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Abstract: This paper is concerned with an inverse coefficient identification problem for a hyperbolic equation in a
rectangular domain with a nonlocal integral condition. We introduce the definition of the classical solution, and then
the considered problem is reduced to an auxiliary equivalent problem. Further, the existence and uniqueness of the
solution of the equivalent problem are proved using a contraction mapping principle. Finally, using equivalency, the

unique existence of a classical solution is proved.
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1. Introduction and problem formulation

As is well known, in many physical problems, determination of coefficients and right-hand side simultaneous in
a differential equation from some known data is required. Such problems are called inverse problems of mathe-
matical physics. They arise in various fields of human activity, such as acoustics, seismology, electromagnetics,
fluid dynamics, remote sensing, nondestructive evaluation, and many other areas. It will be noted that these
kinds of problems are ill-posed in the sense of Hadamard.

Nowadays, in the modern mathematical literature, the theory of inverse boundary-value problems for
equations of hyperbolic type of the second-order is stated rather satisfactory. The inverse and ill-posed problems
associated with the hyperbolic/wave equation have drawn the attention of many authors. A more detailed
bibliography and a classification of inverse problems are found in monographs or books (see for example, [2], [4],
[10], [14], [15], [18], [20], [21], [22], and the references therein). Note that in most of the publications devoted
to problems with nonlocal integral conditions, spatially nonlocal conditions are considered. In this article, we
consider a time nonlocal inverse problem for a hyperbolic equation with integral conditions.

Let us now survey the content of some works devoted to inverse coefficient problems for hyperbolic
equations. A.M. Denisov [5] suggested an iterative method for solving the inverse coefficient problem for a
hyperbolic equation based on a reduction to a nonlinear operator equation for the unknown coefficient and
proved the uniform convergence of the iterations to a solution of the inverse problem. In the paper of G.
Eskin [6] the inverse problems for the second-order hyperbolic equations of general form with time-dependent

coefficients are investigated and the time-dependent Lorentzian metric by the boundary measurements is
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determined. The authors G. Hu, Y. Kian, and Y. Zhao [7] investigated the inverse acoustic source problems in
an unbounded domain with dynamical boundary surface data of Dirichlet kind and they proved the uniqueness
in recovering source terms. Moreover, simultaneous determination of embedded obstacles and source terms in
an inhomogeneous background medium using the observation data of an infinite time period was verified. In the
article published by M.I. Ismailov and I. Tekin [8], the direct and inverse initial boundary-value problems for a
first-order system of two hyperbolic equations are considered. The suitability of the method of characteristics for
the inverse problem of finding solely space-dependent coefficients and the finite difference method for solely time-
dependent coefficients of the first order hyperbolic system are shown. The inverse problems to recover coefficients
of the fifth-order Korteweg-de Vries equation, sixth-order generalized Boussinesq equation, and two sixth-order
equations occurring in the dynamics of multiscale microstructure were considered in the work of J. Janno and A.
Seletski [9]. The authors were proposed to use characteristics of solitary waves for solving the inverse problems
and the uniqueness of the solution was proved. G. Nakamura, M. Watanabe, and B. Kaltenbacher [17] studied
the inverse boundary-value problem for nonlinear wave equations with a field-dependent coefficient in one space
dimension. This article shows that the linear part and the quadratic part of a field-dependent coefficient are
approximately reconstructed from two measurements at the boundary. The inverse problem of recovering a
solution-dependent coefficient multiplying the lowest derivative in a hyperbolic equation is investigated in the
paper by A.Y. Shcheglov [23]. The theorems of global uniqueness and local existence for the solution to the
inverse problem are also proved. By M. Slodicka and L. Seliga [24] was studied a non-linear wave equation with
an unknown time-convolution kernel. The missing kernel from an additional integral measurement has been

recovered.
Problems with time nonlocal conditions are closely related to inverse problems in which the overdetermi-

nation condition is integral form [3], [11], [19]. The conditions set in this way can be considered as a model of
the action of a certain device that registers physical fields [4].

The study of the time nonlocal inverse problem with integral conditions, whose results are presented in
this paper, showed that the dimension of the domain in which the solution is sought is important, and also that
the solvability conditions can relate both the domain dimensions and the restrictions on other initial data.

Motivated by these works, in the present work we study an inverse boundary-value problem for a
second-order hyperbolic equation with nonlocal conditions. A distinctive feature of the presented article is
the investigation of an inverse hyperbolic problem with both spatial and time nonlocal conditions.

Let T > 0 be some fixed number and let Dy be a rectangular region defined by Dy : 0 <z <1, 0 <t <
T. Consider the one-dimensional inverse problem of identifying an unknown pair of functions {u(x,t),a(t)} for

the following hyperbolic equation
utt(xvt) = Uzm(xat) + a(t)u(x7t) + f(l?,t), (x7t> € Dr, (11)

with the nonlocal initial conditions

T T

u@mz/awmmm+¢@,M@mz/g@wmw+w@;wmu, (1.2)

Neumann boundary condition

ug(0,8) =0, tel0,T], (1.3)
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nonlocal integral condition

1
/u(x,t)dx =0, te[0,T], (1.4)
0
and overdetermination condition
u(0,t) = h(t), te0,T). (1.5)

where f(x,t),p(z),¥(x), P;(t)(i = 1,2), and h(t) are given sufficiently smooth functions of z € [0,1] and
te0,T].
It should be noted that the direct problem for hyperbolic equations with the conditions (1.2) has been

investigated in the works [12],[13], and the references therein.

Definition 1.1 The pair {u(z,t),a(t)} is said to be a classical solution to the problem (1.1)—(1.5), if the
functions u(x,t) € C?*(Dr) and a(t) € C[0,T) satisfyies an Equation (1.1) in the region D, the condition
(1.2) on [0,1], and the statements (1.3)~(1.5) on the interval [0, T].

In order to investigate the problem (1.1)—(1.5), first we consider the following auxiliary problem

Y (t) = a(t)y(t), t € [0.T], (16)
T T
y(0) = / Pr(t)y(t)dt, o/(0) = / Pa(t)y(t)dt, (L.7)
0 0

where Pi(t), Pa(t),a(t) € C[0,T] are given functions, and y = y(¢) is desired function. Moreover, by the
solution of the problem (1.6),(1.7), we mean a function y(t) belonging to C?[0,T] and satisfying the conditions
(1.6),(1.7) in the usual sense.

Lemma 1.2 ([16]) Assume that Pi(t), Pa(t),a(t) € C[0,T], and the condition

T
(TIPO et + 1P Olltom + 5 le®llom ) T <1

hold. Then the problem (1.6),(1.7) has a unique trivial solution.

Now along with the inverse boundary-value problem (1.1)—(1.5), we consider the following auxiliary
inverse boundary-value problem: It is required to determine a pair {u(z,t),a(t)} of functions u(z,t) € C?(Dr)
and a(t) € C[0,T] from relations (1.1)—(1.5), and

ug(1,¢) =0, t € [0, 7], (1.8)

R"(t) — uzz(0,t) = a(t)h(t) + £(0,t), t € [0,T]. (1.9)

The following theorem is valid.
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Theorem 1.3 Suppose that o(x),¢(z), Pi(t) € C[0,T] (i = 1,2), h(t) € C?[0,T], h(t) #0,

f(z,t) € C(Dr), ff (x,t)dx =0, t € [0,T], and the compatibility conditions

p(x)dx =0, Y(x)dx =0, (1.10)
[riome

T T
h(0) = /Pl(t)h(t)dt—i-go(()), R'(0) = /Pg(t)h(t)dt+¢(0) (1.11)

0 0

holds. Then the following assertions are valid:

(i) each classical solution {u(x,t),a(t)} of the problem (1.1)—(1.5) is a solution of problem (1.1)—(1.3), (1.8),
(1.9), as well;

(ii) each solution {u(x,t),a(t)} of the problem (1.1)—(1.3), (1.8), (1.9), if

T
(T 122l 0,77 + 1Pl oo,y + B Ha(t)”C[O,T]> <1, (1.12)

is a classical solution of problem (1.1)—(1.5).

Proof Let {u(z,t),a(t)} be any classical solution to problem (1.1)—(1.5). By integrating both sides of Equation
(1.1) with respect to x from 0 to 1, we find

1

1 1
2
— [ u(z, t)dr — (ugy(1,t) —uy(0,1)) = a(t) [ u(z,t)de+ [ f(x,t)dz, t €[0,T]. (1.13)

0

1
Using the fact that [ f(z,t)dz =0, ¢t € [0,7], and the boundary condition (1.3), we conclude that the
0

statement (1.8) is true.

Setting = 0 in Equation (1.1), we find
e (0,) — uze (0, 8) = a(t)u(0,t) + £(0,t), t € [0, 7). (1.14)
Taking into consideration h(t) € C?[0,T] and twice differentiating (1.5) yields
u(0,t) = B (t), t € [0,T). (1.15)

From (1.14), taking into account (1.5) and (1.15), we conclude that the relation (1.9) is fulfilled.
Now suppose that {u(z,t),a(t)} is the solution to problem (1.1)—(1.3), (1.8), (1.9). Then from (1.13),
by the condition

1
/fastdx—O teo,T],
0

1246



AZIZBAYOV /Turk J Math

and relations (1.3), (1.8) we have

%/u(x,t)dx = a(t)/u(x,t)da:, t €10,T]. (1.16)
0 0

Furthermore, from (1.2) and (1.10) it is easy to see that

1

/ u(z, 0)dz — /T Pi(t) ( /1 u(x,t)d:r) dt = /1 (u(x,()) - /T Pl(t)u(a:,t)dt) dz = / o(z)dz = 0,
0 0

0 0 0

1 T 1 1 T 1
O/ut(x,O)dx—O/Pg(t) (O/u(x,t)dm) dtzo/ (ut(x,O) —O/Pg(t)u(%t)dt) dx = O/w(x)dx =0. (1.17)

1
Since, by Lemma 1.2, problem (1.16), (1.17) has only a trivial solution. It means that [wu(x,t)dx =

0
0, t €10,T], i.e. the condition (1.4) is satisfied.
Next, from (1.9) and (1.14), we obtain

5722(“(0,15) = h(t)) = a(t)(u(0,t) = h(t)), 0<t<T. (1.18)

By virtue of (1.2) and the compatibility conditions (1.11), we have

T T
u(0,0) — h(0) — / Py(t)(w(0,) — h(t))dt = u(0,0) — / Py (t)u(0, t)dt
0

0

_ (h(()) _ / Pl(t)h(t)dt) — o(0) — (h(()) _ / Pl(t)h(t)dt> ~0,
0 0

T T
= u(0,0) f/PQ(t)u(o,t)dtf (h/(o) /PQ(t)h(t)dt)

0

— (0) — (h’(@) - / Pg(t)h(t)dt) ~0. (1.19)
0

Using Lemma 1.2, and relations (1.18), (1.19), we conclude that condition (1.5) is satisfied. The theorem
is proved. O
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2. Existence and uniqueness of the classical solution

We seek the first component of classical solution {u(z,t),a(t)} of the problem (1.1)—(1.3), (1.8), (1.

form
u(z,t) = Zuk(t) cos \gx, Ap = km,
k=0
where
1
ug(t) = mk/u(x,t) cos \yzdr, k=0,1,2,...,
0
and
[ 1, k=0,
ME=Y 2, k=1,2,
Then applying the formal scheme of the Fourier method, from (1.1) and (1.2) we have
up () + Muk(t) = Fp(t;u,a), k=0,1,2...; 0< ¢ < T,
T T
— ot /Pl(t)uk(t)dt, 1 (0) =t + /Pg(t)uk(t)dt, k=012,
0 0
where

Fi(tiu,a) = () + a(tyun(t), fult) = my / f (@, 1) cos Axrda,

1 1
P = mk/ga(x) cos Apzdr, Pi(t) = my /w(z) cos \gxdz, k=0,1,2,....
0 0

Solving the problem (2.2), (2.3) gives

T T t
uo(t) = <p0+/ 1 (H)ug(t)dt + ¢ z/JO—i—/Pg ug(t)dt —i—/(1&—7')F0(7';u7a)dr7
0 0 0

T

1
ug(t) = <pk+/P1(t)uk(t)dt cos)\kt—&—)\— z/Jk+/P2(t)uk(t)dt sin Agt
k

0
. t
)\—/ (tr;u,a)sin A\ (t — 7)dr, k=1,2,..., 0<t<T.
0
Obviously,

T T
’U,;c(t) =i | wx + /P1 (t)uk(t)dt sin \pt + | vr + /Pg(t)uk(t)dt cos A\t
0 0
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t
+/Fk(7;u,a) cos A\g(t —7)dr, k=1,2,..., 0 <t <T. (2.6)
0

To determine the first component of the classical solution to the problem (1.1)—(1.3), (1.8), (1.9) we
substitute the expressions uy(t) (k =0,1,...) into (2.1) and obtain

T T

u(z,t) = | po+ [ Pr(t)uo(t)dt | +t | o+ [ Pa(t)uo(t)dt
/ /

T
+/t—TFgTuad7'+Z cpk—|—/P()uk(t)dt cos Ait
0

5 k=1

T t

—+—/\i (I —|—/P2(t)uk(t)dt sin A\t +/\i/Fk(T;u, a)sin A\, (t — 7)d7 p cos A\gx. (2.7
k k
0 0

It follows from (1.9) and (2.1) that
a(t) = [h(t)]” {h” £(0,¢) + Z)‘kuk } (2.8)

By substituting expression (2.5) into (2.8), we obtain the equation for the second component of the
solution to problem (1.1)—(1.3), (1.8), (1.9):

oo

a(t) = [h@)]7' < B (t) — £(0,1) +ZA§ Ok +/P1(t)uk(t)dt cos A\t
k=1

t

_|_i ¢k+/P2 (t)ug(t)dt | sin Agt +— ! /Fk(T;u,a) sin \p(t — 7)dr| » . (2.9)

Ak Ak

Thus, the solution of problem (1.1)—(1.3), (1.8), (1.9) was reduced to the solution of system (2.7), (2.9)

with respect to unknown functions u(z,t) and a(t).

Lemma 2.1 If {u(x,t),a(t)} is any solution to problem (1.1)—(1.3), (1.8), (1.9), then the functions
1
ug(t) = my /u(a?,t) cos \gxdr, k=0,1,2,...,
0

satisfyies the system (2.4), (2.5) in C[0,T].

It follows from Lemma 2.1 that
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Corollary 2.2 Let system (2.7), (2.9) have a unique solution. Then problem (1.1)-(1.3), (1.8), (1.9) cannot

have more than one solution, i.e. if the problem (1.1)-(1.3), (1.8), (1.9) has a solution, then it is unique.

With the purpose to study the problem (1.1)-(1.3), (1.8), (1.9), we consider the following functional
spaces.

Denote by BS’T a set of all functions of the form
oo
t) = Zuk(t) cos A\, Ap =k,

considered in the region Dy, where each of the function wu(t) (k = 0,1,2,...) is continuous over an interval

[0,T] and satisfies the following condition:

~ ,) 2
J(u) = [luo()llcpo.r) + {Z (Ak l[ur (@)l o, T]) } < +oo.

k=1
The norm in this set is defined by

e, D)l g, = 7 ().

It is known that Bj ;. is Banach space [1].

Obviously, E3 = BS,T x C[0,T] is also Banach space, where the norm of an element z = {u,a} is

determined by the formula
o )l g = N, D)l + la®)llog -

Now consider the operator
@(U, a) = {q)l(uﬂ a)7 @2('“/7 a)}v
in the space E3., where

oo
Dy (u,a) = a(z,t) = Z t)cos gz, Pao(u,a) = a(t),
k=0

and the functions g (), 4k (t), k = 1,2, ..., and a(t) are equal to the right-hand sides of (2.4), (2.5), and (2.9),
respectively.

Hence we have

a0 (®)llcpo,r) < leol +TUPL O oo,y + T P2l og0,77) 1w )l 010,79

1
2

T
T ol + TVT / o dr |+ T2 o) ooy 0 ®)llero.my (2.10)

1

(z Ol ) wé(zuzw)

k=1

=

(Z A [l (t) HCOT] >
k=1
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V(P B)ll oz + 1 P2l oo, r) T (Z (AR ||uk(t)||C[O,T])2>

k=1

o0

T 2
+V6T (/Z TG T) +V6T lla®)ll o,y (Z A} lur )l o.m7)?
0

k=1 k=1

1
2

la()ll e < ||[h(t)]71Hc[o,T] {”h”(t) =0, )l + (Z >‘1:2>

N

[(Z (A7 lexl) ) + T || Pyt ”C[OT] (Z i [l (¢ ||C[OT])2>
k=1 k=1

+ ( (A% |¢k|)2>
k=1

r ; N
+VT (/Z (AR 17 T)I)Qdf) + T lla(®)llogo,m (Z (Xl (t ||COT)2>
0 k=1

k=1

N

1
2

+ T P2(t)l cjo,my (Z (AR N (2) ICOT)2>
k=1

8

Suppose that the data for problem (1.1)—(1.3), (1.8), (1.9) satisfy the assumptions:
(A1) ¢(x) € C?[0,1], ¢"'(x) € L2(0,1), ¢'(0) = ¢'(1) = 0;
(A2) ¥(z) € C?[0,1], ¢"(x) € L2(0,1), 9'(0) =4'(1) = 0;
(As3) f(z,t), folz,t) € C(Dr), frzx(x,t) € La(Dr), f2(0,t) = fx(1,£) =0, 0<t < T}
(Ay) h(t) € C?[0,T], h(t) #0, 0<t<T.

Then from (2.10)—(2.12) we correspondingly find

o) llco,r < le@)ry 0,0y + T 1@, 01 + T\/THJC(JUJ)HM(DT)

+T(||P1(t)Hc[0,T] +T ||P2(t)Hc[0,T] +T ”a(t)“C[O,T]) ||“0(t)Hc[0,T] )

2
{Z(Aknuk ||C[OT])} < VB 119" (@)l 01y + VB 10" @) 1y 0

V6T || fou (@, )l 1,y + \/ET(le(t)”C[O,T] + P2l cpo, 1

2

+ lla®)llcpo,7y) (Z (AR [l (t ||COT)2> ;

1
2

|

I

)

(2.11)

(2.12)

(2.13)

(2.14)
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e Olleon < 1O oo {nww Ol + (Z Aﬁ)

k=1

<[lle" @)l ., 0,1) + 14" (@) 10,1y + \/Tfox(xat)HLz(DT) + T(1P2(O)ll o,y

1P ®) o,y + lla®) o) (Z (A2 ||Uk(t)c[0,T])2> ] } : (2.15)

k=1
It follows from (2.13) and (2.14) that
e, )]y, < A1)+ By (D) lal®) oo . Oll sy + Cu(T) [fula 1), - (2.16)
where
AUT) = lle@) 0,0y + T 1@y 00y + TV @ 1y (01
+\/6H<PW($)||L2(0,1) +v6 ||¢N($)HL2(0,1) +V6T ||fm(377t)||L2(DT) )
Bi(T) = T* + V6T,
Ci(T) = T+ V6) | Pi(t)llcpo.ry + T(T + V6) [ Pa(t)ll o0, 71 -

Further from (2.15), we may also write

@@l o,z < A2(T) + Ba(T) ot ooz Il Dll g, + Co(T) ;1) 5, - (2.17)

where
Ao(T) = (|| g 2y LR E) = FO. Dl o

1

+ <Z Aﬁ) (1" @) a0 + 1" @0,y + VT e (Dl ) } ,

k=1

By(T) = ||k oy (Z <Ak2)> T,

k=1

oo

Ca(T) = H[h(t)]_luc[O,T] ( ()‘kz)> TPl o + 12Ol o, ry)-
1

k=

From the inequalities (2.16) and (2.17), we conclude that
a2 )L, + 18Ol eozy < AT) + BO) laOllego zy lule. Ol g, +C@) a0y, . (218)

where
A(T) = Ay(T) + Ax(T), B(T) = B1(T) + Bo(T), C(T) = C1(T) + Co(T).

Thus, we can prove the following theorem
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Theorem 2.3 Let R = A(T) + 2. If the statements (A1) — (A4) and the condition
R(B(T)R+C(T)) <1, (2.19)
holds, then problem (1.1)—(1.3), (1.8),(1.9) has a unique solution in the ball K = Kp C E3..

Proof In the space E3, consider the operator equation
z = dz, (2.20)

where z = {u,a}, and the components ®;(u,a) (i = 1,2), of operator ®(u,a) defined by the right sides of (2.7)

and (2.9), respectively and the following inequalities hold:

@21y, < AT) + BT) l|la®lloio, N, )l s+ CT) l[uz,8) 1 53,

< A(T)+ B(T)R*+ C(T)R = A(T) + (B(T)(A(T) +2) + C(T))(A(T) + 2), (2.21)

[®20 — @zl sy < BIDR(us(2,1) — wa(. 1) 5y

+llar(t) = a2 ()l gpo,ry) + C(T) lur (z,8) = ua(z, )l - (2.22)

Then it follows from (2.19), (2.21), and (2.22) that the operator & acts in the ball K = Kpg, and
satisfy the conditions of the contraction mapping principle. Therefore the operator ® has a unique fixed point
{z} = {u,a} in the ball K = Kpg, which is a solution of equation (2.20); i.e. the pair {u,a} is the unique
solution of the systems (2.7) and (2.9) in K = Kpg.

Then the function u(z,¢) as an element of space BS’T is continuous and has continuous derivatives
Uy (z,t) and vz (x,t) in Dr.

Next, from (2.2) it follows that u}(t) (k=1,2,...) are continuous in [0,7] and consequently we have:

1 1 1

(Z (AR llun(t IICOT)2> +\/§<Z(Ak ||fk(t)+a(t)uk(t)|C[O,T])2>

2
k=1

|

(Z A [Ju (¢ ||C[O T]) )
k=1

or

[N

(Z O )l cpo.z9) ) (Z (N (¢ ||COT>2) + V1ol t) + alt)ua @, )l oz
k=1 k=1

L2(0,T)

From the last relations it is obvious that the function uy(x,t) is continuous in the region Dy .
It is easy to verify that Eq. (1.1) and conditions (1.2), (1.3), (1.8), (1.9) satisfy in the usual sense. So,
{u(x,t),a(t)} is a solution of (1.1)—(1.3), (1.8),(1.9), and by Lemma 2.1 it is unique in the ball K = Kg. The

proof is complete. O

In summary, from Theorem 1.3 and Theorem 2.3, straightforward implies the unique solvability of the

original problem (1.1)—(1.5).
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Theorem 2.4 Suppose that all assumptions of Theorem 2.3, and the conditions

1 1 1
p(x)dx =0, [ Y(x)de=0, [ f(z,t)de=0, te][0,T],
[rowazo fuioneo |

T T

h(0) = / PLO)h(t)dt + o(0), 1'(0) = / Py(t)h(t)dt + (0),

0 0

T
(TIPO et + 1P Ollgo + 5T +2) T <1,

holds. Then problem (1.1)—~(1.5) has a unique classical solution in the ball K C E3..

3. Conclusions

In the work, the classical solvability of a nonlinear coefficient identification problem for a second-order hyperbolic
equation with nonlocal conditions was investigated. The considered problem was reduced to an auxiliary inverse
boundary value problem in a certain sense and its equivalence to the original problem is shown. Then using
the Fourier method and contraction mappings principle, the existence and uniqueness theorem for the auxiliary
problem is proved. Further, on the basis of the equivalency of these problems, the existence and uniqueness
theorem for the classical solution of the original inverse coefficient problem is established for the smaller value

of time.
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