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Abstract: We study lift metrics and lift connections on the tangent bundle TM of a Riemannian manifold (M, g). We
also investigate the statistical and Codazzi couples of T'M and their consequences on the geometry of M. Finally, we

prove a result on 1-Stein and Osserman structures on T'M , whenever T'M is equipped with the complete lift connection.
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1. Introduction

The geometry of the tangent bundle with Riemannian lift metrics has been extensively studied in recent years
(see [1, 4, 5, 8,9, 11, 12, 16, 21], for instance). On the other hand, information geometry is an important and
useful bridge between applicable and pure sciences, a combination between differential geometry and statistics
[2]. In this framework, methods of differential geometry are used and extended to probability theory. The
mathematical point of view on information geometry was initiated by C. R. Rao. He showed that a statistical
model could be a Riemannian manifold, via the Fisher information metric. One of the main objects in this area
are the statistical connections. Statistical manifolds provide a geometrical model of probability distributions.
The geometry of statistical manifolds has been applied to various fields of information science, information
theory, neural networks, machine learning, image processing, statistical mechanics, etc. ([2, 3, 15, 17, 19]).
A statistical manifold is a differentiable manifold whose points are probability distributions ([2, 3, 13, 14]).
Precisely, a statistical structure on a differentiable manifold M is a pair (g, V) such that ¢ is a Riemannian
metric and V is torsion-free affine connection with the property that Vg is totally symmetric. A Riemannian
manifold (M, g) together with Levi-Civita connection V of ¢ is a trivial example of statistical manifold. In
other words, statistical manifolds can be regarded as generalizations of Riemannian manifolds.

In this paper, we study the prolongations of statistical structures on manifolds to their tangent bundles
with horizontal and complete lift connections. We consider two Riemannian lift metrics on the tangent bundle
TM of a Riemannian manifold (M, g), one of them is the twisted Sasaki metric G/" (in particular, Sasaki
metric) and the other one is the gradient Sasaki metric g7 .

The paper is organized as follows. After some preliminary considerations, in Section 3, we study the

geometry of TM equipped with the twisted Sasaki metric G¥" and the horizontal (respectively, complete) lift
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H C
connection V (respectively, V) and we investigate some properties of the couples (¢°, V/") and (g1, V/") on
TM , where VI" is the Levi-Civita connection of the twisted Sasaki metric G/, ¢* is the Sasaki metric, and

gf' is the gradient Sasaki metric. We also obtain some results on the lift to the tangent bundle of Killing vector

fields and infinitesimal affine transformations. In Section 4, we study the geometry of TM equipped with the

gradient Sasaki metric ¢/ and the lift connection % and we investigate some properties of the couples (g°*, V/)
and (GFP V) on TM, where V/ is the Levi-Civita connection of the gradient Sasaki metric g7. We also
study the necessary conditions for (T'M, g%, V7) and (TM,G*" V1) to be Codazzi and statistical manifolds.
Finally, in Section 5, we prove a theorem on the spectral geometry of TM and we deduce that T'M is globally

C
Osserman, whenever it is equipped with the complete lift connection V and V is a flat connection.

2. Preliminaries
Let V be an affine connection on a differentiable manifold M, let (z¢) be local coordinates on M, and let

(z%,y) be the induced coordinates on 7M. Then {52 (z,y)} is the natural basis of T, , TM. It

)
(z,y)1 By
is known that, with respect to an affine connection, T, ,yTM can be decomposed to H(, .\ TM & V(, .\ TM,

where H, ,yT'M is spanned by {% (z,y)= (%)H = %
)
by {7,

and by x(M) the set of all vector fields on M.

(z,y) fykfii(x)% l(z,y)} and V(g ,\T'M is spanned

(,9)'= (%)V}, with Fii the connection coeflicients of V. Denote by 7 : TM — M, n(z,y) := x,

The various lifts of a vector field X = X* B(zi on M (complete lift, horizontal lift and vertical lift,

respectively) are defined as follows

9 aaX 9 XH :Xziz _yal—\];iXii XV _ Xi 9

X¢=Xx_— — :
ozt Y 9pa oyt’ Oz oyk’ oyt’

(using Einstein summation convention).

According to [20], the Lie brackets of the horizontal lift and vertical lift of vector fields are
[XH,YH] = [XaY}H_(R(XaY)y)Vv [XH,YV} = (VXY)V - (T(va))vv [vayv] =0, (21)

where T is the torsion tensor field and R is the curvature tensor field of V.

H C
The horizontal lift connection V and the complete lift connection V of the affine connection V are

respectively defined by [20]:
H H H H
VY = (VxY)2, VYV =(VxY)V, VY7 =V YV =0,
C C C
VxuYH = (VxY)¥ +(Ry, X)Y)", VxvYH =vivYV =0, (2.2)
C C C C
VYV = (VxY)Y, VxeVY=(VxY)Y VYV =VY?=(VxY)V.

H C
It is known that V is flat and torsion-free if and only if V (V) is torsion-free [20].

For simplicity, in the rest of the paper, we shall write 0;, §; and J; instead of %, % and B(Z"' .
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Let now (M, g) be a Riemannian manifold. Similar to the lifts of vector fields and affine connections, we

can define lifts of Riemannian metrics.
We construct the twisted Sasaki metric G5 on TM as follows:

Ghl (X" Y™ = f(@)g.(X,Y), GL' (xV,y™") =0, Gf")

(vayv) = h(x)gw(X’ Y)’ (23)

where f,h are strictly positive smooth functions on M. If f = h =1, then G/** reduces to the Sasaki metric
g9° [18].

Lemma 2.1 [6] Let (M,g) be a Riemannian manifold, let V be the Levi-Civita connection of g, and let
(TM, G5 be its tangent bundle equipped with the twisted Sasaki metric. Then the Levi-Civita connection V"
of G is given by

1 H
viiyY = <f (X,Y)grad h) 7
h Ay N\
Ly H 0 7
vy H = (2fR(y,X)Y> +< o X) ,
h o X(h v
VLYY = (QfR(y,Y)X> +< Q(h)YJrv Y) :
1
VYT = (VxY + Ap(X,Y)" -5 (B Y)y)Y,

where Ap(X,Y) = %(X(f)Y—i—Y(f)X —g(X7Y)gradf) , X,Y e x(M), and (x,y) € TM . In particular, the

Levi-Clivita connection V* of the Sasaki metric g° is given by

LRy, ),

1
Vin Y = (V)7 — 5(R(X, Yy)Y, VY= 5

1
Vi YV = VXYV + S (R, Y)X)", Vie YV =0,

We construct also the gradient Sasaki metric g7 on T'M as follows:

Gy XY = g (X,Y), gl (X" YY) =0, ol (XVVY)=g.(X,Y)+ Xo(N)Ya(f),  (24)

where f is a strictly positive smooth function on M. If f is a constant, then g/ reduces to the Sasaki metric
S

g .

Lemma 2.2 [7] Let (M,g) be a Riemannian manifold, let V be the Levi-Civita connection of g, and let
(TM,g%) be its tangent bundle equipped with the gradient Sasaki metric. Then the Levi-Civita connection V¥
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of g7 is given by
1 1
Vi ¥ = =S X(N)(Vy grad ) = SV (f)(Vx grad )",

ViV = SRy, XV + SX ()R grad Y)Y + SX(F)(Vy grad f)”

+ 510X, Vy grad f) — SV (@)X (/) erad /)"

Vi VY = LR Y)X)! + 5V (f)(Rly,grad )X) + Y (1)(Vx grad )Y+ (Vx¥)”

1 1
+ 5. {9(Y, Vx grad f) = S X (@)Y (f)}(grad f)",
1
Vin Y = (VxY) - 5 (R(X, Y)y)Y,
where a =1+ || grad f ||?, X,Y € x(M) and (z,y) € TM.

Definition 2.3 Let (M,g) be a Riemannian manifold and let ¥V be an affine connection on M. The pair
(9, V) is said to be a Codazzi couple on M if the cubic tensor field C := Vg is totally symmetric, namely, the

Codazzi equations hold:

(Vxg)(Y, 2) = (Vyg)(Z,X) = (Vz9)(X,Y),

for every XY, Z € x(M). The triplet (M,q,V) is called a Codazzi manifold and V is called a Codazzi
connection. Furthermore, if ¥V is torsion-free, then (M,g,V) is a statistical manifold, (g,V) is a statistical

couple and V is a statistical connection.

Throughout the rest of the paper, we shall use two notations g/ and g/t for the gradient Sasaki metric
defined by f and f;, respectively, because, whenever appear in a theorem both a gradient Sasaki metric g/t
and a twisted Sasaki metric G¥" (defined by f and h), we wish to specify that the two functions f and f;
may be different.

3. Geometry of tangent bundle with twisted Sasaki metric

In this section, we study the geometry of TM equipped with the twisted Sasaki metric (in particular the Sasaki

metric).

Definition 3.1 Let (M,g) be a Riemannian manifold and let V be an affine connection on M .

(1) A wvector field X is said to be conformal (respectively, Killing) with respect to g, if Lxg = 2pg (respectively,
Lxg = 0), where p is a function on M and the Lie derivative of g in the direction of X is given by
(Lxg)(Y,2) = Xg(Y,Z) — g(LxY,Z) — g(Y,Lx Z) .

(2) A wvector field X is said to be an infinitesimal affine transformation on M with respect to V, if LxV =0,
where the Lie derivative of V in the direction of X is given by (LxV)(Y,Z) = Lx(VyZ)—Vy(LxZ)—
VixyZ.
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Now we study conditions under which X" and X*# are Killing vector fields for G/".

By a direct computation and using (2.3) and (2.1), we get
(LxvGPM)(YY,zY) =0,
(Lxv @MY, ZY) = hg(Vy X = T(Y, X), Z),
(LxvGIMY(YH ZH) = 0.
If V is torsion-free, then X" is a Killing vector field for G/** if and only if Vy X = 0. Moreover, using (2.3)
and (2.1), a straightforward computation gives
(LxuGIM(YY,2V) = X(h)g(Y, Z) + h((vxg)m Z)+9(T(X,Y),Z) + (Y, T(X, Z))),
(LxnGI(YH, 2Y) = hg(R(X,Y)y, Z),

(LxnGIMY(YH, ZH) = X (£)g(Y, Z) + f(Lxg)(Y, Z).

If V is torsion-free, then X# is a Killing vector field for G/" if and only if

(Vx)v.2) =~ g(v.2), REYIZ =0, (Lxg(v.2) = - Wgv.2), vv.zexon

Thus, we get the following

Proposition 3.2 Let (M,g) be a Riemannian manifold and let (T M,G'") be its tangent bundle equipped with

the twisted Sasaki metric. Then the following assertions hold

(1) if V is a torsion-free affine connection on M, then XV is a Killing vector field for G if and only if
X is a parallel vector field;

(2) if V is a torsion-free affine connection on M, then X is a Killing vector field for GF" if and only
if X is a conformal vector field on (M,g) and (Vxg)Y,Z) = —@g(ﬁ’, Z), R(X,Y)Z =0, for all
Y,Z € x(M);

(3) if V is a torsion-free affine connection on M and h is constant, then X is a Killing vector field for
GFP if and only if X is a conformal vector field on (M,g), V is the Levi-Civita connection of (M, g)
and R(X,Y)Z =0, forall Y, Z € x(M);

(4) if V is a torsion-free affine connection on M and f and h are constant functions, then Xt is a Killing
vector field for GT" if and only if X is a Killing vector field on (M, g), V is the Levi-Civita connection
of (M,g) and R(X,Y)Z =0, forall Y,Z € x(M);

(5) if V is the flat Levi-Civita connection on (M,g) and f and h are constant functions, then Xt is a
Killing vector field for G if and only if X is a Killing vector field on (M, g).
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H H
Here, we compute the components of VG/" to study (TM,G7" V). A direct computation gives

(%&Gﬁh)(aj, ) = 6:;GIM (85, 61) — vah(ggi(sﬁ o) — GIh (s, géiak) (3.1)
8i(fgjr) — GTM((V0,0)™, (0r)™) = GTM((0), (Vo,00)™)

= 0i(f)gjr + fOi(gjx) — f9(V6,0;,0k) — f9(9;,Vo,0k)

9i() gk + f(Vo,9)(9;, 0k).

By a similar computation, we get

H H
(Vo GI1) 0k, 85) = 05(F)gni + f(V0,9)(r, 0i),  (Vs, G (0:,8;) = O(f)gis + F(V0,9)(8:,9;).  (3.2)
We have also

H H H H
(Vo.GI™)(05,00) =0, (Vs,GI")(65,0;) = (Vs,GI") (01, 6:) = (Vo , GI™)(8;,6;) = 0,

Ll h Ll h Ll h
(Vo,GI)(05,6) = (Vo, GP™) (01, 05) = 0, (Vs,GP")(05,05) = Ok(h)gis + h(V5,9)(05,0;).  (3.3)

H
If (TM,G%" V) is a Codazzi manifold, then the second equation of (3.3) implies (V4,9)(8;,0;) = —+0k(h)gi; -
Setting this equation in (3.1) and using (3.2), we get (9x(f) — %ak(h))gij = 0, and consequently hoy(f) =
fOk(h). Thus, we get the following:

Theorem 3.3 Let (M,g) be a Riemannian manifold, let V be an affine connection on M and let (TM,GF)
be its tangent bundle equipped with the twisted Sasaki metric. Then the following statements hold

H
(1) if (TM,G5" V) is a Codazzi manifold, then (Vzg)(X,Y) = —%Z(f)g(XJ/) and fgradh = hgrad f,

H
for all X,Y,Z € x(M). Moreover, V is compatible with G5 ;

H
(2) if (TM,G5" V) is a statistical manifold, then V is flat, (Vzg)(X,Y) = —%Z(Z)g(X, Y) and fgradh =

H ,
hgrad f, for all X,Y,Z € x(M). Moreover, V reduces to the Levi-Civita connection of G5 ;

o
(8) if (TM,G*" V) is a statistical manifold and h is a constant, then f is constant, V is the Levi-Civita

H
connection of g and V reduces to the Levi-Civita of GH";

H
(4) if V is the Levi-Civita connection of g and f,h are constant functions, then V is compatible with GI" ;

H
in particular, if V is flat, then V reduces to the Levi-Civita connection of G5 .
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c
Now we focus on (TM,GH" V). A direct computation gives

(%51, G (85,0%) = 6;GHM (85, 0%) — vah(%giéj, 5k) — GH (6, %iak)
= 0i(fgj) — GT"((Vo,0)™ + (R(y,0:),9;)", (9)™)
=GP0, (Vo,00) + (R(y, 8:)0w)")
= 0i(f)gjr + fOi(gjr) — f9(Va,0;,0k) — fg(0, Vo, 0k)
= 0;(f)gjx + [(Vo,9)(9;, ).

By a similar computation, we get
C _n
(Vs,G"")(6k, i) = 0 (f)gri + [(Vo,9)(Ok, 0:),
C
(Vo GI")(81,0;) = 0(£)gis + F(Vo,9)(0:,0))-
We have also

C
(Va,G"M)(0;,05) = 0,

¢ f.h s ot ¢ f,h s ot ¢ f.h
(véiG ’ )(5]78E) = _hy Rsijgtka (v5jG ’ )(3E?6l) = _hy stigkta (vagG ’ )(6%6]) = 07 (34)

C n C i C i
(Vo,G7")(05,0x) = (Vo,GT")(6k,0;) =0, (Vs,G"")(0;,05) = Ok(h)gij + h(Va,9)(0;, 0;).

C
If (TM,G/" V) is a Codazzi manifold, from (3.4), we get y*R:., = 0. Differentiating with respect to y*, we

sjt

obtain Rfm’i =0, so V is a flat connection. Thus, we get the following:

Theorem 3.4 Let (M,g) be a Riemannian manifold, let V be a torsion-free affine connection on M and let

(TM,G5") be its tangent bundle equipped with the twisted Sasaki metric. Then the following statements hold

C
(1) if (TM,G5" V) is a Codazzi (respectively, statistical) manifold, then V is flat, (Vzg)(X,Y) =
C
f%Z(f)g(X,Y) and fegradh = hgrad f, for all X,Y,Z € x(M). Moreover, V is compatible with

C
G/ (respectively, V reduces to the Levi-Civita connection of G¥" );

e
(2) if (TM,G5" V) is a statistical manifold and h is a constant, then f is constant, V is the Levi-Civita

C
connection of g and V reduces to the Levi-Civita of G5P ;

C
(8) if V is the Levi-Civita connection of g and f,h are constant functions, then V is compatible with GI" ;

C
in particular, if V is flat, then V reduces to the Levi-Civita connection of G5 .
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Here we provide conditions for the vertical vector field XV to be an infinitesimal affine transformation
on TM with respect to V" whenever (M, g) is a flat space and V is the Levi-Civita connection of g.
Using Lemma 2.1 and (2.1), we get

\%4
(LXva,h)(YV’ ZV) _ (9(52/}2) VgradhX> 7 (3.5)
(Lxv V&MY H ZV) = (2f (VyX,Z) 071') (grad b)), (3.6)
14
(LXVV.ﬂh)(YH’ZH) — (vAf(Y7Z)+VYZX + %h)VZX +VyVzX + %h)v X) . (3.7)

Let XV be an infinitesimal affine transformation on TM with respect to V/". Then from (3.6) we get
VyX =0, forall Y € x(M), or gradh = 0. In both cases, (3.5) vanishes. Also, in the first case, (3.7) vanishes
and in the second case, (3.7) reduces to Va,v,2)+vyzX + VyVzX = 0. Thus, we have the following:

Proposition 3.5 Let (M,g) be a flat Riemannian manifold, let V be the Levi-Civita connection of g, let
(TM,G5") be its tangent bundle equipped with the twisted Sasaki metric, and let V" be the Levi-Civita

connection of GH". Then XV is an infinitesimal affine transformation on TM with respect to V" if and
only if X is parallel, or h is constant and V s, (y,z)1vyzX +VyVzX =0, for all Y, Z € x(M).

Here we provide necessary and sufficient conditions for the horizontal vector field X to be an infinites-
imal affine transformation on T'M with respect to V/".
Using Lemma 2.1, (2.1) and considering Y (F") = (Y/(F))V, FVYV = (FY)V, for all F € C>(M),

we get

77) (grad h)f — (chg(Y, Z)o 71') [X, grad h)?

(ﬁ _ 1) (g(K Z)o 71') (gradh - X, gradh])H7

(LxuVIMY(YY, 2V = (
_1
f2f

(Lxn VMY, 2Y) = (R(X,Y)Z)" + X" (Y(h)) v (W) v

2h 2h
(R (X,Y)Z + X (Y;:)> Z - WZ)V
_ (R ;h ( - 7X(h)hy(h) + Y(X(h)))Z)V,
(Lagn VI (YH, 7H) = (va XAV 2)] 4 A (V. [2.X]) - Af(1X.Y].2)])

Proposition 3.6 Let (M,g) be a flat Riemannian manifold, let V be the Levi-Civita connection of g, let
(TM,G5") be its tangent bundle equipped with the twisted Sasaki metric, and let V7" be the Levi-Civita

connection of GT'". Then X is an infinitesimal affine transformation with respect to V" if and only if the
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following equations hold:

(X(f) - 2f) (gradh X, grad h}) ~0,  R(X,Y)Z = (T - Y(X(h))>7

(LXV)(Yﬂ Z) + [X7Af(YvZ)] +Af(Yv [ZvX]) - Af([X7Y]7Z)] =0,

forall Y, Z € x(M).

Corollary 3.7 Let (M,g) be a flat Riemannian manifold, let V be the Levi-Civita connection of g, let

(TM,G5") be its tangent bundle equipped with the twisted Sasaki metric and let V5" be the Levi-Civita
connection of GHl.

(1) If f is constant, then X is an infinitesimal affine transformation with respect to V5" if and only if X

is an infinitesimal affine transformation with respect to V and

[X, grad h] = grad h, R(X,Y)Z =

1 /X (h)Y(h)
(T

— Y (X(h),
forall Y, Z € x(M).

(2) If h is constant, then X is an infinitesimal affine transformation with respect to V*" if and only if
(LxV)(Y, Z) + [X, Ap (Y, Z2)| + Ay (Y, [Z, X]) = Ap([X, Y], Z)] = 0,
and R(X,Y)Z =0, forall Y, Z € x(M).

(8) If f and h are constant, then X is an infinitesimal affine transformation with respect to V" if and only

if X is an infinitesimal affine transformation with respect to V and R(X,Y)Z =0, for oll Y, Z € x(M).

Here we provide necessary and sufficient conditions for the horizontal vector field X to be an infinites-

H
imal affine transformation on T'M with respect to V, where V is an affine connection on M .

By a direct computation and using (2.1) and (2.2), we get

H

(LxaV)(YY,ZV) =0,
H o v

(Lxu V)Y, 2Y) = (R(X,Y)Z = T(X,Vy 2) + VyT(X, Z))
H

(Lxn V)Y, Z") = (LxV)(Y, 2)" = (R(X, Vy Z)y)" + (Vy R(X, Z)y)"".

Thus, we get the following:

Proposition 3.8 Let V be a flat torsion-free connection on (M,g). Then X" is an infinitesimal affine

H
transformation on T M with respect to V if and only if X is an infinitesimal affine transformation on M with
respect to V.
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Here we consider (T'M, g*, V/") as a statistical manifold. Direct computations give (vg;th)(ai, 0;)=0

and
(VR G%)(85,50) = —g( A7 (01,9,), %) — 9(Dy2 Ap(Dr. k) = —ai}f  gin, (3.8)
(VL *)(6;,0%) = %yTRiM (1 - }}) ; (Vf "g°)(6:,07) = —?yTR,»M, (3.9)
(V5036 = 20 g, - 2 (wfrgryi0) = -2, (3.10)

If (TM,g®*, V") is a statistical manifold, from (3.8) and (3.10), we deduce that f and h are constant. From
(3.9), we get also %y”Rijrk (1 + %) = 0. Differentiating with respect to y*, we obtain —%Rijkt (1 + %) =0.

According to the above case, we get the following:

Theorem 3.9 Let (M, g) be a Riemannian manifold, (T M, g®) be its tangent bundle equipped with the Sasaki
metric and let V5" be the Levi-Civita connection of twisted Sasaki metric GP'" . If (TM, g*, V") is a statistical

manifold, then f and h are constant. Moreover, we have that V is flat or f = —h.

Now we study the necessary conditions for (TM, g/, V/*") to be a statistical manifold. Firstly, we recall
the definition of Hessian. The Hessian of a function f € C*°(M) taken with respect to an affine connection V

is the covariant derivative of the 1-form df, i.e.

Hess/ (X,Y) := (Vdf)(X,Y) = XY (f) — (VxY)(f), VX,Y e x(M).

It is worth noting that Hess’ is symmetric if and only if V is torsion-free.

Direct computations give

(V1) 55,60 = -2 g (90,0, =0,

f
(V597560 = %8 g - 2 (g4 0y (1)0u( 1), (3.11)
(vl g @505 = -2 (4 4 0,00,

+ Hess (9, 0;)0; (f1) + Hess" (O, 9;)0i(f1). (3.12)

If (TM,g%, V5" is a statistical manifold, from (3.11) and (3.12), we get

O(h) 6k()

of 9 {9i +0;(f1)0:(f1)} = Hess (k. 0:)0; (1) + Hess" (0k, 8;)9;(f1).

Also we have
h

h
Y Rrkua (vfh S)(61’75]’) = _?yT’Rrkij' (313)

(V5197%)(65,08) = % Rujon + %R 0. (0K ) = 5
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Since (TM, g/, VF") is statistical, from (3.13), we get

r h
%{Rijrk + R};,.0s(f1)0k (f1) + ?Rrkij} =0.

Differentiating with respect to y*, we obtain

Thus, we get the following:

Theorem 3.10 Let (M, g) be a Riemannian manifold, let V be an affine connection on M, let (TM,g/1) be
its tangent bundle equipped with the gradient Sasaki metric and let V" be the Levi-Civita connection of the

twisted Sasaki metric GH. If (TM, g/*, V") is a statistical manifold, then

1

1
A7 2K Y) ¢ S ZY (X (),

Hess" (Z, X)Y (f1) + Hess" (Z,Y) X (f1) = 2h

and

<1 T ;) R(X,Y)Z = (R(Y, X)Z)(f1) grad(f1),

forall XY, Z € x(M).

4. Geometry of tangent bundle with gradient Sasaki metric

In this section, we study the geometry of TM equipped with the gradient Sasaki metric g7 .

Firstly, we study the necessary and sufficient conditions for the vector fields XV and X# to be Killing
for g/ .

By a direct computation and using (2.1) and (2.4), we get

(LXng)(YV7 Zv)

07
9(Vy X, 2) + (Vy X)(£)2(f) = (Vv X, Z) + ((Vy X)(f) grad(f), Z),
0

(Lxvgh (¥, zM") = 0.

(Lxvg”)(YH,2Y)

Using (2.1) and (2.4), straightforward computations give
(Lxng”)(YV,2Y) = (Vxg)(Y, 2) + g(T(X,Y), Z) + g(Y,T(X, Z))
+(T(X,Y)(N)Z(f) + (T(X, 2)) (/)Y (f)
+ Hess! (X, Y)Z(f) + Hess' (X, 2)Y (f),
(Lxng”) (Y™, ZY) = g(R(X,Y)y, Z) + (R(X,Y)y)())Z(f)
= g(R(X,Y)y, Z) + g(R(X, Y)y)(f) grad(f), Z),

(LXHgf>(YH7 ZH) = (LXg)(Y7 7).

Thus, we get the following:
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Proposition 4.1 Let (M,g) be a Riemannian manifold and let (TM,g%) be its tangent bundle equipped with

the gradient Sasaki metric. Then the following assertions hold

(1) if V is a torsion-free affine connection on M, then XV is a Killing vector field for g/, if and only if
Uy X = —(Vy X)(f) grad(f), for all Y € x(M);

(2) X" is a Killing vector field for g/ if and only if X is a Killing vector field for g and

(Vxg)(Y, Z) = —Hess! (X, Y)Z(f) — Hess’ (X, Z)Y (f),  R(X,Y)Z = —(R(X,Y)Z)(f) grad(f),
forall Y, Z € x(M).

C c
Here we compute the components of Vg/ to study the Codazzi and statistical structures for (T'M, g/, V).

A direct computation gives

C C C
(Vtskgf)(a;?aj) = 6kgf(8_ a_> - gf(v5k6€785) - gf(aiav(;ka_) (41>

= 0197 (0:,05) — 97 (V,0,)",05) — g7 (85, (V5,0;)")

= 0i{gi; + 0:(£)9;()} = {9(Va,0:,0;) + (Va,0:)(f)0;(f)}
—1{9(0:,V,0;) + 0:(f)(Vo, 0;)(f)}

= Ok(9i5) + Ok(0i(£))0;(f) + 0i(f)Ok(9;(f)) — 9(Va,0i, 0;)
— (Vo,0:)(£)0;(f) — 9(0i, Vi, ;) — 9i(£)(Va,0;)(f)

= (Va,9)(03,0;) + 0k(0:(f))0; (f) + 0:(f)0k(0;())
= (V6,0:)(£)0;(f) = 0:(f)(Va,05)(f)

= (Vo,9)(0:,0;) + 0;(f) Hess” (0, 9;) + 0i(f) Hess’ (0., 9;).
‘We have also

C C
(Vo,0) (5. 64) = (Vo0 )(64.05) = 0, (4.2)
(%57gf)(6jv 8E) = 7g(R(y7 8i)8j7 ak) - (R(y7 al)aj)(f)ak(f)a
(Va,0%) (05 6) = —g(R(y. ;)05 05) — (R(y.0)0) (Nk(f), (Va0 )(6:.65) =0,

(%éigf)(% ) = (V,9)(9;, ), (%azgf)(ajv ) = 0. (4.3)

c
Let (T'M,g/,V) be a Codazzi manifold. The first equation of (4.3) implies that V is Codazzi. On the other
hand, from (4.1) and (4.2), we deduce

(Vo,9)(9i,0;) = —0;(f) Hess' (9, 0;) — i(f) Hess' (O, ). (4.4)
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Since V is Codazzi, then the above equation gives

O (f) Hess? (0;,0;) — 0i(f) Hess' (0y, 9;) = T(0;, 0) (£)0;(f)- (4.5)

c c
Now, let (T M, g/, V) be a statistical manifold. It is known that V is torsion-free if and only if V is torsion-free

and flat. Thus, we deduce that V is a statistical connection. In this case, (4.5) reduces to the following
O (f) Hessf(ﬁi,ﬁj) —0:(f) Hessf(ak,ﬁj) = 0.
Considering the above equation in (4.4), we get
(Vo,9)(0:, 0;) = —20k(f) Hess' (8;, 9;).
According to the above description, we conclude the following

Theorem 4.2 Let (M,g) be a Riemannian manifold, let ¥V be an affine connection on M, and let (T M, g?)
be its tangent bundle equipped with the gradient Sasaki metric. Then the following statements hold:

c
(1) if (TM, g, V) is a Codazzi manifold, then (M,g,V) is a Codazzi manifold,
(V29)(X,Y) = —Hess' (Z, X)Y (f) - Hess' (2,Y)X(f),

and

R(X,Y)Z = —(R(X,Y)Z)(f) grad(f),
such that
Hess/ (X,Y)Z(f) — Hess! (2,Y) X (f) = T(X, 2)(/)Y(f), ¥V X, Y, Z € x(M);
(2) if (TM, g, %) is a statistical manifold, then (M, g,V) is a statistical manifold and

(Vz9)(X,Y) = —2Hess (X,Y) Z(f).

Now we study the necessary conditions for (T'M, g%, V7) to be a statistical manifold. Direct computations

give
(Vh,8)6:.65) = =5 Rywis — 5 0u(Dg (R0, grad £)0:.9))
— - Rutji = 509 (9, R(Or, grad £)9), (4.6)
(V1 9%)(6;.0) = =y Rijor — yj&c(f)g(@j, R(9;,grad [)0;). (4.7)

If (TM,g®, V') is a statistical manifold, from (4.6) and (4.7), we get

v R — 2D 0, R, e 1)9,)) =0
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Differentiating with respect to y*, we obtain

Ripij = @9(@, R(0, grad f)0;).

We have also

(V] 9°)(85,0) = (V5,9°)(8;,05) = 0,

(végs)(aj76k) = o(f) 9(Va, grad f, k) + 9;(f)

) 42 g(Vo, grad f, 0x) — aléf)g(vak_ grad f, 9;)
— o000 o, mrad 1)~ 2o 11,(), (4.9
(v1,0)0:95) = - 28995, grad £,0) - 2095, arad 1,01
— (900 Vo, zmad 1)~ 220,000, () — - (600, o, araa 1)
(o)
- S5R0())au ) (4.9)

Since (T'M, g*,V7) is statistical, from (4.8) and (4.9), we get

~0,(P)a(Vo, arad £.0) — (9105, Vo, araa 1) - 20, (5)) 0,1

= 0i(f)9(Vo, grad f,9k) + 0;(f)9(Va, grad f, O).

Thus, we get the following:

Theorem 4.3 Let (M,g) be a Riemannian manifold, let (TM,qg®) be its tangent bundle equipped with the

Sasaki metric, and let V¥ be the Levi-Civita connection of the gradient Sasaki metric g7 . If (TM,g°, V') is
a statistical manifold, then we have

Y (Ng(Vzarad [,X) — - (g(Vgrad £,Y) — L Z(@)Y (1)) X (1)

a
= X(f)g(Vygrad f, Z) + Y(f)g(Vx grad f, Z),

and
R(X,Y)Z = Lg(X, R(Z,grad f)Y¥) grad ]
forall XY, Z € x(M).
Now we focus on (T'M, GH" V7). Direct computations give
(VEGIM)(65,00) = 0i(F)gsn,  (VREGIM)(85,0) =0, (VEGIM)(3:,6;) =0,

(4.10)
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(VIG5 (85.0) = oAb~ )Bugen — F96(F1)0(05. R(0r.grad £1)0)) (111)
If (TM,G/" V1) is a statistical manifold, from (4.10), we get 9;(f) =0, i.e., f is constant. (4.11) implies
2 ((h = DRije = FOL(£1)9(D:, RO, grad £1);) ) = 0.

Differentiating with respect to y*, we obtain
(h = f)Rijtx — fO,(f1)9(0:, R(O¢, grad f1)0;) = 0.

We have also

(Vng’h)(ajaék) = %fg(Vaj grad fl,ak) + %fg(v& gradflaak)
B %fl)hg(ajyvtak grad f1) — %@(&',Vak grad f1) — akéa)ai(fl)}aj(fl)v (4.12)

(V) 0,07) =~ 2095, arad £1,0) — 2000 Vo, grad 1) — 20 0171,1)

2 2a
- aj(zfl)hg(vak grad f1,0;) — %{g(aj7 Vo, grad f1) — 8k2(a) 0;(F1)}0:(f1)
+ Ok () gij- (419)

Since (TM, G5 V/1) is statistical, from (4.12) and (4.13), we get

O 19, mrac 1, 00) + 20 1995, ara 1,00 = Dy — o {0(;, Vo, mrad 1)
- W9y - 2w, grad 11,00,

Thus, we get the following:

Theorem 4.4 Let (M,g) be a Riemannian manifold, let (TM,G") be its tangent bundle equipped with
the twisted Sasaki metric, and let V1 be the Levi-Civita connection of the gradient Sasaki metric g/t. If

(TM,GH V1) is a statistical manifold, then f is constant. Moreover, we have
fX(f1)g(Vygrad f1,2) + fY(f1)9(Vx grad f1,2) = 29(X,Y)Z(h)

WY (R)g(V a1, X) — = (9(V 7 8rad f1,¥) — S Z(@)Y (1)) X (1)

and

(h— fIR(X,Y)Z = fg(X, R(Z,grad f1)Y) grad fi,

forall XY, Z € x(M).
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5. 1-Stein and Osserman structures on T M

In this part, we introduce two geometric concepts, such as 1-Stein and Osserman space. Then we show that
el
TM is a 1-Stein space whenever it is equipped with the complete lift connection V. In the end, we prove that

if V is a flat connection, then T'M equipped with % is a globally Osserman space. It is known that % is the
Levi-Civita connection of the complete lift metric on TM (see [20] for more details). Studying 1-Stein and
Osserman structures on T'M with twisted Sasaki metric and gradient Sasaki metric are interesting ideas that
can be studied in the future.

The Jacobi operator Jx(Y) = R(Y, X)X is a self-adjoint operator and it plays an important role in
the curvature theory. Let spec{Jx} be the set of all eigenvalues of the Jacobi operator Jx and S(M,g) be
the sphere bundle of unit tangent vector fields. One says that (M, g) is Osserman at p € M, if for every
X,Y € S,(M,g), we have spec{Jx} = spec{Jy}, i.e. the eigenvalues of Jx are independent of the tangent
vector at p. Furthermore, (M,g) is pointwise Osserman, if it is Osserman at each p € M. Also, (M,g) is
globally Osserman if, for any point p € M and any unit tangent vector X € T}, M, the eigenvalues of the Jacobi
operator depend neither on X nor on p, i.e. the eigenvalues of Jx are constant on S(M,g). We recall that
globally Osserman manifolds are clearly pointwise Osserman manifolds.

Let (M,g) be a Riemannian manifold, p € M, Z € S,(M,g). Associated to the Jacobi operators, and

natural number t, there exist some functions f; defined by fi(p, Z) = g(Z, Z)ttrace(Jg)), where J(Zt) is the

tt" power of the Jacobi operator Jz. We say that the Riemannian manifold (M, g) is k-Stein at p € M, if
fi(p, Z) is independent of Z € S, (M, g) for every 1 <t < k. Moreover, (M,g) is k-Stein if it is k-Stein at

each point.

Lemma 5.1 [10] Let (M, g) be a 4-dimensional Riemannian manifold. Then (M, g) is pointwise Osserman if
and only if (M,g) is 2-Stein.

Now we study the 1-Stein and Osserman structure of TM , whenever it is equipped with the complete

c _ _
lift connection V. We denote by R (respectively, J) the Riemannian curvature tensor and the Jacobi operator

c _ _
of V. Let u€ TM and v € T,(TM). So we have v = X*§;, + X*0;, where X*, X* are smooth functions on

TM . Direct computations give us

Jy(6:) = R(6;,v)v = R(6;, X*6), + XF0:)(X* 6, + X*0;)
= (X*)*R(6:,61)0k + X* X" R(8;,60)0 + X" X" R(6,05)61 + (X*)*R(6:, 05 0.
Using (2.2) and a straightforward computation, we get

R(8;,01)0k = (Jo, (8) + (R(y, )V o,0k — R(y, 0.)V o, 01 + Vo, R(y, 0)0; — Vo, R(y,0:)9k)" .

We have also

R(8i,01) 05, = (J0,(9:))",  R(8:, ;)0 = R(8i, )0 = 0.
We set A = R(y,0;)Va, 0k — R(y,0,)V,0k + Vo,R(y,0,)0; — Vo, R(y,0;)0. Also from (2.2), we obtain
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J,(0;) = 0; thus, the matrix representation of the Jacobi operator of TM is

P R e
C XA+ (XFXN) (T, (0:)Y 0]
Since (X*)%(Jo, (0x))" = 0, for K = 1,...,n, we conclude that the principal diagonal entries are zero, so

trace(.J,) = 0, i.e. trace is independent of v. Therefore, TM is a 1-Stein space. Moreover, if V is a flat

_ C _
connection, then the Jacobi operator J, of TM equipped with V is zero. Thus, spec{Jy} = {0}, so TM is

globally Osserman. As mentioned above and using Lemma 5.1, we get the following:

Proposition 5.2 Let (M,g) be a Riemannian manifold, let V be an affine connection, and let TM be its
tangent bundle. Then the following statements hold:

C
(1) TM equipped with the complete lift connection V is a 1-Stein space;

c
(2) if V is a flat connection, then TM equipped with V is globally Osserman. Moreover, if M is 2-

C
dimensional, then TM equipped with V is a 2-Stein space.
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