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Abstract: In this paper, the qualitative behavior of a discrete-time prey-predator model with Allee effect in prey
population is discussed. Firstly, the existence of the fixed points and their topological classification are analyzed
algebraically. Then, the conditions of existence for both period-doubling and Neimark—Sacker bifurcations arising from
coexistence fixed point with the help of the center manifold theorem and bifurcation theory are investigated. OGY
feedback control method is implemented to control chaos in the proposed model due to the emergence of bifurcations.

Finally, numerical simulations are performed to support the theoretical findings.
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1. Introduction

Prey-predator relationship is a very important phenomenon that occurs in nature. Mathematical modeling of
prey-predator interactions and their analysis have been considered by ecologists and biologists for the last few
decades. The classic prey-predator model is the Lotka—Volterra model, which was formulated and proposed by
Lotka in the United States in 1925 and Volterra in Italy in 1926 [18, 28]. It describes the dynamics of biological
systems in which two species interact. After that, several attempts have been made to generalize and extend

this model.
In population dynamics, when the population density is very low, there is a positive correlation between

the population unit growth rate and the population density. This phenomenon can be called the Allee effect
[6, 25, 26], starting with Allee’s research [1]. Factors such as mating difficulty, mating depression, food problem,
and protection from a predator are considered Allee effect. The Allee effect is classified according to the density-
dependent properties at low density. When the population density is low, a strong Allee effect will appear and
when the proliferation rate is positive and increases, the Allee effect will be weak. Allee effect is observed in
many natural species; for example, in plants, insects, marine invertebrates, birds, and mammals. Consequently,
analysis of systems involving Allee effect has gained lots of importance in problems associated with various
fields such as conservation biology [5, 11], sustainable harvesting [17], pest control, biological control [10],
population management [2], biological invasions [3, 4, 20, 21, 29], metapopulation dynamics [30, 32], interacting

species [7, 9, 16, 27, 31]. Therefore, studies on Allee effect have received more and more attention from both
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mathematicians and ecologists [12-15, 22, 23].

In [24], the authors have considered the following discrete-time prey-predator population model:

i1 = 0wy (1 — ) — 24y (1.1)
Yir1 = Yl —a)+ By

where x; and y; represent the number of prey and predator population, respectively. The parameter § is the
intrinsic growth rate of the prey populations with carrying ability one in the absence of predator. The death
rate of predator is denoted by a, and 8 denotes the growth rate of predator in the presence of the prey. The
parameters «, 3, and J§ are positive values. They have analyzed dynamics of the system such as the existence of
nonnegative fixed points and local stability of the fixed points. They have shown that the system goes through
period-doubling bifurcation and Neimark—Sacker bifurcation about axial and positive equilibrium states with

prey growth rate as the bifurcation factor.

We modified the system (1.1) with weak Allee effect in prey as follows:

Tt
ZCt—FG

Ti+1 — (Sxt (1 — {Et) — TtYt (12)

Y1 = Y(l—a)+ Bay,

where is the Allee effect function, 6 > 0 is Allee constant, «, 5, and § parameters have the same meaning

as in system (1.1).

We summarize this paper as follows. We introduce a discrete-time prey-predator model with Allee effect
on prey population in Section 1. The existence of biologically feasible equilibria, and conditions for local
asymptotic stability of these fixed points are investigated in Section 2. In Section 3.1, we show that interior
fixed point of system (1.2) undergoes period-doubling bifurcation whenever growth parameter ¢ of the prey
population is taken as the bifurcation parameter. In Section 3.2, it is proven that system (1.2) undergoes
Neimark—Sacker bifurcation around its interior equilibrium point. The OGY method based on state feedback
control for chaos control is introduced in Section 4. Lastly, numerical simulations are presented in Section 5 to

illustrate our theoretical discussion.

2. Existence of the fixed points

In this section, we will investigate the existence of the positive fixed points of the system (1.2) and analyze the
stability of these fixed points.

Definiton 2.1. A point (z*,y*) is called fixed point of the system (1.2), when it satisfies the following
System:

‘,1:,*

z* +0

¥ = dx*(1—a") —a’y*

(2.1)

<
I
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Lemma 2.2
i) The system (1.2) has an always trivial fixed point E; = (0,0).
d—1
i1) The system (1.2) has a fixed point Fy = (T’O) if 6 > 1.
141) The system (1.2) has a unique nontrivial positive fixed point
= (5 B
33—\ 2
B P

Now, we will give topological classification of the fixed points of the system (1.2). The Jacobian matrix

6)) if §(8—a)> 8.

J of the system (1.2) evaluated at any point (z,y) is given by

ailr ai2
J(z,y) = , 2.2
(z.9) ( ) (2.2)
where
2
any = 5 (1 —20) - W@ +20)
(x+0)

2

ajz = az = By, axp =1-a+ Bz,

x40
and the characteristic equation of the Jacobian matrix J (x,y) can be expressed as

F(\) =X —trJ (z,y) A +det J (z,y) = 0, (2.3)

where trJ (z,y) = a11 + a2 and det J (x,y) = aj1a92 — a12a21.

Definition 2.3. Assume that A\; and Ay are roots of the characteristic equation (2.3). Then the fixed
point of the system (1.2) is called

i) sink if [A;]| <1 and |A2| < 1,

i1) source if [A1] > 1 and |Aa] > 1,
iii) saddle if |A\1] <1 and |Az] > 1 or |A1| > 1 and |A\s] < 1,
iv) nonhyperbolic if [A;| =1 or |Ag| = 1.

Let us start the trivial fixed point F; = (0,0). Computing the Jacobian matrix at the fixed point E

1) 0
J(El)—<0 1—a) (2.4)
is obtained. Thus, the characteristic equation and eigenvalues are as follows:
FA = X—@+1-a)A+6(1—a)=0, (2.5)
/\1 = 5, /\2 =1-qa.

According to Definition 2.3, we can get the following lemma:
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Lemma 2.4. For the fixed point E; = (0,0) the following topological classification holds:
i) By isasinkif 0<d<1and 0<a<2,
it) Fjp is a source if § > 1 and a > 2,

i) Eyp isasaddleif (0 >1and 0<a<2) or (0<d<1and a>2),

iv) Ei is a nonhyperbolic if § =1 or a = 2.

-1
Next, the Jacobian matrix evaluated at fixed point Fy = (——,0) is given by

]

2-_6 _ﬂ
_ 0(6 — 60
() = , —(a+}3)+6 —)ﬁ
1)

the characteristic equation and eigenvalues are as follows:

p(B-ati-9s-8), G-Bla-1-91y
l—a+p)d-p

Moo= 24, )\2:( 5 =1-V,

F(\) =

:O,

where V=a— 8+ g Similarly to the fixed point E;, we can get the following lemmas:

d—1
o
i) Ep isasinkif l<d <3 and 0 <V <2,

Lemma 2.5. For the fixed point Ey = (

1) Eo isasource if § >3 and V> 2 or V <0,
1) Ey isasaddleif (1<d<3and V<0 orV>2)or (6d>3and 0<V <2),
iv) Ey is a nonhyperbolic if § = 1,3 or V = 2.

Finally, the Jacobian matrix evaluated at the last fixed point

- (3, 10060 0) =)

as follows:

2050
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Moreover, the characteristic polynomial of J(E3) is given by:

(=28 +da)a+ (6 — 3) 652

2
F(\) =X+ 3o 105 A (2.8)
[0 -a)d—2+a]08° +[((0 —1)ad —1+a) B+ (1 +a)ad]a
Bla+08) '
Then, by simple computations it follows that
(0(8—a)—pa
F((1)= 2.9
(1) 3 ; (2.9)
_ [(6 —a)6f+ (4 —a)a] B
F(-1)=Ké+ B(a+0B) , (2.10)
_ [08(a—2)+ala—-1)]8
F0)—1=S8§- EICEYL) -1, (2.11)
where K = —(Q*Q)G'BQ*/g?;i)eog)ﬁ“aeraS, g — _a2+952—a2ﬁﬁ(;izg;+a3+a20ﬁ.

Now, we have the following result:
Lemma 2.6. Assume that F/(\) = A2 — AN+ B =0 and F (1) > 0 with A\; and Ay are roots of the
characteristic equation F'(A\) = 0. Then the following results hold:

i) [A1] <1 and |X] <1 if and only if F(—1) >0 and F (0) < 1,

1) |A1] > 1 and |Ag| > 1 if and only if F(—1) >0 and F (0) > 1,

i) [A1] <1 and |[Az] > 1 or |A1] > 1 and |Az] <1 if and only if F'(—1) <0,
w) |A1l =1 and |Ag| # 1 if and only if F(—1) =0 and F (0) # +1,

v) A1 and ) are conjugate complex numbers with [A;| = 1 and |\z| = 1 if and only if A2 —4B < 0
and F (0) = 1.

Before analyzing dynamics of the fixed point Fs5, we define §; as a root of F'(—1) =0, 2 as a root of

det (J) —1=0, and d3 as a root of F'(1) =0, so one can apply Lemma 2.6 to prove the following results.

Lemma 2.7. Assume that 0 > 03 and 6 (8 — «) > B then for the coexistence fixed point Es5 of the
system (1.2), the following holds :

i) Ej3 is a sink if the following conditions hold:
il) K <0,S>0 and 3 < § < min {1,352},

i2) K < 0,5 <0 and max{d2,d3} < J < Iy,
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1) Ej3 is a source if the following conditions hold:

iil) K < 0,8 >0 and max {d2,d3} < d < 41,

i12) K < 0,5 <0 and d3 < § < min{dq,d2},

ii1) FE3 is a saddle if the following condition holds:

K <0,S>0o0r K<0,S <0 and max {01,053} <,

iv) Assume that A; and Ay are roots of F(\) = A2 — AN+ B =0 then \; = —1 and || # 1 if and
only if K <0,5<0, §=40; and

B(ha? —4aB+48)" B’

97&_03[504—1-4(1—5)] a

v) The roots of F(A) = A2 — A\ + B = 0 are conjugate complex numbers with |A; 2] =1 if and only

if K <0, >0, § =42 and

[(48406) o + 4B%a (1 — 6 (1 —20)) + 08 (1 — 6) (88 — 26) + 4508)] ”
<(1-0)0*8* (4a+5—1).

where

_ [(6—a)0f+(4—a)a]p
nos (2—a)0p? + (0 — 1)a?B + 2% + o3’ (2.12)

1) (a2 + abp — 9,8)

> = B(a?+abf—08) —a?(a+68+1) (2.13)
_ p
03 = o
. (2- )02+ (0 —1)a2B +2a% + o
b= Bl +0B) ) (2.14)
S = _a2+962—a2ﬁ—a952+a3+a295
- Ba+08) '

3. Bifurcation analysis

In this section, we will analyze the period-doubling bifurcation and Neimark—Sacker bifurcation of the system
(1.2) at the coexistence fixed point. By using the center manifold theorem and bifurcation theory [8], we will

obtain existence conditions for period-doubling bifurcation and Neimark—Sacker bifurcation.
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3.1. Period-doubling bifurcation
Suppose that the following condition holds:

[(48+06) & + 4B%a (1 — 6 (1 —20)) + 08° (1 — 6) (88 — 26) + 4508)] ” (3.1)
> (1-0)0%8* (4a +5—1).

Then let A\; and Ay be distinct real roots of the equation (2.8). Also, we suppose that

5o l6-a)05+(d—aals )
(2—)0B2+ (0 —1)a2B +2a2 + a3’ ’
Therefore, roots of the equation (2.8) are Ay = —1 and
N — (a+6p) (4042 - 3aﬁ) +2(a? +0?)
2T R2-a)iR+[0-1)B+2+a]a®
Moreover, |Az] # 1 under the following condition:
03) (402 -3 2(a? + 0B
(0 +6p) (4 —3ap) + 202 +05°) (3.3)

2—a)8p?2+ (0 —1)B+2+ a]a?
(2-a)0B+[(0-1)B+2+ala® # 0.

Let us consider the term Qgp as follows:
Qrp = {(a,,6,0) e RY : K < 0,8 <0, (3.1),(3.2), and (3.3) are satisfied} .

To discuss the period-doubling bifurcation for the system (1.2) at its unique positive fixed point E3, we
take § as bifurcation parameter. Then, variation of parameters «,3,d, and 6 in small neighborhood of Qppg

gives the emergence of period-doubling bifurcation. Also, we set

[(6 — )05+ (4 —a)a] B
(2—a)0B?+ (0 —1)a?B 4+ 2a% + a3’

§=05, = (3.4)

Then for (o, 8,61,0) € Qpp, the system (1.2) can be expressed by

X
<;(>_><6X(1—X)—XYX+9>' (35)
Y(1-a)+BXY

Let &; be a small bifurcation parameter such that ‘51‘ < 1, then we can give corresponding perturbed mapping

of (3.5) as follows:

<X>%<(5+31)X(1X)XYXX+9> (3.6)
Y Y(1-a)+ BXY
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Now, we apply the transformations

xr = X—B
(a+68)((6+58) (B—a)-B)
y = Y~

Ba

then from the map (3.6), we get

()-( ) () (2t
Y G21 G2z Yy 92\ T, Y, 51
where

g1

/N

_ ~ - 4
33»3/751) = a137” + anazy + b1z’ + bex’y + dix6y + dax®dy + O ((|$| + [yl + |51|) ) ;

/N

e (00:81) = amey+ 0 ((Jel+ i+ 3) )

= (a?+0B%) 6+ Bla+208) B a?
o Saro T Baron) .
o _ 25
a1 = ( - +(1 9)304‘;95 )6 (a+95)6,a22:17 a23:/3,
. B30% (1 —0) — a8 (o +280) ws = (a+280)
v oo+ B6)? P T a0
b 3362 (B + 5o — 36) — 3362
ala+p0)> (a+B9)°
dy = 1—%;,@::—L

Now, we use the following translation to convert the coefficient matrix in map (3.7) into normal form

:T(ﬁ), (3.9)

a12 a12
T =
< —l—an Ae—an )

is an invertible matrix. From (3.7) and (3.9), we get

(-3 2) )23

where
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(Ae+a11)b1 5 (a11 —A2)a1a 5 (a11 = A2) <a13 + d251>

) ag = —_—— — _ 2
” (u ’ 1) a12 (A2 +1) ! aiz (A2 +1) Y a12 (A2 +1) v
(@11 — A2) by — a23a12> (a11 — Xo)dy ~ ( _ 4)
- -+ 0 + o] +18 ,
( aiz (A2 +1) o aio Ay +1) To1 (‘“| v] +| 1|>

(tab o (+aany , O+o) (15 + dady)
a12 (/\2 + 1) a2 ()\2 + ]_) ais ()\2 + ]_)

(14+ay1) by ass (14a1n)dy = ~ N4
+<CL12()\2+1)+A2+1 xy+a12(/\2_|_1)x 1+O (‘u|+|v|+| 1|) )

94 (U,U,gl) =

z=app(u+v),y=—(1+an)u+ (A2 —ai)v.

In order to apply the center manifold therem, let W€ (0,0, 0) be the center manifold of (3.10) evaluated at (0,0)
in a small neighborhood of gl =0, then W¢°(0,0,0) can be approximated as follows:

~ ~ ~ ~ \3
W€ (0,0,0) = {(u,v,tﬁ) € R? : v = myu® + maudy +ms3é; + O (<|u| + \51|) >} ,
where

(T +a) [b2 (14 a11) + a1z (a23 — ai3)]
my = )\2 1 )
2

1 d
mao = 77( +a11)21, m3:0.
(A2 +1)

Therefore, the map restricted to the center manifold W<€ (0,0,0) is given by

~ ~ ~, ~ 4
Fou— —utku® + koudy + kau?0; + kaud? + ksu® + O ((|u| + \51|) ) ,
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(an - /\2) 12013 (an - /\2) bs + az3a12

= —_ 1
k1 Ao+ 1 * Ao+ 1 J(L+aw),
P (A2 —ai1)dy
2 )\2 +1 )
ky = ((a11 — A2) b2 — agza12) (A2 —2a11 — 1) (1 +a11) di
(A2 +1)°
+2 (a11 = A2) arzarz (1 +ain)di  (a11 — A2) (dima + arada)
(Ao +1)° Ao + 1 ’
ke = (@11 — X2) d% (1 + a11)
(2 +1)° 7
ail — Az) ba — asza
[ ~ ((a11 = A2) bo — agsai2) (o — 2a11 — 1) my

Ao+ 1

(@11 — A2) a12(2a13m1 — 1 — a11 + a12b1)
+ .
Ao +1

Next, we define the following two nonzero real numbers:

8293 10F 82F (CL11 — )\2) d1
e *772 - + kle,
uds, 205, 0u® ) 4 o Ag +1

10°F  (102F\° )
2= (68u3+ (25)u) ) = kit k.
(0,0)

Therefore, we have the following result about the period-doubling bifurcation of the system (1.2).

Theorem 3.1 Assume that ls # 0, then the system (1.2) undergoes period-doubling bifurcation at the
unique point FE3, when parameter § varies in small neighborhood of §;. Furthermore, if I > 0, then the
period-two orbits that bifurcate from positive fixed point Ej5 are stable, and if I3 < 0,then these orbits are

unstable.

3.2. Neimark—Sacker bifurcation

We will investigate the existence and direction of Neimark—Sacker bifurcation for unique positive steady-state
E5 of system (1.2). From Lemma 2.7, it is established that Fj5 is nonhyperbolic fixed point where the Jacobian
matrix evaluated at E3 has pair of complex conjugate eigenvalues with modulus one if the following condition

is satisfied:
Ao, 8,6,0) = [(4B+6)a®+4B8%a(1—6(1—20))+ 08> ((1—6) (83 —26) + 46083)]
—(1-6)6?8* (4a+6—1) < 0.

Assume that

5= B(a®+afp—6p)
= Bla?+afF—08)—a?(at05+1)

(o, 8,6,0) eRY : K < 0,5 > 0,A(e, 8,6,0) <0,
Qnsp = .
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In order to discuss Neimark—Sacker bifurcation for positive fixed point E3 of the system (1.2), we take J as
a bifurcation parameter. Then, variation of parameters «, 3,0, and 6 in small neighborhood of Qygsp yields
Neimark—Sacker bifurcation. Assume that («, 3,02,0) € Qngp, then the system (1.2) can be expressed by the

following two-dimensional map:

()= ()

Let &, denote the bifurcation parameter such that ‘gg’ < 1, then we can give corresponding perturbed mapping

of (3.11) as follows:

(5)= (2 T)

Now, we apply the transformations z = X —2* and y =Y — y*,

(a+08) ((648) (8- ) - §)

where z* = % and y* = Bal , then from the map (3.12), we get
x - mi1 M2 T + fi(z,y) (3.13)
Y Mma1 Mg Yy f2 (z,y)
where
filzy) = musa® + muzy + misa® + migz’y + O((|z| + |y)*),
fo(z,y) = magzy + O((Jz] + |y))*),
— (a® +682) (82 + 32) + Bla + 26) a?
mi = yM12 = — 27—+,
B(a+63) B (a+0p)
—_ 2 _ 2 Sy
(070 B0+ 08) G ) — (0098
1o
— (65 + 82) [—93 1 30%2* + 32070 + a:*g} + %62
mis = 3 )
(" +0)
. ozt (20 +27) — y*60? S —6? -
14 (Qj* 1 0)2 ) 15 (Jj* N 9)47 16 (x* T 9)3a 23 .

The characteristic equation of Jacobian matrix of linearized system of (3.13) is evaluated at the fixed point
(0,0) as follows:

A2 — A(d2)X + B(3y) = 0, (3.14)

where
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< B(=308—2a) + (52 + ) [(a2 + 08%)]
A(d2) = FICEN ) ’

B(5) (Bo+02) — 2 [1+ (B+ B+ +0—afB?)F?] BB —1) — 0822 — afB?)
5) =

pla+6p) Bla+0p)

Since («,d2,0,8) € Qnsp, the complex conjugate roots of (3.14) are given by

Ay — i\/4B (5}) - (A(S;)f

AL = 5 ;
and
A +iyf48 () - (4)’
Ay =
2
Then we have
|)\ ‘ o |)\ | _ | (042 + 962 - aﬁ49 — Ol2ﬂ3 + 042539 + 04362) (52 + 52) _ —aff — 2952 + 04649 + a2/62
e B (a+6p) 3 (o + 08)
and

(d)\2|) _ (d|)\1|> _ —apf+ (-1+0)a?8 + (0 +a”)5 + o? 40
52=0

dgg 52=0 B dgg 2(04 + ﬂe)ﬁ

Also we get —2 < A(0) < 2 since of («,,02,0) € Qnsp. On the other hand, we have A(0) =
(—3062 — 208 + 6202 + 529,82)
Bla+0p)

. A(0) #0, —1,that is

3082 +2aB 2082+ af

27" TR R rop

(3.15)

Conditions (3.15) together (a,f,6,0) € Qngp make sure that A(0) # 0,—1 and in a result we have
AT #£ 1 for all m = 1,2,3,4 at 55 = 0. Hence, roots of (3.14) do not lie in the intersection of the unit

circle with the coordinate axes d; = 0. In order to obtain the normal form of (3.13) at by = 0, assuming that

p= AD), — VIBO GO

Moreover, we consider the following transformation:

(SS)_)(KT;ZH _Ow)(if) (3.16)
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Under transformation (3.16), the normal form of (3.13) can be written as:

()= (e ) ()G

(3.17)

~ m .133 m m M4
Fuw) = Mo +( “”’+13)x2+“ Y o((jul + o)),
mi2 mi2 mi2 mi2

(Iﬁ: — mu)(m13$2 + miaxy + m15x3 + m16x2y)
mioWw

Ma3x? + Maosxy + Mmaosa® 4+ maga?y
— + 0
w

((Jul + )™,

x =myou and y = (kK — m11)u — wo.
Next, we consider the following real number:
1 —2X21)\2 1
L= <[R€ <(1)QC20C11) — =]l = [Co2l® + Re(/\QC21):|) ,
-\ 2 520

where

1r~ - B e " ~
C20 = g |:fuu - fuv + 2guv + Z(guu — Gvv — 2fuv):| ’
17~ ~ o~ ~
Cll = Z |:fuu + fuv + Z(guu - gvv)] ’
17~ =~ ~ L~ ~ s
C02 = § |:fuu — fuv — 2guv + Z(guu — Gov + 2fuv)i| 9
1 r~ " _ ~ e " ~ ~
<21 = E |:fuuu + fumz + Guuv + Govv + Z(guuu + Guvv — fuuv - fmw):| .

Furthermore, the partial derivaties of ]""V and g evaluated at gg = 0 are given by:

fuuw = 2miomaz + 2maisk — 2migmay, foo =0,
Guv = —mig(k —miy) + magmia,
g B (KJ — mll)(legme + 2m14(n — mll)mlg _ 2m23m%2 + 2m24m12(/i — mll)
uu M1aw w )
~ B . s ) s
- — , — = - =
fuv miaw Gov Oa fuuu 6m12m15 + 6m12m16(’€ mll)a fuvv 07
~ 2
Guuw = —2magmye(k —mi1) + 2maogmisy,
i (k= may)(6miymas 4+ 6migmiy(k — ma)) B 6masmiy + 6magmiy(k — miy)
gmw = guvv = fvvv = Oa fuuv = 72m12m16w-
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Now we have the following result that gives parametric conditions for the existence and direction of Neimark—
Sacker bifurcation for positive fixed point of system (1.2).

Teorem 4.1 Suppose that (3.13) holds and L # 0, then system (1.2) endures Neimark—Sacker bifurcation
at its unique positive steady-state FE3 when the bifurcation parameter varies in a small neighborhood of

5y — B(a®+ab5-08)
2 = Bla?+abf—0B)—oZ(a+0B+1)"

from the fixed point for § > d5, and if L > 0, then a repelling invariant closed curve bifurcates from the fixed

Furthermore, if L < 0, then an attracting invariant closed curve bifurcates

point for § < 5.

4. Chaos control
Chaos is the general name for nonlinear dynamical systems that behave noise-like. Chaotic behavior is exam-
ined in chemistry, physics, ecology, biology, chemical engineering, telecommunications, etc. Furthermore, the
practical methods related to chaos control can be implemented in various areas such as communications, physics
laboratories, biochemistry, turbulence, and cardiology. Chaos is indecomposable, is highly dependent on the
initial condition, and consists of a large number of periodic points and orbits. Because of this, the solution of a
chaotic system is difficult to predict, which calls for a way to control it. The control algorithm of Ott, Grebogi,
and Yorke (OGY, [19]) manages to do this. The proposed methodology is known as the OGY method. OGY
is a discrete control algorithm, perturbing the system at discrete moments in time. The OGY method is an
important and effective method.

In this section, we analyze the OGY method based on state feedback control for chaos control. To apply

this technique to model (1.2), we can rewrite this system as follows:

X

Tn+l = 5$n (1 - xn) - xnynmij_e = f (x'ruyfu 5) (41)

Unt1 = Yn(1— )+ Brpyn = g (Tn,Yn,9)

where ¢ denotes the parameter of chaos control. Moreover, it is assumed that [§ — dg| < € where € > 0 and
dp represents the nominal parameter lies in the chaotic regions. Then we assume that (z*,y*) is an interior
unstable fixed point of system (1.2) and is located in some chaotic regions. To move the unstable fixed point
towards a stable one, the system (1.2) is linearized in the neighborhood of the unstable fixed point (z*,y*) as
follows:

Tpe1 — TF Ty, —T*
. | =A « | FB[d— o], 4.2
[ynﬂy } [yny ] 15— o] (42)

where

[ af(lényn#so) af(wgvyruiso)
A= | 0gltnstnde)  09(ensinde)
Oy OYn
i 7052(572)+a(5a—ﬂ) B a?
_ B (a+65) B(a+68)
087 (1=96) —da(f-a—0B)+aB )
L B(a+0p)
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and

— s
B = 99(Zn,Yn,%0) 0

Js

B ] _ [ w* — (@) } .

Next, we define the following controllability matrix for the system (4.1):

082 (0 —2) + a(da—B)] (B—a)a

a* — (z%)? —
_in. _ B3 (a+008)
C=IB:AB] = . _ru-9-sa@-a-09)+aflB-a) |’ (43)
/82

Then it is easy to see that rank of C' is 2. Now suppose that

§—g) = —R| 7T }
[ O] |:yn_y

where R = [p; ps|, then system (4.2) can be written as:

{x"“_x*]z[ABR]{x"_x*} (4.4)
Ynt1 — Y Yn — Y

Furthermore, the fixed point (z*,y*) is locally asymptotically stable if and only if both eigenvalues of the matrix

A — BR lie in an open unit disk. The Jacobian matrix A — BR of the controlled system (4.4) can be written

as follows:
0826 -2)+a(da—p) aBf-a) o a(f-o)
A BR— B(a +0p) g " Threp) g
- 057 (1=96) —da(f—a—08)+af )
Ba+6p)

The characteristic equation of the Jacobian matrix A — BR is given by

[(on + GQBQ) 5B — B2 (2a+308) + a (B —a) (a+0p) pl}

_ 2

P(\) = M+ ot oD A

N (p2* — 2p20B® + paa®B?) 026 + [2p20®f — (4pa + 1) &2 52] 06

B2 (a+05)
N [(1+2ps) B3 — 53] 00 + (pac* — (14 2p2) BPa+ (p2f + B — 1) a?B) &
B2 (a+0pB)
+(Oé — B)p2B30% + [(p1 + 2p28) Ba? — (2p2B + p1 + B) B2a +26°] 0 (45)
8% (a+0p) '
+(pl +p2) @® — (p2B +p1 + B) Ba® + e
B2 (a+08) '

Let A\ and Ay be the eigenvalues of the characteristic equation (4.5), then we get

a(a—p) _952(6—3)—1-@(5@—25)

At Az = T B(at0p) ’
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and

[ + (0 — 1) Ba? — aB?]

ide Platom "
s+ (1-2(1—0)a)Ba’+ ((1+6%—40)6 — 1+ 20) g2a>
+
B2 (o + 05) "
2(1—0)05 — 20 + 62) BPa + (6 — 1) 6254
+20-9 52;35@&“ ), (4.6)
080+ [(1=0)8— 1)~ 36] o® + (5 1) 05 + 1] of” + (2~ 6) 06°
B2 (a+085) '

Then in order to obtain the lines of marginal stability, we must solve the equations A\; = +1 and Mo = 1.
These restrictions make sure that |[A;| <1 and |A2| < 1. Using AjA; =1 in equation (4.6) then,

[+ (0 — 1) Ba? — ap?d]

o Flatos
a’d+(1—-2(1-0)a)Ba’®+ ((1+6%—40) 5 — 1+ 20) 32a?
+
B2 (o + 65) b2
(2(1—6)606 — 20+ 6%) B3+ (6 — 1) 62
- B2 (a + 6P) b2
+—a355+ [(1-6)0—1)B2—3B] a?
B2 (a+68)
[(6—1)08+1]aB?+ (2—-6)0B3
B2 (a+683)
= 0.

Moreover, suppose that A\; = 1, then

3 _ 2 2
5;‘2+(1 25;59)0‘ F(0—-200+6-1)a+(0—1)08 pg—%-l—(é—l)azo.

Finally, suppose that A\; = —1, then

Ly=

[+ (0 — 1) Ba? — ap?d]

o = B (a+ 0B) n
[a%6 + (1 — 2 (1 — 0) ) Ba® + ((1 + 62 — 46) § — 1 + 26) B2a?]
" B (a+00) P2
(2(1—0)05 —20+6%) B3a+ (6 — 1) 62p*
i 7 (a+0B) .
+—5B (a2 + 082 +a?B0 —a® — B — B%ad + aﬁ) +0B3(2 - a)
B2 (a+0p)
_a’i—aB (0 -2)6p°
T a9
= 0.
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Then, stable eigenvalues lie within the triangular region in p;ps plane bounded by the straight lines Lq, Lo, L3

for particular parametric values.

5. Numerical simulations
In this section, we will give two numerical examples to support the theoretical finding in former sections. We
use Maple and Matlab programs for numerical simulations.

Example 5.1. We take o = 0.1, 8 = 04,6 = 0.9, € [3.4,4.2] and initial condition (zg,yo) =
(0.24,7),then the system (1.2) undergoes period-doubling bifurcation as the bifurcation parameter ¢ varies
in small neighborhood of ¢ = 3.418082937. At («,3,0,6) = (0.1,0,4,0,9,3.418082937), the system (1.2) has
unique positive fixed point (0.25,7.192386133). The characteristic equation of the Jacobian matrix of the system
(1.2) is given by:

A2 +0.07817811033) — 0.9218218902 = 0. (5.1)

The eigenvalues are obtained as A\; = —1, Ay = 0.9218218899 with |A\g| # 1.
Therefore, («,3,6,6) = (0.1,0,4,0,9,3.418082937) € Qpp. The bifurcation diagrams of the system (1.2) are
shown in Figure 1. From Figures la and 1b, we observe that the positive fixed point (0.25,7.192386133) of
the system (1.2) is stable for § < 3.418082937 and loses its stability through a period-doubling bifurcation for
6 = 3.418082937 and § > 3.418082937. There is a period-doubling cascade in orbits of periods- 2,4,8,16 and
nonperiodic oscillations as parameter § varies. Maximum Lyapunov exponents which exhibit the existence of
periodic orbits and the chaotic behavior are plotted in Figure lc. It is shown that maximum Lyapunov values
are sometimes negative and sometimes positive. The positive Lyapunov exponent values support the existence
of chaotic oscillations in the nonlinear systems.

Example 5.2 For the parameter values o = 1.5,3 = 3.25,0 = 0.2, € [6.4,7.5] and initial condition
(z0,y0) = (0.45,3.55), the positive fixed point of the system (1.2) is evaluated as (0.4615384615, 3.607804878) .
Then the system (1.2) endures Neimark—Sacker bifurcation as dyg = 6.531707317. The characteristic equation

of the Jacobian matrix of the system (1.2) is obtained as follows:
A%+ 1.775609754\ + 1.000000000 = 0. (5.2)

We can get the roots of the characteristic equation (5.2) as Aj 2 = —0.887804877 + 0.4602200565¢ with
[A12] = 1. Then («, 5,60,6) = (1.5,3.25,0,2,6.531707317) € Qngp. The corresponding bifurcation diagrams and
maximum Lyapunov exponents (MLE) are plotted in Figure 2. The bifurcation diagrams in Figures 2a and 2b
show that the sthe stability of (0.4615384615, 3.607804878) coexistence fixed point happens for § < 6.531707317

and loses its stability at § = 6.531707317 and attracting invariant curve appears if § > 6.531707317. Maximum

Lyapunov exponents are numerically computed to confirm the existence of the chaotic sets in Figure 2c.
To apply the OGY feedback control method for system (1.2), we take («, 3,6,60) = (1.5,3.25,0,2,6.6).
System (1.2) has the unstable fixed point (0.4615384615,3.660512821). Then we give the following controlled

system corresponding to these parametric values:
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Figure 1. Bifurcation diagrams and MLE for the system (1.2) for values of system (1.2) for values of @ = 0.1,8 =
0.4,60 = 0.9, € [3.4,4.2] and initial condition (zo,yo) = (0.24,7).
a. Bifurcation diagram for z; b. Bifurcation diagram for y;. c. Maximum Lyapunov exponents

Tt
.’Et+0

1 = (6.6 —pi(x —0.4615384615) — po(y — 3.660512821))x; (1 — x1) — x1ys
Yerr = ye(l— )+ By

where K = [p1 po] is a matrix. We have

A - —2.818246869 —0.3220035778
| 11.89666667 1 ’

B — [ 0.2485307100 } ’

and

C = [B:AB

_ 0.2485207100 —0.7003927128
o 0 2.956568047
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Figure 2. Bifurcation diagrams and MLE for the system (1.2) for values of & = 1.5,8 = 3.25,0 = 0.2,6 € [6.4,7.5] and
initial condition (xo,y0) = (0.45, 3.55).
a. Bifurcation diagram for z; b. Bifurcation diagram for y,. c¢. Maximum Lyapunov exponents

Then it is easy to check that rank of C' matrix is 2. Therefore, the system (5.3) is controllable. Then, Jacobian

matrix A — BK of the controlled system (5.3) is given by

—2.818246869 — 0.2485207100p; —0.3220035778 — .2485207100p2

A-BK = 11.89666667 1

Moreover, the lines Ly, Lo, and L3 for marginal stability are given by:

Ly = 0.01252236300 — 0.2485207100p;1 + 2.956568047p2 = 0,
Ly = 3.830769232 + 2.956568047p2 = 0,

and
Ls = 0.1942754940 — .4970414200p; + 2.956568047ps = 0.

Then, the stable triangular region bounded by marginal lines Lq, Lo, and L3 for the controlled system (5.3)

is shown in Figure 3.
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Figure 3. Triangular stability region bounded by L1, L2, and L3z for the controlled system (5.3).

6. Conclusion

In this study, we consider a discrete-time prey-predator model with Allee effect on the prey population. We
investigate the existence of the fixed points and their local asymptotic stabilities, the presence of period-doubling,
and Neimark—Sacker bifurcation for the fixed point in system (1.2) in order to support the complexity. It is
analyzed that the system (1.2) has three fixed points E1, Fs, E5. Topological classification of these fixed points
of the system (1.1) has been obtained by using linearization technique. We show that if 0 < a < (3, then
system (1.2) has a unique coexistence fixed point Ej5. It is proven that the system (1.2) undergoes both period-
doubling bifurcation and Neimark—Sacker bifurcation with the help of center manifold theorem and bifurcation
theory. Obtained theoretical results are supported by some figures such as bifurcation diagrams and maximum
Lyapunov exponents. Under influence of Neimark—Sacker bifurcation, the system (1.2) produces unstable
invariant closed curves. Also, when the system (1.2) undergoes period-doubling bifurcation, we observe that
there is a period-doubling cascade in orbits of periods- 2.4,8,16 and nonperiodic oscillations as parameter &
varies. It is well known that the existence or nonexistence of chaotic solutions for a dynamical system is
determined by calculating Lyapunov exponent. Generally, a positive Lyapunov exponent is considered to be
one of the characteristics which imply the existence of chaos. That is, when the system has a positive largest
Lyapunov exponent, then the system exhibits chaotic dynamics. We show that Lyapunov exponent values are
sometimes negative and sometimes positive. Lyapunov exponent values larger than 0 confirm the existences of
the chaos, quasi-periodic orbits, and periodic orbits in the chaotic region. Bifurcation and fluctuating behaviors
of the system (1.2) are controlled through the utilization of chaos control strategies. We reveal that stability
can be rebuilt through the OGY feedback control method which is based on feedback control methodology for

an extensive range of parameters.
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