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Abstract: In this paper, we discuss the domain of a recently defined conservative matrix, constructed by means of
the Schroder numbers in the spaces of p—absolutely summable sequences and bounded sequences. We determine the
B—duals of the Banach spaces, introduced here, and present characterization of some matrix operators. Moreover, we

give the characterization of certain compact operators via the Hausdorff measure of noncompactness.
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1. Introduction
The Schréder numbers S,,, located in a very important position in combinatorics and number theory, can be

defined by the recurrence relation
Sny1 =8 + ZSkSn,k, forn >0
k=0

subject to initial condition Sy = 1. The definition of these numbers can also be given combinatorially as
follows: Schroder number S,, counts the number of paths from the southwest corner (0,0) of an n x n grid
to the northeast corner (n,n), using only single steps north, northeast, or east, that do not rise above the

southwest—northeast diagonal. The first few Schréder numbers S,, for 0 < n < 10 are
1,2,6,22,90, 394, 1806, 8558, 41586, 206098, 1037718.
Also, the Schréder numbers S, possess the following representation via hypergeometric function as
Sp=22F1 (—n+1,n+2;2;-1),
where the hypergeometric function o F (a, b;c; z) is defined by

oFy (a,b;¢;2) = Z(a)(r;)(b)n

z
n!
n=0

with the Pochhammer symbol (z), = x(x+1)...(x +n—1) for n > 1, and (z), = 1 for n = 0. For details and

applications, we may refer to [10].
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In this study, N =1{0,1,2,...} and R denotes the set of all real numbers.

A sequence space is a linear subspace of the set of all real valued sequences w. We denote £, ¢, co and £,
as the set of all bounded sequences, the set of all convergent sequences, the set of all convergent to zero sequences
and the set of all sequences constituting p—absolutely convergent series, respectively. These are Banach spaces

with the following norms

21l = lIzll. = lI2ll, = sup [zl
neN
and
o 1/p
Il = (Z |zk|p) .
k=0

By ¥, we denote the set of all finite sequences. A Banach space with all continuous coordinate functionals py
defined by pi(z) = 2 is referred as a BK-space while a complete linear metric space with continuous coordinate
functionals is referred as a FK-space.

As is known, the theory of sequence spaces plays a central role in functional analysis and summability
theory. Indeed, the classical theory concerns with the generalization of the concept of convergence for series and
sequences. The purpose is to assign a limit for nonconvergent series and sequences by applying a transformation,
represented by means of infinite special matrices. Since the most general linear mapping from a sequence space
into another sequence space can be given via an infinite matrix, it is convenient to deal with matrices instead
of a general linear mapping.

Let T = (t,x) be an infinite matrix with real entries t,, and T}, be the sequence in the nth row of the
matrix T for each n € N. The T—transform of a sequence z = (z) € w is the sequence Tz obtained by the

usual matrix product and its entries are stated as

(Tz)n = Z tnkzk
k

o0
provided that the series is convergent for each n € N. >~ means Y briefly. T is called as a matrix mapping
k k=0

from a sequence space I' to a sequence space © if the sequence Tz exists and Tz € © for all z € I'. The
collection of all infinite matrices from I' to © is denoted by (I',0).
The (-dual of a sequence space I' is denoted by I'? and consists of sequences = = (x,) € w such that

the series Y zyzy is convergent for every z = (2;) € I'. The necessary and sufficient conditions for an infinite
k

matrix T to belong to the class (I',0) are that T,, € I'¥ for each n € N and Tu € © for all z € T.

Recall that the set
I'p={zcw:TzeT}

is referred the domain of the infinite matrix 7" in the space I'. For the last two decades, the study of domains of
special triangular matrices has been studied intensively by many authors. Some papers in the relevant literature
can be given as [2-4, 15-17, 22-24, 28, 33].

Regarding an infinite matrix as a linear operator between two sequence spaces encourages the scholars
to deal with theory of matrix transformations in summability theory. More precisely, the theory of matrix

transformations provides the necessary and sufficient conditions for a matrix to map a sequence space into
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another sequence space. The reader can consult [11-13, 18, 19, 30, 31, 37, 38, 40] for further information about
matrix operators.

Further details concerning summability theory and its applications can be found in [5].

The notion of Hausdorff measure of noncompactness has been applied to characterize the compact
operators between BK-spaces as a very effective tool. Especially, as an application of the Hausdorff measure
of noncompactness of a linear operator in the theory of sequence spaces, a number of noteworthy results have
been revealed. (See, for instance, [1, 6-9, 20, 21, 25-27, 32, 34-30]).

In this paper, two Banach spaces as the domains of a newly given conservative matrix, whose entries are
Schréder numbers, are presented and discussed. Besides this, S—duals of these spaces are determined and the
characterizations of some matrix classes are derived. Furthermore, the compactness of certain matrix operators

are characterized by aid of the concept of Hausdorff measure of noncompactness.

2. New Banach sequence spaces /, (5) and /., (S’)

Quite recently, the author [14] introduced a new matrix S = (gnk) , whose entries are Schroder numbers S,
as
SkSn—rk
Snk = Sn+1 - Sn’
0, if £ > n;

if0<k<m;

and computed its inverse as
i Sk+1 — Sk .
51— (—1) kTP"_k’ if0<k<n;

where P, denotes the following determinant for all n € N\ {0}

S1 So 0 0
Se 51 So ... 0
53 SQ Sl . 0
Sn Sn—l Sn,Q e Sl
subject to initial condition Py = 1.
Now, define new sequence spaces £, (5’) and f (S‘) as
~ o0 1 n P
0, (S) = = (2zn : SkSn—
p( ) {z (zn) Ew R;O S —SnkZ::O & k2K <oo}

and

leo S) = = (#n : 3 n—k
(S) {z (zn) Ew SL:Lp‘Sn+1 —Snkz::oSkS K2k

More precisely, if the transformation

<oo}.
~ 1

t, = Sh = — Sh—kZk 2.1
(2) Sn+1—5nk§osks k2K (2.1)
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is called as S— transform of a sequence z = (2n), then, the spaces ¢, (5’) and £ (S) consist of all sequences,

whose S— transforms are in the spaces £, and (., respectively. Notice that the following relation is valid for
all k e N,
& i Sit1 — S
ZE = Z ((—1)k_7'+klgpk,i> t;. (22)
i=0 k

Let us start with a theorem concerning the linearity of the spaces ¢, (S‘) and fo (S‘) , whose proof can be

reached routinely.
Theorem 2.1 The spaces £, (S) and lso <S’) are linear spaces which are also BK-spaces with the norms

, respectively.

n
1
7511/_*_1 =3, kZ_:OSk Snkak

p\ 1/p
> and HZHeOC(S) = SUPpeN

n
1
7571/_*_1 - kz_:osk Snkak

121l 5y = <n§0

Theorem 2.2 The spaces ¢, (5) and £ (5’) are linearly isomorphic to £, and {, respectively.

Proof For 1 <p<oo,let L:4, (5‘) — {,, be a transformation such that L (z) = (S’n (z)) . The one to one
property of this mapping is trivial. Proceeding the arguments, used in [14], leads to

~ 1 n
Sn (Z) = SnJrl —s, kgosksn—kzk

1 n k ( k—’SiJrl -5, >
= ———- S Snf _1 ’Lip » tz
Sp+1— Sn kZ::O k kiz::O (1) S, X
1 n n—ia
= m;} (kzo(—l)kSnkiPk> (Sip1 — Si)t;

=tn,

where we have used that i (—-1)*S,_x_iPy = 0 for n # i. So, we have L, (z) = t, for all n € N, where
k=0

z = (21) is given by (2.2) while ¢ = (¢,,) is any sequence in ¢,. So, from the fact that Lz = ¢, the mapping L is
onto. We conclude from Theorem 2.1 that | z|| 0 (5) = [[tl,, - Namely, £, (5’) and ¢, are linearly isomorphic,
as required. O

Now, let us mention a lemma, which is an effective tool to discover the S—duals of the spaces £, (5)
and {o (5‘) , and the characterizations of some matrix classes. In the sequel, F denotes the family of all finite

subsets of N and F, denotes the subcollection of f consisting of subsets of N with elements that are greater

than r.
Lemma 2.3 ([89]) T = (tur) € (¢1,00) if and only if

sup |tnk| < 0. (2.3)
n,keN
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T = (tnk) € (€1,¢) if and only if (2.3) holds and
lim t,; exists (2.4)
n—roo

for each k € N. T = (tnx) € (¢1,¢0) if and only if (2.3) holds and

lim tnk =0 (25)

n—oo

for each k € N. T = (tnr) € (¢1,¢p) if and only if

o0
sip Z [tnr]? < 00,

n=0

where 1 <p < oo. T = (tpr) € (Up, o) if and only if
sup Z [tnk|? < oo, (2.6)
L—

where 1 <p < o0o. T = (tur) € (bp,c) if and only if (2.4) and (2.6) hold for 1 <p < 0o. T = (tnk) € ({p,co) if
and only if (2.5) and (2.6) hold for 1 <p < oco. T = (tnr) € ({p,¢1) if and only if

oo oo q
(Z |tnk|q> <oo forl<p<oo.
k=0 \n=0
T= (tnk) € (éooaeoo) = (Cvﬂoo) = (CO>ZOO) Zf and Only Zf
supz [tnk| < oo.
" k=0

T = (tnk) € (loo,¢) if and only if (2.4) holds and

Tim S [t =Y ‘nli_{r;o tol - (2.7)
k=0 k=0
T = (tnk) € (boo, o) if and only if (2.5) holds and
o0
nan;oZ ltni| = 0. (2.8)
k=0

T = (thk) € (boo, lp) = (c,€p) = (co,%p) if and only if

oo

e >

P
< oo, forl<p<oo.

Z tnk

keK

We are ready to offer the following theorem.
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Theorem 2.4 Let the sets By, Ba, B3 and By be defined by

By = {b = (bg) € w: lim i(_1)i—kM

n—oo /2. S;

P;_xb; exists for each k € N} ,
q

< oo} s
< oo} s

oSS
> (_1)1%7“; * P kb
ik i

no S-S
Z(_l)l_kiwfg " P b
=k i

Bgz{b:(bk)Ew:supZ
n &

> (_1)i_k75k+1 — % P;_b;

B3 = {b:(bk)Ew:sup
i=k Si

n,k

and

Eni (_1)i7k75k+1 — St Pi_b;

B4—{b—(bk)€w: lim Z
i=k S;

n— oo k

b

Then, we have <€p (5‘)>ﬂ = B1 N By, for 1 <p< oo. (61 (5’))6 = By N Bs, (600 (5‘))6 = B1 N By.

-5

k

A\ B o
Proof We prove the first assertion. For 1 < p < oo, b= (by) € (Zp (S)) if and only if Y by 2y is convergent
k=0

for all z = (zx) € (Ep (S’)) . It is easily read that

n n k . Q. _ Q.
S b= b (z<—1>’f-151“ &l mm)
k=0 k=0 Sk

i=0

=2 | 2D

n < n ik Sk1 — Sk
k=0 \i=k Si

Pikbi> t,

~\\ B
from which we get b= (by) € (Kp (S)) if and only if the following matrix

n Sk — S
) (—1)%’@%3—,,@@7 if0<k<n;
i=k 7

) ifk>n

dnk =

=]

belongs to the class (¢, c). Thus, from Lemma 2.3, the following limit exists for each k € N

lim 3 (71)2’*’675’”1 — S P_1b;

and the relation

noj it k1 — Sk e
sup > | > (—1) Tpi—kbi < 00
n k=0 |i=k [3

is valid. So, we have b = (b;) € By N By, as desired. The proofs of other assertions given in this theorem can

be deduced in a similar way. O
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3. Certain matrix mappings

In this section, for I' € {£,} with 1 < p < oo and © € {f1,¢p,¢,ls}, We obtain the characterization of the

classes (T’ (5) ,0).

Theorem 3.1 Define a matriv R = (rp) by

mo S-S
np = lim Z(—l)z_kikfg 5Pt
Mm=r00 j—k i

for n,k € N. Then, we have

(a): T e (61 (S) ,EOO) if and only if

R = (rpk) is well defined for all n,k € N,

mo S-S
SUE Z:k(—l)l_k%ﬂ;ktm— < 00, for eachmn € N
m, 1= 3

and
sup |rpk| < 0o.

(b): Te (El (5) ,c) if and only if equations (3.2), (3.3) and (3.4) are valid and

lim 7,5 exists for each k € N.
n— 00

(¢): Te (fl (S) ,co) if and only if equations (5.2), (5.3) and (3.4) are valid and
li_>m rnk = 0 for each k € N.
d): Te (61 (5’) ,61) if and only if equations (3.2) and (3.3) are valid and

sup Y |rnk| < 0o.
k n

(3.7)

Proof We only prove the assertion (a). It is known that 7' € <€1 (5) 7600) if and only if Tz € ¢, for all

~ 0 N\ B
z €4y (S) . It follows from the convergence of the series > tnrzr that t,x € (61 (S)) for each fixed n € N.

k=0
From Theorem 2.4, one can readily find that the limit

i 1 Sk+1 — S
1 _ 1_1‘3M . X
mlgl’(lX) ng( 1) S’L Pz—ktnz
is available for each n,k € N and
m 3 Skr1— S
sup |- (—1)1_16%]%,;@15”2- < oo, for each n € N
m,k |i=k 7
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from which we arrive that (3.2) and (3.3) hold. Now, consider

m m k . Q. _ q.
Stz = 35t 3 ((1)’“5”1 SZPIH-) '
k=0 k=0 1=0

Sk
ULy gL i Sit1 — S
= ;) (g'tnk(l)k’HSkPk_O t;. (3.8)

If we denote a matrix R = (7,;) for each n € N by

m Sip1 — 5 . )
. S (D) P g, 10 <i <my;
0, if i > m;

then, we find that (3.2) and (3.3) imply R = (Fmi) € (f1,¢). So, the series Ry, (t) = 3. Fm t; converges uniformly
i=0

~ 0o
in m for all ¢t € ¢1, from which lim,, oo Rm (t) = > limym—ooTmiti. Thus, we conclude from (3.8) that

=0
Tn (Z) = mlgnoo Rm (t) = 20 (ll‘mm—mofmi) t; = zofnztz = Rn (t) ) (39)

which gives that for z € /£ (5’), T (z) € € if and only if for ¢t € ¢1, R(t) € {x. Consequently, T €

(El (S) ,KOO) if and only if (3.2), (3.3) and (3.4) hold, which completes the proof. The assertions (b), (¢) and

(d) can be derived by the similar way. O

Theorem 3.2 Let 1 < p < oo and let the matrix R = (rn) given by (3.1). Then,
(a): T e (Ep (S’) ,Koo) if and only if (3.2) holds and

molm o S~ S “
sup > [>0 (—1)1_kMPi,ktm- < 00, for eachn € N (3.10)
m k=0 |i=k Si
and
sup Y. |rnk|? < oc. (3.11)
n &

(b): Te (Ep (5) ,c) if and only if Equations (53.2), (3.5), (3.10) and (3.11) are valid.

U

(¢): Te (Ep ( ) ,CO) if and only if Equations (3.2), (3.6), (3.10) and (3.11) are valid.

(d): Te (Ep (S) ,€1> if and only if Equations (3.2) and (3.10) are valid and

q

sup . < 0. (3.12)

NeF k&

Z Tnk

neN
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Proof Let us give the proof of relation (a). T € (fp (S’) ,éoo) if and only if Tz € £y for all z € £, (5) .
00 \\ B
It follows from the convergence of the series > t,rz; that t,, € (fp (S)) for each fixed n € N. Applying

k=0
Theorem 2.4, it yields that the relations (3.2) and

q
< oo, for each n € N

m

.S - S
(_1)%[‘37“15 * Pkt
i=k i

m
sup ».
m k=0

are valid. Similarly, Equation (3.9) gives the fact that Tz € {o, for all z € ¢, (5‘) if and only if R(t) € l

for t € ¢,. Thus, it is satisfied that T € (Zp (S) ,éoo) if and only if the relations (3.2) and (3.10) hold and
R € ({y,¢5) namely (3.11) holds. The proofs of other assertions can be reached by proceeding the similar
arguments. O
Theorem 3.3 Let the matriz R = (rnk) given by (3.1). Then,

(a): T e (Eoo (5’) ,Koo) if and only if (3.2) holds and

mo S-S . Spy1—8S
lim Y[ (1) R P p it = D S ()R P D (3.13)
m—oo T |55, Si % li=h S
and
sup Y |rak| < oc. (3.14)
n &

(b): T e (Eoo (5‘) ,c) if and only if Equations (3.2), (3.5) and (3.13) are valid and

nli_)ngozk”?“nk\ = zk: nh_{%or"k ) (3.15)
(¢): Te (foo (§> ,co) if and only if Equations (3.2), (3.6) and (3.13) are valid and
Jim 37kl = 0. (3.16)
d): Te <€OO (5’) ,61) if and only if Equations (3.2) and (3.13) are valid and
sup > | D2 ruk| < oo. (3.17)
NeF & IneN

Proof The proof of (a) comes from taking starting point as T' € (foo (S*) ,Zoo) if and only if Tz € ¢, for all

z € ls (3) and from proceedings the manipulations as in the proofs of previous theorems given in this section.

Since the proofs of the statements (), (¢) and (d) are similar, we omit them. O

We conclude this section with further characterization of matrix classes (F,Kp (S’)) with 1 < p < o0,

where T' € {loo, ¢, 0,01}
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Theorem 3.4 Let 1 < p < oo. Then,

(a): Te (zoo,zp (S)) - (c, 0, (S)) - (co,ep (S)) if and only if

ey no S Sh_i P
2 S — s <
(b): Te (El,ép (5’)) if and only if
w Bt <
(¢): Te (EOO,EOO (S’)) = (c, loo (§)> = (CO,EOO (5’)) if and only if
supk§ z:: i;g" jg tik| < 00.
(d)y: Te (61,600 (S’)) if and only if

Proof We prove the case T' € (ﬁoo,fp (S)) for p > 1. Consider the matrix T = ( nk) as

SitSn- ;, tir, forall n,k € N.

H‘l

; Snt1 —

One has

noSiSh—i X
Z nka = Zomkzotikzka for any z = (Zk) € l,
= 1= n ng=

from which T, (2) = S,, (Tz) for all n € N and so that Tz € ¢, (5‘) for z = (z1) € Lo if and only if Tz € £,

for z = (1) € ¢s. In conclusion, we reach that

o n 8.8, _; p
sup Y| D0 > —————tu| < oo.
KeF n=0 |keki=09n+1 — Sn
The other expressions can be deduced similarly. O

4. Compact operators on the spaces ¢, (5’) and /. (5’)

In this final section, the compactness of certain matrix operators are characterized with the help of Hausdorff
measure of noncompactness. Let z = (z,) € w and Sr be unit sphere in the BK-space I' O ¥, then, we adopt

the following notation in the sequel

||z||1t = sup < 00

seSr

> ZkSk
k
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under the assumption that the supremum is finite. In this case, observe that z € I'’. Also, C(T',©) denotes

the set of all bounded (continuous) linear operators from I' into ©. Now, we list some lemmas, proved by [29].

Lemma 4.1 We have
(a) : 05, =0y and ||z|l; _ = |zll,, forall z € (.

(b) : €% =ty and I2lly, = llzll,_ for all z € {u.

(c) : 48 =4y and HZ”ZP = |lzlly, for all z € g with 1 <p < oo and %—&— % =1

Lemma 4.2 For every T € (', 0) with the BK-spaces T' and ©, there exists a linear operator L € C (T, 0)
such that L1 (z) =T (z) for all z €T.

Lemma 4.3 Let I' D U be a BK-space and © = {cp,c,lo}. If T € (I',0), then, we have

1£21l = 1Tl -0y = sup [ Tullj < oo.

The Hausdorff measure of noncompactness of a bounded set Z is denoted by x(Z) and defined as
x(Z)=inf{6 >0: Z C U1 B (x,7%),zx € T, 1, <d,n e N\ {0}},

where B (zg, 7)) is the open ball centered at zj and radius ry for each k = 1,2,...,n. For more details about

the Hausdorff measure of noncompactness, one can consult [29] and cited references therein.

Theorem 4.4 ([41, Theorem 2.8]) For 1 < p < oo, the Hausdorff measure of noncompactness of a bounded

set Z in £, is computed as
(@) =t (swp 7= P G, ).
k z2€Z

Here Py, : £, — £, is the operator defined by Py (2) = (20, #1, .-, 2k, 0,0, ...) for each k € N and I : ¢, — ¢, is
the identity operator defined by T (2) = (20, 21, -+, 2k Zkt1s ---) -

A linear operator £ from a Banach space I' into another Banach space © is called a compact operator if
the domain of £ is all of I' and the image under £ of any bounded subset of I' is a totally bounded subset of O,
or equivalently, for every bounded sequence z = (z,) in T', the sequence (£ (z,)) has a convergent subsequence
in ©.

The concepts of the Hausdorff measure of noncompactness and compact operators are linked one another.

The necessary and sufficient condition for an operator to be compact is that ||£,|| = 0, where ||£,| denotes

the Hausdorff measure of noncompactness of £ and it is defined as ||£|| = x (£ (Sr)) .

N\ B
Let = (zy) € (ép (S)) be a sequence, define a sequence y = (yx) € ¢, as

& i—k Skl — 5
g = 30 (~1) TP (4.1)
i=k %

for all £k € N. We give some lemmas, needed in our proofs.
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\\ B
Lemma 4.5 Let 1 <p < oo and let © = (zy) € (Ep (S)) . Then, y = (yx) € £y and

> Tpze = ) Yitk
k k

for all z = (z) € 4y (S’) .

Lemma 4.6 Let y = (yx) be defined by (4.1), then,

(a) : ||ac|\zl(§) = supy, lyx| < oo for all x = (z) € (El (S’))B
(d) : ||x||zp( 5) = (Z |yk|q> e < oo forall x = (x1) € (ﬁp ( )) and for 1 < p < oo.
(©: el 5y = Sl < 00 for att o = (@) € (£ (3))"

Proof We only prove the assertion (c). For z = ) € ( ( )) , it follows from Lemma 4.5 that y =

(yg) € 01 and Y wrzp = > yrty forall z = (z;) € £ (S) . By the fact that £ (5) and /., are isomorphic, one
% %

finds z € Séoo(S‘) if and only if t € Sp__. Thus, ||x||zoo(§) =SUP.cs, (5 ‘Zyktk = yll;
oo oo k o0
Now, apply Lemma 4.1 to obtain
||»”U||Zo(§) =lyll;. = llzll,, = Ek: lyx| < oo,
as desired. The other statements can be achieved similarly. O

Lemma 4.7 ([84, Theorem 3.7 and Theorem 3.11]) For any BK-space I' D ¥, we have
(a) : If T'€ (I',lss), then 0 < |[[Lr[|, < limsup, | Tl and Lt is compact if lim,, | T, & = 0.
(0): If T € (I',co), then | L[, <limsup, | Tl and L1 is compact if and only if lim,, |T,|; = 0.
(¢): If T € (T,¢y), then
F)

Z Tn

neN

Z Tn

neN

) < [[£7]l, < 4lim (;g?

):0.
r

Now, let us present a lemma, whose proof follows from Lemma 4.5. For this purpose, we define an infinite

lim [ sup
™ \ NefF,

ZTn

neN

and Lt is compact if and only if lim,. <SUPN6FT

matrix 7' = ( nk) as

e 2 Ski1— S
= Z(*l)”’“ik“s} P tni (4.2)
i=k 7

for all n,k € N under the assumption that the series is convergent.
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Lemma 4.8 Let T' be any sequence space and T = (t,;) be an infinite matriz. If T € (Ep (S) ,F) , then

Te (£p,T) and Tz = Tt hold for all z € Ly (5’) for 1 <p < oo.

Theorem 4.9 Let 1 < p < co. Then, we have
(a): If T € (ﬂp (5) ,Eoo) , then

&)

.S - S
(*1)1%7“19 Y P ktn
=% i

q) 1/q

0 < ||Lxl, < limsup (g

and L7 is compact if

00 ) Sk‘—i—l _ Sk a\ 1/4q
lim (Z O e ) =0.
n k li=k i

B):ITe (g,, (S) ,c0)7 then

L], = limsup (Z
n L i

and Lrp is compact if and only if

lim (Z |

k

()1 T e (4,(5).0), then
W [T, (5).6) < 701, < 4UmITIG, (5).00)

and L is compact if and only if

Em (|7, (5),0,) = 0,

where
Q) 1/q

Proof We begin with the proof of (a). Let T € (Ep (S’) ,éoo> and z € £, (5’) , then from the convergence of the

& i—k Skt1 — Sk
—1) R 0P it
D

Tl 5y = s (£

NeF, \ k

e N\ B R 1/q
series Y tnrzi that T, € (Zp (S)) for each n € N. Using Lemma 4.6 (b), it yields || T, |, (5) = (Z |tn;€’q>
k=0 v k

for each n € N, where £, is given by (4.2). So, apply Lemma 4.7 (a) to get

1/q
0 <[[Lrl, <limsup (Xk: |fnk|q>
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and Lp is compact if

. 1/q
lim (z |tnk|q> =0.
n k

1/q
For the proof of (b), let T € (Ep (S) ,co> , then, taking into consideration |T5,]|; (5) = <Z {nk|q> and
? k

using Lemma 4.7 (b), we obtain that

- 1/q
|£r], = limsup (; . )

and Lr is compact if and only if
A 1/q
m \'%k

* *

For the proof of (¢), let T' € (ﬁp (5‘) ,61) , then, it follows from Lemma 4.6 that || > T, = n
nenN gp(s‘) neN £,

So, employing Lemma 4.7 (c¢), it leads to

o\ M o Ve

i (swp S| Sl ) < lerl, < atim (sup £ 5 | )
" \N€F, k IneN " \N€F, k IneN
and L is compact if and only if
A\ Y/e
lim<sup STtk ) =0.
" \NeF, k IneN

Consequently, the proofs are completed. O

We conclude the study with the following two theorems, whose proofs can be made similar to Theorem
4.9.

Theorem 4.10 We have

(a): If T € (foo (5’) ,foc) , then

0< Lyl < limsuka)
n

x o Sp—S
> (—1)1_]67“15 E Pt
ik ;

and L is compact if

limsup 3> |35 (~1) Ak p g )
n & li=k Si
(b): If T e (foo (S) ,co) , then
|Lr]l, =limsup > | > (-1) k%Pi—ktm'
n F ik i
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and Lp is compact if and only if

lim " 2(—1)1”“@3%% =0.

"ok
(€): U Te (500 (5) ,51) , then
B 717, (5).6) < L7l < 4MmITIT,_ (5).00)
and Lr is compact if and only if
Em [Tl (5).0,) = 0

where

& ik Skt+1 — Sk
-1 kipi_ tnil -
n;Nz;c( ) Sz F

”TH?(QKOQ(S)A) = sup .

Nef - k

Theorem 4.11 We have

(a): If T € <€1 (5’) 7600) , then

o 1 Skr1— S
0 < el < timsup (sup| £ (-1 A=)
n k li=k Si
and Lp is compact if
lim (Sup zenHMa_ktm > =0.
no\ k |izk Si
b): I Te (41 (s) 700), then
& 1 Skr1— S
L]l = limsup (sup |3 (~1) T ZEE—2E P ity
X n \ k li=k S
and L is compact if and only if
lim (Sup zenHMH%tm > =0.
no\ k |izk Si

5. Conclusion

The approach of constructing a new sequence space by means of a matrix domain has been employed by many

scholars. In general, the first aim is to identify its special duals and some matrix transformations and to

characterize its compact operators and the Hausdorff measure of noncompactness. In recent years, these topics

have been investigated by introducing a new conservative matrix, whose terms are some fascinating special

numbers and number theoretic functions. By adopting these considerations, we here deal with the domain

of a recently defined conservative matrix, constructed by means of the Schréder numbers in the spaces of

p—absolutely summable sequences and bounded sequences. We determine the f—duals of the newly defined

Banach spaces and present characterization of some matrix operators and of certain compact operators by

means of the Hausdorff measure of noncompactness.
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