
Turk J Math
(2022) 46: 1153 – 1176
© TÜBİTAK
doi:10.3906/mat-2105-93

Turkish Journal of Mathematics

http :// journa l s . tub i tak .gov . t r/math/

Research Article

On Hom-F-manifold algebras and quantization

Abdelkader BEN HASSINE1,2,∗, Taoufik CHTIOUI2, Mohamed Ali MAALAOUI2,
Sami MABROUK3

1Department of Mathematics, Faculty of Science and Arts at Belqarn, University of Bisha, Sabt Al-Alaya,
Saudi Arabia

2Faculty of Sciences, University of Sfax, Sfax, Tunisia
3Faculty of Sciences, University of Gafsa, Gafsa, Tunisia

Received: 25.05.2021 • Accepted/Published Online: 23.02.2022 • Final Version: 05.05.2022

Abstract: The notion of a F -manifold algebras is an algebraic description of a F -manifold. In this paper, we introduce
the notion of Hom-F -manifold algebras which is generalisation of F -manifold algebras and Hom-Poisson algebras. We
develop the representation theory of Hom-F -manifold algebras and generalize the notion of Hom-pre-Poisson algebras
by introducing the Hom-pre-F -manifold algebras which give rise to a Hom-F -manifold algebra through the subadjacent
commutative Hom-associative algebra and the subadjacent Hom-Lie algebra. Using O -operators on a Hom-F -manifold
algebras we construct a Hom-pre-F -manifold algebras on a module. Then, we study Hom-pre-Lie formal deformations of
commutative Hom-associative algebra and we prove that Hom-F -manifold algebras are the corresponding semiclassical
limits. Finally, we study Hom-Lie infinitesimal deformations and extension of Hom-pre-Lie n -deformation to Hom-pre-
Lie (n+ 1) -deformation of a commutative Hom-associative algebra via cohomology theory.
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1. Introduction
Algebras of Hom-type appeared in the physics literature of the 1990’s, in the context of quantum deformations
of some algebras of vector fields, such as the Witt and Virasoro algebras, in connection with oscillator algebras
([1, 24]). A quantum deformation consists of replacing the usual derivation by a σ -derivation. It turns out
that the algebras obtained in this way do not satisfy the Jacobi identity anymore, but instead they satisfy
a modified version involving a homomorphism. These kind of algebras were called Hom-Lie algebras and
studied by Hartwig, Larsson and Silvestrov in [21, 26]. The corresponding associative type objects, called Hom-
associative algebras were introduced by Makhlouf and Silvestrov in [31]. Hom-alternative and Hom-flexible
algebras were introduced first in [32]. Hom-Jordan, Hom-Malcev and Hom-Poisson algebras were studied first
in [42, 43]. Hom-Lie algebras are widely studied in the following aspects: representation and cohomology theory
[3, 6, 39, 41], deformation theory [32], categorification theory [40].

Rota–Baxter (associative) algebras, originated from the work of G. Baxter[7] in probability and populated
by the work of Cartier and Rota [10, 37, 38], have also been studied in connection with many areas of mathematics
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and physics, including combinatorics, number theory, operators and quantum field theory [2, 4, 16–18]. In
particular Rota–Baxter algebras have played an important role in the Hopf algebra approach of renormalization
of perturbative quantum field theory of Connes and Kreimer [9, 14, 15], as well as in the application of the
renormalization method in solving divergent problems in number theory [19, 34]. Furthermore, Rota–Baxter
operators on a Lie algebra are an operator form of the classical Yang–Baxter equations and contribute to the
study of integrable systems [4, 5].

The notion of Frobenius manifolds was invented by Dubrovin [11] in order to give a geometrical expression
of the Witten–Dijikgraaf–Verlinde equations. In 1999, Hertling and Manin [23] introduced the concept of F -
manifolds as a relaxation of the conditions of Frobenius manifolds. Inspired by the investigation of algebraic
structures of F -manifolds, the notion of an F -manifold algebra is given by Dotsenko [13] in 2019 to relate the
operad F-manifold algebras to the operad pre-Lie algebras. F -manifolds appear in many fields of mathematics
such as singularity theory [22], quantum K-theory [27], integrable systems [11, 12, 28], operad [35] and so on.
Recently, the concept of pre-F -manifold algebras, which gives rise to F -manifold algebras, and the notion of
representations of F -manifold algebras, are introduced in [30]. The notion of F -manifold color algebras and
theirs proprieties is given by Ming, Chen and Li ([36]).

The paper is organized as follows. In Section 2, we give a backround of Hom-associative algebras,
Hom-Lie algebras, Hom-pre-Lie algebras, Hom-Lie-admissible algebras, F -manifolds, F -manifolds algebras.
In Section 3, we define Hom-F -manifold-algebras and introduce the notion of Hom-F -manifold admissible
algebras, which give rise to Hom-F -manifold algebras. In Section 4, first we develop (dual) representations of
a Hom-F -manifold algebras. Then we introduce the notions of Hom-pre-F -manifold algebras and O -operators
on a Hom-F -manifold algebra. We show that on one hand, an O -operator on a Hom-F -manifold algebra
gives a Hom-pre-F -manifold algebra. On the other hand, a Hom-pre-F -manifold algebra naturally gives an
O -operator on the subadjacent Hom-F -manifold algebra. Section 5 is devoted to the study of the Hom-pre-Lie
formal deformations of commutative Hom-associative algebras and prove that Hom-F -manifold algebras are
the corresponding semiclassical limits. Furthermore, we study extensions of Hom-pre-Lie n -deformations to
Hom-pre-Lie (n+ 1) -deformations of a commutative Hom-associative algebra.
In this paper, all the vector spaces are over an algebraically closed field K of characteristic 0 .

2. Preliminaries

In this section, we recall Hom-associative algebras, Hom-Lie algebras, Hom-pre-Lie algebras, Hom-Lie-admissible
algebras, F -manifolds, F -manifolds algebras (for further details we can refer to [23, 32, 42, 43]).

A Hom-associative algebra is a triple (A, ·, α) , where A is a vector space · : A ⊗ A −→ A and
α : A → A are a two linear maps satisfying that for all x, y, z ∈ A , the Hom-associator asα(x, y, z) =

(x · y) · α(z)− α(x) · (y ∗ z) = 0 , i.e.

α(x) · (y · z) = (x · y) · α(z).

Furthermore, if x · y = y · x for all x, y ∈ A , then (A, ·, α) is called a commutative Hom-associative
algebra.

A representation of Hom-associative commutative algebra (A, ·, α) on the vector space V with respect
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to φ ∈ gl(V ) is a linear map µ : A −→ gl(V ) , such that for any x, y ∈ A , the following equalities are satisfied:

µ(α(x))φ = φµ(x); (2.1)

µ(x · y)φ = µ(α(x))µ(y). (2.2)

Let (V ;µ, φ) be a representation of a commutative Hom-associative algebra (A, ·, α) . In the sequel, we
always assume that φ is invertible. Define µ∗ : A −→ gl(V ∗) and φ∗ : V ∗ −→ V ∗ by

⟨µ∗(x)ξ, v⟩ = −⟨ξ, µ(x)v⟩, ∀ x ∈ A, ξ ∈ V ∗, v ∈ V.

However, in general µ∗ is not a representation of A anymore. Define µ⋆ : A −→ gl(V ∗) by

µ⋆(x)(ξ) := µ∗(α(x))
(
(φ−2)∗(ξ)

)
, ∀x ∈ A, ξ ∈ V ∗. (2.3)

More precisely, we have

⟨µ⋆(x)(ξ), u⟩ = −⟨ξ, µ(α−1(x))(φ−2(u))⟩, ∀x ∈ A, u ∈ V, ξ ∈ V ∗. (2.4)

Lemma 2.1 Under the above notation, (V ∗, µ⋆, (φ−1)∗) is a representation of (A, ·, α) which is called the dual
representation of the representation (V ;µ, φ) .

A Hom-Zinbiel algebra is a pair (A, ⋄, , α) , where A is a vector space, ⋄ : A ⊗ A −→ A is a bilinear
multiplication , and α : A→ A be a linear map satisfying that for all x, y, z ∈ A ,

α(x) ⋄ (y ⋄ z) = (y ⋄ x) ⋄ α(z) + (x ⋄ y) ⋄ α(z). (2.5)

Lemma 2.2 Let (A, ⋄, α) be a Hom-Zinbiel algebra. Then (A, ·, α) is a commutative Hom-associative algebra,
where x · y = x ⋄ y + y ⋄ x . Moreover, for x ∈ A , define adL⋄ (x) : A −→ gl(A) by

adL⋄ (x)(y) = x ⋄ y, ∀ y ∈ A. (2.6)

Then (A; adL⋄ , α) is a representation of the commutative Hom-associative algebra (A, ·, α) .

A Hom-Lie algebra is a triple (A, [·, ·], α) consisting of vector space A , a linear map α and a bilinear mapping
[·, ·] defined respectively by:
α : A→ A, [·, ·] : A×A→ A such that for x, y, z ∈ A we have

[x, y] = −[y, x], (2.7)

⟲x,y,z [α(x), [y, z]] = 0 (Jacobi condition). (2.8)

where ⟲x,y,z denotes summation over the cyclic permutation on x, y, z .
A representation of Hom-Lie algebra (A, [·, ·], α) on the vector space V with respect to φ ∈ gl(V ) is a

linear map ρ : A −→ gl(V ) , such that for any x, y ∈ A , the following equalities are satisfied:

ρ(α(x))φ = φρ(x); (2.9)

ρ([x, y])φ = ρ(α(x))ρ(y)− ρ(α(y))ρ(x). (2.10)
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Let (V ; ρ, φ) be a representation of a Hom-Lie algebra (A, [·, ·], α) . Assume that φ is invertible. For all
x ∈ A, u ∈ V, ξ ∈ V ∗ , define ρ∗ : A −→ gl(V ∗) as usual by

⟨ρ∗(x)(ξ), u⟩ = −⟨ξ, ρ(x)(u)⟩.

Then define ρ⋆ : A −→ gl(V ∗)

ρ⋆(x)(ξ) := ρ∗(α(x))
(
(φ−2)∗(ξ)

)
. (2.11)

Lemma 2.3 [8] Let (V ; ρ, φ) be a representation of a Hom-Lie algebra (A, [·, ·], α) . Then (V ∗; ρ⋆, (φ−1)∗) is
a representation of (A, [·, ·], α) , which is called the dual representation of (V ; ρ, φ) .

A Hom-pre-Lie algebra is a triple (A, ∗, α) , where A is a vector space ∗ : A⊗A −→ A and α : A→ A are
a two linear maps satisfying that for all x, y, z ∈ A , the Hom-associator asα(x, y, z) = (x∗y)∗α(z)−α(x)∗(y∗z)
is symmetric in x, y , i.e.

asα(x, y, z) = asα(y, x, z),

or equivalently
(x ∗ y) ∗ α(z)− α(x) ∗ (y ∗ z) = (y ∗ x) ∗ α(z)− α(y) ∗ (x ∗ z).

It is obvious that any Hom-associative algebra is a Hom-pre-Lie algebra. In addition A commutative
Hom-pre-Lie algebra is Hom-associative.

Lemma 2.4 Let (A, ∗, α) be a Hom-pre-Lie algebra. Define the commutator [x, y] = x ∗ y − y ∗ x , then
(A, [·, ·], α) is a Hom-Lie algebra, which is called the subadjacent Hom-Lie algebra of (A, ∗, α) and denoted by
Ac . Furthermore, L : A→ gl(A) defined by

Lxy = x ∗ y, ∀x, y ∈ A (2.12)

gives a representation of Ac on A .

A Hom-Lie admissible algebra is a nonassociative Hom-algebra (A, ∗, α) whose commutator algebra is a
Hom-Lie algebra. More precisely, it is equivalent to the following condition:

⟲x,y,z asα(x, y, z)− asα(y, x, z) = 0, ∀x, y, z ∈ A. (2.13)

Obviously, a Hom-pre-Lie algebra is a Hom-Lie-admissible algebra.
Let (A, ∗, α) be a Hom-pre-Lie algebra and V a vector space. A representation of A on V with respect

to φ ∈ gl(V ) consists of a pair (ρ, µ) , where ρ : A −→ gl(V ) is a representation of the Hom-Lie algebra Ac on
V with respect φ and µ : A −→ gl(V ) is a linear map satisfying

φµ(x) = µ(α(x))φ, (2.14)

ρ(α(x))µ(y)− µ(α(y))ρ(x) = µ(x ∗ y)φ− µ(α(y))µ(x), ∀ x, y ∈ A, u ∈ V. (2.15)

We denote such a representation by (V ; ρ, µ, φ) . Let R : A → gl(A) be a linear map with x −→ Rx ,
where the linear map Rx : A −→ A is defined by Rx(y) = y∗x, for all x, y ∈ A . Then (A; ρ = L, µ = R,φ = α)

is a representation, which we call the adjoint representation.
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Let (V ; ρ, µ, φ) be a representation of a Hom-pre-Lie algebra (A, ·, α) . Assume that φ is invertible. For
all x ∈ A, u ∈ V, ξ ∈ V ∗ , define ρ∗ : A −→ gl(V ∗) and µ∗ : A −→ gl(V ∗) as usual by

⟨ρ∗(x)(ξ), u⟩ = −⟨ξ, ρ(x)(u)⟩, ⟨µ∗(x)(ξ), u⟩ = −⟨ξ, µ(x)(u)⟩.

Then define ρ⋆ : A −→ gl(V ∗) and µ⋆ : A −→ gl(V ∗) by

ρ⋆(x)(ξ) := ρ∗(α(x))
(
(φ−2)∗(ξ)

)
, (2.16)

µ⋆(x)(ξ) := µ∗(α(x))
(
(φ−2)∗(ξ)

)
. (2.17)

Lemma 2.5 [29] Let (V ; ρ, µ, φ) be a representation of a Hom-pre-Lie algebra (A, ·, α) . Then (V ∗; ρ⋆ −
µ⋆,−µ⋆, (φ−1)∗) is a representation of (A, ·, α) , which is called the dual representation of (V ; ρ, µ, φ) .

Let (V, ρ, µ, φ) be a representation of a Hom-pre-Lie algebra (A, ·, α) . The set of (n + 1) -cochains is
given by

Cn+1(A;V ) = Hom(∧nA⊗A, V ), ∀n ≥ 0. (2.18)

For all f ∈ Cn(A;V ), x1, . . . , xn+1 ∈ A , define the operator ∂ : Cn(A;V ) −→ Cn+1(A;V ) by

(∂f)(x1, . . . , xn+1) (2.19)

=

n∑
i=1

(−1)i+1ρ(xi)f(α
−1(x1), . . . , α̂−1(xi), . . . , α

−1(xn+1))

+

n∑
i=1

(−1)i+1µ(xn+1)f(α
−1(x1), . . . , α̂−1(xi), . . . , α

−1(xn), α
−1(xi))

−
n∑

i=1

(−1)i+1φf(α−1(x1), . . . , α̂−1(xi) . . . , α
−1(xn), α

−2(xi) · α−2(xn+1))

+
∑

1≤i<j≤n

(−1)i+jφf([α−2(xi), α
−2(xj)]C , α

−1(x1), . . . , α̂−1(xi), . . . , ̂α−1(xj), . . . , α
−1(xn+1)).

Theorem 2.6 The operator ∂ : Cn(A;V ) −→ Cn+1(A;V ) defined as above satisfies ∂ ◦ ∂ = 0 .

Denote the set of closed n -cochains by Zn(A;V ) and the set of exact n -cochains by Bn(A;V ) . We
denote by Hn(A;V ) = Zn(A;V )/Bn(A;V ) the corresponding cohomology groups of the Hom-pre-Lie algebra
(A, ·, α) with the coefficient in the representation (V, φ, ρ, µ) . There is a close relation between the cohomologies
of Hom-pre-Lie algebras and the corresponding subadjacent Hom-Lie algebras.

In [33], the authors defined a Hom-Poisson algebra as a tuple (A, [·, ·], µ, α) consists of

1. a Hom-Lie algebra (A, [·, ·], α) and

2. a commutative Hom-associative algebra (A,µ, α)

such that the Hom-Leibniz identity

[α(x), y · z] = [x, y] · α(z) + α(y) · [x, z] (2.20)
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is satisfied.
The notion of F -manifold is introduced by C. Hertling and Y. I. Manin ([23]). It is a weak version of

Frobenius manifolds.
An F -manifold is a pair (M, ◦) , where M is a manifold, ◦ is a smooth bilinear commutative, associative

multiplication on the tangent sheaf TM , such that the Hertling–Manin relation holds

PX1◦X2
(X3, X4) = X1 ◦ PX2

(X3, X4) +X2 ◦ PX1
(X3, X4),

where PX1(X2, X3) = [X1, X2 ◦X3]− [X1, X2]◦X3−X2 ◦ [X1, X3] measures to what extent the product ◦
and the usual Lie bracket of vector fields fail the Poisson algebra axioms.

In [13], the author gives an algebraic description of F -manifold constructing in this way F -manifold
algebras. By a definition, an F -manifold algebra is a triple (A, ·, [·, ·]) , where (A, ·) is a commutative associative
algebra and (A, [·, ·]) is a Lie algebra, such that for all x, y, z, w ∈ A , the Hertling–Manin relation holds :

L(x · y, z, w) = x · L(y, z, w) + y · L(x, z, w), (2.21)

where L(x, y, z) is the Leibnizator define by

L(x, y, z) = [x, y · z]− [x, y] · z − y · [x, z]. (2.22)

In the sequel, L(x, y, z) is denoted also Px(y, z) .

3. Hom-F -manifold algebras: definitions and constructions
In this section, we introduce the notion of Hom-F -manifold algebras and various examples are given.

Definition 3.1 A Hom-F -manifold algebra is a tuple (A, ·, [·, ·], α) , where (A, ·, α) is a commutative Hom-
associative algebra and (A, [·, ·], α) is a Hom-Lie algebra, such that for all x, y, z, w ∈ A :

L(x · y, α(z), α(w)) = α2(x) · L(y, z, w) + α2(y) · L(x, z, w), (3.1)

where L(x, y, z) is the Hom-Leibnizator define by

L(x, y, z) = [α(x), y · z]− [x, y] · α(z)− α(y) · [x, z]. (3.2)

The identity Eq. (3.1) is called the Hom-Hertling–Manin relation.

Let x, y ∈ A such that α(x) = x, α(y) = y then the map L(·, x, y) : A → A is α2 -derivation in the Hom-
associative algebra (A, ·, α) .

Example 3.2 Any Hom-Poisson algebra is a Hom-F -manifold algebra.

Definition 3.3 Let (A, ·A, [·, ·]A, αA) and (B, ·B , [·, ·]B , αB) be two Hom-F -manifold algebras. A homomor-
phism between A and B is a linear map φ : A→ B such that

αAφ = φαB , (3.3)

φ(x ·A y) = φ(x) ·B φ(y), (3.4)

φ[x, y]A = [φ(x), φ(y)]B , ∀ x, y ∈ A. (3.5)
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If Eq. (3.4) is not satisfied, then we call φ is a weak homomorphism.

Example 3.4 Let (A, ·, [·, ·]) be a F -manifold algebra and α : A → A be a F -manifold algebra morphism.
Then (A, ·α, [·, ·]α, α) is a Hom-F -manifold algebra, where for all x, y ∈ A

x ·α y = α(x) · α(y), [x, y]α = [α(x), α(y)].

Example 3.5 Let (A, ·A, [·, ·]A, αA) and (B, ·B , [·, ·]B , αB) be two Hom-F -manifold algebras. Then (A ⊕
B, ·A⊕B , [·, ·]A⊕B , αA⊕B) is a Hom-F -manifold algebra, where the product ·A⊕B , the bracket [·, ·]A⊕B and the
twist map αA⊕B are given by

(x1 + x2) ·A⊕B (y1 + y2) = x1 ·A y1 + x2 ·B y2,

[(x1 + x2), (y1 + y2)]A⊕B = [x1, y1]A + [x2, y2]B ,

αA⊕B = αA + αB

for all x1, y1 ∈ A, x2, y2 ∈ B.

Now, we introduce the notion of Hom-F -manifold admissible algebras.

Definition 3.6 A Hom-F -manifold admissible algebra is a tuple (A, ·, ∗, α) such that (A, ·, α) is a commutative
Hom-associative algebra and (A, ∗, α) is a Hom-Lie admissible algebra satisfying for all x, y, z ∈ A ,

α(x) ∗ (y · z)− (x ∗ y) · α(z)− α(y) · (x ∗ z) = α(y) ∗ (x · z)− (y ∗ x) · α(z)− α(x) · (y ∗ z). (3.6)

Proposition 3.7 Let (A, ·, ∗, α) be a Hom-F -manifold admissible algebra. Then (A, ·, [·, ·], α) is a Hom-F
manifold algebra, where the bracket [·, ·] is given by

[x, y] = x ∗ y − y ∗ x, ∀ x, y ∈ A. (3.7)

Proof Let x, y, z, w ∈ A . Using Eq. (3.6), we have

L(x, y, z) = [α(x), y · z]− [x, y] · α(z)− α(y) · [x, z]

= α(x) ∗ (y · z)− (y · z) ∗ α(x)− (x ∗ y) · α(z) + (y ∗ x) · α(z)

−α(y) · (x ∗ z) + α(y) · (z ∗ x)

= α(x) ∗ (y · z)− (x ∗ y) · α(z)− α(y) · (x ∗ z)− (y · z) ∗ α(x)

+(y ∗ x) · α(z) + α(y) · (z ∗ x)

= α(y) ∗ (x · z)− (y ∗ x) · α(z)− α(x) · (y ∗ z)− (y · z) ∗ α(x)

+(y ∗ x) · α(z) + α(y) · (z ∗ x).
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By this formula and (3.6), we have

L(x · y, α(z), α(w))

= α2(z) ∗ ((x · y) · α(w))− (α(z) ∗ (x · y)) · α2(w)

−(α(x) · α(y)) · (α(z) ∗ α(w))− (α(z) · α(w)) ∗ (α(x) · α(y))

+(α(z) ∗ (x · y)) · α2(w) + α2(z) · (α(w) ∗ (x · y))

= α2(z) ∗ (α(x) · (y · w))−
(
(z ∗ x) · α(y)− α(x) · (z ∗ y) + α(x) ∗ (z · y)− (x ∗ z) · α(y)

−α(z) · (x ∗ y)
)
· α2(w)− (α(x) · α(y)) · (α(z) ∗ α(w))

−
(
((z · w) ∗ α(x)) · α2(y) + α2(x) · ((z · w) ∗ α(y))

+α2(x) ∗ ((z · w) · α(y))− (α(x) ∗ (z · w) · α2(y))− (α(z) · α(w)) · (α(x) ∗ α(y))
)

+
(
(z ∗ x) · α(y) + α(x) · (z ∗ y) + α(x) ∗ (z · y)− (x ∗ z) · α(y)− α(z) · (x ∗ y))

)
· α2(w)

+
(
(w ∗ x) · α(y) + α(x) · (w ∗ y) + α(x) ∗ (w · y)− (x ∗ w) · α(y)− α(w) · (x ∗ y)

)
· α2(z)

= α2(y) · L(x, z, w) + α2(x) ·
(
− α(w) · (z ∗ y)− α(y) · (z ∗ w)− (z · w) ∗ α(y) + (z ∗ y) · α(w)

+(w ∗ y) · α(z)
)
+
(
α2(z) ∗ (α(x) · (y · w))− (α(z) ∗ α(x)) · (α(y) · α(w))

−α2(x) ∗ (α(z) · (y · w)) + (α(x) ∗ α(z)) · (α(y) · α(w)) + α2(z) · (α(x) ∗ (y · w))
)

= α2(y) · L(x, z, w) + α2(x) ·
(
− α(w) · (z ∗ y)− α(y) · (z ∗ w)− (z · w) ∗ α(y) + (z ∗ y) · α(w)

+(w ∗ y) · α(z) +
)
+ α2(x) · (α(z) ∗ (y · w))

= α2(y) · L(x, z, w) + α2(x) · L(y, z, w).

Then, the Hom-Hertling–Manin identity (3.1) holds.
2

As a special case of Hom-F -manifold admissible algebras, we define Hom-pre-Lie commutative algebra.

Definition 3.8 A Hom-pre-Lie commutative algebra is a tuple (A, ·, ∗, α) , where (A, ·, α) is a commutative
Hom-associative algebra and (A, ∗, α) is a Hom-pre-Lie algebra satisfying

α(x) ∗ (y · z)− (x ∗ y) · α(z)− α(y) · (x ∗ z) = 0, ∀ x, y, z ∈ A. (3.8)

Using Proposition 3.7, it is obvious to obtain the following result.

Corollary 3.9 Let (A, ·, ∗, α) be a Hom-pre-Lie commutative algebra. Then (A, ·, [·, ·], α) is a Hom-F -manifold
algebra, where [·, ·] is given by (3.7).

Recall that a derivation of commutative Hom-associative algebra (A, ·, α) is a linear map D : A → A

such that

Dα = αD

D(x · y) = D(x) · y + x ·D(y),∀x, y ∈ A.
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Proposition 3.10 Let (A, ·, α) be a commutative Hom-associative algebra with a derivation D . Then (A, ·, ∗, α)
being a Hom-F -manifold admissible algebra where the new product ∗ is defined by

x ∗ y = x ·D(y) + λx · y, ∀ x, y ∈ A

for any fixed λ ∈ K . In particular, for λ = 0 , (A, ·, ∗) is a Hom-pre-Lie commutative algebra.

Proof It is easy to show that (A, ∗, α) is a Hom-pre-Lie algebra. Furthermore, by the fact that (A, ·, α) is a
commutative Hom-associative algebra and D is a derivation on it, we have

α(x) ∗ (y · z)− (x ∗ y) · α(z)− α(y) · (x ∗ z)

= α(x) ·D(y · z) + λα(x) · (y · z)− (x ·D(y) + λx · y) · α(z)− α(y) · (x ·D(z) + λx · z)

= −λα(x) · (y · z).

Similarly, we have
α(y) ∗ (x · z)− (y ∗ x) · α(z)− α(x) · (y ∗ z) = −λα(x) · (y · z).

Thus
α(x) ∗ (y · z)− (x ∗ y) · α(z)− α(y) · (x ∗ z) = α(y) ∗ (x · z)− (y ∗ x) · α(z)− α(x) · (y ∗ z).

Therefore, (A, ·, ∗, α) is a Hom-F -manifold admissible algebra. When λ = 0 , it is obvious that (A, ·, ∗, α) is a
Hom-pre-Lie commutative algebra. 2

Example 3.11 Let A be a 2-dimensional vector space with basis {e1, e2} . Define the nonzero multiplication
by

e1 · e1 = e1, e1 · e2 = e2 · e1 = be2, b ∈ K

and the linear map α : A→ A by
α(e1) = e1, α(e2) = be2.

Then (A, ·, α) is commutative Hom-associative algebra. It is straightforward to check that the linear map
D : A→ A given by

D(e2) = ae2, a ∈ K

is a derivation on (A, ·, α) . Thus by Proposition 3.10, (A, ·, [·, ·], α) is a Hom-F -manifold algebra, where
[e1, e2] = abe2 .

Example 3.12 Let A be a 3 -dimensional vector space with basis {e1, e2, e3} . Define the nonzero multiplication
by

e2 · e3 = e3 · e2 = b3e1, e3 · e3 = b2e2, a ∈ K

and the linear map α : A→ A by

α(e1) = b3e1, α(e2) = b2e2, α(e3) = be3.
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Then (A, ·, α) is commutative Hom-associative algebra. It is straightforward to check that the linear map
D : A→ A given by

D(e1) = 3ae1, D(e2) = 2ae2, D(e3) = ae3, a ∈ K.

is a derivation on (A, ·, α) . Thus by Proposition 3.10, (A, ·, [·, ·], α) is a Hom-F -manifold algebra, where
[e2, e3] = −ab3e1 .

4. Representations of Hom-F -manifold algebras and Hom-pre-F -manifold algebras
In this section, first we study representations of an Hom-F -manifold algebra. Then we introduce the notions
of Hom-pre-F -manifold algebras and O -operators on an Hom-F -manifold algebra.

4.1. Representations of Hom-F -manifold algebras
In this section, we introduce the notion of representations of Hom-F -manifold algebras.

Definition 4.1 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra. A representation of A is a tuple (V ; ρ, µ, φ)

such that (V ; ρ, φ) is a representation of the Hom-Lie algebra (A, [·, ·], α) and (V ;µ, φ) is a representation of
the commutative Hom-associative algebra (A, ·, α) satisfying

Rα,φ
ρ,µ (x · y, α(z))φ = µ(α2(x))Rα,φ

ρ,µ (y, z) + µ(α2(y))Rα,φ
ρ,µ (x, z), (4.1)

µ(L(x, y, z))φ2 = Sα,φ
ρ,µ (α(y), α(z))µ(x))− µ(α2(x))Sα,φ

ρ,µ (y, z), (4.2)

where Rα,φ
ρ,µ , S

α,φ
ρ,µ : A⊗A→ gl(V ) are defined by

Rα,φ
ρ,µ (x, y) = ρ(α(x))µ(y)− µ(α(y))ρ(x)− µ([x, y])φ, (4.3)

Sα,φ
ρ,µ (x, y) = µ(α(x))ρ(y) + µ(α(y))ρ(x)− ρ(x · y)φ (4.4)

for all x, y, z ∈ A .

Example 4.2 Let (V ; ρ, µ, φ) be a representation of a Hom-Poisson algebra (P, ·P , {·, ·}P , α) , i.e. (V ; ρ, φ)

is a representation of the Hom-Lie algebra (P, {·, ·}P , α) and (V ;µ, φ) is a representation of the commutative
Hom-associative algebra (P, ·P , α) satisfying

ρ(α(x)) ◦ µ(y)− µ(α(y))ρ(x)− µ([x, y]) ◦ φ = 0, (4.5)

µ(α(x)) ◦ ρ(y) + µ(α(y))ρ(x)− ρ(x · y)φ = 0, ∀ x, y, z ∈ P. (4.6)

Then (V ; ρ, µ, φ) is also a representation of the Hom-F -manifold algebra given by this Hom-Poisson algebra
P .

Example 4.3 Let (V ; ρ, µ) be a representation of a F -manifold algebra (A, ·, [·, ·]) , α : A → A be an algebra
morphism and φ ∈ gl(V ) such that for all x ∈ A

φρ(x) = ρ(α(x))φφµ(x) = µ(α(x))φ.

Then (V ; ρ̃, µ̃, φ) is a representation of the Hom-F -manifold (A, ·α, [·, ·]α, α) , where

ρ̃(x) = ρ(α(x))φ and µ̃(x) = µ(α(x))φ.
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It obvious to obtain the following result.

Proposition 4.4 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra. Then (V ; ρ, µ, φ) is a representation of A
if and only if (A ⊕ V, ·µ, [·, ·]ρ, αφ) is a Hom-F -manifold algebra, where (A ⊕ V, ·µ, α + φ) is the semidirect
product commutative Hom-associative algebra Anµ V , i.e.

(x1 + v1) ·µ (x2 + v2) = x1 · x2 + µ(x1)v2 + µ(x2)v1, ∀ x1, x2 ∈ A, v1, v2 ∈ V

(α+ φ)(x1 + v1) = α(x1) + φ(v1), ∀x1 ∈ A, v1 ∈ V,

and (A⊕ V, [·, ·]ρ, α+ φ) is the semidirect product Hom-Lie algebra Anρ V , i.e.

[x1 + v1, x2 + v2]ρ = [x1, x2] + ρ(x1)(v2)− ρ(x2)(v1), ∀ x1, x2 ∈ A, v1, v2 ∈ V.

Remark 4.5 Let (V ; ρ, µ, φ) be a representation of a Hom-Poisson algebra (P, ·P , {·, ·}P , α) . Then the tuple
(V ∗; ρ⋆,−µ⋆, (φ∗)−1) is also a representation of P . But Hom-F -manifold algebras do not have this property.

In fact, we have

Proposition 4.6 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra. If the tuple (V ; ρ, µ, φ) is representation of
A satisfying the following identities

Rα,φ
ρ,µ (x · y, α(z))φ = Rα,φ

ρ,µ (y, z)µ(α
2(x)) +Rα,φ

ρ,µ (x, z)µ(α
2(y)), (4.7)

µ(L(x, y, z))φ = Tα,φ
ρ,µ (α(y), α(z))µ(x)− µ(x)Tα,φ

ρ,µ (α(y), α(z)), (4.8)

where Rα,φ
ρ,µ is given by Eq. (4.3) and Tα,φ

ρ,µ : A⊗A→ gl(V ) is defined by

Tα,φ
ρ,µ (x, y) = ρ(α(y))µ(x) + ρ(α(x))µ(y)− ρ(x · y)φ, ∀ x, y ∈ A, (4.9)

Then (V ∗; ρ⋆,−µ⋆, (φ−1)∗) is a representation of A .

Proof By direct calculations, for all x, y ∈ A, v ∈ V, ξ ∈ V ∗ , we have

⟨Rρ∗,−µ∗(x, y)(ξ), v⟩ = ⟨ξ,Rρ,µ(v)⟩, ⟨Sρ∗,−µ∗(x, y)(ξ), v⟩ = ⟨ξ, Tρ,µ(v)⟩.

Furthermore, we have

⟨Rρ∗,−µ∗(x · y, z)(ξ) + µ∗(x)Rρ∗,−µ∗(y, z)(ξ) + µ∗(y)Rρ∗,−µ∗(x, z)(ξ), v⟩

= ⟨ξ,Rρ,µ(x · y, z)(v)−Rρ,µ(y, z)µ(x)(v)−Rρ,µ(x, z)µ(y)(v)⟩

and

⟨−µ∗(Px(y, z))(ξ) + Sρ∗,−µ∗(y, z)µ∗(x)(ξ) + µ∗(x)Sρ∗,−µ∗(y, z)(ξ), v⟩

= ⟨ξ, µ(Px(y, z))(v)− Tρ,µ(y, z)µ(x)(v) + µ(x)Tρ,µ(y, z)(v)⟩.

By the hypothesis and the definition of representation, the conclusion follows immediately. 2
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Corollary 4.7 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra. Then (A; ad,L, α) is a representation of A ,
which is also called the regular representation. Furthermore, if the Hom-F -manifold algebra also satisfies the
following relations:

Px·y(α(z), α(w)) = Py(z, α
2(x) · w) + Px(z, α

2(y) · w), (4.10)

Px(y, z) · α(w) = x ·Q(α(y), α(z), w)−Q(α(y), α(z), x · w), ∀ x, y, z, w ∈ A, (4.11)

where Q : ⊗3 → A is defined by

Q(x, y, z) = [x · y, α(z)] + [y · z, α(x)] + [z · x, α(y)].

Then (A∗; ad⋆,−L⋆, (α−1)∗) is a representation of A .

Definition 4.8 A coherence Hom-F -manifold algebra is an Hom-F -manifold algebra such that Eqs. (4.10)
and (4.11) hold.

Proposition 4.9 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra. Suppose that there is a nondegenerate
symmetric bilinear form B such that B is invariant in the following sense

B(x · y, α(z)) = B(α(x), y · z), B([x, y], α(z)) = B(α(x), [y, z]), ∀x, y, z ∈ A. (4.12)

Then (A, ·, [·, ·]) is a coherence F -manifold algebra.

Proof By the invariance of B , we have

B(Px(y, z), w) = B(z, Px(y, w)) = B(x,Q(y, z, w)), ∀ x, y, z, w ∈ P.

By the above relations, for x, y, z, w1, w2 ∈ P , we have

B(Px·y(z, w1)− Py(z, x · w1)− Px(z, y · w1), w2)

= B(w1, Px·y(z, w2)− x · Py(z, w2)− y · Px(z, w2))

and

B(Px(y, z) · w1 − x ·Q(y, z, w1) +Q(y, z, x · w), w2)

= B(w1,−Px·y(z, w2) + x · Py(z, w2) + y · Px(z, w2)).

By the fact that A is an F -manifold algebra and B is nondegenerate, we deduce that (4.10) and (4.11) hold.
Thus (A, ·, [·, ·]) is a coherence F -manifold algebra. 2

4.2. Hom-pre-F -manifold algebras
Now, we introduce the notion of Hom-pre-F -manifold algebras and give some constructions.

Definition 4.10 A Hom-pre-F -manifold algebra is a tuple (A, ⋄, ∗, α) , where (A, ⋄, α) is a Hom-Zinbiel algebra
and (A, ∗, α) is a Hom-pre-Lie algebra, such that the following compatibility conditions hold:

F1(x · y, α(z), α(w)) =α2(x) ⋄ F1(y, z, w) + α2(y) ⋄ F1(x, z, w), (4.13)

(F1(x, y, z) + F1(x, z, y) + F2(y, z, x)) ⋄ α2(w) =F2(α(y), α(z), x ⋄ w)− α2(x) ⋄ F2(y, z, w) (4.14)
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where F1, F2 : ⊗3A −→ A are defined by

F1(x, y, z) = α(x) ∗ (y ⋄ z)− α(y) ⋄ (x ∗ z)− [x, y] ⋄ α(z), (4.15)

F2(x, y, z) = α(x) ⋄ (y ∗ z) + α(y) ⋄ (x ∗ z)− (x · y) ∗ α(z) (4.16)

and the operation · and bracket [·, ·] are defined by

x · y = x ⋄ y + y ⋄ x, [x, y] = x ∗ y − y ∗ x, (4.17)

for all x, y, z, w ∈ A .

Remark 4.11 If F1 = F2 = 0 in the above definition of a Hom-pre-F -manifold algebra (A, ⋄, ∗, α) , then we
obtain a Hom-pre-Poisson algebra (see [2, 20] for more details).

Theorem 4.12 Let (A, ⋄, ∗, α) be a Hom-pre-F -manifold algebra. Then

(i) (A, ·, [·, ·], α) is a Hom-F -manifold algebra, where the operation · and bracket [·, ·] are given by Eq. (4.17),
which is called the subadjacent Hom-F -manifold algebra of (A, ⋄, ∗, α) and denoted by Ac .

(ii) (A;L, adL⋄ , α) is a representation of the subadjacent Hom-F -manifold algebras Ac , where L and adL⋄ are
given by Eqs. (2.12) and (2.6), respectively.

Proof

(i) By Lemma 2.2 and Lemma 2.4, we deduce that (A, ·, α) is a commutative Hom-associative algebra and
(A, [·, ·], α) is a Hom-Lie algebra. By direct computation, we obtain

L(x, y, z) = F1(x, y, z) + F1(x, z, y) + F2(y, z, x), ∀ x, y, z ∈ A. (4.18)

According to Eqs. (4.13), (4.14), and (4.18), we get

L(x · y, α(z), α(w))− α2(x) · L(y, z, w)− α2(y) · L(x, z, w)

= F1(x · y, α(z), α(w)) + F1(x · y, α(w), α(z))

+F2(α(z), α(w), x · y)− α2(x) · (F1(y, z, w) + F1(y, w, z) + F2(z, w, y))

−α2(y) · (F1(x, z, w) + F1(x,w, z) + F2(z, w, x))

=
(
F1(x · y, α(z), α(w))− α2(x) ⋄ F1(y, z, w)− α2(y) ⋄ F1(x, z, w)

)
+
(
F1(x · y, α(w), α(z))− α2(x) ⋄ F1(y, w, z)− α2(y) ⋄ F1(x,w, z)

)
+
(
F2(α(z), α(w), x ⋄ y)− F1(x, z, w) ⋄ α2(y)

+F1(x,w, z) ⋄ α2(y) + F2(z, w, x) ⋄ α2(y) + α2(x) ⋄ F2(z, w, y)
)

+
(
F2(α(z), α(w), y ⋄ x)− F1(y, z, w) ⋄ α2(x)

+F1(y, w, z) ⋄ α2(x) + F2(z, w, y) ⋄ α2(x) + α2(y) ⋄ F2(z, w, x)
)

= 0.

Thus (A, ·, [·, ·], α) is a Hom-F -manifold algebra.
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(ii) Thanks to Lemma 2.2 and Lemma 2.4, (A; adL, α) is a representation of the commutative Hom-associative
algebra (A, ·, α) as well as (A;L,α) is a representation of the subadjacent Hom-Lie algebra Ac . Moreover,
note that

F1(x, y, z) = Rα,α

L,adL
⋄
(x, y)(z) and F2(x, y, z) = Sα,α

L,adL
⋄
(x, y)(z).

Thus Eq. (4.13) implies that Eq. (4.1) holds and, by Eq. (4.18), Eq. (4.14) implies that Eq. (4.2) holds.
Therefore, (A;L, adL⋄ , α) is a representation of the subadjacent Hom-F -manifold algebra Ac .

2

Proposition 4.13 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra. If ω ∈ ∧2A∗ is nondegenerate, both
a Connes cocycle on the commutative Hom-associative (A, ·, α) and a symplectic structure on the Hom-Lie
algebra (A, [·, ·], α) , i.e.

ωα⊗2 = ω,

ω(x · y, α(z)) + ω(y · z, α(x)) + ω(z · x, α(y)) = 0,

ω([x, y], α(z)) + ω([y, z], α(x)) + ω([z, x], α(y)) = 0, ∀ x, y, z ∈ A.

Then (A, ⋄, ∗, α) is a Hom-pre-F -manifold algebra, where ⋄ and ∗ are determined by

ω(x ⋄ y, α(z)) = ω(α(y), z · x), ω(x ∗ y, α(z)) = −ω(α(y), [x, z]), ∀ x, y, z ∈ A.

4.3. O -operators of Hom-F -manifold algebras

The notion of an O -operator was first given for Lie algebras by Kupershmidt in [25] as a natural generalization
of the classical Yang–Baxter equation and then defined by analogy in other various (associative, alternative,
Jordan, etc.).

A linear map T : V −→ A is called an O -operator on a commutative Hom-associative algebra (A, ·, α)
with respect to a representation (V ;µ, φ) if T satisfies

Tφ = αT, (4.19)

T (u) · T (v) = T (µ(T (u))v + µ(T (v))u), ∀ u, v ∈ V. (4.20)

In particular, an O -operator on a commutative Hom-associative algebra (A, ·, α) with respect to the adjoint
representation is called a Rota–Baxter operator of weight zero or briefly a Rota–Baxter operator on A .

It is obvious to obtain the following result.

Proposition 4.14 Let (A, ·, α) be a commutative Hom-associative algebra and (V ;µ, φ) a representation. Let
T : V → A be an O -operator on (A, ·, α) with respect to (V ;µ, φ) . Then there exists a Hom-Zinbiel algebra
structure on V given by

u ⋄ v = µ(T (u))v, ∀ u, v ∈ V.

A linear map T : V −→ A is called an O -operator on a Hom-Lie algebra (A, [·, ·], α) with respect to a
representation (V ; ρ, φ) if T satisfies

Tφ = αT, (4.21)

[T (u), T (v)] = T
(
ρ(T (u))(v)− ρ(T (v))(u)

)
, ∀ u, v ∈ V. (4.22)
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In particular, an O -operator on a Hom-Lie algebra (A, [·, ·], α) with respect to the adjoint representation is
called a Rota–Baxter operator of weight zero or briefly a Rota–Baxter operator on A .

Lemma 4.15 ([29]) Let T : V → A be an O -operator on a Hom-Lie algebra (A, [·, ·], α) with respect to a
representation (V ; ρ, φ) . Define a multiplication ∗ on V by

u ∗ v = ρ(T (u))(v), ∀ u, v ∈ V. (4.23)

Then (V, ∗, α) is a Hom-pre-Lie algebra.

Let (V ; ρ, µ, φ) be a representation of a Hom-F -manifold algebra (A, ·, [·, ·], α) .

Definition 4.16 A linear operator T : V −→ A is called an O -operator on (A, ·, [·, ·], α) if T is both an
O -operator on the commutative Hom-associative algebra (A, ·, α) and an O -operator on the Hom-Lie algebra
(A, [·, ·], α) .

In particular, a linear operator R : A −→ A is called a Rota–Baxter operator of weight zero or briefly a
Rota–Baxter operator on A , if R is both a Rota–Baxter operator on the commutative Hom-associative algebra
(A, ·, α) and a Rota–Baxter operator on the Hom-Lie algebra (A, [·, ·], α) .

Hom-Poisson algebra //

Rota-Baxter operator
��

generalization // Hom-F -manifold algebra

Rota-Baxter operator
��

Hom-pre-Poisson algebra //

commutator
OO

generalization// Hom-pre-F -manifold algebra

commutator
OO

We show that on one hand, an O -operator on an Hom-F -manifold algebra gives a Hom-pre-F -manifold
algebra, and on the other hand, a Hom-pre-F -manifold algebra naturally gives an O -operator on the subadjacent
Hom-F -manifold algebra. More examples on Hom-pre-F -manifold algebras and Hom-F -manifold algebras are
given.

A O -operator on a Hom-F -manifold algebra gives a Hom-pre-F -manifold algebra.

Theorem 4.17 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra and T : V −→ A an O -operator on A with
respect to the representation (V ; ρ, µ, φ) . Define new operations ⋄ and ∗ on V by

u ⋄ v = µ(T (u))v, u ∗ v = ρ(T (u))v, ∀ u, v ∈ V.

Then (V, ⋄, ∗, φ) is a Hom-pre-F -manifold algebra and T is a homomorphism from V c to
(A, ·, [·, ·], α) .

Proof Since T is an O -operator on the commutative Hom-associative algebra (A, ·, α) as well as an O -operator
on the Hom-Lie algebra (A, [·, ·], α) with respect to the representations (V ;µ, φ) and (V ; ρ, φ) , respectively.
We deduce that (V, ⋄, φ) is a Hom-Zinbiel algebra and (V, ∗, φ) is a Hom-pre-Lie algebra. Put

[u, v]T := u ∗ v − v ∗ u = ρ(T (u))v − ρ(T (v))u and u ·T v := u ⋄ v + v ⋄ u = µ(T (u))v + µ(T (v))u.
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By these facts and Eq. (4.1), for v1, v2, v3, v4 ∈ V , one has

F1(v1 ·T v2, φ(v3), φ(v4))− φ2(v1) ⋄ F1(v2, v3, v4)− φ2(v2) ⋄ F1(v1, v3, v4)

= φ(v1 ·T v2) ∗ (φ(v3) ⋄ φ(v4))− φ(φ(v3)) ⋄ ((v1 ·T v2) ∗ φ(v4))− [v1 ·T v2, φ(v3)]T ⋄ φ(φ(v4))

−φ2(v1) ⋄ (φ(v2) ∗ (v3 ⋄ v4)) + φ2(v1) ⋄ (φ(v3) ⋄ (v2 ∗ v4)) + φ2(v1) ⋄ ([v2, v3]T ⋄ φ(v4))

−φ2(v2) ⋄ (φ(v1) ∗ (v3 ⋄ v4)) + φ2(v2) ⋄ (φ(v3) ⋄ (v1 ∗ v4)) + φ2(v2) ⋄ ([v1, v3]T ⋄ φ(v4))

= ρ(T (φ(v1 ·T v2))(µ(T (φ(v3)))φ(v4))− µ(T (φ(φ(v3)))(ρ(T (v1 ·T v2))φ(v4))

−µ(T [v1 ·T v2, φ(v3)]T )φ(φ(v4))− µ(T (φ2(v1))(ρ(T (φ(v2))µ(T (v3)v4)

+µ(T (φ2(v1))(µ(T (φ(v3))(ρ(T (v2))v4)) + µ(T (φ2(v1))µ(T [v2, v3]T )φ(v4))

−µ(T (φ2(v2))(ρ(T (φ(v1))(µ(T (v3)v4)) + µ(T (φ2(v2))(µ(T (φ(v3))(ρ(T (v1)v4))

+µ(T (φ2(v2))(µ(T [v1, v3]T )φ(v4))

= Rα,φ
ρ,µ (T (v1) · T (v2), α(T (v3)))(φ(v4))− µ(α2(T (v1)))R

α,φ
ρ,µ (T (v2), T (v3))(v4)

−µ(α2(T (v2)))R
α,φ
ρ,µ (T (v1), T (v3))(v4) = 0,

which implies that Eq. (4.13) holds.
Similarly, according to Eq. (4.2) we can check Eq. (4.14). Thus, (V, ⋄, ∗, φ) is a Hom-pre-F -manifold

algebra. Furthermore, for all u, v ∈ V we have

[T (u), T (v)] = T
(
ρ(T (u))(v)− ρ(T (v))(u)

)
= T (u ∗ v − v ∗ u) = T ([u, v]T )

Similarly, it is obvious to check that T (u) · T (v) = T (u ·T v) . Thus, T is a homomorphism from V c to
(A, ·, [·, ·], α) . 2

Corollary 4.18 Let (A, ·, [·, ·], α) be a Hom-F -manifold algebra and T : V −→ A an O -operator on A with
respect to the representation (V ; ρ, µ, φ) . Then T (V ) = {T (v) | v ∈ V } ⊂ A is a subalgebra of A and there is
an induced Hom-F -manifold algebra structure on T (V ) given by

T (u) ⋄ T (v) = T (u ⋄ v), T (u) ∗ T (v) = T (u ∗ v)

for all u, v ∈ V .

Corollary 4.19 Let (A, ·, [·, ·], α) be an Hom-F -manifold algebra and R : A −→ A a Rota–Baxter operator.
Define new operations on A by

x ⋄ y = R(x) · y, x ∗ y = [R(x), y].

Then (A, ⋄, ∗, α) is a Hom-pre-F -manifold algebra and R is a homomorphism from the subadjacent F -manifold
algebras (A, ·R, [·, ·]R, α) to (A, ·, [·, ·], α) , where x ·R y = x ⋄ y + y ⋄ x and [x, y]R = x ∗ y − y ∗ x .

Corollary 4.20 Consider the F -manifold algebra (A, ·, [·, ·]) given by Proposition 3.10. If R : A −→ A is a
Rota–Baxter operator on the commutative associative algebra (A, ·) and satisfies RD = DB , then R : A −→ A

is a Rota–Baxter operator on the Lie algebra (A, [·, ·]) . Thus (A, ⋄R, ∗R) is a pre-F -manifold algebra, where

x ⋄R y = R(x) · y, x ∗R y = R(x) ·D(y)− y ·D(R(x))
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and (A, ·R, [·, ·]R) is the subadjacent F -manifold algebra with

x ·R y = x ⋄R y + y ⋄R x, [x, y]R = x ∗R y − y ∗R x.

Example 4.21 We put A = C∞([0, 1]) . Then (A, ·, [·, ·], α) is an Hom-F -manifold algebra where the multi-
plication, the bracket and the twist map are defined by:

f · g = λfg,

[f, g] = λ(fg′ − gf ′)

α(f) = λf, ∀ f, g ∈ A, λ ∈ R.

It is well-known that the integral operator is a Rota–Baxter operator:

R : A→ A, R(f)(x) :=

∫ x

0

f(t)dt.

It is easy to see that
R∂x = ∂xR = Id.

Thus (A, ⋄R, ∗R, α) is a Hom-pre-F -manifold algebra, where

f ⋄R g = g

∫ x

0

f(t)dt, f ∗R g = g′
∫ x

0

f(t)dt− f · g

and (A, ·R, [·, ·]R, α) is the subadjacent Hom-F -manifold algebra with

f ·R g = f

∫ x

0

g(t)dt+ g

∫ x

0

f(t)dt, [f, g]R = f ′
∫ x

0

g(t)dt− g′
∫ x

0

f(t)dt.

Example 4.22 Consider the F -manifold algebra (A, ·, [·, ·]) given by Example 3.12. It is straightforward to
check that R given by

R(e1) = re1, R(e2) = 2se1 +
3

2
re2, R(e3) = te1 + 3se2 + 3re3, r, s, t ∈ K

is a Rota–Baxter operator on the F -manifold algebra A . Thus (A, ⋄R, ∗R) is a pre-F -manifold algebra, where

e2 ⋄R e3 =
3

2
re1, e3 ⋄R e2 = 3re1, e3 ⋄R e3 = 3se1 + 3re2;

e2 ∗R e3 = −3

2
are1, e3 ∗R e2 = 3are1, e3 ∗R e3 = −3ase1

and (A, ·R, [·, ·]R) is the subadjacent F -manifold algebra with

e2 ·R e3 =
9

2
re1, e3 ·R e3 = 6se1 + 6re2;

[e2, e3]R = −9

2
are1.
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At the end of this section, we give a necessary and sufficient condition on an Hom-F -manifold algebra
admitting a Hom-pre-F -manifold algebra structure.

Proposition 4.23 Let (A, ·, [·, ·], α) be an Hom-F -manifold algebra. There is a Hom-pre-F -manifold algebra
structure on A such that its subadjacent Hom-F -manifold algebra is exactly (A, ·, [·, ·], α) if and only if there
exists an invertible O -operator on (A, ·, [·, ·], α) .

Proof If T : V −→ A is an invertible O -operator on A with respect to the representation (V ; ρ, µ, φ) , then
the compatible Hom-pre-F -manifold algebra structure on A is given by

x ⋄ y = T (µ(x)(T−1(y))), x ∗ y = T (ρ(x)(T−1(y)))

for all x, y ∈ P , since

x ⋄ y + y ⋄ x = T (µ(x)(T−1(y))) + T (µ(y)(T−1(x)))

= T (µ(TT−1(x))(T−1(y)) + µ(TT−1(y))(T−1(x)))

= TT−1(x) · TT−1(y) = x · y

and

x ∗ y − y ∗ x = T (ρ(x)(T−1(y)))− T (ρ(y)(T−1(x)))

= T (ρ(TT−1(x))(T−1(y))− ρ(TT−1(y))(T−1(x)))

= [TT−1(x), TT−1(y)] = [x, y].

Conversely, let (A, ⋄, ∗, α) be a Hom-pre-F -manifold algebra and (A, ·, [·, ·], α) the subadjacent Hom-F -
manifold algebra. Then the identity map Id is an O -operator on A with respect to the representation
(A; ad,L, α) . 2

Corollary 4.24 Let (A, ·, [·, ·], α) be a coherence Hom-F -manifold algebra. Let ω ∈ ∧2A∗ be a cyclic 2-cocycle
in the sense of Connes on the commutative Hom-associative algebra (A, ·, α) , i.e.

ω(α(x), α(y)) = ω(x, y), ∀ x, y ∈ A,

ω(x · y, α(z)) + ω(y · z, α(x)) + ω(z · x, α(y)) = 0, ∀ x, y, z ∈ A,

as well as a symplectic structure on the Hom-Lie algebra (A, [·, ·], α) , i.e.

ω([x, y], α(z)) + ω([y, z], α(x)) + ω([z, x], α(y)) = 0, ∀x, y, z ∈ A

and
ω(α(x), α(y)) = ω(x, y), ∀ x, y ∈ A.

Then there is a compatible Hom-pre-F -manifold algebra structure on A given by

ω(x ⋄ y, α(z)) = ω(α(y), x · z), ω(x ∗ y, α(z)) = ω(α(y), [z, x]).
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Proof Since (A, ·, [·, ·], α) is a coherence Hom-F -manifold algebra, (A∗; ad⋆,−L⋆, (α−1)∗) is a representation
of A . By the fact that ω is a cyclic 2 -cocycle, (ω♯)−1 is an O -operator on the commutative Hom-associative
algebra (A, ·, α) with respect to the representation (A∗;−L⋆, (α−1)∗) , where ω♯ : A −→ A∗ is defined by
⟨ω♯(x), y⟩ = ω(x, y) . By the fact that ω is a symplectic structure, (ω♯)−1 is an O -operator on the Hom-Lie
algebra (A, [·, ·], α) with respect to the representation (A∗; ad⋆, (α−1)∗) . Thus, (ω♯)−1 is an O -operator on the
coherence Hom-F -manifold algebra (A, ·, [·, ·], α) with respect to the representation (A∗; ad⋆,−L⋆, (α−1)∗) . By
Proposition 4.23, there is a compatible Hom-pre-F -manifold algebra structure on A given as above. 2

5. Hom-pre-Lie formal deformation of commutative Hom-pre-Lie algebras
In this section, we introduce the notion of Hom-pre-Lie formal deformations of commutative Hom-associative
algebras (that is, commutative Hom-pre-Lie algebras) and show that Hom-F -manifold algebras are the cor-
responding semiclassical limits. This illustrates that Hom-F -manifold algebras are the same to Hom-pre-Lie
algebras as Hom-Poisson algebras to Hom-associative algebras. Furthermore, we show that Hom-pre-Lie in-
finitesimal deformations and extensions of Hom-pre-Lie n -deformations to Hom-pre-Lie (n + 1) -deformations
of a commutative Hom-associative algebra A are classified by the second and the third cohomology group of
the Hom-pre-Lie algebra A (view the commutative Hom-associative algebra A as a Hom-pre-Lie algebra).

Let (A, ·, α) be a commutative Hom-associative algebra. Recall that an associative formal deformation
of A is a sequence of bilinear maps µn : A × A → A for n ⩾ 0 with µ0 being the commutative associative
algebra product · on A , such that the K[[t]] -bilinear product ·t on A[[t]] determined by

x ·t y =

∞∑
n=0

tnµn(x, y), ∀ x, y ∈ A

is associative, where A[[t]] is the set of formal power series of t with coefficients in A . Define

{x, y} = µ1(x, y)− µ1(y, x), ∀ x, y ∈ A.

It is well known [32] that (A, ·, {·, ·}, α) is a Hom-Poisson algebra, called the semiclassical limit of (A[[t]], ·t, α) .
Since a Hom-associative algebra can be regarded as a Hom-pre-Lie algebra, one may look for formal de-

formations of a commutative Hom-associative algebra into Hom-pre-Lie algebras, that is, in the aforementioned
associative formal deformation, replace the associative product ·t by the Hom-pre-Lie product, and wonder
what additional structure will appear on A . On the other hand, such an approach can be also seen as for-
mal deformations of a commutative Hom-pre-Lie algebra into (noncommutative) Hom-pre-Lie algebras, which
is completely parallel to the associative formal deformations of a commutative Hom-associative algebra into
(noncommutative) Hom-associative algebras. Surprisingly, we find that this is the structure of the F -manifold
algebra. Now we give the definition of a Hom-pre-Lie formal deformation of a commutative Hom-associative
algebra.

Definition 5.1 Let (A, ·, α) be a commutative Hom-associative algebra. A Hom-pre-Lie formal deformation of
A is a sequence of bilinear maps µk : A×A→ A for k ⩾ 0 with µ0 being the commutative associative algebra
product · on A , such that the K[[h]]-bilinear product ·t on A[[t]] determined by

x ·t y =

∞∑
n=0

tnµn(x, y), ∀ x, y ∈ A
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is a Hom-pre-Lie algebra product.

Note that the rule of Hom-pre-Lie algebra product ·t on A[[t]] is equivalent to

∑
i+j=k

(
µi(µj(x, y), α(z))− µi(α(x), µj(y, z))

)
=

∑
i+j=k

(
µi(µj(y, x), α(z))− µi(α(y), µj(x, z))

)
, ∀ k ⩾ 0. (5.1)

Theorem 5.2 Let (A, ·, α) be a commutative Hom-associative algebra and (A[[t]], ·t, α) a Hom-pre-Lie formal
deformation of A . Define

[x, y] = µ1(x, y)− µ1(y, x), ∀ x, y ∈ A.

Then (A, ·, [·, ·], α) is an Hom-F -manifold algebra. The Hom-F -manifold algebra (A, ·, [·, ·], α) is called the
semiclassical limit of (A[[t]], ·t, α) . The Hom-pre-Lie algebra (A[[t]], ·t, α) is called a Hom-pre-Lie deformation
quantization of (A, ·, α) .

Proof Define the bracket [·, ·]t on A[[t]] by

[x, y]t = x ·t y − y ·t x = t[x, y] + t2(µ2(x, y)− µ2(y, x)) + · · · , ∀ x, y ∈ A.

By the fact that (A[[t]], ·t, α) is a Hom-pre-Lie algebra, (A[[t]], [·, ·]t, α) is a Hom-Lie algebra.
The t2 -terms of the Hom-Jacobi identity for [·, ·]t gives the Jacobi identity for [·, ·] . Indeed,

0 =⟲x,y,z [α(x), [y, z]t]t =⟲x,y,z [α(x), t[y, z] + t2(µ2(y, z)− µ2(z, y)) + · · · ]t, ∀t

= t2 ⟲x,y,z [α(x), [y, z]] + · · · , ∀t.

Thus (A, [·, ·], α) is a Hom-Lie algebra.
For k = 1 in (5.1), by the commutativity of µ0 , we have

µ0(µ1(x, y), α(z))− µ0(α(x), µ1(y, z))− µ1(α(x), µ0(y, z))

= µ0(µ1(y, x), α(z))− µ0(α(y), µ1(x, z))− µ1(α(y), µ0(x, z)).

This is just the equality (3.6) with x · y = µ0(x, y) and x ∗ y = µ1(x, y) for x, y ∈ A . Thus (A, ·, ∗, α) is an
Hom-F -manifold-admissible algebra. By Theorem 3.7, (A, ·, [·, ·], α) is an Hom-F -manifold algebra. 2

In the sequel, we study Hom-pre-Lie n -deformations and pre-Lie infinitesimal deformations of commuta-
tive Hom-associative algebras.

Definition 5.3 Let (A, ·, α) be a commutative Hom-associative algebra. A Hom-pre-Lie n-deformation of A
is a sequence of bilinear maps µi : A× A → A for 0 ≤ i ≤ n with µ0 being the commutative Hom-associative
algebra product · on A , such that the K[[t]]/(tn+1)-bilinear product ·t on A[[t]]/(tn+1) determined by

x ·t y =

n∑
k=0

tnµk(x, y), ∀ x, y ∈ A

is a Hom-pre-Lie algebra product.
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We call a Hom-pre-Lie 1 -deformation of a commutative Hom-associative algebra (A, ·, α) a Hom-pre-Lie
infinitesimal deformation and denote it by (A,µ1, α) .

By direct calculations, (A,µ1, α) is a Hom-pre-Lie infinitesimal deformation of a commutative Hom-
associative algebra (A, ·, α) if and only if for all x, y, z ∈ A

µ1(x, y) · α(z)− α(x) · µ1(y, z)− µ1(x, y · α(z))

= µ1(y, x) · α(z)− α(y) · µ1(x, z)− µ1(α(y), x · z). (5.2)

Equation (5.2) means that µ1 is a 2 -cocycle for the Hom-pre-Lie algebra (A, ·) , i.e. δregµ1 = 0 .
Two Hom-pre-Lie infinitesimal deformations At = (A,µ1, α) and A′

t = (A,µ′
1, α

′) of a commutative
Hom-associative algebra (A, ·, α) are said to be equivalent if there exists a family of Hom-pre-Lie algebra
homomorphisms Id + tφ : At −→ A′

t modulo t2 . A Hom-pre-Lie infinitesimal deformation is said to be trivial
if there exists a family of Hom-pre-Lie algebra homomorphisms Id + tφ : At −→ (A, ·, α) modulo t2 .

By direct calculations, At and A′
t are equivalent Hom-pre-Lie infinitesimal deformations if and only if

µ1(x, y)− µ′
1(x, y) = x · φ(y) + φ(x) · y − φ(x · y). (5.3)

Equation (5.3) means that µ1 − µ′
1 = δregφ . Thus we have

Theorem 5.4 There is a one-to-one correspondence between the space of equivalence classes of Hom-pre-Lie
infinitesimal deformations of A and the second cohomology group H2

reg(A,A) .

It is routine to check that.

Proposition 5.5 Let (A, ·, α) be a commutative Hom-associative algebra such that H2
reg(A,A) = 0 . Then all

Hom-pre-Lie infinitesimal deformations of A are trivial.

Definition 5.6 Let {µ1, · · · , µn} be a Hom-pre-Lie n-deformation of a commutative Hom-associative algebra
(A, ·, α) . A Hom-pre-Lie (n + 1)-deformation of a commutative Hom-associative algebra (A, ·, α) given by
{µ1, · · · , µn, µn+1} is called an extension of the Hom-pre-Lie n-deformation given by {µ1, · · · , µn} .

Theorem 5.7 For any Hom-pre-Lie n-deformation of a commutative Hom-associative algebra (A, ·, α) , the
Θn ∈ Hom(⊗3g, A) defined by

Θn(x, y, z) =
∑

i+j=n+1,i,j≥1

(
µi(µj(x, y), α(z))− µi(α(x), µj(y, z))− µi(µj(y, x), α(z)) + µi(α(y), µj(x, z))

)
(5.4)

is a cocycle, i.e. δregΘn = 0 .
Moreover, the Hom-pre-Lie n-deformation {µ1, · · · , µn} extends into some Hom-pre-Lie (n + 1)-

deformation if and only if [Θn] = 0 in H3
reg(A,A) .

Proof It is obvious that
Θn(x, y, z) = −Θn(y, x, z), ∀ x, y, z ∈ A.

Thus Θn is an element of C3(A,A) . It is straightforward to check that the cochain Θn ∈ C3(A,A) is closed.
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Assume that the Hom-pre-Lie (n+1) -deformation of a commutative Hom-associative algebra (A, ·) given
by {µ1, · · · , µn, µn+1} is an extension of the Hom-pre-Lie n -deformation given by {µ1, · · · , µn} , then we have

α(x) · µn+1(y, z)− α(y) · µn+1(x, z) + µn+1(y, x) · α(z)− µn+1(x, y) · α(z) + µn+1(y, x) · α(z)

− µn+1(x, y) · α(z) =
∑

i+j=n+1,i,j≥1

(
µi(µj(x, y), α(z))− µi(α(x), µj(y, z))− µi(µj(y, x), α(z))

+ µi(α(y), µj(x, z))
)
.

It is obvious that the right-hand side of the above equality is just Θn(x, y, z) . We can rewrite the above equality
as

δregµn+1(x, y, z) = Θn(x, y, z).

We conclude that, if a Hom-pre-Lie n -deformation of a commutative Hom-associative algebra (A, ·, α) extends
to a Hom-pre-Lie (n+ 1) -deformation, then Θn is coboundary.

Conversely, if Θn is coboundary, then there exists an element ψ ∈ C2(A,A) such that

δregψ(x, y, z) = Θn(x, y, z).

It is not hard to check that {µ1, · · · , µn, µn+1} with µn+1 = ψ generates a Hom-pre-Lie (n + 1) -deformation
of (A, ·, α) and thus this Hom-pre-Lie (n + 1) -deformation is an extension of the Hom-pre-Lie n -deformation
given by {µ1, · · · , µn} . 2
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