Turkish Journal of Mathematics Turk J Math

(2022) 46: 2440 — 2449

© TUBITAK

TUBITAK Research Article doi:10.55730,/1300-0098.3279

http://journals.tubitak.gov.tr/math/

Universality of an absolutely convergent Dirichlet series with modified shifts

Antanas LAURINCIKAS!®, Renata MACAITIENE?®, Darius SIAUCIUNAS?*
"nstitute of Mathematics, Faculty of Mathematics and Informatics, Vilnius University, Vilnius, Lithuania
Institute of Regional Development, Siauliai Academy, Vilnius University, Siauliai, Lithuania

Received: 21.02.2022 . Accepted/Published Online: 23.05.2022 . Final Version: 04.07.2022

Abstract: In the paper, a theorem on approximation of a wide class of analytic functions by generalized shifts
Cup (s + ip(T)) of an absolutely convergent Dirichlet series (u, (s) which in the mean is close to the Riemann zeta-
function is obtained. Here ¢(7) is a monotonically increasing differentiable function having a monotonic continuous

derivative such that ¢(27) 22?2{ %(U LT as 17— 00,and ur = oo and ur K T? as T — oo.
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1. Introduction

The Riemann zeta-function ((s), s = o + it, is defined for o > 1 by

< 1\ !
C(s) = ZWH(lps> :
m=1 p
where p runs over the set of all prime numbers and has the meromorphic continuation to the whole complex
plane with unique simple pole at the point s =1 and residue 1.

It is well known that the function ((s) has a good approximation property in the space of analytic
functions, i.e. its shifts (s +i7), 7 € R, approximate a wide class of analytic functions. The latter property
of ((s) was discovered by Voronin [13] and is called the universality. Let D ={s € C:1/2 <o < 1}, K be
the class of compact subsets of the strip D with connected complements, and let Ho(K) with K € K be the
class of continuous nonvanishing functions on K that are analytic in the interior of K. Let measA denote the
Lebesgue measure of a measurable set A C R. Then the modern version of the Voronin universality theorem is

the following statement, see [1, 4, 5, 9, 12].

Theorem 1.1 Let K € K and f(s) € Hyo(K). Then, for every € >0,

1
lim inf —meas {T €[0,T] : sup |((s +iT) — f(s)] < 6} > 0.
T—o0 T seK

Using more general shifts (s +ip(7)) with a certain function ¢(7) in place of ((s+1i7) is also possible.

In [11], the function ¢(7) = 7*log” 7 with some class of real numbers « and S was applied. The paper [8]
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deals with the class U(Tp) of monotonically increasing differentiable functions ¢(7) on [Ty, 00), Ty > 0, having

a monotonic continuous derivative such that

1
©(27) [ Dax 0] LT, T —o00.

More precisely, the following theorem is valid.

Theorem 1.2 Suppose that (1) € U(Ty). Let K € K and f(s) € Ho(K). Then, for every € > 0,

lim inf meas {7‘ € [To, T : sup |¢(s +ip(T)) — f(9)| < E} > 0.
T—o00 — 1y seEK
Moreover, the limit
lim meas < 7 € [To, T] : sup [C(s +ip(r)) — f(s)| <ep >0
T—oo T — TO seK

exists for all but at most countably many € > 0.

The aim of this paper is the approximation of functions of the class Ho(K) by generalized shifts of a

certain absolutely convergent Dirichlet series generated by the function ((s). Let 8 > 0 be a fixed number. For

m € N and u > 0, define
ma 0
wutm =eso {~ (2)').

where exp{a} = e*. Then the series

Gl = 3 L)

is absolutely convergent for ¢ > og with arbitrary finite oy. The first universality theorem for the function
Cu(8) has been obtained in [6]. In [7], the latter theorem was extended for short intervals. Finally, in [3], a joint
universality theorem for the function (,(s) was proven in short intervals. We will consider the approximation
by shifts (. (s +ip(7)).

Denote by B(X) the Borel o-field of the space X, and define the set

Q= H’Ypa
p

where 7, = {s € C : |s| = 1} for all primes p. With the product topology and pointwise multiplication, the
torus 2 is a compact topological Abelian group. Therefore, on (2, 8(f2)), the probability Haar measure mpy
exists, and we have the probability space (2, B(2),mp). Denote by w(p) the pth component of an element
w € ), and on the probability space (£, B8(2), my), define the H(D)-valued random element

o) =TT (1-42)

s
» p
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Recall that the latter product, for almost all w € €2, is uniformly convergent on compact subsets of the strip D,
see, for example, [5]. Here H(D) is the space of analytic functions on D endowed with the topology of uniform

convergence on compacta.

The main result of the paper is the following statement.

Theorem 1.3 Suppose that o(7) € U(Ty), and ur — oo and ur < T? as T — oo. Let K € K and
f(s) € Hy(K). Then the limit

lim
T— 00 — 1y

meas {T € [To,T] : sup |Cup (s +ip(T)) — f(9)| < 5} =mg {w € Q:sup |((s,w) — f(s)] < 5} >0
seK seK

exists for all but at most countably many € > 0.

For example, the function logI'(7), where I'(7) is the Euler gamma-function, satisfies the hypotheses of
the class U(Tp).

Theorem 1.3 implies that there exists T= f(f,e, K, ) > 0 such that, for T > f, there are infinitely
many shifts (... (s + i¢(7)) approximating a given function f(s) € Hy(K).

Since the function (,,.(s) is given by a rapidly absolutely convergent series, Theorem 1.3, in some sense,
is more convenient than Theorem 1.2.

A proof of Theorem 1.3 is based on results of probabilistic type in the space H (D).

2. Estimates in the mean

In this section, we will consider the distance between shifts ((s + i@(7)) and (... (s +ip(7)) in the mean. We

start with a mean square estimates for (s + ip(7)).

Lemma 2.1 Suppose that (1) € U(Ty), and 1/2 < o < 1 is fized. Then, for allt e R and T > Ty +1,

T
/ C(o + it + ip(r)|? dr <o T(1+ |1]).

To

Proof It is well known that, for fixed 1/2 <o <1,

T
/_T (o +at)]” dt <, T. (2.1)
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Let X > Ty. Then the properties of the class U(Tp) imply

2X 5 2X 1 9
[ o it ipm)P dr= [ e it i) delr)

x x ¢'(7)

2X 1 t+o (1) o
-, w’(f)d</To Ko+ @) d”)

1 2X t+o (1) -

To

L e ,
7/ (o + )2 dv

max 7
X<r<2X @' (T) J 1= p(2x)

<o p(2X) + [t] <o X ([t +1)

x&reox /(1)
in view of (2.1). Now, taking X = 727! and summing over [ € N, we obtain the estimate of the lemma. O

Recall the distance in the space H(D). There exists a sequence {K; :1 € N} C D of compact embedded
subsets such that

D= G K,
=1

and every compact set K C D lies in some K;. For example, we can take closed embedded rectangles. Then

=, supaer, 91(5) — gal)
) = 2 ! : ) ) € H(D )
loen) =2 2 e v HD)

is a metric in H(D) inducing the topology of uniform convergence on compacta.

In the sequel, the integral representation for the function ¢, (s) will be useful. Define

S

uls) = gr (9)“

where 6 is from the definition of v, (m).

Lemma 2.2 Suppose that 0> 1/2. Then, for s € D, the representation

§+ioo P
0 1 /5 C(s+z)lu( ) s

" omi oo z
holds.
Proof The Mellin formula
Lo L(s)b~*ds=e"" a,b>0,

2mi a—100

implies the equality
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Therefore,
1 e 201 ,(2) 1 e Lu(z)
u = 5 dz = b d 3
Culs) 271 /g_ioo mz::l mstz 2z * 271 /5—1‘00 C(s+2) z i
since Re(s+2) > 1 for s € D and Rez = 9. O

Now we are ready to prove an important lemma on the distance between ((s+ip(7)) and (. (s+ip(7)).

Lemma 2.3 Suppose that o(7) € U(Ty), and ur — oo and ur < T? as T — oo. Then

1 T
Jim = [ pCls i), Cur s+ () d = 0.

Proof It suffices to show that, for arbitrary compact set K C D,

lim

T
T00 T — Tp / sup [((s +ip(7)) = Cur (s +ip(7))| dT = 0. (2.2)

Ty s€EK

By the integral representation of Lemma 2.2, for s € D,

§+ioc P
Cur (8) L/@ C(s+2) bur ( )dz. (2.3)

21t S5 0o z

Let K C D be arbitrary compact set. Fix € > 0 such that, for s = o + it € K, the inequalities 1/2+2¢ < o <
1 — & would be satisfied. The integration function in (2.3) has simple poles at z =0 and z =1 — s. Therefore,

taking

1 ~
91:§+s—0<0 and 0=1/2+c¢,

by the residue theorem, we find

01+ic0 . s
cuT<s)—<<s):L_/9 C(Hz)zuTZ() z 1(1_5 )

1—i00
Hence, for all s € K,

Cur (8 +1p(7))=C(s + ip(T))

1 [ 1 o , lur (1/2+ e — 0 +iv) lup (1 — s — (1))
N = t L d L
omi _m<(2+€+’ “UJFW(T)) [ R e p—
1 [ (1 o lup (1/2+ € — 5 +iv) lur (1 — s — (7))
_ = t d
omi m<<2+€+w+“p(7)> 27e—s+iv T T 150
oo 1 S lup (1/2 4+ € — s+ iv) lurp (1 —5— (7))
— d T .
<</OO’C(2+€+ZU+ZQD(T)> fg}}:; 21 —stiv v+ssgg Tp—
Therefore,
1 T
/ sup [((s +ip(7)) — Cur (s +ip(7))| dr < I} + I, (2.4)
T—-1Ty Ty sEK
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where

do,

oo 1 T
I =
! /OO<T—TO/TD

1 L lup (1/2 4+ € — 5+ iv)
- d T
C(2+€+w+ch(7)>’ T>Ssg£ 2t —stiv

and

1 T Lup(1— 5 —
I, = / sup (1= QO(T))‘ dr.
T Ty Ty s€EK 1_5_90(7—)
It is well known that uniformly in o, 07 < 0 < 09 with arbitrary o7 < 09, the gamma-function satisfies
the bound

I'(o + it) < exp{—c|t|}. (2.5)

r(L(i+ it +i
) 9 S (& 2 (2%

c
< up° exp {f\v - t|} <o,k up exp{—ci|v|}, e >0.

0
5 1/2
d’T)

Thus, for all s € K,

luT(l/Q—f—E— 8—|—i1)) 1/24e—0
1/24+e—s+iv o Uy

Moreover, in virtue of Lemma 2.1,

1 /T<(1+ +.+,()>’d< 1 /T
P — 4+ e+ +ip(T 7 <
-1 )y, |°\2 4 T—Ty Jz,

Koo (L [0)T? <o 1+ [0].

¢ (; +E+iv+z’<p(7)>

Therefore, the latter two estimates show that
oo

I <eonour® [ (D esp{-ealol}dv Copr v (26)
—00

Using (2.5), similarly as above, we find that, for all s € K,

luT(]- - QO(T))

1
1—0o -
r(-(1—0—it—
) e (G- it o) )|
<4 u;/%% exp {—g|t + (p(T)\} <o, K u%/zf?s exp{—cap(T)}, 2> 0.

Hence,

1/2-2¢ 1 r

I, <o, up 7/ exp{—cap(7)}dr. (2.7)
T—-To J,

The definition of the class U(Tp) implies that ¢(7) > 7° with certain ¢g > 0. Thus, by (2.7), and the estimate
up < T?

_ 1 T
I, <o,k ulT/2 Qeﬁ/ exp{—coT®}dT g K, UT".
— Ty Jr,

This, (2.6), and (2.4) prove (2.2). The lemma is proven. O
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3. Limit theorems
We will derive Theorem 1.3 from a probabilistic limit theorem in the space H (D) for the function (., (s) which
follows from a similar theorem for the function ((s).

For A € B(H(D)), define

1
T—Tp

Pr(A) = meas{7 € [Ty, T] : {(s +ip(T)) € A}.

Lemma 3.1 Suppose that (1) € U(Ty). Then Pr converges weakly to the distribution of the random element

((s,w), i.e. to the measure
P(A) Y my{weQ:¢(s,w) € A}, A€ B(H(D)),

as T — oco. Moreover, the support of P¢ is the set S = {g€ H(D) : g(s) #0or g(s) =0}.

A proof of Lemma 3.1 is given in [§], Theorem 5.

For A € B(H(D)), define

Qr(A) = meas{T € [To,T] : Cuy (s +ip(T)) € A}.

T—T,

Lemma 3.2 Suppose that o(7) € U(Ty), and ur — oo and ur < T? as T — co. Then Qr converges weakly
to P as T — oo.

Proof On a certain probability space with the measure P ,define the random variable 6 which is uniformly
distributed on the interval [Tp,7]. On the mentioned probability space, define the H(D)-valued random

elements
X1 = ((s+ip(0r)) and Yr = Cur (s + io(07)).

Then we have, for A € B(H(D)),
Pr(A)=P{Xr € A} and Qr(A) =P{Yr € A} (3.1)

We will apply the equivalent of weak convergence of probability measures in terms of closed sets. Namely, [2]

P,, converges weakly to P as n — oo in the space X if and only if, for every closed set F' C X,

limsup P, (F) < P(F).

n—roo

Thus, let F' C H(D) be an arbitrary closed set, and ¢ > 0 be fixed. Denote by p(g1,F) = infsecr p(g1,9), and
define F. = {g € H(D) : p(g9, F) < ¢}. Then the set F. is closed as well. Moreover,

{YT € F} C {XT S FE} U {p(XT,YT) > 6}.

Hence,
P{Yr € F} < P{Xp € F.} + P{p(X1,Yr) > €}. (3.2)
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By the definitions of Xr and Yp, and Lemma 2.3,

1 T
Jim B{o(Xr, Yr) > 6} < fim — s /T PGl (), Cur 5+ (7)) dr =0

Therefore, in view of (3.2),
limsup P{Yr € F} < limsupP{Xr € F_.},
T—o0

T— o0
or, by (3.1),
limsup Q7 (F) < limsup Pr(F;). (3.3)
T—o00 T—o00

Lemma 3.1 and the mentioned above equivalent of weak convergence in terms of closed sets imply the inequality

limsup Pr(F;) < P:(Fy).
T—o0
Thus, by (3.3),
lim sup Qr(F) < P (F).

T—o0

Now, taking € — 40, we obtain that
limsup Qr(F) < P;(F),

T—o0

i.e. Qr converges weakly to Pr as T — oo. O

4. Proof of Theorem 1.3
Theorem 1.3 follows from Lemma 3.2 and the Mergelyan theorem on approximation of analytic functions by

polynomials. For convenience, we recall it, see [10].

Lemma 4.1 Suppose that K C C is a compact set with connected complement, and g(s) is a continuous
function on K that is analytic in the interior of K. Then, for every € > 0, there exists a polynomial p.(s)
such that

sup lg(s) = p=(s)| <e.

Proof [Proof of Theorem 1.3] Firstly, we prove the existence of the limit. For g € H(D), define

h(g) = sup lg(s) — f(s)].

Then the function h : H(D) — R is continuous. Therefore, the property of preservation of weak convergence,

see, for example, Theorem 5.1 of [2], and Lemma 3.2 imply that

meas {7‘ € [To,T) : sup |Cur (s +ip(7)) — f(s)| € A} , A€ B(R),
T-1Tp seK

converges weakly to the measure
me {w € Q:sup |((s,w) — f(s)| € A} , AeB(R),
seK
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as T — oo. It is well known that the weak convergence of probability measures in (R, B(R)) is equivalent to
that of the corresponding distribution functions. Thus, the above remark shows that the distribution function

1
T-T,

meas {T € [To,T] : jg}}:; [Cur (s +ip(T)) — f(s)] < 5} (4.1)

converges weakly to the distribution function

seK

mpr {wEstupC(s,w)—f(s)| <5} (4.2)

as T'— oo. Since the weak convergence of distribution functions means the convergence at all continuity points
of the limit function, and each distribution function has at most countable set of discontinuity points, we obtain

that (4.1) converges to (4.2) as T — oo for all but at most countably many ¢ > 0.
It remains to prove the positivity of (4.2). By Lemma 4.1, there exists a polynomial p(s) such that

wup [ (5) — e
seK

<%. (4.3)

Since, in view of Lemma 3.1, the support of the measure P is the set S, and e?(®) € S we have by a property

of the support

myg {w € Q: sup ‘C(s,w) — eP(s)
seEK

<;}>0 (4.4)

However, inequality (4.3) implies the inclusion

{w € Q: sup ’C(s,w) — P
seK

<ihcfven it - s <e}.

sEK

This and (4.4) prove the positivity of (4.2). The theorem is proven. O
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