Turkish Journal of Mathematics Turk J Math

(2022) 46: 1342 — 1359

© TUBITAK
TUBITAK Research Article doi:10.3906 /mat-2106-113

http://journals.tubitak.gov.tr/math/

Existence and multiplicity of solutions for p(.)-Kirchhoff-type equations

Rabil AYAZOGLUY?**®, Sezgin AKBULUT?®, Ebubekir AKKOYUNLU!
'Faculty of Education, Bayburt University, Bayburt, Turkey
Institute of Mathematics and Mechanics of ANAS, Baku, Azerbaijan
3Faculty of Science, Ataturk University, Erzurum, Turkey

Received: 28.06.2021 . Accepted/Published Online: 18.03.2022 . Final Version: 05.05.2022

Abstract: This paper is concerned with the existence and multiplicity of solutions of a Dirichlet problem for p(.)-

Kirchhoft-type equation

u|P(®) .
M (fﬂ 94 dx) (=Apyu) = f(z,u), in Q,
u =0, on 0f.

Using the mountain pass theorem, fountain theorem, dual fountain theorem and the theory of the variable exponent

Sobolev spaces, under appropriate assumptions on f and M , we obtain results on existence and multiplicity of solutions.

Key words: Lebesgue and Sobolev spaces with variable exponent, p(.)-Laplacian, Kirchhoff-type equation, mountain

pass theorem, fountain theorem, dual fountain theorem

1. Introduction
In this paper, we deal with the existence of multiple solutions for the nonhomogeneous, nonlocal elliptic p(.)-

Kirchhoff-type problem given by

Vu|P@) A
M (fn | ;0(‘3:) dx) (=Apyu) = f(@,u), in Q, (1.1)
u =0, on 0N ,

where Q@ € RN (N >2) is a smooth bounded domain, A, u =div (|Vu[?)=2Vu) is the p(.)-Laplacian
operator, p: Q — RT is Lipschitz continuous and bounded, the nonlinearity f: Q x R — R is a Carathéodory
function and M : RT — RT is a Kirchhoff function. The main theorems used here are mountain pass theorem,
fountain theorem, and dual fountain theorem.

The operator A, is said to be p(.)-Laplacian which is a natural generalization of the p-Laplacian
operator. The p(.)-Laplacian possesses more complicated nonlinearities than the p-Laplacian; for example,
it is inhomogeneous. The study of various mathematical problems with variable exponent growth condition
has been received considerable attention in recent years. These problems are interesting in applications and
raise many difficult mathematical problems. One of the most studied models leading to the problem of this

type is the model of motion of electrorheological fluids, which are characterized by their ability to drastically
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change the mechanical properties under the influence of an exterior electromagnetic field [38, 42]. Problems with
variable exponent growth conditions also appear in the mathematical modeling of stationary thermo-rheological
viscous flows of non-Newtonian fluids and in the mathematical description of the processes filtration of an ideal
barotropic gas through a porous medium [2]. Another field of application of equations with variable exponent
growth conditions is image processing [8]. The variable nonlinearity is used to outline the borders of the true
image and to eliminate possible noise. We refer the reader to [5, 19, 21, 23, 26, 34, 35] for the study of the
p(.)-Laplacian equations and the corresponding variational problems.

Problem (1.1) is a generalization of a model for the stationary case introduced by Kirchhoff (see [27]).

More precisely, Kirchhoff proposed a model given by the equation

2
9%u

was firstly presented by Kirchhoff, where p is the mass density, py is the initial tension, L is the length of
the string, h is the area of the crosssection, while E is the Young modulus of the material. A distinguish

2
feature of the Kirchhoff equation (1.2) is that the equation contains a nonlocal coefficient £ + % fOL |%’ dx,

which depends on the average % fOL ?TZ |2 dx of the kinetic energy % ?TZ |2 on [0, L], and hence the equation is
no longer a pointwise identity and therefore it is often called a nonlocal problem. This equation extends the
classical D’Alembert wave equation, by considering the effects of the changes in the length of the strings during

the vibrations.
On the other hand, the equation given as

2 o .
— (a+b foIVul* dz) Au = f(w,u), in 2, (1.3)
u=0, on 02,

is related to the stationary analog of Equation (1.2). The early classical studies dedicated to Kirchhoff equations
were given by Pohozaev [37]. However, Equation (1.3) received much attention only after the paper by Lions
[29], where an abstract framework to the problem was proposed. For some interesting results, we refer to
[1,9, 17, 24, 25, 32, 41]. Also, nonlocal boundary value problems like (1.3) can be used for modeling several
physical and biological systems where u describes a process that depends on the average of itself, such as the
population density. We refer the reader to [3, 6, 10] for some related works.

Recently, the studies of the Kirchhoff equations and the Kirchhoff systems have been considered by
variational method in the case involving the p-Laplacian operator [13, 30, 31]. Moreover, due to the increasing
amount of attention towards partial differential equations with nonstandard growth conditions, it was further
extended to the p(.)-Laplacian operator A, ),defined by A, yu :=div(|Vu[P)=2Vu) [4, 11, 12, 40].

In addition to these, in [15], the authors investigated the nonlocal p(z)-Laplacian Dirichlet problem

p(z)

1.4
u =0, on 01, 4

{ — (a +0b/, [Vl dx) div (|Vu|p($)_2 Vu) = f(z,u), in £,

and showed the existence of a sequence of positive, homoclinic weak solutions of (1.4) under some suitable

conditions on f by using the variational methods.
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In [14], by a direct variational approach, Dai and Hao established conditions ensuring the existence and

multiplicity of solutions for the following problem

-M (fQ 7|vu;f$)dw) div (\Vu|p(z)72 Vu) = f(z,u), in Q,
u =0, on 0,

In [16], Dai and Ma dealt with the existence and multiplicity of solutions to a class of p(z)-Kirchhoff

type problem with Neumann boundary data of the following form

{ a—M (fQ de) (div <|Vu|p(m)72 Vu) — |uP2 u) = f(z,u), in Q,

S =0, on 0f).

By using a direct variational approach and the theory of the variable exponent Sobolev spaces, under appropriate
assumptions on f and M, they obtained several results on the existence and multiplicity of solutions for the
problem. In particular, they also obtained some results which can be considered as extensions of the classical
result named “combined effects of concave and convex nonlinearities”. Moreover, the positive solutions and the
regularity of weak solutions of the problem were considered by authors.

In [23], the authors studied the nonlocal p(x)-Laplacian problem of the following form

|vu|P(ﬂc) + |u‘p(x) i p(w)—2 p(x)—2 N 1
M = R () RN )
{ (/RN ) dx (le (|Vu| Vu) + |ul u) flx,u), n RY vweW (RY)

By using the method of weight function and the theory of the variable exponent Sobolev space, under appropriate
assumptions on f and M, they obtained some results on the existence and multiplicity of solutions of this
problem.

In the present paper, motivated by the above, we show the existence and multiplicity of nontrivial weak
solutions of Problem (1.1) by using mountain pass theorem, fountain theorem and dual fountain theorem.
Problem (1.1) is called nonlocal because of the presence of the term M, which implies that the equation in
(1.1) is no longer pointwise identities. This provokes some mathematical difficulties which make the study of
such a problem particularly interesting.

This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge on
variable exponent Sobolev spaces. In Section 3, using the variational methods, we give the existence and

multiplicity of nontrivial weak solutions of problem (1.1).

2. Preliminaries
In this section, we recall some results on Lebesgue and Sobolev spaces with variable exponent. The reader is
referred to (see [18, 20, 28, 33]), and references therein for more details.
Set
Ci(Q)={p:peC(), p(z) >1forall z € Q},

and denote for any p € C(Q)

1 <p :=min p(x) <p(z) <p" :=max p(x) < +oco. (2.1)
e e
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Let us denote by R(€) the set of all measurable real functions defined on €, elements in R(€2) which are equal
to each other almost everywhere are considered as one element. For any p € C, (Q), we define the Lebesgue

space with variable exponent LP() (Q) by

LPO(Q) = {u Tu € §JR(Q),/Q u ()P da < +oo},

with the norm, so-called Luxemburg norm on LP() (Q)

. u
”UHLP(.)(Q) = \u|p(_) = inf {u >0:0 <M> < 1} ,

o(u) = / \u|p(z) dz.
Q

where o : LP() (Q) — R with

Sobolev space with variable exponent WP() (Q) is defined by
Wirl) (Q) = {u e LPO(Q) : [Vu| € Lp<->(Q)} :

with the norm

||u||W1,p<.>(Q) = |\U||1,p(_) = |“|p(,) + |VU|p(.)o

— _wlrO)
We define Wol’p(') (Q) == Cx (Q)W @ .— BE. We can define an equivalent norm ||ullp = |[Vul, ). The

modular of F that is the mapping A : E — R is defined by

Aw) = /|vu|f’<”> da,

Q

for all w € E. It is well known that if 1 < p~ < p* < 400 then LP0) (Q), WP (Q) and E are separable
and reflexive Banach spaces. We refer to [18, 28, 38] for the elementary properties of the spaces LP() (Q),
WPl (Q) and E.

Proposition 2.1 (see [18, 28]). For u, ux € LPO)(Q) (k= 1,2,...) we have:

. . - + - +

i) min {Juf ) Jul? ) } < o (u) < max {Jul? ) Jul? )}

i) min {7 (u), 07" ()} < Jul,, < max {o/77 (u), 07" (u) }s
iii o (u/|u|p(.)) =1 4f Jul,, # 0;

w) |ukl, )y =0 o (ug) = 0;

v) |ukl, )y = 00 & o (uk) = 0.

Proposition 2.2 (see [18, 28]). For u, uxp € E (k=1,2,...) we have:

. . - + B +
i) min { [l Julfy } < AGu) < max {ully Jully }
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i) min {Al/p* (u), AV/P* (u)} < |lufl 5 < max {Al/p* (u), AV/P* (u)} ;
111) |lugllp = 0 A(ug) = 0;
i) |ukl|p = 0o & A (ur) — o0;
v) Au/lullg) =1 if |ullg #0.
Denote
LY(Q) :={he L®(Q):h~ >1}.
Proposition 2.3 (Holder-type inequality, see [18, 28]). (i) Let p € LT(Q). The conjugate space to

L0 (Q) is LP'C) (Q), where 1/p(x) + 1/p'(x) = 1 for almost every (a.e.) = € Q. Moreover, the following
inequality hold

/Q w(z)v(z)de

< 2lulpey Wy

for all w e LPO) (Q) and v € 240 ().
() 1 s 92 € @), pae) < pale) foramy 2 €T, then L29)(0) » L) (@), andthe embding

s continuous.

Proposition 2.4 (see [7]). Assume that r € LL(Q) and p € C(Q). If |u|r(‘) € LPO)(Q), then we have

s r- rt r(.) r- rt
min {Jul} ol cop < [l < ma {Jul sl }-
In particular, if r(.) =r is a constant, then

Hu‘r|p(4) = |u‘:p(,) :

Proposition 2.5 (see [20, 21, 28]). Let Q be a bounded domain in RN, p € C(Q), pt < N. Then

Np(z) -
for any q € L(Q) with ¢ < p* = { N—p(z)’ if p(z) <N,

) , there is a compact embedding E << L10) (),
00, ifp(z) >N

where the symbol g < p* to denote ess inf {p* (x) — q(z)} > 0.
€N

Lemma 2.6(see [22]). Let E be a separable and reflexive Banach space. Let define the functional

B |Vu|p($)
v = [ B

i) ¥ : E — R is convex. The mapping o' : E — E* is a strictly monotone, bounded homeomorphism,

and of (S4) type, namely u, — u (weakly) and li_>m W' (up), un —u) <0 implies u, — u (strongly) on E;

1) The functional v is well defined on E;
iii) The functional v is of C*(E,R) and

W' (u),v) = / |VulP) "2 VuVodz, for all u,v € E;
Q
i) The functional 1 is weakly lower semi-continuous on E.
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Since the M function is continuous and bounded, Lemma 2.6 is implemented for M ( Jo %dw) Y (u).

Since the proof of Lemma 2.6 is very similar to the proof of Theorem 3.1 given in [22], we omit it.
Let p e C4 (ﬁ) with condition (2.1). We assume that M and f satisfy the following conditions:

(M1): M : Rt — RT is a continous function and satisfies the (polynomial growth) condition
mitP =t < M (t) < mot? 1,

for all £ > 0 and my, mg real numbers such that me > m; >0 and 8 > 1;

(f1): g€ Cy (ﬁ) , [ 2 xR — R is a Carathéodory function and there exists a constant C7 > 0 such
that

If(z,8)] < C (1 + |t|q(f>‘1) , for all (z,t) € Q x R;

(f2): f(z,t)=0 (|t\51’+_1) as t = 0, uniformly in z € Q;

(f?)): inf{meﬂ,h‘,\:l} F(xvt) > 0;
(fa): f(z,—t) = —f(z,t) for all (z,t) € QA x R;

mao + B
(AR): 6 > mﬁﬂ such that

1p)? !
t
0 < O0F(x,t) := 9/ fx,8)ds <tf(z,t), VteR, z € Q.
0
We are now in a position to state our main results.

3. Main results and proofs

Since our approach is variational, we define the Euler-Lagrange energy functional associated with the problem

(P), I:(E,|lullp) = R by
— LS
I(uy=M (/Q VML)CM) —/QF(x,u)dx,

M (s)ds. In a standard way, we find that I € C! (E,R) and its Gateaux derivative is given

()
(I'(u) ,v) = M </Q |qu2§) da:) /Q V"™ 2 VuVudes — /Q f(z,u)vde,

Now we give the definition of weak solutions of Problem (1.1).

Definition 3.1. We call that u € E is a weak solution of (1.1), if

p(x)
M /%dl' /|Vu|p(z)72Vqudx:/f(x,u)vdx,
o p@) Q Q

where M (t) = fg
by

for all u,v € E.

for all ve FE.
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It is clear that critical points of I are weak solutions of (1.1).

Theorem 3.2. Assume that (My) and (f1) conditions hold. If q(x) < p*(z) for all x € Q and
gt < Bp~ < (p7)", then there exists a weak solution of Problem (1.1).

Theorem 3.3. If M satisfies (M1), f satisfies (f1), (f2), (fs) and (AR). If q(x) < p*(x) for all
x €Q and Bpt < q=. Then Problem (1.1) has a nontrivial weak solution.

Theorem 3.4. Assume that (M), (f1), (f2), (f3), (f1) and (AR) hold. If q(x) < p*(x) for all x € Q

and BpT < q, then I has a sequence of critical points (uy) such that I (ug) — oo as k — oo, and Problem

(1.1) has infinite many pairs of solutions.

Theorem 3.5. Assume that the conditions (M1), (f1), (f2), (f1) hold, and f satisfies

(fs): fla,t) > alt|®™ ™, t =0, where o € CL(Q), ot < w2 Bp~ for all v € Q.

Then problem (1.1) has a sequence of solutions (£vg)3>, such that I(£vk) <0, and I(£vk) — 0 as
k — oco.

Lemma 3.6. Let p € C (Q).

i) The functional I is well defined on E;

1) The functional I is weakly lower semicontinuous on E.

Since the proof of Lemma 3.6 is very similar to the proof of Lemma 2.7 given in [36], we omit it.

Proof of Theorem 3.2. By Proposition 2.5 F — LAt (Q), E — L90) (Q) are continuous embeddings,

there exist positive constants Cs, C3, such that

[ulppr < Callully, Yu € E, 51)
and
luly) £ Csllullp, Vu e E. (52)
From (M), we have
@tﬂ < ]/\Z(t) 7 53
B
and from (f1), we have
[F(2,0)] < Ca+ G5 ", ¥ (a,t) € QxR (3.4)

Then, by using (3.2), (3.3), (3.4), Proposition 2.1, 2.2, with ||ul|z > 1, we get

HWZM(AJmWWM“O_AF“WM

B

> M / |Vu|P(x)d$ —/ (C4+05 |u|q(a:)) i

B B (9] p(:c) Q
mq _ B N

> ool = s max {july i) } = Ca 1)
mq — B .

> S Wl = CaCamax {lully  Jully } = Cale)
m - +

> ey M~ Callully —Cr
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Since fp~ > ¢*, then I(u) — oo as ||lul]|y — oo. Therefore the functional I is bounded from below and
coercive. Since I is weakly semicontinuous on E, I has minimum point » in E, and u is a weak solution of
problem (1.1). The proof of Theorem 3.2 is completed. ]

Definition 3.7. We say that the functional I satisfies the Palais—Smale condition ((PS)., ¢ € R for

short) if every sequence (u,) C E such that
I(u,) — cand I’ (u,) — 0 as n — oo in E*,

where E* is the dual space of F, contains a convergent subsequence in the norm of F.
We have the following lemma.
Lemma 3.8. Under the hypotheses of Theorem 3.3, I satisfies the (PS), condition.

Proof. Let assume that there is a Palais-Smale sequence (u,) in E. Then, by (3.3), (AR), (M;) and
Proposition 2.2, we get

¢+ 1+ flunllg

I (up) — % (1" () un )

. p(z)
= M /de —/F(x,un)d:c
o p) 9
1 |V [ / @, 1
—-M /7dac Vu,|"* d:rJrf/ flx, up)upde
0 <Q p(x) Q| | 0 Ja ( )
B
5 / Vi,
B o Dp()
p(z)
_EM /Mdl' /|vun‘17($) dx
0 o Dp() Q
1
—/ <F(x,un) - f(x,un)un> dz
Q 0
B
i 3 (/ [V, [P dm)
Bp*)” \Ja
m A-1
(L) ([ )
0(p~) Q Q

(P, un) = 2 f, un)un ) da
. (Fau =)

(ﬂ e (pm;‘*‘1> lualls” = Co

Hence, (uy,) is bounded in E. Without loss of generality, we assume that u, — u, then (I’ (uy,), (un, —u)) — 0.

Y

Y

Y
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Thus we have

(I (un) , (un —u))

p(x)
Y i A (/WvuA”“‘QVmAVun—V”““>_' o) o =) e = 0 (39)
o px) Q @

since (u,) is bounded |un|q(.) <. Therefore, from (f1), Propositions 2.3, 2.4, we get

[ $) w0y da
Q
/ (1 + |un|Q(w)_l) (up —u)dz

_ cl< Q|un—u\dx—|—/ﬂ‘(\un|Q($)_l) (un—u)’dx)

ug(w)&’

IN

Cq

< 204 |u, — U|q(.) |1|q/(~) +20

() |Un - u|‘1()

—~ +_ -
< Colun —ul,, +20, {|un|g(i) " Jual? S 1} ) (3.6)

From Proposition 2.5, (u,) converges strongly to u in L) (Q), that is |u,, — uly) —> 0 as n — oo. From,
(3.5) and (3.6) we get

p(z)
w ([ ) [ (190 Vi (T~ V) e 0
a plx) Q

From condition (M;), it follows
/ V[P 72 YV, (Vu, — V) d — 0.
Q

Eventually, by Lemma 2.6 (i), we get u, — u in E. In conclusion, I satisfies the (PS). condition. The proof
of Lemma 3.8 is completed. |

We will use the following "mountain pass theorem” to prove Theorem 3.3.

Lemma 3.9 (Mountain pass theorem see [39]). Let E be a Banach space, I € C*(E,R) with
I(0)=0. Suppose that:

(Hy) There exist o,7 >0 such that I (u) > a >0, ue E with ||u|g=1;

(H2) There exists e € E such that |||z >r, I(e) <O0.

Then there is a sequence (u,) C E such that

I(u,) — cand I’ (u,) — 0 as n — oo in E*,

where

0<c= infmaxI(y(t) ,
~eT 0<t<1
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and

['={yeC(0,1],E):v(0)=0, v(1) =e}.

Lemma 3.10. Suppose M satisfies (My), f satisfies (f1), (f2). Then the following statements hold:
i) There exist two positive real numbers p and o such that I (u) > o >0, u € E with ||ul|, =p € (0,1);
1) There exists uw € E such that ||ul|z > p, I (u) <O0.

Proof. i) Let |lul|; < 1. Then by (M), we have

=M [Vl - z,u)dx
I(u)M(/Q () d:c) /QF( ,u)d

m |Vu|p<$) p -
v </Q @) d;v) /QF(x,u)dx

>
m Bp+
> ull 27+ — / Fle, u)da.
B(pt)” Q
Let &, 1 > 0 be small enough such that 0 < e; < —™—— . Tt follows from (f;) and (f2) for any e,

2p(pt) P57
€1 > 0, choose C., C, > 0 such that

|f(z,t)] <e |1f|6p+_1 +C 1™ for all (z,t) € Q x R,

and

|F(z,t)] < e [t +C2, 17 for all (z,t) € Q x R. (3.7)

Therefore, from (3.1), (3.2), (3.7) and Proposition 2.2, we get

I(u)> ﬁ(:i)ﬂ Il 27° - /QF(x,u)dx
2 S e [ e [ i
> Sl — e Gl T~ Ca Y Il
(ﬁgiys —Elcégf) lull ™ = Co llullf

m1 Bpt q _ BpT ( mi q—BP*)
P —Cyp? =p = Cyp )
28 (p+)° 26 (p+)”

Since |lul|z <1 and Bp* < ¢, the function t — — C’gpq_’ﬁp+ is strictly positive in a neighborhood

mi
28(p*)”?
of zero. Tt follows that there exist two positive real numbers p and « such that I(u) > a > 0, u € F with

lullg = p € (0,1).
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1) On the other hand, when s > 1, from condition (M;) we can easily obtain

— 55 Mo mzﬁ
M (s) <mo— < s™1 3.8
(s) < 25 <5 (3-8)

For each x € Q and t € R, let us define the function
771(5) = SieF(zVSt) - F($7t)a
for all s > 1. Then we deduce from (AR) that

W) =57 |7 styt - L )| > 0,

for all s > 1. So n; is increasing function on [1,+00) and 7y (7) > n1(1) =0 for all 7 € [1,+00). Hence,
F(z,st) > s"F(x,t), Ve e Q, t e R, s> 1. (3.9)

Thus, for any fixed w € E, w >0, w# 0, s > 1 and from (3.8) and (3.9) conditions, we get

:1\7</Q de) —/QF(a:,sw)dx
% </Q])(1$>|V(sw)|p(m) d:z:> Eﬁ/ﬁF(w,sw)dz

mmzﬁszﬂnfﬁp (/ |pr(x)dx) Y /Fm w)
Bp~)™

mzﬁ( )ﬁ
ma(p~)°!

IN

IN

By (AR), we have 6 > > 2 Bp"’ then we get I (sw) = —oo as s — +00. The proof of Lemma 3.10

is completed. |

Proof of Theorem 3.3. From Lemma 3.8, Lemma 3.10, Lemma 2.6 (vi), and the fact that 7(0) =0, I
satisfies the mountain pass theorem. Therefore, I has at least one nontrivial critical point, i.e. Problem (1.1)
has a nontrivial weak solution. The proof of Theorem 3.3 is completed. ]

We will use the following ”fountain theorem” to prove Theorem 3.4.

Because E is reflexive and separable Banach space, then there are ¢; € E' and €} € E* such that

E =span{e;:j=1,2,..}, E* =span{e} :j=1,2,..},
and
ey ={ o 12
For convenience, we write E; = span{e;}, Y = @?ZIEJ-, Zy = m

Lemma 3.11 (see [22]). If a € Cy (), a(z) < p* (z) for any = € Q, denote

Tk = Sup{|u‘a(,) : Hu||W01>P(-)(Q) =1, ue Zk}7
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then limg oo v = 0.

Lemma 3.12 (Fountain theorem see [39]). Assume that

(A1) E is a Banach space, I € C* (E,R) is an even functional;

If for each k=1, 2, ... there exist px > 11, > 0 such that

(A2) ax = MaXyevy [ull y=px I(u) <0;

(A3) b =infucz, ju) =r,  (u) = 00 as k — oo;

(Ag) I satisfies (PS). condition for every ¢ >0,

then I has a sequence of critical values tending to +oo.

Proof of Theorem 3.4. According to (f4) and Lemma 3.8, I is an even functional and satisfies (PS),
condition. We only need to prove that if k is large enough, then there exist pi > r; > 0 such that (As) and
(A3) hold. Thus, the conclusion of Theorem 3.4 can be obtained from fountain theorem.

Verification of (As). For any (x,t) € Q x R, set nz(&) = F(z,671)¢%, V¢ > 1. By (AR), we have

(&) = —f(x, & 4 0F (v, &)
= TN [OF (2, &) — ¢ f(r, M0t <0,

S0, 72 is a nonincreasing function on [1, +00). Thus, for any [t| > 1, we have n2(1) > n2(]t]), that is
F(z,t) > F(z,t ') [t > C|t|° for all z € Q, (3.10)

where C = infyeq,¢j=11 F(z,t) > 0 given in (f3) condition. Also, by (f2), there exist constants Cip > 0,
t* > 0 such that

|F(a,t)] < Cio [t°", Vo e Q, 0< |t < ¢, (3.11)

and by (f1), there exists C1; > 0 such that

|[F(z,t)] < Cn (04 +Cs |t|qw) <Cn <C4 +Cs \t|q7)
< CultP vreQ <t <L (3.12)
From (3.11) and (3.12), we deduce that
Fa,t) > — (Cio+ Cu) |17 Vo € Q, |t] € [0,1], (3.13)
then we get from (3.10) and (3.13) that
A 1410 gp*
F(at) > CJt) — Cia [t Wz eQ, t R, (3.14)
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Since pt < BpT < (p7)”, by using (3.8), (3.14) when p > 1, we get

= |Vu|p<$) -
IT(wy=M </Q o) d;v) /QF(x,u)dm

mo

p(z) mi R
< 2 /Mdm —/(C’|u\0—012|u\6p+>dx
B \Ja p(=) Q
220 .
m m N
< 2m2</ |Vu|p(w)dm> —C/ \u|9dx—|—012/ u|’?" da
B(pm)™’ \Ja 2 Q
ma e AR +
< —m lullgt = Cllully + Cuz lull
Bp~)™
COmy Z2ppt 4 0
< ——agg lullgt —Cllulg-

B(p)=?

Because all norms are equivalent on the finite dimensional space Y, = k, and 6 > %Ber > 1, there exists
pr > 1 large enough such that

ay = max I(u)<0.
u€Ys, |lull g=pr

Hence, (Az) holds.

1
Verification of (As). For any w € Zy, ||ully =rp = (ClgC§+q+7kq+mf1 (p+)ﬁ) 77" > 1, by using

(3.2), (3.4) and Proposition 2.1, we have

= |vu|P(90) ~
IT(uy=M (/Q ) dm) /QF(x,u)dx

B
my V[P / o
> = —dx | —C C+ do
B (/Q p(x) 13 Q( |ul )
n B - +
- W”“"%” = Crgmax {Julf) i, § = CraC |9
m - - B N .
> ﬁ(p‘*l‘)ﬁ ||UH%” 7013max{C§ lul|% ,CE ull%, }7014
m B gt +
2 Sy I = CuCE Il — Cu
my at 4 gt 1 \B ﬁ
p

qt

+ + + B\ Bp— —4F
—C13C9 71,1 (013C§ gt ? mit (pt) )ﬁp = Cu

_ my 1 1 Bpﬁ_p:q"'
T o) (6 ) q+) T TG
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Because of 7, — 0 as k — oo and 3 < Bp~ < ¢+, we have r, — o0 as k — oo. Then for u € Z

with ||u|| ; = rx such that pg > 7, > 0, we get

. my (11 > s
b = inf I(u) > S )T Oy = 0
k uEZk,HuHE:T‘k ( — (p+)5 <ﬁ q+ k 14
as k — oo.
So, (As) holds. The proof of Theorem 3.4 is completed. |

Lemma 3.13 (Dual fountain theorem, see [39]). Suppose that I € C' (X,R) satisfies I(—u) = I(u),
and for every k > ko, there exist px > rr > 0 such that

(B1) ¢, = Infuez, |ull y=pr I(u)>0;

(B2) di = maxyey, |ul|y=r { (1) < 0;

(B3) er = infuez, Ju| <p L (W) = 0 as k — oo;

(By) I satisfies (PS)% condition for every c € [e,,0).

Then I has a sequence of negative critical values converging to 0.

Definition 3.14. We say that I satisfies the (PS)* condition (with respect to (Y;,)), if any sequence

(unj) C X such that n; — oo, up; € Yy, [ (unj) — ¢ and (I ynj) ! (unJ) — 0, contains a subsequence

converging to a critical point of I.

Lemma 3.15. Assume that the conditions (My), (fi) and (AR) hold, then I satisfies the (PS):
condition.

Proof. Suppose (un]) C E such that n; — +oo, up;, € Yy, I (unj) — ¢ and (I \yn]) ! (unj) — 0.
Similar to the process of verifying the (PS). condition in the proof of Lemma 3.8, we can get the boundedness
of Hun] HE Going, if necessary, to a subsequence, we can assume that u,, —u in E. As F = m , we can

choose v,; € Yy, such that v,, — u. Hence

(T (ung) s (wny —u)) = lim (T (un,) s (wn; = vn;)) + B (1 () (vn; =)
= nJhE)noo <(I |Ynj> ! (un]‘) ) (Unj - 'Unj)> =0.

As I’ is of (S;) type, we can conclude that U, — u, furthermore we have I’ (uy,) — I' (u).

Now, let us prove I’ (u) =0 below. Taking arbitrarily wy € Y, notice that when n; > k we have
(I (u) ywi) = (I () = I' (tn,) s wr) + (I (un, ) wr)

(' () = 1 (wn,) gy + (T v, ) (tm,) )

Going to limit in the right side of above equation, we reach that
(I' (u) ,wg) =0, Ywy, € Y.

So, I’ (u) = 0. This shows that I satisfies the (PS)* condition for every ¢ € R. |
Proof of Theorem 3.5. We will prove the Theorem 3.5 with the help of Lemma 3.13.
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From (f;) and Lemma 3.15, we know that [ € C'(E,R) is an even functional and I satisfies (By),

respectively.

Verification of (B). For any v € Zy, ||v||p =1 and 0 < ¢ < 1, by using (3.7), (M7) and Proposition

2.1, we have

(e
I(tv)=M (/Q (@) da:) /QF(x,tv)dx

8
v (t0)|P®) - x
>t (U)o [ e [ o o
B o p@) Q ¢
6
> mi ﬁtﬁ; (/ Vo) dx) _atﬂp+/ |11|Bp+ dw—cstqi/ 0| da
B () o . ’
mq + + + o+ + th_'yq_ HU”q_ if |ul )<L
> T ol - eCf e ol { Cotr " Lol it oy > 1
(p) et s ||v||E 1 |u|q()> ’
>

C'Et(f’yg+ if uly ) > 1,

B
-
( - —5(;510*)%5 —{ Cet 7 f fulygy <1,

- €C§p+> AR I (3.15)

Let € > 0 be small enough such that 0 < ¢ < + similarly proof of Lemma 3.10 (¢). Thus, from

my
28(p+)PC5"

(3.15), we get

my

fw) 26 (p*)’

7 — Ot 4T (3.16)

Since ¢~ > fBp*, taking t = p; small enough and sufficiently large k, for v € Z;, with |Jv|]|; = 1 we have
I (tv) > 0. So for sufficiently large k,

L = inf I(u)>0,
u€Zy,||ull p=pr

thus, (Bj) is satisfied.
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Verification of (Bz). For v € Y}, with ||v||p =1 and 0 <¢ < py < 1, by using (f5) and (M), we get

_ai( [ Ve
I(tv)=M </Q (@) dac) /QF(x,tv)dx

mo

p(x) mlﬁ o(x)
oo ([ITE )T e,
B o p@) o @

mo m2 B~ P e’
< T i (/ |Vv|p(””)d:c> o /|v|g(x)dx
ﬁ(p—)ml Q Q
+
m — e
< Lmzt’"fﬁp _at+
B(pm)m” ¢

Since o* < ;:2Bp~ implies that there exists a 5, € (0, py) such that I(tv) <0 when ¢ =ry,. Hence we get

dp = max I(u) <0,

u€Yy,||u||l p=ri

so (Bg) is satisfied.
Verification of (Bs). Because Yy N Z # 0 and ry < pi, we have

e == max inf I'(u) < by == max [ (u) <O.
u€Z, |lull g <pk wEYg,||ull p=r

From (3.16), for v € Z, |jv||p =1, 0 <t < pp and u = tv, we have

myq + - g - g
I(u) = I(tv) > ————t7" — C.t? 4] > —Ct? A .
28 (p+)°
Hence e, — 0, i.e., (B3) is satisfied.
The conclusion of Theorem 3.5 is reached by the Dual fountain theorem. ]
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