

the Riemannian curvature tensor field R of V (see [1]).

3. The metric connection with nonvanishing torsion on the tangent bundle in accordance with

Berger-type deformed Sasaki metric

Definition 3.1 Let M be a Riemannian manifold and V : S (M) xS§ (M) — S (M) be a linear connection
on M. V is called a metric connection on M if the Riemannian metric g that satisfies the condition Vxg =0
for every X € St (M). Otherwise, it is called a nonmetric connection. Here the condition Vxg = 0 is
equivalent to the condition X (g(Y,Z)) = g(VxY,Z)+ g (Y,VxZ) for every X,Y,Z € S{ (M).

As it is known, the only symmetrical connection that meets the condition Vg = 0 is the Levi—-Civita

connection. Thus, the Levi—Civita connection of the Berger-type deformed Sasaki metric is a torsion-free

connection that meets the condition 29V, (5%g) 5y =0

We will now deal with the metric connection 9V of the Berger-type deformed Sasaki metric, which is
skew-symmetric in accordance with the torsion tensor (T; 5) indices a and (. Torsional metric connection in
Riemannian manifolds was presented by Hayden [9].

We will express the coefficient of the metric connection 29V with flﬁ. Thus the metric connection

BSY satisfies the followings:

Sv© S = = Y
PVa (P%9),, =0 and  Top—Th, =Top

From the solution of the above equations, the following results are obtained [9]:
=7 = 7Y
Faﬁngﬁ+Ua,3, (3.1)

where fl 5 represents the coefficients of the Levi-Civita connection 25V .

1 _ _
Uagy = 9 (Taﬁv +Tyap + Tvﬂa) (3.2)

and

Uaﬂv = UZ,B (BSQ) vTaB“/ = TZ,B (Bsg)e

ey v
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If we put

h _ _sph
Ty =y Ry, (3.3)
all other Tlﬁ not related to TZ is considered zero, by means of (3.2), from (3.3), we get

h

77" _ 1, sph
., Uji=3y Rjis?
77 _ 1, sph 8%, s ph q, r,t
U_Zlv = —3Y RSZ] -3y Rspqu“of(ptu u,
T _ 1, sph 5%, s ph q, r,t
Uji =—3Y sti - 3Y Rspigqj@fwtu u,

all other ﬁaﬂ being zero. We can write the next proposition from the solutions of Equations (2.9) and (3.1).
Proposition 3.1: Let us take V torsion-free affine connections on a Riemannian manifold M. Let TM be the
tangent bundle of M with the Berger-type deformed Sasaki metric Z%g on (M, V). According to the adapted

frame {Eg}, the metric connection BSY provides the followings:

BSNV g E; = T}Em,
BSYg-E; = 0,
PSVp E; = TUEy, (3.4)
BSV g E5 = ng%husﬂ
B 14627 d7s ™ =

where F?j represent the component of V on M and o = ||ul® = g (u,u) = grsuFu’.

Proof If the tensors Ul 3 obtained from the torsion tensor and Levi-Civita connection of Berger-type deformed

Sasaki metric given by Equation (2.9) are used in Equation (3.1) the following results are obtained:

T, = T,

f} = T},

T = lf;agiwf@?us, (3.5)
T = b =Tk =Th=T%=0

If these results are used in the expression 5V Eg = f;BEW, we get the equations (3.5). Thus the proof is

completed. O

Proposition 3.2: Let us take V torsion-free affine connections on a Riemannian manifold M. Let TM be the

tangent bundle of M with the Berger-type deformed Sasaki metric Z%g on (M, V). According to the adapted

1040



BILEN/Turk J Math

frame {E3}, the MR curvature tensor of the metric connection 29V in the tangent bundle has the followings:

MR(E;,E;)Ex = R[.En,
M h & t h
R(E;,E;) Ex = (Rijk + mRijpgmt@k% yPy ) Ey,

(52

2 2
M — , — a, h a h h a a s —
R(E;, E7) Ex (1 52 Jak (@l — iel) + <1 +52a) garpr (9ipe] — 9ipl) Y7y ) Ef,

MR (F7, E)) Ey MR (E;, ;) E, =M R (B3, E5) Ey = R(E;, E)) Ey, =™ R(E;,E7) Bx =0,

where F?j and thj . respectively represent the component of V and its curvature tensor field on M and

2
a = |lul]” = g (u,u) = grsuFu®,
Proof The Riemannian curvature tensor R of the connection V is obtained from the well known formula

R(X,Y)Z =VxVyZ—VyV.Z -V xy|Z,

T

for all X,Y € 3} (M) with respect to the adapted frame {Eg}, we write P9V FEsz = flﬂEw where T4

is denote the metric connection constructed by Bg. Then the Riemannian curvature tensor ™R has the
components
M =0 =0 =0 =€ =0 =€ =0
R(Xﬂg - EaFB'Y - EBFOZ’Y + F(XEFB,Y - Fﬂara,y - Qaﬂera,y, (3.6)
where
ko _ k _ Tk
Qﬁ = —Qj—iffji, (3.7)

ij — 792?1:73/33,’6

7S
and QO‘%B = BSgoe Bsggngf, Bsg(;ﬁ are the contravariant components of the metric #5¢ with respect to
adapted frame (for details see [7]). (a = (i,g), 8= (j,j) , Y= (k,E), o= (h,ﬁ)) From (3.6) and (3.5), we
obtain the component of the Riemannian curvature tensor ™ R of the metric connection of Berger-type deformed

Sasaki metric as follows:

MRijk}:l = Rijk}-l’
M h h & t h
RijE = Rijk + mRi]’?th(pk@s y'y®, (3.8)
Mp h & h h &° ’ h
RiTk = mgak (‘Pj%‘ — ¥ 903') + (1_1_520[) GakPs (gip‘Pj - gjp%‘)ypy )
and all other terms are zero. Thus the proof is completed. O

Proposition 3.3: Let us take V torsion-free affine connections on a Riemannian manifold M. Let TM be the

tangent bundle of M with the Berger-type deformed Sasaki metric Z%g on (M, V). According to the adapted
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frame {E3}, the Ricci curvature tensor of the metric connection BSY in the tangent bundle has the followings:

MRi;; = Ry,
M
R;; =0,
M
Rz =0,
82\ 52
M k
Ry = <1+62a> (9rsGajep@l — gipgss) uPu® — T 52a i
where R;; = R,lzij and o = ||uH2 =g (u,u) = grsufu®.
Proof  As it is known, the Ricci curvature tensor is characterized by R,z = R,Yo:g. Let MR,s =
M RW; be the Ricci curvature tensor of the metric connection of Berger-type deformed Sasaki metric.

(a = (i,f), b= (j,;), v = (k,%)) The equivalents of the Riemannian curvature tensor, given in (3.8) are

used in this equation the following results are obtained:

M Mp k. M

M M k 52
RTJ' = Rk:zj + M = <1 T 52a ) gksgaj@p@z g7pgjs)u u® — 1 +62agij, (3.9)

M _ Mp k _
REJ‘ - ngj + k:’Lj - O

M _ Mp ky Mp k_
Rl} - sz] Rkij =0,

the proof is completed. O

Proposition 3.4: Let us take V torsion-free affine connections on a Riemannian manifold M. Let T'M be
the tangent bundle of M with the Berger-type deformed Sasaki metric g on (M,V). According to the

adapted frame {Eg}, the Mr scalar curvature of the metric connection 5V in the tangent bundle satisfies

o 52 2 52
’"’"*2"“(1+52a> 2”(1+5a>

where 7 denotes the scalar curvature of V on M and « = ||ul|® = g (u,u) = grsuFu®.

the following:

Proof My = BSgaB MPpR 5 denote the scalar curvature of the metric connection of Berger-type deformed

Sasaki metric. (o = (i,i), 8= (j,7)) From (2.8) and (3.9) we have

M. _  BSgap MR
BS i MRij n Bsgzj Mjo n Bsgﬁ MRﬁ n Bngj MR7
52\’ 52
= 20— ) —2n(—un).
r a(1+520¢> n(1+52a>
Thus the proof of the proposition 3.4. is completed. O
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4. Projective vector fields on the tangent bundle in accordance with Berger-type deformed Sasaki
metric
Let V be a linear connection on a manifold M . For every pair of vector fields X and Y on M, if the 1—form
0 satisfies the condition,
(LyV)(X,Y)=0(X)Y +6(Y) X, (4.1)

then the vector field V' is called projective vector field. Here Ly is the Lie derivative in accordance with the
vector field V. In this situation, 6 is named the associated 1—form of the vector field V. In local coordinates,

according to the natural frame {Eg}, Equation (4.1) is written on M as follows:
h h h
LyTy; = 0:6; + 0,0,

Consider the vector field V' with components (vh, vﬁ> on the tangent bundle, in accordance with the adapted

frame. " is the horizontal component of the vector field V and o" is the vertical component of the vector

field V. If the horizontal component of the vector field V, depends only on the variable (xh) , then the vector
field V' is named the fibre-preserving vector field. We can clearly say that every fibre-preserving vector field V'
on the tangent bundle TM is reduced to a vector field with components (vh) on the base manifold M .

In this section, we have studied the projective vector field which preserving the fiber, according to 25V,
which is the metric connection of the Berger-type deformed Sasaki metric 9¢g on the tangent bundle. First,

let us write the following Lemma, which we will have to use later.

Lemma 4.1 [16] Let X =v"E), + ’UEE;L be a fibre-preserving vector field, the Lie derivatives of the adapted

frame vectors in the direction of the vector field X are written as follows:

LxEp, = —(0pv")E,+ {ybchhcg - Ugrgh — (Eno®) } Ea,

LxEp = {v'Tf, — (Bp®)} Eq

Theorem 4.2 Let (TM,BS g) be the tangent bundle of Riemannian manifold (M, g) . A necessary and sufficient
condition for defining a X projective vector field which preserving the fiber with its associated 1-form 6 on
(TM,BS g) is the X wector field

X ="V 4+ VB+94, (4.2)

in addition, the associated 1-form 6 provides the followings:

(i) 6 = 0;dx*,0; =0,

(ii) LxCg =CP (v, + Ag),

(i) oj—%(v Al e (V5BY) C )
i) 1+62 (v°Rl., —V;Al) Cl, =0,
U) LXF“ +V; V = 91'5;»14’0]53,
vi) V; (v°RY, +V;A%) =0

(
(
(
(vii) V; V;B* =0,

1043



BILEN/Turk J Math

where the vector fields V = (vM), B = (B"), the (1,1)-tensor field A= (AM), a = |Jul]® = g (u,u) = grsuFu®

and C,f = gl p2u®.

Proof A vector field X = v"Ej, + vﬁEg on T'M is a projective vector field which preserving the fiber if and
only if there exists a 1-form 6 with components (6;,60;) on TM such that

(va) (Y,Z) = Lx (Vyz)—Vy (LXZ)—V(LXy)Z (4.3)
= 06(Y)Z+0(2)Y,
for any vector fields Y and Z on T M. We compute the following three relations:
(LxV) (Ei, E5) = Lx (VE:E7) = Vi (LxEj) = Ve Ej (4.4)
= 0(E7) B7 + 0 (E7) B3,

(LxV)(E5.Ej) = Lx(Ve:Ej) = Ve (LxEj) = Vo en) Ej (4.5)
= 0(E;) E; +0(E;)E3,

(LxV)(Ei, Ej) = Lx (Vg Ej) = Ve (LxEj) = Viye)E; (4.6)
— 0(E)E, +0(E;) E..

From Equation (4.4), by virtue of Equation (3.5) and Lemma 4.1, we obtain,

52 - =
Ll — O (T8 + B} + B () = 075 + 055, )
Similarly, from Equation (4.5) we get
_ - 52 _ _
|:Ei (") + (Ewb> bj — VR — 1+ 02a {ybch?cb - Ubrﬁj - Ejvh} zqh:| Ez = 0;E; + 0,5,

from which

0; = (4.8)
and
B; (Epo®) + (Bao®) T — v Ry - % {4P0" Ry — Tl — Byl b 3, = 0560 (4.9)
Due to Equations (4.8) and (4.7) reduces to
LxCl — Cl (0T, + Epv®) =0 (4.10)
and
E; (Ep™) =0, (4.11)
thus we can put
v® =y*A% + BY, (4.12)
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where A is a tensor field of type (1,1) which has components (AZ) and depends only on the variable (:ch) , B

is a vector field with components (B") and depends only on the variable (xh) . Thus, we can write a projective

vector field which preserving the fiber X on the tangent bundle as follows:

X = o"E,+o "B
= "B, + (y°AL + B") E;;
= "By + B"E; +y ALE;
= "+ VB+1A
Also, substituting Equation (4.12) into Equations (4.10) and (4.9), we get
LxCf; = CF (VT + A

and

2

EjAY + AT, — v°RS,,; — 0 {y"v°Rly, — (v AL+ B®) Ty, — E; (y* AL + B") } C5, = 0,67

14+ 0%« J

Contracting ¢ and « in last equation, we have

1 a a Ab 52 h i
0; = ” (Ein + 5 A7 + 11 5% (ViB") Ciy ) -

1 i 5 R\ i
0j=— (Vin i (V;B") m)

and

52 .
e (Rl Y, 4 =0

jes

From Equation (4.6), we get

LXF?j + (Ei’l)h) Zj + V; (Ejva) = 915;' + 9]‘(53‘,

LxT; + ViVju® = 0;6] + 0,0
and
Vi [ybch;’Cb + ?)EFZJ- + Ejva} =0.
Substituting Equation (4.12) into last equation, we have

Vi (0°R%, + VA7) = 0

jcs

and
V;V;B* = 0.
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Conversely, if B", v, 0, and A% providing (i) — (vii) are given, we will see that X = #V+ VB +yA is a
projective vector field which preserving the fiber on (TM BS g) when the above operations are reversed. This
completes the proof. O
Corollary 4.1: Let (TM BS g) be the tangent bundle of a Riemannian manifold (M,g). Every projective

vector field which preserving the fiber written as in Equation (4.2) is naturally induced to a projective vector
field on the base manifold M.
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