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Abstract: The stresses within the soft tissue are not constant for some shell surfaces. They vary with position along
the mantle edge. In this paper, we show that elliptical geometry is more convenient to describe this type of surface.
Thus, we introduce the elliptical kinematics along an initial curve and construct some accretive surfaces with an elliptical
cross-section. In fact, these surfaces are not only curves with an elliptical cross-sectional curve, but also the material
points of the surface follow an elliptical trajectory during their formation. This situation can be easily explained through
elliptical motion and elliptical quaternion algebra. Then, we investigate the relationship between velocity and eccentricity
of the surfaces and compare it to the case of circular motion. Furthermore, we visualize some examples to support the
theoretical results through the MAPLE program.
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1. Introduction

Every natural growth or motion pattern inevitably follows one or more geometric shapes. From DNA molecules
to our spiral galaxy, many things can be explained with geometric codes. There are endlessly different structures
in nature including turtles, snails, seashells, etc. The growth of such structures takes place by adding mass
at the boundary of the structure. During this process, various structures are formed with more than one
patterning and it usually causes self-similar complex constructions. However, the complexity of these forms
makes it difficult to geometrically model them. As B. Mandelbrot says “Clouds are not spheres, mountains
are not cones, coastlines are not circles, and bark is not smooth, nor does lightning travel in a straight line”.
Therefore, the way to construct a mathematically and physically elegant model is to choose an appropriate
geometry while investigating the growth of objects.

The first attempts to understand the biological structures mathematically begin with Moseley whose
study describes the mathematical aspects of the molluscan shell in terms of elegance and beauty [11]. Then,
much of the initial work is done by focusing on the shape of the shells and understanding the evolution of the
shell form undergrowth process [2, 6, 8, 16, 17]. However, there was no complete understanding of how the
molluscan grows mathematically. Then, Davis mathematically formulated this problem in the complex space
[3]. After then, Illert gives an elegant, logical and physically meaningful formulation for the investigation of

sea shells growth using such complex coordinates [9]. In [10], the author formulates the seashells in real space
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E? and obtains equations which can be used for computer simulations. Later, Moulton et al. developed an
appropriate mathematical framework and it is not bounded by computer algorithms to generate surfaces [12].
Then, in [19], the authors consider a space curve instead of a planar curve and they use alternative moving
frame {N,C,W} on the initial curve. This frame ideally describes the growth in the direction of the Darboux
vector. In [20], it is investigated that the time dimension in the method effects the growth of the surfaces.
Thus, they introduce the model of the growth function in three-dimensional Minkowski space with a timelike
or a spacelike generating curve.

The elliptical, circular or commarginal cross-section of a shell, effects its growth velocity. For instance,
among the coiled shells of mollusks with nearly circular or elliptical shell margin, ammonites have the slowest
expanding. In [4], authors modelled the mechanics of commarginal rib formation via elliptical geometry. They
also demonstrated that there is a strong effect of the curvature on the ribbing pattern that manifests in the
shell expansion. In three-dimensional spaces, a rotation can be described as only four numbers such that the
norm of the quaternion is equal to 1, i.e. a unit quaternion. Quaternions were introduced by Hamilton [7].
Then, Shoemake described the rotation by using the quaternions [18]. Then, in [15], the authors described
the elliptical motions through the elliptical quaternions. Quaternions have various applications in computer
programs, computer graphics, video games, robotic systems, navigation systems, etc. In mathematics, various
surfaces can be constructed by using the quaternions [1, 5]. Some physical law can be described via quaternions
[13, 14]. The elliptical motion on an ellipsoid is an important concept since planets usually have ellipsoidal shapes
and elliptical orbits, some plants, creatures in nature, some tissues in our body have (elliptical) ellipsoidal shapes
and elliptical cross-section. We generate accretive surfaces which have elliptical cross-sections using the elliptical
motion and elliptical quaternion algebra in the current work. We provide analytical solutions of the differential
equation system obtained by using the elliptical metric and elliptical rotation matrix. Also, we illustrated
several examples of the accretive surfaces which can be considered to be more realistic models of the growth
processes of some shell species. Furthermore, we demonstrate that the eccentricity of the initial curve strongly

effects both the shell expansion rate and energy along the shell margin.

2. Basic concepts and notions

The real vector space R? furnished with a positive definite, symmetric bilinear form defined as

B:R?*xR?® = R; B(u,v) = a1x1y1 + a2x2ys + a33y3,

3

3 —
a1.as,a5 OF Ry, where u =

which is called B—inner product or elliptical inner product, is represented by R
(u1,u2,u3), v = (vi,v2,v3) € R® and aj,as,a3 € RT. B can be written as B(u,v) = u'Qv, where the

associated matrix is

a1 0 0
Q= 0 a9 0
0 0 as
The length of any u in R} . - is given by

[ullp = v/ B(u,u).
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In R3 any two vectors u and v are called elliptically orthogonal if and only if B(u,v) = 0. The angle

a1,a2,a3?

between two vectors u # 0 and v # 0 is defined as

B(u,v)

cosf) = —————
[allg 1Vl

where 6 is compatible with the parameters of the angular parametric equations of an ellipse or elliptical 2-sphere

[15].

The elliptical cross product of two vectors in R} . is given by

er ex  es
al az as
uxpgv=A| u ux us |, (2.1)

U1 V2 U3

where A = \/ajazasz, ai,az,a3 € RT[15]. In Euclidean 3-space E?, rotations occur on the sphere z2 +y?+2? =
r2 and a rotation matrix rotates a point or a rigid body through a circular angle about an axis. Thus, the motion
actualizes on a circle. In the scalar space R}, ,. ., rotations occur on the ellipsoid a;2®+azy® +asz® = r* and

a rotation matrix rotates a point or a rigid body through an elliptical angle about an axis. Therefore, elliptical

rotation is the motion of a point on an ellipse through some angle about a vector (see in Figure 1), [15].

=3

R e

Figure 1. An example for elliptical rotation, [15].
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Theorem 2.1 Let T be a skew symmetric matrixz in the following form

0 -Yz
r=al w7
Vaz

such that the equality TtQ = —QT s satisfied. Then, the matriz exponential
R} =eT? = I +sin 0T + (1 — cos 0)T>

gives an elliptical rotation on the ellipse a1x® + agy® = A, a;, A € RY, i € {1,2}. Furthermore, the matriz

B
Ry" can be expressed as:

cosf - \/\/% sin 0
‘/\/g sin 6 cosf ’
where 0 is the elliptical rotation angle [15].

The set of elliptical quaternions is an associative, noncommutative division ring with the basic elements
{1,4,4,k} and it will be denoted by Hg(a1,az,as):

HE(alaaQuafi) = {q qd=qo + qu +CI2J +(]3k7% S Ra 7:2 = _a17j2 = _a27k2 = —as, 1= 0717273}'

The quaternion product of the elliptical quaternions pg + p1i + p2j + psk and qg + q17 + g24 + g3k related to

the elliptical inner product (.) and the elliptical cross product X is given by
PR q=pogo— (Vp.Vg) + poVg + q@oVp + Vp x V. (2.2)

The matrix representation of the quaternion product is given by

Po —aipi1 —agzp2  —asps Qo
[ R o q
PRq= A a1 _ alé 1 (23)
P2 P3g, Po Pig, 42
P3s —D2 % D1 % bo q3

Let ¢ = qo + q17 + q27 + g3k be a quaternion. The conjugate ¢ of the quaternion ¢ is analogues to complex
number; that is, § = qo — 17 — g2j — ¢3k. Then the norm of ¢ is defined as

Ny =Vai=aq= \/qS +a1qi + a2q3 + asg3.

1.4

For a nonzero quaternion ¢, its inverse is given as ¢~ = . Also, each quaternion q = qo + q1¢ + q27 + g3k

Q|

can be written in the form
q = Ny(cos ¢ + wpsingp), (2.4)

where cosp = 4, sinp = 1 quz 8wy = (Zl’qz’q;) s, and [Jwol| =1, [15].
a q Va2 +azai+asq?

The set of the unit elliptical quaternions gives rotations in R

3

91 .as.a5 - Lhus, the quaternion equation

q = cosp + wosinp produces an elliptical rotation matrix MZ by the angle 2¢ about the axis 9 on the

ellipsoid S? [15].

ay,az2,a3?
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3
a1,a2,a3

Theorem 2.2 Let ¢ = qy + q1t + g27 + g3k = cos p + wgsing be a unit quaternion in R then q defines

1

a linear map F : R? — R3, defined by Fu(x) = qvq™", where x € R3. F generates a rotation about the axis

wo and through the angle 2¢. Since F is a linear map, it defines a matriz defined as

@ + a1qi — azq5 — azq; 2020142 — 22 Gogs 2030143 + 22 Gog2
Mg = 201192 + 22 Qo33 @ — a1qi + az2q35 — azq3 2a3q2q3 — 25 Q0 ; (2.5)
2019143 — 25 Q02 2424243 + 24 oq1 % — a1g7 — azq5 + azq3

for the ellipsoid, a1x? + asy® + azz® =1, [15].

Definition 2.3 Let us consider that two spaces M (moving) and M* (fixed), then the one-parameter elliptical
homothetic motion of a body defined by

F:M—M3X >UX+T=Y,

where U is an elliptical orthogonal matriz, ¢ is a homothetic scalar, and T is a translation vector.

3. Elliptical accretive growth model

Let us take an initial curve g(s) : [0,L] — R3

u1.as,a5 0 Where s is the material parameter at the time ¢ = 0
and we denote tg(s) := ¥(s,0). The accretive surface growth is formed by the evolution of the curve (s, 0)
through the vector field v(s,t). The vector field v(s,t) is called the growth velocity of the material point s
at time t. The growth velocity leads to the evolution of the initial curve and generates a surface v (s,t). The

t— parameter curves r(so,t) corresponds to the cell tracks determined with a fixed initial material point sy [12].

Proposition 3.1 Let 1(s,0) be a curve in R} . ,. and D = (d1,dz,ds) be an orthonormal frame along this
curve and
0 —U3/a1 uz/al 0 —’LUg/al w2/a1
U=A u3/a2 0 —’U,1/a2 ,W:A w3/a2 0 —wl/ag (31)
—UQ/ag Ul/ag 0 —’U)g/ag w1 /CL3 0
be two skew-symmetric matrices in Ril’az’as , where A = \/ajazas. These matrices called as the elliptical

Darboux matrices. Then the components of the matrices U and W satisfy the following nonlinear first order

partial differential equations for a given growth velocity v :

0
‘2}1 + usvz — uzvs = Ews, (3.2)
0
SAU2 + ugvy — uvg = —wy, (3.3)
dsv 0,
SAS + U1V — UV = %, (34)
73ﬂl1 _ aswl = UW3 — U3zwa, (35)
A
Outta = 0502 _ o s, (3.6)
A
s ;asw?) = U1W2 — U2Wy, (3.7)
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where £ = (0,0,€) is the stretch factor.

Proof Let D = (dy,d2,ds) be an orthonormal frame along the curve #(s,0). The unit tangent vector defined
by

V(s t) = Dv = {ds, (3.8)

3

where Dv = ajv1dy + asveds + azvsds represents the elliptical product for v € Ral,a%as .

The derivations of the frame for the parameters s and ¢ can be given as,

V;D = DU, (3.9)
ViD = DW, (3.10)
where V* is the elliptical connection on R217a27a 5 defined as Vj x; = %&Uo:i, U and W are elliptical Darboux
matrices. They are skew-symmetric elliptical orthogonal matrices in R}, ,. .., that is D'*QD = Q. The matrix

U describes the rotation of the local basis at a fixed point ¢t. The matrix W characterizes the angular velocity

of the local basis at a fixed point s.

Attach a general frame {dy,ds,ds} to the initial curve at every point. The basis {d;,d2} is determined
by elliptical rotation with the angle ¢ between the normal vector n and d;. When ¢ = 0, it corresponds to
the Frenet frame of the curve. Since the vectors (dy,dz) lie in the normal plane, we have the elliptical rotation

along the ellipse a122 + asy? = A, A,a1,a3 € RT as follows:

Jaz

d; = b i
1 =MNCcosy + @ s @,
dz = —n- a1 sin ¢ + bcos .

Jaz

As a consequence of the elliptical rotation, the growth velocity vector v(s,t) through the initial curve can be
defined as:

Vir =u(s,t) = Dgq, (3.11)
where v = (v1,v2,v3). By using the differentiability conditions on (s, t) we obtain

Vi(Vir) = Vi(Vir), (3.12)
Vi (ViD) = Vi(VD). (3.13)

Substitute Egs. (3.8) and (3.11) in Eq. (3.12), then we obtain
D(Uq + Viq) = D(WE+ ViE).
Since the general basis of D is orthonormal (i.e. DTQD = Q), we reach the following equation
QUq+ Vig) = QWE+ V5E). (3.14)
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Writing Eq. (3.13) in terms of the components gives

al 0 0 0 —’ng/al UQ/G,l stl/al
0 a9 0 (A U3/a2 0 —’11,1/(12 ] 8502/(12 )
0 0 as —’U,g/ag ul/ag, 0 85’(}3/&3
aq 0 0 0 —’LU3/(L1 wg/al 0
= 0 ay O (A ’LU3/a2 0 —wl/ag 0 + O )
0 0 as —’LU2/(13 wl/ag 0 f 8155/0,3

Then, Equations (3.2-3.4) are obtained. On the other hand, if we write Egs.(3.9) and (3.10) in Eq.(3.13) we
have

D(UW 4+ ViW)=DWU + V;U).
Then, we reach the following equation

QUW + VW) = QWU + ViU). (3.15)

If Eq. (3.15) is rewritten in terms of the components, we get

a1 0 0 0 —U3/CL1 UQ/CL1 0 —’LU3/(11 wg/al
0 a2 0 (A Ug/ag 0 7’[1,1/(12 A wg/ag 0 7’(1.)1/0,2 ) (316)
0 0 as —u2/a3 Ul/ag 0 —’u)g/ag wl/ag 0
ay 0 0 0 —85w3/a1a3 35’11]2/0,1(12
+1 0 as 0 | A Osws/asas 0 —0swi /asay
0 0 as —8511)2/@3(12 8511;1 /Cbg(ll 0
ag 0 O 0 —ws/a;  we/ay 0 —uzfa;  ug/ay
= 0 a9 0 (A wg/ag 0 —wl/ag A u3/a2 0 —ul/ag )
0 0 as —UJQ/C(,:), wl/ag 0 —UQ/CL;J, ul/ag 0
aq 0 0 0 —8tu3/a1a3 8{&2/@1&2
+ 0 ax O A 8tu?,/a2a3 0 —8tu1/a2a1
0 0 as 75}11,2/&3&2 atul/agal 0
Then, Eq. (3.16) gives us Equations (3.5-3.7). O

Thus, the elliptical accretive surfaces are obtained by integrating the equation Vi (s,t) = Dv.

Proposition 3.2 Let ¢(s,0) be a curve in RS . and D = (di,d2,ds) be the Frenet frame along this

curve. Then, the elliptical Frenet frame formulas obtained as follows:

Osdq 0 —7 kK d;
asdz = T 0 0 dz y (317)
85d3 —K 0 0 d3

where k = B(0sds,d1) and 7 = B(0sd1,d2).

Proof Suppose D = (d1,d2,ds) be the Frenet frame along the curve ¥(s,0) and U be a skew-symmetric

matrix in ]Rzl az,as - Lhen, we have Vi D! = UD?. This implies,
d1 0 7U3/a1 Ug/al d1
Vg d2 =A Ug/(lg 0 7’(1,1/(12 dz . (318)
d3 —Ug/ag ul/ag 0 d3
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Then, we deduce

asdlaill 0 —uz/ar  uz/ax d;
68d2<712 =A| ug/ay 0 —u1/az d2 |. (3.19)
85d3i *Ug/&g ul/ag 0 d3
This gives
0sd1 0 —u3 Uy d;
6Sd2 = A us O —U1 d2 . (320)
0.ds —U2 Uy 0 ds

To attach adapted frame, if we choose Aus = k = B(9sds,d1) an Auz = 7 = B(0sd1,dz2), and u; = 0, we

calculate

85(11 0 —T KR d]_
ddy |=| 7 0 0 dy | . (3.21)
85d3 —K 0 0 d3

Next, we determine the growth velocity components in case of growing in-plane and out-of-plane.

Theorem 3.3 Let 1(s,0) be a unit speed arbitrary planar curve with the elliptical frame {d1,d2,ds} and the

shape variables be u; = ugz =0, us = £k(s,0) . Then, the form of the growth velocity components is:
v1 = c1f1 + 2B + au, (3.22)
vz = c183 — 21 + as, (3.23)

to keep the shape of the curve constant in the plane where it lies. Here 058y = —Aus s,

053 = € + Augfi, Osa1 = —Augas, 0sasz = Augay, ¢ = 6%(6), co = ws(t), and A = \/ajazas.

Proof Let #(s,0) be an arbitrary planar curve which is parameterized by arc-length. For the generate surfaces
whose generating curve keeps its shape constant, we take ||0sr] = £4/1 — (0:£)? and k(s,t) = %/4:(5,0), here

k(s,0) is the initial curvature. By using the Frenet frame and the shape variables u; = uz = 0, us = £k(s,0),

we calculate the following second order nonlinear differential equation
8?1}1 + Adsugus + A2u§v1 + Aug 0§ — 0:6ws = 0. (3.24)

The solution of this equation provides the accretive surfaces whose generating curve keeps its shape constant
in-plane. Now, we find the general solution of Eq. (3.24). The growth velocity can be written in the following

form
v=c1 () + ()t +a(t),

where the first, second, and third terms represent dilation, rotation, and a rigid translation, respectively. We

can write them as a combination of the frame vectors as follows:
Y = f1dy + B3ds, P = Bsdi — Bids, a = a1d; + azds, (3.25)

where ; = B(¢,d;), a; = B(a,d;). Therefore, the components of the growth velocity are written as follows:

v = 181 + c2ff3 + a1, v3 = ¢1 83 — c2 31 + as. (3.26)
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Then using the Frenet equations, we have

anl = _Au2d3, 85(:13 = A’LLle, (327)
0sp1 = —Auafz, 0sB3 =&+ Auzfs, (3.28)

and
asal = —A’LLQO[;;, 85043 = A'U/QOll. (329)

Considering Equations (3.25)—(3.29) with Eq. (3.24), we obtain

01:%
€

,Co = 'lUQ(t)

This relationship gives a rule for the local in-plane velocity components to keep the shape of the generating
curve constant. U
Following theorem gives the growth velocity component vs for the accretive surfaces which have elliptical
cross-section.
Theorem 3.4 Let ¢(s,0) be a unit speed circle(ellipse) in tham% with the elliptical frame {d1,d2,ds} and
the shape variables be uy = uz = 0, ug = £. The shape of the curve does not change if out-of-plane velocity
components are written in the following form
_ou(t) | oaft)

Ug(t) .
vz =—¢ + A cos As + A sin As, (3.30)

where o;, it = {1,2,3} are arbitrary smooth functions.

Proof Without loss of generality, let the initial ellipse #(s,0) have the parametric representation ¥ (s,0) =

(COSS sin s

/a1 ? v/ a2 )

). The accretive surface generated by ¥(s,0) can be written by

W(s,t) = p(t) —n(s, t)® £ pu(s, )V, (3.31)

where p(t) is a regular unit speed curve and o, U satisfy

$=dg and ¥ = d; + 2d,. 3.32
3 \/al \/@2 ()

In Eq. (3.31), the quantities 7(t,s) and u(t,s) have the form

n(t, 8) = £0¢, :u(tv S) =&V1- (8t£)2‘ (3'33)

Using Equations (3.2)—(3.7), we get

851)2 = —Afwh (334)
5‘sw1 = 7AU2U)3, (335)
(’9311)3 = AUQ’UJl. (336)
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Taking two times derivative of Eq. (3.34) and using Egs. (3.35) and (3.36), we reach the following third order

nonlinear differential equation

835 Osu (835)2 825 asu2as€
OBy — (2= + O%vg + (Aul 42 — e Sy =, 3.37
2 ( 5 U2 ) 2 ( 2 52 é- U/QE ) ( )
The general solution of Eq. (3.37) gives Equation (3.30). O

In the following theorem, we consider an arbitrary generating curve which is called dressing curve to
create a surface via the elliptical motion. For this, we calculate the components of the growth velocity for an

arbitrary curve.

Theorem 3.5 Let p(t) be a unit speed regular curve (dressing curve) attached with a an orthonormal frame

ci-, 1 =1,2,3, such that H; is tangent to p(t) and it lies the plane perpendicular to El; Then, the shape of

the curve does mot change if the components of the growth velocity are written in the following form:

(—pk™ F pahot™ £ P10u1) (92401) + (£20upu + puip1 7%) (921h2)

= 3.38
o Va1 (0261 + a(024)? ’ (339
vy = (1 — 0 F b1 57) ((Dsth1) (92402) = (Ds1p2) (92¢1))
\/a1(a§1/11)2 + a(02)2)? 7
- (—pk™ F pbom™ £ 4p10ppn) (0st1) + (E1paOrp & pp17) (0sth2)

Va1 (9291)? + az(92¢2)?
where n(t,s) = £0:E, n(t,s) = &/1 — (0:€)?, and £ is the stretch function.
Proof Consider an arbitrary unit speed curve 9(s,0) = (¥1(s,0),12(s,0)) with the Frenet apparatus
{d1,d2,ds,%,7} and a unit speed curve p(t) with the Frenet apparatus {&I,&Z,&;n*,r*}. To generate
a surface we take the dressing curve in the plane of avl and 81; . In this case, the dressing curve may be written,
b(s) = ¢1dy + Yoda,

at any time t. Then the surface can be written as

¢(5af) = p(t) 777(5375)5 :I:,u(s,t)\I_;, (339)
where n(t,s) = £0:¢, p(t,s) = &/1 — (0:£)? with the scaling £, and ®, U satisfy

$ =dj and ¥ = ¢1dy + ¥oda. (3.40)

On the other hand, we can calculate the growth velocity field as
8{(/) = v1dy + vodg + v3dg, (341)

where d;, i = 1,2,3 are the local basis for the dressing curve t(s,0). Then the growth velocity components
are:

v = B(8tw7d1)7 (342)
Vg = B(at’(/J7d2)7
vs = B(0y, d3).
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Using the Frenet frame d;, i = 1,2,3 on the curve p(t) and O;p = 613, we have,

6@: = —H*a; + r*&}, (3.43)
8ta; = _T*a\l7
8ta; = H*avl-

Derivative of Eq. (3.17) with respect to ¢ gives

O, t) = (—pr™ F pibor™ £ 0 0ppr)ds + (Fodop & pipr 77)da + (1= O F phyr*)dg. (3.44)
On the other hand, the Frenet frame of the unit speed dressing curve defined via the director vectors as,

0uds _ (9%1)dy + (9%n)ds

d; = - , 3.45
T Bdally  Var(@0.)7 T 2000 (349
((D5101) (92402) — (D10 (92401))dg
d; =d d; = ,
2 87 Va1 (021)? + az(02¢2)?
_ 85'(/1 o 1 1
dz = M = (0s101)dy + (Os1p2)d2.
By substituting di, d2 and ds in Eq. (3.20) we obtain
(st F e £ 01 0p) (92401) + (£ & pir ) (92¢02)
v = 5 (346)
Va1 (92¢1)? + az(021)2)?
vy — (1= 9 F pp1s™) ((Dst1) (824p2) = (Ds¥)2) (9241))
Va1 (9291)% + az(021);)? ’
s = (—pk* F pbom™* £ P10 ) (0st1) + (Fap20pp & pp17) (0s1h2) .
Va1(02¢1)? + az(02¢2)?
O

4. Elliptical accretive growth model based on elliptical quaternion algebra
For the unit quaternion ¢ = cosv + wgsiny = qo + q1¢ + ¢27 + g3k, it is an evolution that axis is pure

elliptical quaternion wy = \/%. Namely, an ellipse effectively rotates around the pure quaternion
1 2 3

2

wo =
ai quraz q§+a3 q3

with respect to elliptical coordinate systems. Therefore, this elliptical motion produces

accretive surfaces that have elliptical cross-sections.

Theorem 4.1 Letp: I CR — Rgl as.as € an arc-length parameterized curve with the elliptical Frenet frame
apparatus {E,&Q,In,,n*m*}. By using the elliptical quaternion q(s,t) = coss + a;(t) sins, we obtain the
parametric equation of the elliptical accretive surfaces (s, t), which are scaling with nonconstant function

&(s,t), are given via the unit elliptical quaternion q(s,t) ® (/:lvl(t) in the following parametric form:
Y(s,t) = p(t) — n(s, )da(t) + p(s,t) @ q(s,t) @ dy (1),
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where n(t,s) = £0;&, u(t,s) = Ey/1 — (0;€)? with the scaling &, and R} is the matriz form of the unit elliptical

quaternion q(s,t).

Proof Assume that v(s,t) be a quaternionic accretive surface generated by the curve p(¢). Then, we have
W(s,t) = p(t) = n(s)da () = u(s)(cos s)du () + sin sd(t)).

If we use the elliptical quaternion product for unit quaternion ¢(s,t) = cos s+av3(t) sin s and the pure quaternion
(/1:(1?)7 we obtain
q(s,t) ® avl(t) = avl(t) cos s + a;(t) sin s.

Then using the last equation, we reach the following form of the quaternionic (ECS)
(s,) = p(t) — (s, O)da(t) = s, )a(s, 1) @ da (1)
and the matrix representation of the surface given as

W(s,t) = p(t) — (s, )ds(t) £ p(s,t) RGdy (¢).

O

Corollary 4.2 The formation through an elliptical motion of an accretive surface 1 (s,t) can be described by

an elliptical homothetic motion and the parametric form of via the homothetic motion is given as follows:

(s, t) = p(t) = (s, t)ds(t) + (s, ) R (¢).

Proof If we choose the translation vector and homothetic scalar of the elliptical homothetic motion, respec-

tively, as B(t) := p(t) — n(s,t)a;(t), u(s,t). Since R{ is an elliptical orthogonal matrix, we can say that

W(s,t) = B(t) + p(s, t)RIdy (t) is the elliptical homothetic motion. O
Corollary 4.3 Let p: I C R— Rghazm be an arc-length parameterized curve with the elliptical Frenet

frame apparatus {(/i:,(/i\;,a;,/fﬁ}. By using the elliptical quaternion q(s,t) = coss + a;(t) sins, we obtain
the parametric equation of the elliptical accretive surfaces (s, t), which are scaling with constant function

&(s,t) =1, are given via the unit elliptical quaternion q(s,t) ® (/i:(t) in the following parametric form:

¥(s,t) = p(t) +rq(s,t) @ da (),

where r is an arbitrary constant.

Corollary 4.4 Let p : I ¢ R—R? be an arc-length parameterized curve with the elliptical Frenet

a1,a2,a3
frame apparatus {(/ivl,(/:lvz,(/jlvg,n*,T*}. By using the elliptical quaternion q(s,t) = coss + a;(t) sins, we obtain

the parametric equation of the elliptical accretive surfaces 1(s,t), which are scaling with constant function

&(s,t) =r(s), are given via the unit elliptical quaternion q(s,t) ® avl(t) in the following parametric form:
¥(s,t) = D(t) +r(s)g(s,t) @ da (£).
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5. Some motivated examples

First we generate surfaces that have an arbitrary cross-section curve with elliptical shell margin by using the
elliptical motion. If we take vy = —c,vo = F + %(1 + 0.05 x cos(s)) cos As, vg = 0. Also, the figures can be
obtained via the elliptical quaternion q = (1 + 0.05  cos(s))gq, where

q=coss+ a;(t) sin s is a unit elliptical quaternion and dj is the tangent vector of the curve p(t). The images

of the surfaces illustrated in Figure 2.

Figure 2. An arbitrary cross-section surfaces obtained by elliptical motion. (a) ap = 1,a1 = 1,a2 = 9,a3 = 4,01
1,02 = 0.5,¢ = 0.025, (b) agp = 1,a1 = 16,a2 = 2,a3 = 0.5,01 = 1,02 = 0.3,¢ = 0.025, (¢) ao = 1,a1 = 1,a2 = 4,a3 =
9,01 =2,00=0.8,c=0.5.

coss sins

Next, choosing the initial curve as an ellipse given by (s,0) = <ﬁ’ e ) in the following examples to
get elliptical cross-sections. Such a choice provides more realistic examples of the accretive surfaces representing
some biological structures. The figures can be obtained via the unit elliptical quaternion ¢ = cos s+ a;(t) sin s,
where ds is the tangent vector of the curve p(t).

Let us take the components of the growth velocity as v = —c,v3 = F + R cosAs, vz = 0. In this
kind of growth model, the cell tracks follow an elliptical logarithmic spiral (see Figure 3a). When the binormal
growth scales with the stretch factor ¢, i.e. the velocity components are vy = —c, v = {(R + % cos As), vz = 0.
Then, we calculate £ = 1 + k1t. For this accretive growth form, the cell tracks follow an elliptical algebraic
logarithmic spiral. Then, the obtained surfaces are similar to the Nautilus or ammonite shell forms (see Figure

3b). When we take v; = —c, v = & + RE(s,t) cos As,v3 = 0, the cell tracks follow an ellipse (see Figure 3c).

If we take the growth velocity components as follows:

U] = —¢C, U3 = 03, Uy = il + 2COS(AS). (5.1)

A A

Then the initial curve follows an elliptical path out of plane. The images of this form surfaces are plotted in

Figures 4 and 5.
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(a) (b) (©)

Figure 3. (a) ao = 1,a1 = 1,a2 = 9,a3 = 4,01 = 1,02 = 0.5,¢ = 0.025, (b) ao = 1,a1 = 2,a2 = 16,a3 = 0.5,01 =
1,02 =0.3,¢ =0.025, (c) ap =1,a1 = 1,a2 =4,a3 = 9,01 = 2,02 = 0.8,¢ = 0.5.

(a) (b) (c) (d)

= —0.025, (b) ap = 0.1,a1 = 4,00 =

Figure 4. (a) ao = 0.1,a1 = 4,a2 = l,a3 = 9,01 = 1,00 = 04,c
= l,a3 = 9,01 = 1,02 = t,c = —0.025, (d)

1,(13 = 9,0’1 = 1,0’2 = 0’1/ao,c = —0.025, (C) apg = 0.1,(11 = 4,(12
ao=0.1,a1 =4,a2 = 1,a3 = 9,01 = 1,02 = 01/ao,c = —0.025.

Next, if we take the components of the growth velocity as

v = —¢, vg=0,u9 = Kl + % cos(As — o3t), (5.2)
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(a) (b) (c)

Figure 5. (a) ap = 0.1,a1 = 20,a2 = 4,a3 = 10,01 = 04,02 = 2,¢ = —0.025, (b) ao = 0.1,a1 = 20,a2 = 4,a3 =
10,01 = 0.2,02 = 2,¢ = —0.025, (¢) ap =0.1,a1 = 14,a2 = 3,a3 = 9,01 = 0.2,02 = 2,c = —0.025.

then the initial curve follows an elliptical path out of plane. In the previous examples, each point of the

generating curve follows the planar elliptical trajectories. This form surfaces are illustrated in Figure 6.

(a) (b}

Figure 6. (a) ao =0.1,a1 =4,a2 = 1,a3 = 9,01 = 1,02 = 01/ag,c = —0.025, (b) ap =0.1,a1 =4,a2 = 2,a3 = 9,01 =
1,09 = o1/ao,c = —0.025.

6. Discussions and conclusion

The form in Eq. (3.46) implies a general feature of the accretive growth. By using the elliptical kinematics,
we obtain more realistic accretive surfaces. From a global perspective, this relates to the case of the circular
growth model. There is, however, a distinction between the two, which although subtle, is biologically relevant.
The difference is understood in terms of cell tracks, growth velocity and energy. For the circular growth model,
each material point follows a circular trajectory and for the elliptical growth model each material point follows
an elliptical trajectory around the growth axis. This implies differences for the growth velocity of the structure.
For instance, among the coiled shells of mollusks with nearly circular or elliptical shell margin, ammonites have

the slowest expanding. In particular, the growth rate of each material point on a circular generating curve
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is faster than the growth rate of each material point on the elliptical generating curve. This idea is, also,
investigated by Erlich (see [4]) through the effect of the eccentricity e on ribbing pattern. They discussed the
effect of expansion rate on the ribbing pattern at constant eccentricity and effect of the allometric increase in
eccentricity. The change to an elliptical geometry means that the stresses within the soft tissue are not constant
but rather vary with position along the mantle edge. This added complexity renders a force balance description
impractical such as presented in Moulton (see [12]). Therefore, it will be very useful to use elliptical motions
and elliptical quaternion algebra for the growth model to be defined in this form of growth model. Thus, the
key technique of our study is to use elliptical kinematics and is to use elliptical quaternions. This motion
properly describes the accretive growth of the surfaces that have elliptical cross-section. In fact, these surfaces
are not only curves with an elliptical cross-sectional curve, but also the material points of the surfaces follow
an elliptical trajectory (ellipse, elliptical helix, elliptical spiral, etc.) during their formation. Furthermore, the
growth velocity is defined with the help of the eccentricity number e that is a measure of how much it deviates

from being circular and given by the equation e = — Z—f If we assume that a; > ag, then we can give the

reference circle and the related ellipse as in Figure 7.

-

Reference circle

v

Figure 7. Reference circle and ellipse.

coss sins

Vai’ az?
we have up = uz = 0, up = ¢, then from equations (3.2)-(3.7), we can calculate that wy = % sin(As — o3t),

Choosing the generating curve as the curve (s, 0) = ( ), i.e. the elliptical cross-section. Then
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we = h(t), wg = f% cos(As — o3t). These gives the components of the velocity ¢ computed as follows:
- . on¢
v1 = ¢1 cos(As — o3t) + casin(As — o3t) + N (6.1)
g1 g2
= 1 22 As —
ve = f(t) A +g(t) A cos(As — ost),
—cg cos(As — o3t) + 1 sin(As — ost)  h(t)
V3 = E + T

Now, we specify the velocity field v(s,t) as follows by choosing o3 =0, ¢; = 1,¢c2 =0, and f(¢t) = g(t) = 1,

we calculate the following equations:
v1 = cos(As),

vg = A, cos(As),

A A

vy = sin(As),

where A = aj/a3(1l —e(t)?), e(t) is a constant function 0 < e(t) < 1.
In Figure 8, we can say that the growth is faster than a reference circle as e approach to 1. However,

the growth have the approximately the same speed of the reference circle as e approach to 0. That is, velocity

increases with increasing eccentricity number.

F: IFJ

-;;'_ if“"'l,

-3 ':,'}? X/

S IHTA
XK

A

-5 -4 i,

Figure 8. Growth velocity components of material point s at time ¢. This graphs are plotted according to the increment
of e in 0.05 for the intervals 0 < e < 1, i.e. e ={0.05,0.1,...,0.95}.

Consequently, the cross-section and path of the material points of the surfaces effect its growth velocity.
Undoubtedly, since the growth rate is affected by these factors, the change in the growth energy of the accretive
surfaces can be investigated.
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