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Abstract: In this article, we define Clairaut semi-invariant Riemannian maps (CSIR Maps, In short) from almost
Hermitian manifolds onto Riemannian manifolds and investigate fundamental results on such maps. We also obtain
conditions for totally geodesicness on distributions defined in the introduced notion. Moreover, we provide an explicit

example of CSIR map.
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1. Introduction

In the study of the geodesic upon a surface of revolution, a well known Clairaut’s theorem [5] tells that for
any geodesic ¢(c : I € R — M on M) on the revolution surface M the product rsing is constant with
along ¢, where ¢(s) be the angle between ¢(s) and the meridian curve through ¢(s), s € I;. It means, it
is independent of s. Bishop introduced and studied Riemannian submersions which satisfy a generalization
of Clairaut’s theorem. He showed the concept of Clairaut submersion in the following way: a submersion
m: M — N is said to be a Clairaut submersion if there is a function 7 : M — R™ such that for every geodesic,
making an angle ¢ with the horizontal subspaces, rsing is constant [5]. Moreover, he gave a characterization
of Clairaut submersion, studied the behaviour of geodesic, and further obtain a generalization of Clairaut’s
theorem. This notion has been studied in Lorentzian spaces, timelike and spacelike spaces [8] (see also [19],
[20], [21], [22]). In [1], Allison has shown that such submersions have their applications in static spacetimes. In
[7], the author also showed that the notion of Clairaut submersion is a useful tool for obtaining decomposition
theorems on Riemannian manifolds. Moreover, Clairaut submersions have been further generalized in [2]. Lee
et al. [8] investigated new conditions for anti-invariant Riemannian submersions [14] to be Clairaut when the
total manifolds are Kahlerian.

On the other hand, Fischer [6] introduced the notion of Riemannian map between Riemannian manifolds,
which generalizes and unifies the notions of an isometric immersion, a Riemannian submersion and an isometry.
Fischer defined the concept of Riemannian map in the following way: Let 7 : (Ni,g1) — (N2,92) be a
differentiable map between Riemannian manifolds such that 0 < rank . < min{m,n}. If we denote the

kernel space of 7, by ker, and the orthogonal complementary space of kerm, by (kerw, )% in TN, then
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the T'N7 has the following orthogonal decomposition:
TNy =kerm, ® (kerm, )*. (1.1)

Here, if we denote the range of m, by rangem, and for a point ¢ € N; the orthogonal complemen-
tary space of rangem, () by (rcmgeww(q))l in Ty(q)N2. Then the tangent space Ty, N2 has the following

orthogonal decomposition:

Tr(q)N2 = (rangem,r(q)) @ (rangeﬂ'*,r(q))J‘

A differentiable map 7 : (N1,91) — (Na,g2) is called a Riemannian map at ¢ € Ny if the hor-

h

izontal restriction .,

i (kermyg)t — (rangem.r(y) is linear isometry between the inner product space
((ker Tug) ™, (91) () (ker mog) ) and (rangemar ,, (92)(x(q)|(ranger.,))- Fischer showed a conspicuous property

of this map is that it satisfies the generalized eikonal equation | 7. ||?= rankw. The eikonal equation is a
bridge between geometric optics and physical optics. In [6], the author also proposed an approach to build a
quantum model and he pointed out the success of such a program of building a quantum model of nature using
Riemannian maps that would provide an interesting relationship between Riemannian maps, harmonic maps,
and Lagrangian field theory. Further, the notion of Riemannian map is being studied continuously from differ-
ent perspectives, as semi-invariant Riemannian maps [15], slant Riemannian maps [16], semi-slant Riemannian
maps [10], hemi-slant Riemannian maps [18] (see also [11], [12] etc).

In [17], Sahin introduced Clairaut Riemannian maps, in which he obtained necessary and sufficient
conditions for Riemannian maps to be Clairaut Riemannian maps. In this paper, we are interested in studying
the above idea in the setting of CSIR maps. The article is organized as follows. Section 2, we gather some
concepts, which are needed in the following parts. In section 3, we define CSIR map from almost Hermitian
manifold onto Riemannian manifold and study the geometry of leaves of distributions. In section 4, we present
an example of the CSIR map.

2. Preliminaries

Let N7 be an even-dimensional differentiable manifold. Let J be a (1,1) tensor field on N; such that
J? =1, (2.1)

where [ is identity operator. Then J is called an almost complex structure on N;. The manifold N; with an
almost complex structure J is called an almost complex manifold [14]. Tt is well known that an almost complex

manifold is necessarily orientable. Nijenhuis tensor N of an almost complex structure is defined as:

for all V1,Vo € T'(T'Ny).
If Nijenhuis tensor field N vanishes on an almost complex manifold Ny, then the almost complex manifold
Ny is called a complex manifold.

Let g1 be a Riemannian metric on N7 such that

gl(le, JZQ) = 91(217 ZQ), for all Zl, ZQ € F(TNl) (23)

1194



KUMAR et al./Turk J Math

This metric g; is called a Hermitian metric on N7 and manifold N7 with Hermitian metric g; is called
an almost Hermitian manifold. The Riemannian connection V of an almost Hermitian manifold N7 can be
extended to the whole tensor algebra on Nj. Tensor fields (Vy, J) areis defined as

(Vy, J)Yz = Vy, JYs — JVy, V2, (2.4)

for all Y1,Ys € I'(T'Ny).
An almost Hermitian manifold (Ny, gy, J) is called a K&hler manifold [4] if

(Vy, J)Y2 =0, (2.5)

for all ¥7,Y, € T'(T'Ny).
Define O’Neill’s tensors [9] 7 and A by

AElEQ = HVHElvEQ + VV’HElHEQ, (2.6)

T, By = HVye, VE; + VVygp HE,, (2.7)

for any vector fields Ey, Es on Np, where V is the Levi-Civita connection of g;. It is easy to see that Tz,
and Apg, are skew-symmetric operators on the tangent bundle of N; reversing the vertical and the horizontal
distributions.

From equations (2.6) and (2.7), we have

Vg, Zo =Tz, Zo+VV g Zs, (2.8)
Vz Vi =Tz, Vi +HV 2, V1, (2.9)
Vo 71 = Ay, 71 + Vv, 70, (2.10)
Vi, Vo = HVy, Vo + Ay, Vs, (2.11)

for all Zy, Zy € T'(ker7,) and Vi, Vs € T'(ker m,)*, where HV 7, Vi = Ay, Zy, if V; is basic. It is not difficult to
observe that 7 acts on the fibers as the second fundamental form, while A acts on the horizontal distribution
and measures the obstruction to the integrability of this distribution.

It is seen that for ¢ € Ny, Y7 € V, and Vi € H, the linear operators
Avy, Tyy : TyNy — Ty Ny,
are skew-symmetric, i.e.
91(Av, Ev, Ey) = —g1(Ey, Av, Ez) and g1(Ty, En, E2) = —g1(Ex, Ty, E2), (2.12)

for each Ey, Ey € T,N;. Since Ty, is skew-symmetric, we observe that 7 has totally geodesic fibres if and only

if 7=0.

The differentiable map 7 between two Riemannian manifolds is totally geodesic if

(V’IT*)(Zl, ZQ) = 0, for all Zl, ZQ S F(TNl)
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A totally geodesic map is that it maps every geodesic in the total space into a geodesic in the base space

in proportion to arc lengths. A Riemannian map is a Riemannian map with totally umbilical fibers if [15]
Tx, X2 = g1(X1, X2)H, (2.13)

for all X1, Xo € I'(kerm,), where H is the mean curvature vector field of fibers.

Let 7 : (N1,¢91) = (Na,g2) is a smooth map between Riemannian manifolds. Then the differential map
m,. of ™ can be observed a section of the bundle Hom(TNl,w_lTNg) — N;, where 771TN, is the bundle
which has fibers (7T_1TN2)1; = T (z)N2 and has a connection V induced from the Riemannian connection V™1

and the pullback connection. Then the second fundamental form of 7 is given by
(V) (21, Z2) = VG, m(Z2) — mu(V 3! Z2), (2.14)

for vector field 7y, Zs € T(T'Ny), where V7 is the pullback connection. We know that the second fundamental
form is symmetric.

Now we have the following [13]:
Lemma 2.1 Let w: (N1,g1) = (Na,g2) be a Riemannian map between Riemannian manifolds. Then
92((Vmy) (Vi, Va),m(V3)) =0, for all Vi, Va, V3 € I'(ker ). (2.15)
As a result of above Lemma, we get
(V) (Vi, Vo) € (T(rangem,)t), for all Vi, Vs € T(kerm,) . (2.16)

Lemma 2.2 [3] Let (N1,g1) and (Na,ga) are two Riemannian manifolds. If ©: Ny — No Riemannian map
between Riemannian manifolds, then for any horizontal vector fields X1, Xo and vertical vector fields Yi,Ya,
we have

(1) (V) (X1, X2) =0,

(i) (V) (Y1,Y2) = —m(Tyy Y2) = —mu (V) Ya),

(’LZZ) (V’IT*)(X1,Y1) = —w*(Vﬁle) = —W*((.Axlyl).

Now, we recall following definitions for later use:

Definition 2.3 [1/] Let © be a Riemannian map from an almost Hermitian manifold (Ni,g1,J) onto a
Riemannian manifold (N3, g2). Then, we say that 7 is an invariant Riemannian map if the vertical distribution

is invariant with respect to the complex structure J, i.e.,

J(ker 7,) = ker 7.

Definition 2.4 [1/] Let Ny be an almost Hermitian manifold with Hermitian metric g1 and almost complex
structure J and Ny be a Riemannian manifold with Riemannian metric go. Suppose that there exists a
Riemannian map 7 : (Ni,g1,J) — (Na,g2) such that J(kerw,) C (kerm.)t. Then we say that m is an

anti-invariant Riemannian map.
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Definition 2.5 [15] Let m be a Riemannian map from an almost Hermitian manifold (N1,q1,J) to a Rie-

mannian manifold (Na, g2). Then we say that © is a semi-invariant Riemannian map if there is a distribution
D1 C ker 7, such that

kerm, = D1 ® Dq, JD1; = D1, D5 C (kerm, ),

where Do is orthogonal complementary to ©;1 in kerm,.
Let 1 denotes the complementary orthogonal subbundle to J(ker7,) in (kerm,)-. Then, we have
(ker )" = JDo ® .

Obviously g is an invariant subbundle of (ker, )" with respect to the complex structure .J.

3. CSIR maps

The notion of Clairaut Riemannian map was defined by Sahin in [17]. According to the definition, a Riemannian
map 7 : (N1,91) — (Na,g2) is called a Clairaut Riemannian map if there exists a positive function r on Ny,
such that for any geodesic o on Nj, the function (r o «)sinf is constant, where for any ¢, 6(t) is the angle
between a(t) and the horizontal space at «(t). He also gave the following necessary and sufficient condition for

a Riemannian map to be a Clairaut Riemannian map as follows:

Theorem 3.1 [17] Let m : (N1,91) — (Na2,g2) be a Riemannian map with connected fibers. Then, 7 is a

Clairaut Riemannian map with v = ef if each fiber is totally umbilical and has the mean curvature vector field
H = —Vf is the gradient of the function f with respect to gi.

We now present the notion of Clairaut semi-invariant Riemannian maps (CSIR map) as follows:

Definition 3.2 A semi-invariant Riemannian map from a Kdhler manifold (Ny,g1,J) to a Riemannian
manifold (Na,g2) is called Clairaut semi-invariant Riemannian map if it satisfies the condition of Clairaut

Riemannian map.
We denote the complementary distribution to JDs in (kerm, )% by . Then for X € (kerm,), we get
JX1 =Xy +wXy, (3.1)
where ¢X; € I'(D;) and wX; € T'(JD,). Also for X, € T'(ker7,)+, we have
JX3 = BXs + CXo, (3.2)

where BX, € I'(D3) and CXz € I'(p).

Lemma 3.3 Let m be a semi-invariant Riemannian map from a Kahler manifold (N1, ¢1,J) to a Riemannian
manifold (N2,g2). If a: Is C R — M s a regular curve and X1(t) and Xa(t) are the vertical and horizontal

components of the tangent vector field &« = E of «(t), respectively, then « is a geodesic if and only if along «

the following equations hold:

VV.BXs +VV, X1 + ('TX1 + AX2)CX2 + (7-X1 + AXQ)UJXl =0, (33)
HdeXQ + HdeXl —+ (TXl + AXQ)BXQ + (AX2 + TXl)QDXl =0. (34)
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Proof Let a: I — N;j be aregular curve on Np. Since X (t) and X5(t) are the vertical and horizontal parts of
the tangent vector field &(t), i.e., a(t) = X;1(t)+X2(t). From equations (2.1), (2.3), (2.8), (2.9), (2.10), (2.11), (3.1)
and (3.2), we get

Voo = —J(V,Jad),
= —J(Vx,0X1 +Vx,wX1 +Vx,pX1 + Vx,wX; +
Vx,BXs+ Vx,CXs+ Vx,BXs+ Vx,CXs),
= —JVV.BXy+VV X1+ (Tx, + Ax,)CXo + (Tx, + Ax,)wXq +
HV,CXs +HV wX1 + (Tx, + Ax,)BX2 + (Ax, + Tx, ) X1).

Taking the vertical and horizontal components in above equation, we have
VIV 0 =VV BXo+ VYV 0X1 + (Tx, + Ax,)CXo + (Tx, + Ax, )wX1,
HJVQO[ - HVQCXQ + HVQWXl + (TXI + AX;,)BXQ + (AX2 + TXl)gﬁXl,

Now, « is a geodesic on NN; if and only if VJV & =0 and HJV & = 0, which completes the proof. O
Theorem 3.4 Let m be a semi-invariant Riemannian map from a Kahler manifold (N1, g1,J) to a Riemannian
manifold (No,g2). Then 7 is a CSIR map with r = e/ if and only if

gl(VVachl + (TX1 + .AX2)CX2 + (7dX1 + AXQ)WX1, BXQ) —+
daf

g1 (HV X1+ (T, + Axa) BXa + (Ax, + Ty Jo X1, OXa) 401 (X0, X1) o = 0

where « : Is — Ny is a geodesic on N1 and X1,Xs are vertical and horizontal components of (t).

Proof Let a: Iy — Nj be a geodesic on Ny with X;(t) = Va(t) and Xo(t) = Ha(t). Let 6(¢) denote the
angle in [0, 7] between &(t) and Xo(t). Assuming v = ||&(t)|[,? then we get

g1(X1(t), X1 (1)) = vsin® (t), (3.5)

g1(Xo(t), Xa(t)) = vcos? O(t). (3.6)

Now, differentiating (3.6), we get

d do
agl(Xg(t),Xg(t)) = —2vcosf(t)sind(t) e (3.7)
On the other hand, using equation (2.3), we get
4 (X X)—i (J X2, JX2) (3.8)
dtgl 2,A2) = dtgl 2,JA2). .
Since 7 is a semi-invariant Riemannian map and using equation (3.2) in (3.8), we have
d
agl (Xg, XQ) = 291 (VQBXQ, BXQ) + 292(7&'* (vgchg), W*(OXQ)) (39)
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By using equation (2.14) in (3.9), we obtain

d .
agl(Xg,Xg) = 2g1(VdBX2,BX2) —292((V7T*)(O[,CXQ),TF*(OXQ)) +

02(Vam. (CX3), (CX2)).

Since second fundamental form of 7 is linear, therefore from above equation, we get

d
%gl(szXz) (3.10)

= 291(VQBX27BX2) — 292((V71'*)(X17 CXQ),TF*(CXQ)) —

295 (V) (Xa, CXa), 1, (CX2)) + g2(Var, (CXa), (CX2)).

Now, using equations (2.14), (2.15) and (3.10), we have

d
77 91(X2, X2) (3.11)

= 2g1(VdBX2, BXQ) — QQQ(VXlﬂ'*(CXQ),ﬂ'*(CXQ)) +
205 (T (VY CX5), 7. (C X)) + g2(Vx, 7 (CX3), (CX2)) +

05(V 3y (CX), (CX)).

From equation (2.14), we get
d
%gl ()(27 Xg) = 291 (Vvo'zBX27 BXQ) + 2g1 (HdeXQ, CXQ) (312)

From (3.7) and (3.12), we have

g1(VVBXs, BXo) + g1( HV,CXs,CX5) = —vcosf(t)sin G(t)fl—f. (3.13)
Also, using equations (3.3) and (3.4) in (3.13), we get
g1 (VVaoX1 + (Tx, + Ax,)C X + (Tx, + Ax, ) wX1, BXs) + (3.14)
g1 (HV Xy + (Tx, + Ax,)BXs + (Ax, + Tx, )pX1,CX5)
= wcosf(t) sin&(t)(jl—f.

Moreover, 7 is a CSIR map with r = e/ if and only if %(efo"‘ sinf) = 0, i.e., e/°%(cos 9% +sin H%) =0.

By multiplying this with nonzero factor vsin#, we have

db d
—v cos@sin@a = vsin? Gd—J;. (3.15)
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Thus, from equations (3.6),(3.14), and (3.15), we have

g1 (VV 0 X1 + (Tx, + Ax,)CXs + (Tx, + Ax,)JwX1, BX2) +
g1 (HV X1 + (Tx, + Ax,)BXs + (Ax, + Tx,)eX1,CX3)

df
= — X1, X1)—.
91( 15 1)dt

Hence the theorem 3.4 is proved. O

Theorem 3.5 Let m be a CSIR map from a Kdhler manifold (N1, g1,J) to a Riemannian manifold (Na, g2)

with r = ef, then at least one of the following statement is true:

(7) f is constant on J(Ds2),

(#3) the fibers are one-dimensional,
(1i1) Viyx,m(Z1) = —=Z1(f)m(JX1), for all X; € I'(D3) and Z; € T'(p).

Proof Let m be CSIR map from a Kéahler manifold to a Riemannian manifold. For Y7,Y5 € T'(Ds), using
equation (2.13) and Theorem 3.1, we get

Ty, Yo = —g1(Y1,Ya)gradf. (3.16)
Taking inner product in equation (3.16) with JX;, we have
g1 (TY1Y2a JXl) = —01 (Y17 YQ)gl (gradf, JXI)) (317)

for all X; € I'(Dy).
From equations (2.3), (2.8), and (3.17), we obtain

91(Vy, JY2, X1) = 91 (Y1, Y2) g1 (gradf, J X1).
Since V is metric connection, using equations (2.9) and (3.16) in above equation, we get
91(Y1, X1)g1(gradf, JYz) = g1(Y1,Y2)g1(gradf, J X1). (3.18)
Taking X; = Y5 and interchanging the role of Y7 and Y5, we obtain
91(Ya, Y2)g1(gradf, JY1) = 1(Y1, Y2)g1(gradf, JY3). (3.19)
Using equation (3.18) with X; = Y7 in (3.19), we have

(91(Y1,Y2))?
g1(gradf, JY1) = T—=——"=g1(gradf, JY1). (3.20)

[1Ya[[?[[Ya][?
If gradf € T(J(D3)), then equation (3.20) and the condition of equality in the Schwarz inequality
implyies that either f is constant on J(Ds) or the fibers are one dimensional. This implies the proof of (i)

and (i7).
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Now, from equations (2.8) and (3.16), we get
91(Vy, X1, Z1) = —91(Y1, X1)g1(gradf, Zy),
for all Z; € T'(u). Using equations (2.3) and (3.21), we have
91(VyiJX1,JZ1) = —g1(Y1, X1)gi(gradf, Z1),

which implies
9 (Vix,Y1,J21) = —g1(Y1, X1)g1(gradf, Zy1).

Since V is metric connection and using equations (3.18) and (3.22), we have
91(HV yx, 21, IV1) = =1 (Y1, JX0) g1 ( gradf, Zy).
Also, for Riemannian map 7w, we have
92(m(V5x, 21), 7 (IV1)) = —ga(m (Y1), (S X1)) g1 (grad f, Z1).

Again, using equations (2.14),(2.16), and (3.23), we obtain

92(Vix,mu(21), 7 (JY1)) = =g (7 (JY1), m (S X1)) g1 (grad f, Z1),
which implies.
Vixim(Z1) = =Z1(f)m (J X1).

If gradf € T'(u), then (3.24) implies (4i4). This completes the proof.

(3.21)

(3.22)

(3.23)

(3.24)

O

Lemma 3.6 Let m be a CSIR map from a Kihler manifold (N1, g1,J) to a Riemannian manifold (Na, go) with

r=ef and dim(v) > 1. Then %Vlm(JYl) = Vi(f)me(JY1), for all Y1 € T'(Dz) and V; € T'(kerm,) .

Proof Let m be a CSIR map from a Kéahler manifold to a Riemannian manifold. From Theorem 3.1, fibers

are totally umbilical with mean curvature vector field H = —gradf, then we have
—91(Vy,V1,Y2) = g1(Vy, Y2, V1),
—01(Vy,V1,Y2) = —g1(Y1,Y2)g1(gradf, V1),

for all Y1,Ys € ['(D3) and V; € T'(ker )= .

Using equation (2.3) in above equation, we get
91(V, JY1, JY2) = g1(JY1, JY2)g1(gradf, V1).
Since 7 is semi-invariant Riemannian map and using equation (3.25), we have
92(Vi, m (JY1), . (JY2)) = g2 (7 (JY1), 7 (JY2)) g1 (gradf, V1).

From (2.14) in (3.26), we obtain
92(Vv, 7 (JV1), . (JY2)) = ga(mi (JY1), mi (JY2)) 91 (grad f, Vi),

which implies %Vlﬂ'*(JYl) = Vi(f)m(JY7), for all Y; € T'(D3) and V; € T'(ker 7, )*.

(3.25)

(3.26)

(3.27)
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Theorem 3.7 Let w be a CSIR map with r = e/ from a Kihler manifold (N1, g1,J) to a Riemannian manifold
(N2, g2). If T is not equal to zero identically, then the invariant distribution Dy cannot defined a totally geodesic

foliation on Njy.
Proof For X;,Xs € I'(D1), and Y7 € I'(D3), using equations (2.3),(2.8), and (2.13), we get

a1(Vx, X2, Y1) = g1(Vx,J X3, Y1),
= g1(Tx,J X2, JY1),
= —g1(X1,JX2)g1(gradf, JY1).

Thus, the assertion can be seen from the above equation and the fact that gradf € J(Da). O

Theorem 3.8 Let w be a CSIR map with r = e/ from a Kihler manifold (N1, g1,J) to a Riemannian manifold

(N2, g2). Then, the fibers of m are totally geodesic or the anti-invariant distribution Dy one-dimensional.

Proof If the fibers of 7 are totally geodesic, it is obvious. For second one, since 7 is a Clairaut proper
semi-invariant Riemannian map, then either dim(D3) = 1 or dim(D3) > 1. If dim(D3) > 1, then we can
choose Zy, 75 € T'(D3) such that {Z;, Z} is orthonormal. From equations (2.9), (3.1), and (3.2), we get

T2, 020 +HV 2,02y = Vg JZs,
7—Z1JZ2+HVZ1JZQ = B7—Z1Z2+CTZIZ2+(PVVZIZ2+WVVZ1Z2-

Taking inner product above equation with Z;, we obtain
91(T2,J Z2, Z1) = 1 (BT 2,22, Z1) + 91(9VV 2, Z2, Z1). (3.28)
From equation (2.5), we have
91(T2,21,JZ3) = —g1(Tz, T Z2, Z1) = 1(Tz, Z2, J Z7). (3.29)
Now, using equations (2.13) and (3.29), we get
91(Tz, Z1, J Za) = g1 (gradf, JZs). (3.30)
From equations (2.13),(3.29), and (3.30), we obtain
gilgradf,JZs) = g1(Tz, 21, J Z2) = —g1( T 2,0 Z2, Z1) = 91(Tz2, 22, J Z1). (3.31)

From above equation, we get

g1(gradf,JZs) = g1(Tz,Za, JZ1),
gilgradf,JZy) = g1(Z1, Z2)g1(gradf, ] Zy),
gi(gradf,JZs) = 0.
So, we get
gradf L J(D3).
Therefore, the dimension of Dy must be one. O
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Theorem 3.9 Let m be a CSIR map from a Kdhler manifold (N1, g1,J) to a Riemannian manifold (N, g2)
with r = e/ and dim(v) > 1. Then, we get

Y Az ue, Azyue) = Y 92(VE,m(Juw), VE mu(Ju)), (3.32)
k=1 k=1

B+[ /

> 9((Vr)(Ei, 21), (Vr) (20, B Z (V) (i, Z1), (V) (21, ), (3.33)

i=1

1(v5,v5), (3.34)

H'Mm

B
Z -AZ1U]’AZ1 UJ

for all Zy € D(kerm.)*, where {u1,ug,....uy}, {v1,v2,....;vs}, {E1, B2, ..., Egyp} and {u1, p2,....ir} are
orthonormal frames of Dy, Dy, J(Do)* @ pu and p, respectively.

Proof Let 7: (N1,91,J) — (N2,92) be a CSIR map. For all Z; € I'(ker m,)*, we have

> g1(Az e, Azyug) = g1 (HV 7,51, HV 7, ). (3.35)

k=1 k=1

Since 7 is a Riemannian map and using equation (2.14) in above equation (3.35), we have

D ai(Azu, Azug) = Y ga(m(V3 Juy), m (V! Juy)),

k=1 k=1

= Y 02V m(Ju), VE, m(Jus)).

k=1
Now, for all Z;, € T'(kerm,)+, we get

B+
> 92(Vr)(Ei, 20), (V) (21, Ei))

i=1

B
= ZZQQ Vﬂ-* J’U] +,UJZ,Z1) (VT*)(Z17JUJ+'U,Z))

j=11=1

Since Jv; € TI'(kerm,)* and (V) is linear then from above equation, we have
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B+/[

Z 92((Vm ) (Ei, Z1), (Vi) (B3, Z1))

B

= Y ((Vm)(Jvj, Z1), (V) (Z1, Jv;)) +

j=1

92 (V) (s 21), (V) (21, Jvj)) +

=
M-

<

I
-

I
=

1=
M-

<

Il
—
~

Il
-

92 (V) (Jvj, Z0), (V) (Z1, ) +

M-

92 (V) (s 21), (V) (21, )

N
Il
-

Thus, (3.32) holds.
On the other hand, using (2.14) in first term of (3.36) in right hand side, we have

8
Zgz((vm)(c]% Z1), (V) (21, Jv;)
8
-2l

(V) (Jvj, Z0), Vo (J03) — 7 (V2 T0;)).

Now, from equations (2.4),(2.5), and (3.36), we get

Mm

92((Vm.)(Jvj, Z1), (V) (21, Jvj))

<.
Il
Jan

(V) (Jvj, Z1), Vo (T0;)).

[
ME

<.
Il
—

Also, using Lemma 3.6 in equation (3.37), we obtain Zle g2 (V) (Jvj, Z1), (V1) (Z1, Jvj))
Z _192((Vme)(Jvj, Z1), Z1(f)me(Jv;)), which implies ZB 192(V7 ) (Jvj, Zh), (V1) (21, Jvy))
=0, Z1(H)ga (V) (Jvj, Z0), ma(Jvy)).-

By using equation (2.15) in above equation, we have
B
Z (V) (Jvj, Z1), (V) (21, Ju;)) = 0,

similarly

)
S 0((Vm) (s, Z1), (V) (2, Jv;)) =0,

j=11=1
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B8/
>3 0((Vm)(Juj, Z1), (V) (Z1, ) = 0. (3.40)

j=11=1

Thus, by using equations (3.38),(3.39), and (3.40) in equation (3.36), then we obtain (3.33).
Now, for Z; € T'(ker )+, we get

M

8
> gi(Azvj, Azvy) = 91 (MV 2,05, HV 2,0;),
j=1

<
I
=

Il
-M“

91(HV 2, Jv;, HV 7, Jvj).

~
I
—

Since 7 is a Riemannian map and using equation (2.14) in above equation, we get

gl(Azlvj3Azlvj) (341)

M-

<
I
—

02((Vm)(Z1, Jv3), (Vm)(Z0, Jv7)) = 20:((V7.)(Z1, T0y), V 2, () +

I
mm

1

<.
Il

gg(VZIW*(JUj>, le 71-*(‘h}j))}'

Using Lemma 3.6 and equations (2.16), (3.38) in (3.41), we get
B B
Zgl(Azlvj7Azl’l)j) = Zgg(zl(f)ﬂ'*(JUj),Zl(f)ﬂ'*(JUj)), (3.42)
Jj=1 j=1

2 (e (Jus), m(Jvj5)).

I
u Mm

Since Jv; € T'(kerm,)* and 7 is a Riemannian map then from (3.42), we obtain

1(vj,v5). (3.43)

i Mm

B
Z AZ1 Uj, AZI UJ
From equations (2.3) and (3.43), we obtain (3.34), which completes the proof. O

4. Example

Example 4.1 Let Ny be an Euclidean space given by N1 = {(z1, 2, 23 4, T5,76) € R® : (21,22, 73 14, 5, T6) #
(0,0,0,0,0,0)}. We define the Riemannian metric g1 on Ny given by g1 = e**sdx? + e**6dx3 + e2¥odx3 +

e?odx? + e?*oda? + da and the complex structure on J and Ny defined as
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J(fEl, $2,x3,l’47$5,$6) = (_l’27x1; —X4,T3, —T6, $5).

Let Ny = {(v1,v9,v3,v4) € R*} be a Riemannian manifold with Riemannian metric go on No given by

go = eX*odv? + e**odv3 + e*o dv3 + dv3.
Define a map 7: RS — R* by

€T3 — T4

V2

(1, T2, T3, T4, T5,T6) = ( , T5,T6,0).

Then, we have
kerm, = D1 @ Do,

where
Dy =<Xi1=¢e;,Xo0=€3 >, Dy =< X3 =¢e3+e4 >,
and
(kerm,)t =< Vi =e3 —eyq, Vo = e5, V3 = eg >,
— ,—x 0 — o—xg O — oz 0 — ,—x O — o—T6_O0_ _ 9 * 0 ¥ _
where {e; = e De €2 = € Tog-e3 =€ Ty ey = e 565 =€ 83[‘,5,66—8%6}, {er = 5 €5 =

8%2, es = 8%3, ey = 8%4} are bases on TyNy and Tyq) N2, respectively, for all ¢ € N1. By direct computations,

we can see that m. (V1) = 2~ e}, m. (Vo) = e~ %0es, m (V) = e e} and g1(V;,V;) = go(m. Vi, mV;) for all
Vi, V; € T'(ker ), 4,5 =1,2,3. Thus 7 is Riemannian map with (rangem,)*t =< ey > . Moreover it is easy
to see that JX3 = Vy. Therefore m is a semi-invariant Riemannian map.

Now, we will find smooth function f on N satisfying Tx X = ¢1(X, X))V, for all X € T'(ker 7). Since

covariant derivative for vector fields £ = Ei%, F =F; % on Nj is defined as
i J

0 oF; 0
F=EFV o —+E+——, 4.1
Ve Nt on, 0w, o, (1)
where the covariant derivative of basis vector fields % and B%i is defined by
0 0
Vo —=TkK" 4.2
oo Ox; 9 Oxy,’ (4.2)
and Christoffel symbols are defined by
1 g1j1 | Ogia  Oguij
Tk — 2k J _ 7y, 4.3
i = 99 ( ox; 0 oxy ) (4.3)
Now, we get
e?rs 0 0 0 O e %6 0 0 0 0 0
0 e 0 0 0 O 0 e~ 2% 0 0 0 0
10 0 e¥s 0 0 O T 0 e~ 2%6 0 0 0
glij - 0 0 0 6216 0 O 791 - O 0 O 6721’,6 0 O (44)
0 0 0 0 €% 0 0 0 0 0 e~ ()
0 0 0 0 0 1 0 0 0 0 0 1
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By using equations (4.3) and (4.4), we get

Ph = 071—‘%1 = 0»1—‘?1 = 0,1"‘111 = 071—‘?1 = 0»1—‘?1 = —62%»
F%Q = 07F§2 =0, FSQ = O,F§2 = 07F32 =0, FgQ = —62%7
Iy, = 0,I3;,=0,T3=0,T3 =013 =0,1%; = —e*°,
le14 = 07F4214 =0, Fi4 = O,Fil = 07FZ4 =0, F?M = *62%7
I, = Iiy=T3=T1=07%=I,=0}=I%=0,
F%l = Fgl = Pgl = Fgl = Fgl = F%l = Fgl = Fgl =0,
F%?, = F%s = le)’zz = I14113 = F?3 = Fil?, = F??, = F?g =0,
Pé1 = F§1 = F§1 = Fgl = Pg1 = Fgl = 1"21 = Fgl =0,
Fh = Ff4 = 1?4 = I‘A114 = F?4 = I‘1114 = Fi’4 = F?4 =0,
Iy = T5 =14 =Ty =03 =T} =15, =14, =0,
F%3 = ng = F§3 = F33 = Fg3 = ng = Fg?) = Fgg =0,
leaz = F§2 = F§2 = F§2 = Fg2 = F§2 = ng = ng =0
F§4 = ngx = P§4 = ngx = 1"34 = F34 = F§4 = Fg4 =0,
lexz = F4212 = Fiz = FiQ = FZQ = F32 = Fiz = ng =0,
Ty, = T3, =13 ="3 =03 =03 =03,=T%=0,
le13 = F4213 = Fig = Fi:} = FZ3 = Fig = FZ3 = Fg:& =0.

Using equations (4.1), (4.2), and (4.5), we obtain

Therefore,

Now, we have

0
Velel = V6262 = vege3 = v64€4 = 7871367
Vel €y = Vel €3 = Vel €4 = Vezel = v6263 = v62€4 = O,
V53€1 = V€362 = V6364 = Ve481 = Ve462 = V6463 =0.
0 0
Vx, X1 = Veger=——Vx,Xo=Ve=——,
Oxg Oz
0
Vx,; X3 = Vegpe,e3+es= *287%-

TxX = Tx X142 Xo+ 23 X3 M X1 + Ao Xo + A3X3, A1, M2, A3 € R,

TxX = MNTx, X1+ MNTx,Xo + NaTx, X3 + 2\ X\ Tx, Xo +
20 \3Tx, X3 + 2X0A3Tx, X3.

(4.5)

(4.6)
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Using equations (2.8) and (4.7), we obtain

0 7] 0

Tx, X, = ——/—Tx,Xo=——7"Tx,X3=—-2— 4.9
X1 X1 g X2 k2 g Xa k3 Dy’ (4.9)
Tx,Xs = 0,Tx,X3=0,Tx,X3=0.
Next, using equations (4.8) and (4.9), we get
2 2 2y 0
TxX = —(A] + X3 +23) 5 —. (4.10)
Te

Since X = M X1+X2Xo+A3X3, 50 g1( A1 X1+ A Xo+ A3 X3, M X1+ Xo+A3X3) = /\2+)\2+2)\2 For any

z_] of o
i,j=1 189:1-630]-'

smooth function f on RS, the gradient of f with respect to the metric g; is given by Vf = Z

_ 224 Of O —2z¢ Of O —2x6 Of O —2z¢ Of O —2x¢ Of
Hence Vf = e 5er 9o T€ +e +e +e 8% 6%5 —1—8% 8% Hence Vf =

6302 OIQ 8:1;3 813 8134 8:1}4 8135

for the function f = xg. Then it is easy to see that Tx X = —g;1(X, X)Vf, thus by Theorem (3.1), 7 is CSIR
map.
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